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1 Introduction
Originally, a Banach contractive mapping [1] is a mapping T : X — X from a metric space
(X, d) into itself for which there exists A € [0,1) such that
d(Tx, Ty) < Md(x,y) forallx,y e X.
In [2], Rhoades did a complete study about different notions of contractive mapping that
were appearing after Banach’s pioneering notion, including, among others, the following
ones:
« Kannan [3], 1969,
d(Tx, Ty) < k(d(x, Tx) + d(y, Ty)), where A € [0,1/2).
« Reich [4], 1971,
d(Tx, Ty) < ad(x, Tx) + bd(y, Ty) + cd(x,y), wherea+b+c<1.
« Bianchini [5], 1972,
d(Tx, Ty) < Amax{d(x, Tx),d(y, Ty)}, where A € [0,1).

+ Chatterjea [6], 1972,

d(Tx, Ty) < A(d(x, Ty) + d(y, Tx)), where A € [0,1/2).
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«+ Sehgal [7], 1972,
d(Tx, Ty) < max{d(x, Tx), d(y, Ty), d(x,)}.
+ Hardy and Rogers [8], 1973,

d(Tx, Ty) < ard(x,y) + axd(x, Tx) + azd(y, Ty) + asd(x, Ty) + asd(y, Tx),

where ay + ay +as +ay +as <1.
« Ciri¢ [9], 1974,

d(Tx, Ty) < xmax{d(x,y),d(x, Tx),d(y, Ty), d(x, Ty),d(y, Tx)},

where A € [0,1).
Later, some auxiliary functions were appearing in the contractivity condition. To cite
some of them, the following ones are well-known contractivity conditions.

« Boyd and Wong [10], 1969,

d(Tx, Ty) < ¢(d(x,)).
« Rhoades [11], 2001,

d(Tx, Ty) < d(x,y) - ¢(d(x,9)).
+ Dutta and Choudhury [12], 2008,

¥ (d(Tx, Ty)) < ¥ (d(x,y)) - ¢(d(x,)).
. Aydi et al. [13], 2013,

v (d(Tx, Ty)) < ¥ (M(x,)) — ¢(M(x,9)) + LN (x,),

where L > 0,

M(x,y) = max{d(x,y), d(x, Tx), d(y, Ty), M } and

2
N(x,y) = max{d(x, Tx),d(y, Ty), d(x, Ty), d(y, Tx)}.

«» Berzig et al. [14], 2014,
Y (d(Tx, Ty)) < a(x, )% (M(x,y)) - B(x,y)e(M(x,)),

where M(x, ) is given by one of the following cases:

(%, Ty) + d(y, Tx)

d
o M(xy) = max[d(x,y), d(x, Tx), d(y, Ty), 5 } (type D);
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o Myx,y) = max{d(x,y),d(x, Tx),d(y, Ty)} (type 1I);
(%, Tx) + d(y, Ty) d(x, Ty) + d(y, Tx)

’

o Ms(x,y):maX{d(x,y),d } (type I1I);

2 2
o My(x,y) = max|d(x,y), w } (type IV);

o Ms(xy)=dxy) (typeV).

After the appearance of Rhoades’ theorem (see [11]), many results have been introduced
involving contractivity conditions in which some families of functions play a key role, even
in partially ordered metric spaces (see, for instance, [12, 14-33]). As we can observe, each
time, more and more terms have been included in the right-hand side of the contractivity
inequality. As a consequence, new results are getting better.

In a very recent manuscript, Liu et al. [34] introduced common fixed point theorems for
self-mappings A, B, T, S : X — X involving some very complex contractivity conditions, as

the following one.

Theorem 1 (Liu et al. [34], Theorem 2.1) Let A, B, S, and T be self-mappings in a metric
space (X,d) such that

{A, T} and {B, S} are weakly compatible;
T(X) € B(X) and S(X) € A(X);
one of A(X), B(X),S(X),and T(X) is complete;

d(Tx,Sy) < lﬁ(Ml(x,y)), Vx,y € X, (1)

where Y is in @3 and M, is defined, for all x,y € X, by

d(Ax, Sy) + d(Tx, By)
2

’

M (x,y) = max{d (Ax, By), d(Ax, Tx), d(By, Sy),

d(Ax,Sy)d(Tx, By) d(Ax, Tx)d(By,Sy)
1+d(Ax,By) ~ 1+d(Ax,By)

1+ d(Ax, Sy) + d(Tx, By)

1+ d(Ax, Tx) + d(By, Sy)

d(Ax, Tx) } (2)

Then A, B, S, and T have a unique common fixed point in X.

Other statements were proved in the mentioned paper including similar contractivity

conditions involving functions M, M3 : X? — [0, 00) as follows:
d(Ax, Sy) + d(Tx, By)

Mj(x,y) = max{d(Ax, By),d(Ax, Tx),d(By, Sy), 5 ,

1+ d(Ax, Tx) 1+ d(By,Sy)
——————~d(By, Sy), —————==
1+ d(Ax, By) (By, ) 1+ d(Ax, By)
1+ d(Ax, Sy) + d(Tx, By)
1+ d(Ax, Tx) + d(By, Sy)

d(Ax, Tx),

d(By, Sy) } and
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(Ax, Sy) + d(Tx, By)
2

’

d
M3 (x,y) = max{d(Ax, B)’); d(Ax: Tx): d(By’ SJ’),

d(Ax, Sy)d(Tx, By)
1+ d(Ax, By) }

Obviously, in the future, new contractivity conditions will appear involving more and more
terms in the right-hand side of the contractivity inequality. It is not our purpose to com-
plicate such situation. On the contrary, the main aim of the present manuscript is to study
what kind of functions might we include in an efficient contractivity condition depending
on the terms we wish to consider (like d(Ax, By), d(Ax, Tx), d(By, Sy), etc.). To do that, we
present some families of very general functions that we can use in a contractivity condi-
tion so that Theorem 1 remains true. In other words, for instance, we illustrate what kind
of functions we could consider involving the terms d(Ax, Sy) and d(Tx, By). Thus, we show
how we can replace (d(Ax, Sy) + d(Tx, By))/2 in (2) by another term ¢, (d(Ax, Sy), d(Tx, By))
considering a function ¢;, which generalizes the particular case ¢(¢,s) = (¢t + 5)/2. It is our
purpose that, in the future, when some authors wish to include new terms in the contrac-
tivity conditions, they first ponder on what the sufficient conditions are on the functions
involved in the arguments of the contractivity condition in order for their main statements
to remain true.

2 Preliminaries
We will follow notations given in [34]. Throughout this paper, N denotes the set of all
positive integers, Ny = N U {0}, and X stands for a nonempty set. Given n € N, X" will

denote the Cartesian space X x X x Yo x of n identical copies of X.

Definition 2 A fixed point of a self-mapping 7 : X — X is a point x € X such that Tx = x.

A coincidence point of two or more operators T1,Ts,..., T, : X — X is a point x € X such
that Tyx = Tox = - - - = T, x. A common fixed point of two or more operators Ty, Ts,..., Ty :
X — Xisapointx € X such that T'x = Tox =--- = T,x = x.

Definition 3 Given a nonempty set X, a pair {7, g} of self-mappings 7,g : X — X are said
to be weakly compatible if Tgx = gTx for all x € X such that Tx = gx.

Let @1, ®,, and P53 the following families of control functions:
®; = {gi) : [0,00) = [0,00) : ¢ is continuous, nondecreasing and ¢)_1({0}) = {0}},
®, = {¢> :[0,00) = [0,00) : ¢ is lower semi-continuous and ¢_1({0}) = {0}}, and
d; = {¢ :[0,00) = [0, 00) : ¢ is upper semi-continuous, and

lim a, = 0 for each sequence {a,},cn C [0, 00) with a,,,1 < ¢(a,),Vn € N}.
n—0o0

The functions in ®; are known as altering distance functions (see [35]).
Lemma 4 ([34], Lemma 1.1) If ¢ € @3, then ¢(0) =0 and ¢(t) <t forall t > 0.

Henceforth, (X, d) stands for a metric space.
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Proposition 5 Let (X,d) be a metric space and let {x,} C X be a sequence such that
lim,,, oo d(xy, %441) = 0. If {x,,} is not a Cauchy sequence, then {x,,} is not a Cauchy se-
quence. In particular, there exist &9 > 0 and two subsequences {x2,)} and (X2} of {%2,}
such that

2k < 2n(k) < 2m(k),  d(®onw), Pomp)-2) < €0 < AXou()s Xomy) forallk e N,

lim d(Xouk), X2my) = 1im d(X2(k)s X2m)-1) = l1m d(x2n(k)tx2m )+1)
n— 00 n— 00

= lim d(Xan)-1,%2m(0)-1) = 1im d@on(k)-1, X2m(k)+1) = €o-
n— 00 n—o0

Proof By contradiction, assume that {x,,} is a Cauchy sequence. Let ¢ > 0 be arbitrary.

Since {d(x,,%,.1)} — 0, there exists n; € N such that
&
Ad(xy, Xp41) < 3 for all n > n;.
As {x,,} is a Cauchy sequence, there exists n; € N such that
&
A(X, Xom) < 3 for all m, n € N such that 2m > 21 > n,.
Let ng = max{ny,n,} and let n, m € N be such that m > n > ng. Let define

B n/2, if  is even, _ m/2, if m is even,
p= (n+1)/2, ifnisodd; 1= (m+1)/2, ifmisodd.
Then 2p = n if n is even and 2p = n + 1 if n is odd. Similarly, 2q = m if m is even and
2q =m+1if mis odd. Since 2q > 2p > n,,

Ay ) < Ay X3p) + A2y 22g) + Args H) < g oy

e €
—+-=e.

3 3

This means that {x,} is a Cauchy sequence, which is false. As a consequence, {x,} cannot
be a Cauchy sequence. O

3 Common fixed point theorems in metric spaces
For convenience, we introduce the following families of functions. Let F; be the family of
all functions ¢ : [0, 00)” — [0, 00), with n# > 2, such that, for all 7, z3, z4, ..., 2z, € [0,00):

Fi1) ¢ is continuous on its first two arguments;

(
(FIZ) ¢(0 123,24, .. ;Zn) S 53
(Fi3) ¢(r,7,23,245...,2,) <rforall r>0;
(Fi4) ¢(r,0,23,2z4,...,2,) <rforallr>0.
Examples of functions in F; are the following ones:

}"+S

o(r,s) =

¢(r,s) = max{r, %},
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o(r,s) :max{r, ﬂ};
2
1 r+s.

7,8,L) = >
9 ) 1+¢2 2

—u?

5(r5.010) e r+s
7,8, t, ) = —— max{r, — t.
1+t4 2

Let F, be the family of all functions ¢ : [0,00)" — [0, 00), with n > 3, such that, for all
V,8,24,25,...,2, € [0,00):

(F21) ¢ is continuous on its first three arguments;
(F22) #(0,7,5,24,25,...,2,) < max{z,s};

(Fa3) ¢(r,r, 7 24,25,...,2,) < rforallr>0;

(Faq) ¢(r,0,0,24,25,...,2,) <rforall r>0.

Examples of functions in F; are the following ones:

rs
LS, 1) = —— here L > 0;
o(r,s, t) I+t where L >

rs
S t) = ———
¢rs,t) = —

o where L > 0;
+e

d’(r’ t7 8,21, 22) = maX{}", S, t}

Let F3 be the family of all functions ¢ : [0,00)" — [0, 00), with n > 3, such that, for all
7y 8,24y255++.,2y € [0,00):

Fs1) ¢ is continuous on its first three arguments;
F32) @(7,5,8,24,25,...,2,) < max{r,s};

Fi3) ¢(0,0,7,24,25,...,2,) <rforall r>0;

F34) ¢(0,7,0,24,25,...,2,) <rforallr>0.

(
(
(
(

For instance,

rs
LS, 1) = —— here L >0,
¢(r,s,t) o3 where L >

¢(rr t’ S, ZI’ZZ) = max{r: S, t}

Let F4 be the family of all functions ¢ : [0,00)" — [0, 00), with # > 4, such that, for all
7,8t U, 23,24, - . ., 24 € [0,00):

Fa1) ¢ is continuous on its first four arguments;
Fa2) ¢(0,7,8,t,25,26,...,2,) < max{3,s,t};

) ¢(r,r,0,0,25,26,...,2,) < rforall r> 0;
Faa) ¢(r,0,0,7,25,26,...,2,) <rforallr>0.

Fa3

(
(
(
(

For instance,

L+r+s
¢(r,s,t,u) = ————t where L > 0;
L+t+u

r+s
o(r,s, t,u) = max{T,t,u};

Page 6 of 28



Agarwal et al. Fixed Point Theory and Applications (2015) 2015:104 Page 7 of 28

¢(r)5; t) M1Z1)22) = 2

arctan(z;) r+s
———maxy —, %, Ug.
2+2z;

The main theorem of the present manuscript is the following one. Notice that we assume
that ¢; has two arguments, ¢, and ¢3 have three arguments and ¢, has four arguments
because other arguments are not important through the proof.

Theorem 6 Let A,B,S,T : X — X be self-mappings in a metric space (X, d) such that

(a) {A, T} and {B,S} are weakly compatible;
(b) T(X) € B(X) and S(X) € A(X);

(c) oneof A(X),B(X),S(X),and T(X) is complete.
Also assume that there exist ¢, € F1, 3 € Fa, ¢3 € F3, ¢y € Fy, and € ®3 such that
d(Tx,Sy) < w(M(x,y)) forallx,y € X, (3)
where

M(x,y) = max{d(Ax, By),d(Ax, Tx), d(By, Sy), 1 (d(Ax, Sy), d(Ix, By)),
o)) (d(Ax, Sy),d(Tx, By), d(Ax, By)), @3 (d(Ax, Tx),d(By, Sy), d(Ax, By))
Pa (d(Ax, Sy),d(Tx, By), d(Ax, Tx), d(By, Sy)) } (4)

Then A, B, S, and T have a unique common fixed point in X.

Proof Let xg € X be an arbitrary point and let y; = Txy. Since Txy € T(X) C B(X), there
exists x; € X such that y; = Txo = Bx;. Let 5 = Sx;. Since Sx; € S(X) C A(X), there exists
% € X such that y, = Sx; = Axy. Let y3 = Tx,. Repeating again and again this process, we
can find two sequences {x,} and {y,} in X such that

Yonsl = Bx2n+1 = Tx2n and Yon+2 = Ax2n+2 = Sx2n+1 foralln e I\IO' (5)

Let define d,, = d(y,, yn1) for all n € Ny. We claim that lim,_. d,, = 0. Indeed, by (3)
and (5), forall n € N,

d2n = d(y2n:y2n+l) = d(y2n+lry2n) = d(Terustn—l) =< w(M(x2n7x2n—l))- (6)

Taking into account the properties that define functions in {F;}} ,, we deduce that

Ad(Axay, Bxay-1) = d(Yan Yan-1) = dY2n-1,Y2n) = don-1;
A(Axan, Tx2n) = AY2ns Yon1) = dows

A(Bxau-1,S%2n-1) = A(Y2n-1,Y20) = don-15

o1 (d(szn, Sx9n-1), d(Txoy, szy,,l))

= 1 (A2 y2n)s AY2ni1, Y2n-1))
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F12) d(Yop_1, Yons
:¢1(0,d(y2n—ly}’2n+1)) %2 w

< AWY21-1Y2n) + AY2n Y2ns1)
- 2

< max { d(y2n+lry2n), d()’anyZn—l ) } = max{dZn—lr dZn};
b2 (d(Axrn, Sx21), d(Txon, Bxoy1), d(Axon, Bx2y1))
= 2 (A2 Y2n)s AW2ns1s Yan1)s AY2ns y2n1))

(F22)
= (0, dYans1, Y211, AW Yan-1)) < max{da,_1,don};
¢3(d(Axon, Txon), d(Bxon_1, S¥an-1), d(Ax2, Bxoy_1))
= ¢3(dWan yons1), AYan-1,y2n), AV Yon-1))

(F32)
= ¢3(don, don-1,dou-1) < max{dy,_1, dan};

P4 (A(Ax2, Sx2-1), A(Tx2 B2u_1), A(A, T), d(Bon-1, SX20-1))
=¢q (d(y:m,yzn), AWans1> Y2n-1), AYans Yans1), d()/zn—byzn))
= ¢4 (O, d(y2n+11y2n—l); d(y2n;y2n+l), d(y2n—1’y2n))

2

d(,VZn—lryZ;fz) + d(yZmyZ;Hl)
2

(F%Z ) maX{ M AW Yon1) AWYou-1, yzn)}

< max{ AV Yane1)s d()’zn-hyzn)}

=max{dy,_1,d2n}.
Hence,

M (X2, X2p1) = max{d(Axa, Bxon1), d(Ax, Txon), d(Bxon-1, Skon-1),
D1 (d(Axas Sx2n-1), d( T30, B2-1)),
b2 (d(Axn, Sx2u-1), d(Thon, Bxoy-1), d(AXan, BXon1))s
¢3(d(Axap, Tion), d(Bxoy1, Sx2u-1), d(A%y, BX3y1)),s
b4 (d(Axon, Sxon-1), (T2, Broy-1), A(A%y, Ton), d(Bxyn1, SX2n-1)) |

= max{da,_1, don}-

By (6),
don < Y (M(%an, %24-1)) = ¥ (max{dau_1, don}).

If dy,—1 < dy, for some n, then dy, > 0 and we get the contradiction d,, < ¥ (max{dy, 1,
dy,}) = ¥(dy,) (recall Lemma 4). As a consequence, we deduce that dy, < dj,; for all
n € N. Similarly, it can be proved that dy,,,1 < ¥ ({day, doys1}), S0 doys1 < dyy, for all m € N.

Hence,

dy <¢¥(d, and d,q<d, forallmeN.



Agarwal et al. Fixed Point Theory and Applications (2015) 2015:104 Page 9 of 28

Since {d,} is a non-increasing sequence of non-negative real numbers, it is convergent.
Let L > 0 be its limit. Taking into account that ¥ € ®3 and d,;.; < ¥ (d,) for all n € N, we
deduce that {d,,} — 0, that is,

lim d(ym_yrﬁ—l) =0.

Next, let us show that {y,} is a Cauchy sequence in (X, d) reasoning by contradiction.
Assume that {y,} is not a Cauchy sequence. By Proposition 5, the sequence {y»,} is not
a Cauchy sequence. In particular, there exist 9 > 0 and two subsequences {y2,(} and
{¥om(k)} of {y2,,} such that

2k <2n(k) <2m(k),  dYan@y Yamo-2) < €0 < AYan), Yam@)) forallk e N,
lim d(yanw), Yam) = UM dBaug), Yamo-1) = Hm dVaug), Yamio )
n— 00 n—00 n—o0
= lim d(yon)-1, Yomr)-1) = im d(¥anu()-1, Yom)+1) = €o- (7)
n—o0 n— 00

By (3) and (5), for all k e N,

AW 2m(+1 Y2n) = A Tx2m(i» S¥an(io-1) < ¥ (M Xam()» ¥2n(6)-1))- (8)
Notice that
lim d(Axomk), BXon(-1) = im d(Yom), Yank)-1) = €o0;
k—o0 k—o00
lim d(Axmk) Tooamy) = im dYom)s Yom+1) = 0;
k—o00 k— o0
lim d(Bxauk)-1, S%2n(k)-1) = UM d(yougy-1, Y2nk)) = 0;
k— o0 k—o00
kll)rgo 1 (A% SX2m(i-1)> A T2 BR2n(i)-1) )
= 1im ¢y (dYam@)» Y2n)» AV2m(k)+1 Yan(io-1))
k—o00
(F11) . . (F13)
= ¢1( Lim d(yom@), Yanee), lim d(YZm(k)+1»y2n(k)—l)) = ¢1(e0,€0) < &o;
k—o0 k— o0
klggo G2 (AAX2m(1)» S2n00-1)> A T2k B 2m(i1-1) AAX 20 BR2n(t-1))
= kli)nolo D2(AY2m@) Y2n))» A W2t +15 Yan()-1)» AV2m( Yan(io-1))
(Fa1) . . .
2 ¢2< Hm d(yome)s Yan)s Hm d(Vome+1, Yan(-1), lim d(yzm(k),yzn(k)-l))
k— 00 k— 00 k—o00
(F23)
= ¢a(80,€0,80) < &0;
klggo G5 (A%t Thom(k))» ABX2n(1)-15 SE2(00-1)> A(AX2m(0 B 20n(1)-1))
= klglélo D3 (AW2m(r Y2m()+1)s AV 201> Y2 )s AV 2m (1) Yan(io-1))

(F31) . . .
2 ¢3( Hm d(Yam), Yam@+1), UM d(Vauw)-1, Yan)), lim d@zm(k),yzn(k)-l))
k— 00 k—o00 k— o0

(F33)
:¢)3(0:0180) < &o;
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klgglo Ga(d(A% (i), S¥an(t)-1)» A T2 (k) Ban(r)-1)» AAX (k) Th2m(k))»

A(Bx2n()-1, Sx2n(r)-1))

= klggo D4 (A2t Y2n0)» A V211> Y2n)-1)s AV 2m(i) Yo 11)» AV2n(io-1> Yon)))

(F41) . .
2 ¢4( Hm d(Yam)r Yane))» Bm dYom)+1, Yani)-1)s
k— o0 k— 00

. . (Fa3)
lm d(Yam@)> Yam@o+1), lim d(yzn(k)-hyzn(k))) = Pa(80,€0,0,0) < &o.
k—o00 k— o0

As a result, it follows from (8) and (7),

lim M (X2(k) X2n(k)-1)
k—o00
- kli?olo max {d(Ax2(k), Bxan(h)1) A AX2m(t), T2k, A(BXan(t)1, S%an(h)1),

&1 (d(A%am)» S%2(t)-1) A(TX2m(i) BXan(r)-1))

P2 (AAx2m (1) SE200)-1)> AT 2m(10 B 2m(i-1)> A(AX 21 BR2n(1-1))
®3(AAx2m(1)» To2m(t))> ABE2(0)-15 S¥2m(i)-1)> A(AX2m(1) BR2n(t-1))
G4 (A%, S¥2n(10-1)> A T2 (1) BX2(i)-1)s

A(A%2m(k)> Th2m(10)> ABX2n()-15 S¥om(t)-1)) |

=£&o.
As  is upper semi-continuous, we deduce that

g0 = nlggo AW2mk)+1 Yan()) = Himsup d(Yam()+1, Yank))

n—00

< limsup ¥ (M (x2m(k)> X2n()-1)) < ¥ (€0) < £,

n—00

which is a contradiction. As a result, {y,} is a Cauchy sequence in (X, d). Then there exists

z € X such that {y,} — z. In particular,

z= lim Yn = lim szn = lim Bx2n+1 = lim szn = lim SxZn—l'
n— 00 n—0o0 n—oo n—00

n—00

Next we distinguish some cases depending on the complete set. Notice that

{yons2 = A%opio = SHop) S S(X) CAX) and

{y2nr1 = Bxousr = Toy} € T(X) € B(X).

Assume that A(X) (or S(X)) is complete. Then there exists u# € X such that z = Au. To show
that Tu = z, suppose, by contradiction, that d(7Tu, z) > 0. Therefore, for all n € N,

d(TM:yZVHZ) = d(TLi, Sx2n+l) < 1//(M(u,x2,,+1)). (9)
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Notice that

nli)ﬂolo d(Au, Bxyp.) = nlirgo d(z,y2n41) = 0;
nlin;o d(Au, Tu) = d(z, Tu) > 0;
nli)rgo d(Bxoys1, Sxaus1) = AYans1, Yans2) = 0;
lim ¢ (d(Au, Sxo41), d(Tit, Bxoi1))

= nlin;o $1(d(2 yans2), A(Tit, y211))

(Fu) & (nhlgo Az Yans2), nli>nolo d(Tu, y2n+1)>

— $1(0,d(Tu,2)) (Fi<2) d(Tu, z)

<d(Tu,z);

lim ¢ (d(Au, Sx211), d(Tus, Bxonr), d(Ass, Bxynin))

n—00

= 1im (a2, y20:2), ATt Y2011, (2, Yo11))
F . ~ i
( %1) ¢2 (nliné.lo d(Z;y2n+2)x nli)[{.lo d(TM7J’2n+1), nlirgo d(Z;y2n+1))

F
= $2(0,d(Ti,2),0) 2 d(Tu 2);

lim ¢3 (d(Au, Tu), d(Bxns1, Sxon41), d(Aut, Bx2n+1))
n— 00

= nliglo ¢3 (d(Z, TM), d(y2n+1;y2n+2): d(zx y2n+1))

(Fél)

s (lim d(z, Tu), lim (o, yon), lim d(z,yo) )
n—00 n—00 n—00

(F32)
= ¢3(d(z, Tu),0,0) F%Z d(z, Tu);

lim ¢4 (d(AM, Sx2n+1): d( TL{, Bx2n+1): d(Au, TM), d(Bx2n+1’ Sx2n+1))

n—00

= nlilglo G4 (d(z, yons2), d(Ttt, you11), d(z, Te), d(Yans1, yons2))

(Fél) ¢4< lim d(z,y2n+2), lim d(Tu;erHl), lim d(Z, TM), lim d(y2n+lyy2n+2))
n—00 n— o0 n— 00 n—>00

F
= ¢4 (O,d(Tu,z), d(Z, Tu); 0) (%2) d(Z: Tu)

Since

lim M(ur x2n+1)
00

n—

= lim max{d(Au, Bxo,.1), d(Au, Tu), d(Bxyya1, SX2141),

&1 (d(Au, Sxansn), A(Tut, Bxons)), b2 (d(Aus, Sxapin), d(Tis, B ), d(Aus, Bxoysn)),
¢3 (d(AM, TM), d(Bx2n+1: Sx2n+l): d(AM, Bx2n+1))7
b4 (d(Aut, Sxoi1), d(Tut, Bxny 1), d(Au, Tr), d(Bxoi1, S¥2ni1)) }

=d(z, Tu) > 0,
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letting n — o0 in (9), the upper semi-continuity of i yields

d(z, Tu) = lim sup d(Tu, yans2) < limsup ¥ (M(u, %241))

<y <lim supM(u,xzml)) =y (d(z, Tw)) < d(z, Tu),

which is a contradiction. As a consequence, Tu = z = Au. As T(X) C B(X), there exists
w € X such that Tu = Bw. Then Au = Tu = z = Bw. We claim that z = Sw. To prove it,
suppose that d(z,Sw) > 0. By (3), foralln e N,

d(y2n+11 SW) = d(TxZW SW) < I,Zf (M(me W)) (10)
Notice that

lim d(Axy,, Bw) = lim d(y,,,z) = 0;

n—00

lim d(Ame TxZn) = lim d(yanyZ;Hl) =0;
n—00

n—00

lim d(Bw,Sw) = d(z,Sw) > 0;

n—00

lim ¢l (d(Ax2n! SW), d( TxQnr BW))
= nlin;o ¢1 (d()’Zn: SW); d(y2n+1’ Z))

(Fél) ¢1< lim d(y2nr SW)’ lim d(y2n+1’ Z))

=¢ (d(z, Sw), 0) (th) d(z, Sw);

lim ¢2 (d(AxZ}'t) SW); d( Tx2}11 BW), d(AxZVI! BW))
= nlinc;lo ¢2 (d()/zn, SW), d(y2n+l» Z), dO/Zm Z))
(Fa1) . . .
= ¢y ( lim d(y2,, SW), lim d(y2.1,2), lim d(yz,, z))

= $a(d(z5w),0,0) "2 d(z, Sw;

lim ¢3 (d(sznx szn), d(BW! SW)! d(szn, BW))
= nlingo 3 (d(y2n’y2n+1)r d(Z, SW); dO/Zm Z))
(Fa1) ( . . .
= g3 im d(yau, Yous1), lim d(z, Sw), lim d(yz,,,z))
n— 00 n—00 n— 00

F
= $3(0,d(z,Sw),0) Y (e, sw);

hm ¢4 (d(szn, SW), d( TxZn’ BW), d(Ame Terl); d(BW: SW))
n— 00
= nlilgo ¢4 (d()/zm SW)) d(y2n+1; Z); d@2n¢y2n+l)) d(Z, SW))
(Fél) ¢4 ( lim d()/gn, SW), lim d(y2n+1, Z), lim d(yZn,yZnJrl)r lim d(Z, SW))
n—00 n—00 n—00 n—00

F
= $a(d(z,5w),0,0,d(z,5w)) < d(z, Sw).
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Hence,

lim M(xy,,w) = lim max{d(Axy,, Bw), d(Axy,, Tx2,), d(Bw, Sw),
n—oQ n— 00

( (Axop, SW), d(Txzn, Bw)),
¢ (d(Ax2, SW), d( T2y, Bw), d(Axr,, BW)),
@3 (d(Axan, Tx24), d(Bw, Sw), d(Axz,, BW)),
Pa(d(Ax2n, SW), d( T2, BW), d(Ax2, T), d(Bw, Sw)) }

=d(z,Sw) > 0.
Again, letting n — oo in (10) and using the upper semi-continuity of ¥, we deduce that

d(z, Sw) = limsup d(ya41, Sw) < limsup ¢ (M (x2,, w))

n—00 n—00

< v (lim MCxw)) = v (dlz,5w) < d(z,Sw),

which is a contradiction. Thus, Sw = z, which means that z = Tu = Au = Bw = Sw. As {A, T}
and {B, S} are weakly compatible,

Az=ATu=TAu=Tz and Bz=BSw=SBw=Sz.
Next, let us show that 7z = Sz. On the contrary, suppose that d(7z, Sz) > 0. Hence, by (3),

d(Tz,82) < ¥ (M(z,2)). (11)
Notice that

d(Az,Bz) =d(Tz,5z) > 0
d(Az,Tz) = d(1z, Tz) = 0;
d(Bz,S8z) = d(Sz,5z) = 0;
¢1(d(Az, Sz),d(Tz, Bz)) = ¢1(d(Tz, Sz),d(Tz, Sz)) d (Tz, Sz);
102 (d (Az,82),d(Tz,Bz),d(Az, Bz))
= ¢ (d(Tz, S2),d(Tz, Sz), d(Tz, Sz)) d(Tz, S2);
¢3 (d (Az, Tz),d(Bz, Sz),d(Az, Bz))

= ¢3(d(Tz, Tz), d(Sz, Sz), d(Tz, Sz))

= ¢3(0 0, d(Tz,SZ)) < d(Tz, Sz2);
¢4 (d(Az, Sz),d(Tz, Bz), d(Az, Tz), d(Bz, Sz))
= ¢y (d(Tz, 82),d(Tz,Sz),d(1z, Tz), d(Sz, Sz))

—¢4(d(Tz,Sz) d(Tz,Sz),0, O) < d(Tz,Sz)
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Therefore,

M(z,2) = max{d(Az, Bz),d(Az, Tz),d(Bz, S2),
¢1(d(Az, Sz),d(Tz, Bz)), ¢2 (d(Az, Sz), d(Tz, Bz), d(Az, Bz)),
¢3(d(Az, Tz),d(Bz, Sz), d(Az, Bz)),
¢4 (d(Az, Sz),d(Tz, Bz), d(Az, Tz),d(Bz, S2)) }
= d(Tz,5z) > 0.

Again, it follows from (11) that
d(Tz,Sz) < ¥ (M(z,2)) = ¥ (d(T%, Sz)) < d(TZ, Sz),
which is a contradiction. As a consequence, we conclude that 7z = Sz, which means that
Az=Tz=S8z=Bz

In particular, z is a coincidence point of A, B, T, and S.
Next, let us show that 7z = z. Reasoning by contradiction, assume that d(7%,z) > 0. By

(3),
d(Tz,z) = d(Tz,Sw) < ¥ (M(z,w)). 12)
Notice that

d(Az,Bw) = d(Tz,5w) = d(1z,z) > 0;
d(Az, Tz) = d(1z, Tz) = 0;

d(Bw, Sw) = d(Sw, Sw) = 0;

" (d(Az, Sw),d(Tz,Bw)) =@ (d(Tz, Sw),d(1z, Sw)) (Fés) d(Tz,z);

¢2(d(Az, Sw),d(Tz,Bw),d(Az,Bw)) =y (d(Tz, 2),d(Tz,z),d(1z,2)) (F%S) d(Tz,z);

@3 (d(Az, Tz),d(Bw, Sw),d(Az, Bw))

=3 (d(Tz, T2),d(z,z),d(Tz, z)) =3 (0, 0,d(Tz, z)) (F%S) d(1z, z);

o (d(Az, Sw),d(Tz, Bw),d(Az, Tz), d(Bw, Sw))

(F43)
= ¢y (d(Tz, 2),d(Tz,z2),d(Tz, Tz), d(z, z)) = ¢y (d(Tz, 2),d(Tz,z),0, 0) %3 d(1z,z).
As a result,

M(z,w) = max{d(Az,Bw),d(Az, Tz), d(Bw, Sw), ¢, (d(Az, Sw),d(Tz,Bw)),
oY) (d(Az, Sw),d(Tz, Bw),d(Az, Bw)), b3 (d(Az, Tz),d(Bw, Sw),d(Az, Bw))

N (d(Az, Sw),d(Tz, Bw),d(Az, Tz), d(Bw, Sw))} =d(Tz,z) > 0.
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Again, it follows from (12) that
d(1z,z) < w(M(z, w)) <d(Tz,z), (13)

which is a contradiction. Thus, 7z = z, so z is a common fixed point of A, B, T, and S.
Finally, let us show that z is the unique common fixed point of A, T, S, and B. Assume
that x,y € X are two different common fixed points of A, T, S, and B. Then d(x,y) > 0.
Notice that
d(Ax,By) = d(x,y) > 0;
d(Ax, Tx) = d(x,x) = 0;
d(By, Sy) = d(y,y) = 0;

(F13)
¢1(d(Ax;Sy),d(Tx,B}’)) :¢1(d(x’y)rd(xry)) = d(x’y);

¢2(d(Ax» Sy): d(Tx;B}/), d(Ax! B)’)) = ¢2 (d(x’y)’ d(x,)’),d(x,y)) (F%B) d(x’y);

¢3(d(Ax, Tx), d(By, Sy), d(Ax, By))

(F33)
=¢3 (d(x,x),d(%y)» d(x’y)) =¢3 (0’ O:d(x’y)) =< d(xxy);

o (d (Ax, Sy), d(Tx, By), d(Ax, Tx), d(By, Sy))
= s (d,3), dx,3), A, 2),d(3,)) = $a(dx,9),d(x,9),0,0) = d(x,).
Therefore,

M(x,y) = max{d(Ax, By), d(Ax, Tx),d(By, Sy), ¢1 (d(Ax, Sy), d(Tx, By)),
¢2(d(Ax, Sy), d(Tx, By), d(Ax, By)), ¢3(d(Ax, Tx), d(By, Sy), d(Ax, By))
¢4 (d(Ax, Sy), d(Tx, By), d(Ax, Tx),d(By, Sy)) }

=d(x,) > 0.

As aresult,
d(x,y) = d(Tx, Sy) < ¥ (M(x,p)) < d(x,), (14)

which is a contradiction. Then x = y and A, B, S, and T have a unique common fixed point
in X. g

Using whatever functions ¢; € Fy, ¢2 € Fy, ¢3 € F3, and ¢4 € F4 (as we have shown in the
first part of this section), we can obtain a large variety of different corollaries. For instance,
the following one.

Corollary 7 Theorem 1 immediately follows from Theorem 6.

Proof 1t is only necessary to take, for all 7,s,t, u € [0, 00),

r+s s 1+r+s

$i(r,s) = — $2(r,s,t) = P3(r,s,t,) = I+t and  ¢u(r,s,t,u) = l+t+u
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Hence ¢; € F1, ¢ € Fy, ¢35 € F3, and ¢4 € F4. Furthermore, for all x,y € X,

(.S, (T By) - d(Ax, Sy) ;r A(Tx By)

¢2 (d(Axr 5)’)7 d( Tx’ By)’ d(Ax’ By)) - d(liai fijgji,];;’/)By)

d(Ax, Tx)d(By, Sy)
1+ d(Ax, By)

1+ d(Ax, Sy) + d(Tx, By)

1+ d(Ax, Tx) + d(By, Sy)

¢3 (d(Ax, Tx), d(B)/, SJ’), d(Ax1 By)) = and

o (d(Ax, Sy), d(Tx, By), d(Ax, Tx), d(By, Sy)) = d(Ax, Tx).

As a result, the contractivity condition (1) implies (3), and Theorem 6 is applicable. O

As a particular case, we highlight the situation in which 7' = B and S = A. In such a case,

we obtain the following consequence.

Corollary 8 Let T,S: X — X be self-mappings in a metric space (X, d) such that

(a) {T,S}is weakly compatible;

(b) one of T(X) or S(X) is complete.

Also assume that there exist ¢, € Fy, ¢y € Fy, ¢p3 € F3, ¢4 € Fy, and € O3 such that
d(Tx,Sy) < 1//(M(x,y)) forallx,y € X,

where

M(x,y) = max{d(Sx, Ty), d(Sx, Tx), d(Ty, Sy), ¢1 (d(Sx, Sy), d(Tx, Ty)),
o) (d(Sx, Sy), d(Tx, Ty), d(Sx, Ty)), P3 (d (Sx, Tx), d(Ty, Sy), d(Sx, Ty))
Pa (d(Sx, Sy), d(Tx, Ty), d(Sx, Tx), d(Ty, Sy))}.

Then T and S have a unique common fixed point in X.

The following example shows that Theorem 6 improves Theorem 1. It is based on Ex-
ample 2.3 in [34].

Example 9 Let X = [0,1] be endowed with the Euclidean metric d(x,y) = |x — y| for all
x,y€ X, andlet A,B,S, T : X — X be the self-mappings given, for all x € X, by

x> 0, if x € [0,1),
Ax = &%, Bx=—, Sx=0, Tx = 1x 0.
2 0.9, ifx=1

Notice that, for all x,y € X,

0.9, ifx=1,

d(Tx, Sy) =
( ») 0, otherwise.
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If x < 1, the contractivity condition
d(Tx, Sy) < w(M(x,y)) forally e X, (15)

is obvious whatever ¥ € ®3. Next, let ¥ : [0,00) — [0,00) and ¢ : [0,00)?> — [0,00) be
the functions given by

Y(r)=0.9r and ¢y(r,s) = max{r, %—s} forall r,s > 0.

Clearly, ¥ € ®3 and ¢; € F;. Notice thatifx = 1, then d(Ax, Sy) = d(1,0) = 1, so ¢1(d(Ax, Sy),
d(Tx, By)) = 1. Hence, for x = 1,

M(x,y) = max{d(Ax, By),d(Ax, Tx),d(By, Sy), 1 (d(Ax, Sy), d(Tx, By)),
o) (d(Ax, Sy),d(Tx, By), d(Ax, By)), @3 (d(Ax, Tx), d(By, Sy), d(Ax, By))
Pa (d(Ax, Sy),d(Tx, By), d(Ax, Tx), d(By, Sy))} >1.

In such a case, for all y € X,
d(T(1),8y) =0.9 =y (1) < ¥(M(1,9)),

which means that the contractivity condition (3) holds for all x,y € X. The pairs {A, T}
and {B, S} are weakly compatible because the unique solution of equations Ax = Tx and
Bx = Sx is x = 0. As all hypotheses of Theorem 6 are satisfied, we conclude that 4, B, S,
and 7T have a unique common fixed point in X.

Notice that Theorem 1 is not applicable because if x = 1 and y = 0.5, then d(7'(1), S(0.5)) =
0.9 and

M;(1,0.5) = max:d(A(l),B(O.S)),d(A(l), 7(1)),d(B(0.5),5(0.5)),

d(A(1),5(0.5)) + d(T(1),B(0.5)) d(A(1),S5(0.5))d(T(1),B(0.5))
2 ’ 1+d(AQ1),B(0.5)) ’
d(AQ1), T(1))d(B(0.5), S(0.5))
1+d(A(1),B(0.5))
1+d(A(1),5(0.5)) + d(T(1),B(0.5))
1+d(AQ1), T(Q)) + d(B(0.5),5(0.5)) (A, 7( ))}

’

= max{0.875,0.1,0.125,0.8875,0.4133,0.00667,0.2265} = 0.8875.

As a result, d(T'(1),5(0)) = 0.9 > 0.79875 = ¥/(0.8875) = ¥ (M;(1,0.5)), that is, inequality
(1) does not hold.

To be precise, we point out that our contractivity condition holds because we have em-
ployed ¢:(r,s) = max{r, 5%}, which is better for our kind of contractivity conditions than
#1(r,s) = 5%, as Liu et al. used in Theorem 1.

4 Common fixed point theorems under o conditions
The study of fixed point theory in ordered metric spaces was initiated by Ran and Reurings

in [36] and by Nieto and Rodriguez-Lépez in [37]. Later, improved results were obtained
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by many authors (see, for instance, [17, 20, 22, 23, 25-27, 31, 33]). In this section we obtain
a version of Theorem 6 involving a function o that can generalize a partial order.
In the sequel, let o : X x X — [0, 00) be a function.

Definition 10 We will say that « is reflexive if a(x,x) > 1 for all x € X.

Definition 11 We will say that « is transitive if a(x,z) > 1 for all x,5,z € X such that
a(x,y) >1and a(y,2) > 1.

Definition 12 Given two mappings f,g : X — X, we will say that f(X) is an «-subset of
g(X) if for all x € X, there exists y € X such that fx = gy and «(x,y) > 1. In such a case, we
will write f(X) S, g(X).

Remark 13 If f(X) C, g(X) then f(X) C g(X). If a(x,y) > 1 for all x,y € X, then f(X) C,
g(X) if, and only if, f(X) < g(X).

Definition 14 Given two mappings f,g: X — X, we will say that the pair {f, g} is («,d)-
regular if

max{a(xn, u),a(u,x,,)} >1 forallmeN
provided that {x,} € X is a sequence such that {fx,} — gu and «(x,,x,,1) > 1 forall n € N.

Theorem 15 Let o : X x X — [0,00) be a reflexive, transitive function and let A,B,S, T :
X — X be self-mappings in a metric space (X, d) such that

(a) {A, T} and {B,S)} are weakly compatible;
(b) T(X) Sy B(X) and S(X) S A(X);
(c) oneof A(X),B(X),S(X),and T(X) is complete;

(d) the pairs {T,B} and {S, A} are (a, d)-regular.
Also assume that there exist ¢, € F1, ¢ € Fa, ¢p3 € F3, ¢y € Fy, and € @3 such that
max{oz(x,y),oc(y, x)}d(Tx, Sy) < 1//(M(x,y)) forallx,y € X, (16)

where

M(x,y) = max{d(Ax, By),d(Ax, Tx), d(By, Sy), 1 (d(Ax, Sy), d(Tx, By)),
o) (d (Ax, Sy), d(Tx, By), d(Ax, By)), b3 (d(Ax, Tx),d(By, Sy), d(Ax, By))
N (d(Ax, Sy), d(Tx, By), d(Ax, Tx), d(By, Sy)) } 17)

Then A, B, S, and T have a coincidence point in X.

Proof Let xy € X be an arbitrary point and let y; = Txy. Since Txy € T(X) S, B(X), there
exists x; € X such that y; = Tx¢ = Bx; and a(xg,x;) > 1. Let y, = Sx;. Since Sx; € S(X) <,
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A(X), there exists x; € X such that y, = Sx; = Ax, and «(x1,x,) > 1. Let y3 = Tx,. Repeating
again and again this process, we can find two sequences {x,} and {y,} in X such that, for
allne No,

Yon+l = Bx2n+1 = Txan Yons2 = Ax2n+2 = Sx2n+lr and (18)

a(xnrxnﬂ) = 1.
As « is reflexive and transitive,
(%, %,) >1 forall n,m e N with n < m.

Let define d,, = d(¥y, yu+1) for all n € Ng. We claim that lim,,_, ~ d, = 0. Indeed, by (16)
and (18), for all m € N,

don = AYons Yans1) = AWonit, Yon) = A( T2, SX2p-1)

< max{e (%2, X2-1)> & (21, X2) }d( T2, Sx201) < ¥ (M (%20 X21-1) ). (19)
Taking into account the properties that define functions in {F;}# ,, we deduce that

Ad(Axay, Bxay-1) = d(Yan Yan-1) = dW2n-1,Y2n) = don-1;
A(Axan, Txon) = AYan Y2n1) = daws

Ad(Bx2y-1, S%21-1) = A(Y2n-1,Y21) = don-1;

d1(d(Ax, Sx2n-1), d( T2, BX2y-1))

= ¢1(dBam Y2n), AWons1, ¥20-1)) = G1(0, d(Y2n-1, yane1))

(F1<2) d(yz;q—l’ybﬁl) < d(,YZn—l:yZn) + d(yZn)yZ;Hl)
- 2 - 2

=< maX{d(y2n+1’y2n)) d(,y2n,y2n—l)} = maX{dZn—l: d2n};
d2 (d(Axp, Sx31), d( T2 B2y1), (A%, BX3y1))

= ¢2 (A2 Y2n)s AW2ne1s Yan1), AV yan1))

(F22)
) < max{dy,_1,don};

= ¢2(0,dyons1, Y21-1)> Ao Y2n-1)
@3 (d(Axon, Txon), d(Bxoy-1, Skon-1), A(A%oy, Bxyy 1))
=¢s3 (d()’zmyzml), d(Y2n—1;y2n)’d()’2n;y2n—l))

(F32)
= ¢3(dan, don-1,dan1) < max{dy, 1,don};
P (A(A%2, Sx2-1), A( T2, Bon-1), A(A% 2 T2n), d (B 21, Sx2-1))
=y (d()’z;q,yzn), AdYans1, Y2n-1), AYans Yans1)s d()’Zn—l,yZn))

= ¢4(0, Y2141, Y21-1) A2, Y2n41), AYV2n-1,Y21) )

(Fa2) d n+1s n—)
%2 maX{%,d()’zn,y2n+1),d()'2n—1,y2n)}

Page 19 of 28
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AWan-1,Y2n) + AWon Yonst
2

) ’ d()/zn,y2n+1), d()/2n71,y2n) }

< max{
= max{dy,_1,d2n}.
Hence,

M (%2, %24-1) = max{d(Axyy, Bxoy1), d(A%on, Tho) d(Bxoy-1, S%201),
1 (d(Axy, Sx2n-1), A( T2, Biyy1)),
b2 (d(Axrn, Sx20-1), d(Tan, Bxo-1), d(A%an, BXon1))s
@3 (d(Axan, Tx2p), d(Bxoy1, Sxan-1), d(A%2, Bxoy1)),
b4 (d(Axrn, Sxon-1), (T2, Bron-1) A(A%y, Ton), d(Bxgy1, Sx2n-1)) |

= max{dy,_1, don}-
By (19),
doy < Y (M2, %20-1)) = ¥ (max{da_1, dan}).

If dyy1 < dyy, for some n, then dy, > 0 and we get the contradiction dy, < ¥ (max{dy,1,
dan}) = ¥ (dy,) (recall Lemma 4). As a consequence, we deduce that ds, < ds, ; for all
n € N. Similarly, it can be proved that dy,,,1 < ¥ ({dan, dons1}), 50 doys1 < day, for all n € N.
Hence,

dpa <V, and d,  <d, forallmeN.

Since {d,} is a non-increasing sequence of non-negative real numbers, it is convergent.
Let L > 0 be its limit. Taking into account that ¥ € ®3 and d,,; < ¥ (d,) for all n € N, we
deduce that {d,} — 0, that is,

lim d(ynryn-d) =0.

Next, let us show that {y,} is a Cauchy sequence in (X, d) reasoning by contradiction.
Assume that {y,} is not a Cauchy sequence. By Proposition 5, the sequence {y»,} is not
a Cauchy sequence. In particular, there exist ¢y > 0 and two subsequences {ys,()} and

{¥2m(x)} of {y2,} such that
2k <2n(k) <2m(k), Aoy Yami-2) < €0 < AYan)r Yami)) forallk e N,
nlingo AWan()s Yom()) = nli>nolo AWan()s Yom(iy-1) = nlgl;o AWan()s Yom(i)+1)
= nlinélo AWan)-1> Yom(k)-1) = nll)rgo AYon()-1 Yam()+1) = o- (20)
By (16) and (18), for all k € N,
AWam()+1, Yan) = A(Tx2m(k) Sx2n(k)-1)

< max{o(®am@), ¥20(0-1) & F20(0)-1, ¥2m(k)) } A TH2m(1)» S¥2n(19-1)

< Y (MFam@)» ¥2n-1))- (21)
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Notice that

lim d(AXom(k), Bxon)-1) = Hm dYom)s Yan(-1) = €o0;
k— o0 k—o0

lim d(Axymk) Tom@k) = im dYamk)» Yamw)n) = 0;
k— o0 k—o00

lim d(Bxau)-1, SXon(iy-1) = 1im d(Yaug-1, Y2nw)) = 0;
k— 00 k—o00

klifgo &1 (d(A%am)» S%2n(t0-1)> A TH2m(i)» BX2n()-1))

= kll)ﬂolo (AW 2m(i) Y2n)» AV 2m( 11> Yon(io-1))

(F11) . . (F13)
2 ¢1<k1£20d(y2m(k)y y2n(k))’klgIolo dYam(i)+1, y2n(k)—1)> = ¢1(g0,80) = €0

kll)ngo B2 (A%t SE2n(0-1)> A(T2m(10 B2n(k)-1)> A(A%2m(0> B 2n(i)-1))
= klirgo D2(AW2m(i0r Y2n0))» AV 2m(u) 1, Y2n(-1)s AV 2m(k)> Yani)-1))

(Fa1) . . .
2 ¢z( Um d(yam)» Yonto)> UM dYam+15 Yant-1), UM d(Vame), y2n(k)—1)>
k— o0 k— 00 k— o0

(F23)
= ¢a(80,80,80) < €0;

kli)rlgo @3 (d(A%2m(t) Txom(k))» ABX2n()-1 SE2(1)-1)> A(AX2m(10 B 2n(1)-1))
= lim ¢ (AY2m@)» Y2m(+1) AW 2n)-1, Y21 A2k Yan(t)-1))
(F31) . . .
2 ¢3( Hm d(Yam), Yam@o+1), UM d(Van)-15 Yan))» im d(Yom), y2n(k)—1)>
k— o0 k—o00 k— o0
(F33)
=¢3(0,0,80) < &o;
Aim ¢4 (d(A%2m(1> Sx2(0-1)» A T2k BX2(1-1)> A(AX2m(1)» Th2m(1)s
A(Bx2u(i-1, S%an(t-1))
= kll)rrolo G4 (AY2ms Y2n0)> AW 2m(i)41, Y2n)-1)> AW 2m(i)s Yo +1)s AV2n-15 Yan(x)))
(F41) . .
E ¢>4< m d(yYom)s Vo), HM d(Vom)+1s Yan)-1)»
k—o0 k— 00
lim d(yom)s Yoam@y+1)> UM d(Yaug-1, y2n(k))>
k—o0 k— 00

(Fa3)
:¢4(80,80,0,0) < &o.

As a result, it follows from (21) and (20) that

lim M (X2.(k), X2n(k)-1)
k— o0

= lim max{d(Axom@), BXan(t)-1)> AAX2m( To2m(i))» ABX (-1, S¥an(i-1),

k— 00

1 (d(Ax2mit)» SX2n(t)-1)» A TX2m(k) BRan(i-1) )

G2 (A(Ax2m(1)> S2000-1)> AT 2m(10 B 2m(i-1)> A(AX 20 BR2n(t-1))
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@3 (d(A%2m(ty Toom(k)) ABX ()15 Sx2(0)-1)> A A% 21> BX2n(i)-1))
P4 (d(A% (k) SXan(t-1)» AT 2m(k)» BRan(i)-1)s AAX (i) Th2m(k))»
A(Bxan(-1, Sxan(-1)) }

=£&0.
As ¥ is upper semi-continuous, we deduce that

g0 = nlgrolo AWY2m(k)+15 Y2n()) = Hmsup d(Yame)+1, Yank))

n—00

< limsup ¥ (Mm@, ¥ane-1)) < ¥ (€0) < €0,

n—00

which is a contradiction. As a result, {y,} is a Cauchy sequence in (X, d). Then, there exists
z € X such that {y,} — z. In particular,

z= lim y, = lim Txy, = lim Bxy,,; = lim Axy, = lim Sxy,;.
n—00 H—>0Q n—00 n—0o0 n—00
Next we distinguish some cases depending on the complete set. Notice that

{y2n+2 = Ax2n+2 = Sx2n+1} - S(X) c A(X) and

{y2n+1 = Bx2n+1 = Tx2n} C T(X) - B(X)

Assume that A(X) (or S(X)) is complete. Then there exists u € X such that z = Au. To show
that Tu = z, suppose, by contradiction, that d(Tu,z) > 0. As the pair {S, A} is («, d)-regular
and {yo,12 = Sxp,11} = z = Au, we have

max{a(u,x2n+1),a(u,x2n+1)} >1 forallneNy.

Therefore, for all m € N,

d( TM; y2n+2) = d( Tu: Sx2n+1) =< max{a (u) x2n+l)) (o4 (ur x2n+1) } d( Tl/l, Sx2n+1)

< Y (M(u, %341)). (22)
Notice that

lim d(Au’BerHI) = lim d(zry2n+1) =05
n— 00

n—00

lim d(Au, Tu) = d(z, Tu) > 0;

n—00

nlilglo d(Bxons1, Sx2n41) = AYani1, Yons2) = 05
lim o1 (d(Au; Sx2n+1)’ d( Tu, Bx2n+1))
n—>00
= nlingo ¢1 (d(Z, y2n+2): d( Tu, y2n+1))

F : i
(é1)¢1< lim d(z, yyn:2), lim d(Tu,yzn+1)>
n—00 n—00

= $:(0,d(Tu, 2)) = d(T;’ 2)

<d(Tu, z);
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lim ¢2 (d(Au, Sx2n+l)) d(Tu, Bx2n+1): d(AM, Bx2n+1))

n—00

= nll)rgo ¢2 (d(Z, y2n+2)r d( Tury2n+1): d(Z, y2n+1))
(F21) . . .
= ¢z( lim d(z,y2042), lim d(Tu, y2441), lim d(z,yzm))
n— 00 n—00 n— 00

(F22)
= $2(0,d(Tu,2),0) < d(Tu,z);

lim ¢ (d(Au, Tu), d(Bxons1, S¥one1), d(Att, Bxy.1))
= nll)rgo ¢3 (d(Z, TM), d(y2n+1’y2n+2): d(Z, y2n+1))

a0 ¢3( lim d(z, Tw), lim d(y2u.1, Yans2), lim d(z,yznu))

(F32)
= ¢3(d(z, Tu),0,0) < d(z, Tu);

lim ¢4 (d(Au, Sxani1), d(Tit, Bxoni1), d(Aus, Tus), d(Bxgna1, Sxone1))
n— 00

= lim ¢4 (d(2, yans2)s A(Th, yons1), d(z, Tie), d(Yone1, Yans2))

n—00

F . . . .
2 gy 1im d(zynea), lim ATy, lim d(z, T, Tim donen, yons2) )
(Fa2)
=¢4(0,d(Tu,z),d(z, Tu), 0) < d(z, Tu).
Since

lim M(u) x2n+1)
[}

n—

= lim maX{d(AM’ Bx2n+1)’ d(AM¢ TM), d(Bx2n+1¢ Sx2n+1),

n—00

&1 (d(Au, Sxani1), d(Tut, Bxyyi1)),

b2 (d(Au, Sxon1), d(Tut, Bxyyi), d(Aut, Bxyi1)),

¢3(d(Au, Tu), d(Bxani1, Skoni), d(Ast, Bxo1)),

ba(d(Aut, Sxp1), d(Tit, Bxoyin), d(Aut, Tu), d(Bxyi1, Skanin)) |

=d(z, Tu) > 0,
letting n — o0 in (22), the upper semi-continuity of ¥ yields

d(z, Tu) = lim sup d(Tu, yaus2) < limsup ¥ (M(u, %341))

n—00 n—00

<y <lim supM(u,xz,m)) = 1//(d(z, Tu)) < d(z, Tu),
n—0o0
which is a contradiction. As a consequence, Tu = z = Au. As T(X) C, B(X), there exists
w € X such that Ty = Bw and a(u#, w) > 1. Then Au = Tu = z = Bw. We claim that z = Sw. To
prove it, suppose that d(z, Sw) > 0. As the pair {T, B} is («, d)-regular and {y,,1 = Tx3,} —
z = Bw,

max{a(xzn, w),a(w,xz,,)} >1 forallneNy.
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By (16), foralln e N,

AYani1, SW) = d(Txo, SW) < max{a %y, w), & (W, %2,) }d( T2, Sw)

< ¥ (M(x2n, w)). (23)
Notice that

lim d(Axy,, Bw) = lim d(y2,2) = 0;

n— 00

lim d(Axa,, Txys) = lim d(yau, yona) = 0;

lim d(Bw, Sw) = d(z,Sw) > 0;
n—>00

lim ¢1 (d(AxZVH SW)) d( Txan BW))
n— 00

= nlggo ¢1 (d(yz,,, SW): d(y2n+1! Z))

G
(F:1)¢>1< lim d(ya,, Sw), lim d(yznmz)) = ¢ (d(z,5w), 0) g) d(z,Sw);

lim ¢ (d(Ax2y, SW), d( T, BW), d(Ax, Bw))
n— 00
= nlillgo o) (d()/zm Sw), d(¥ons1,2), AYans Z))

2 s 1im d(y, W), lim d(ysur,2), lim d(y,2))
n—00 n—00 o0

F
= ¢ (d(z,5w),0,0) (%4) d(z, Sw);

lim ¢3 (d(sz,,, Txy,), d(Bw, Sw),d(sz,,,Bw))

n—00

= nll{lgo ¢3 (d(yZVuyZVHl)’ d(Z’ SW)) dO/Zn,Z))
(F31) . . .
E ¢3( lim d(yon, yous1), lim d(z, Sw), lim d(ysz))
Hn— 00 n—0oQ Hn—0Q

(F34)
= ¢3(0,d(z, ), 0) < d(z, Sw);

lim ¢4 (d(AxZW SW)’ d( Tme BW), d(szn, TxZn); d(BW, SW))
n— 00
= nlglolo (0N (d()/zm W), d(Yan+1,2), Ao Yann), d(2, SW))

(Fan) ¢4( lim d(yy,, Sw), lim d(y2n.1,2), lim d(yay, y2us1), lim d(z, SW))
n—00 n—00 n—00 n—00

F
=y (d(z, Sw),0,0,d(z, Sw)) ( %L) d(z,Sw).

Hence,

lim M(xy,, w) = lim max{d(szn,Bw),d(sz,q, Tx>,), d(Bw, Sw),
Hn— 00

n—o00
¢l (d(Ax2n; SW)! d( Tme BW)),
¢2 (d(Aerlr SW)’ d( TX2,,, BW); d(AxZ}’lv BW));

¢3 (d(Ame TxZn)r d(BW; SW)r d(szn, BW));
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¢4- (d(Ax2VlY SW)) d(Tme BW)) d(AxZVH szn), d(BW» SW)) }

=d(z,Sw) > 0.
Again, letting n — oo in (23) and using the upper semi-continuity of v, we deduce that

d(z, Sw) = limsup d(y2,,41, Sw) < limsup ¢ (M(me w))

n—00 n—00

< w<nlir{:oM(x2n,w)> = 1/f(d(z, Sw)) < d(z,Sw),

which is a contradiction. Thus, Sw = z, which means that z = Tu = Au = Bw = Sw. As {A, T}
and {B, S} are weakly compatible,

Az=ATu=TAu=Tz and Bz=BSw=SBw=3_Sz.

Next, let us show that 7z = Sz. On the contrary case, suppose that d(7z, Sz) > 0. Hence, by
(16),

d(1z,52) < max{(x(z,z),a(z, z)}d(Tz, Sz) < w(M(z, z)). (24)
Notice that

d(Az,Bz) = d(1z,Sz) > 0;
d(Az, Tz) = d(1z, Tz) = 0;
d(Bz, Sz) = d(Sz,Sz) = 0;

¢1(d(Az, Sz),d(Tz,B2)) = ¢ (d(Tz, S2), d(Tz, Sz)) (Flfg) d(Tz, Sz);

¢2(d(Az,52),d(T2, B2), d(Az, B2)) = s (d(Tz, S2), d(T2,52), d(Tz, 52)) ' 2 d(Tz, S2);

b3 (d(Az, T1z),d(Bz, Sz),d(Az, Bz)) =¢3 (d(Tz, Tz2),d(Sz,Sz),d(1z, Sz))

(F33)
= $3(0,0,d(Tz,52)) < d(Tz, S2);

¢4 (d(Az, Sz),d(Tz, Bz), d(Az, Tz), d(Bz, Sz))
= ¢4(d(Tz, S2), d(Tz, Sz), d(Tz, Tz), d(Sz, Sz))

(Fa3)
=¢4(d(Tz,Sz),d(Tz,Sz),0,0) < d(1z, Sz).

Therefore,

M(z,z) = max{d(Az, Bz),d(Az, Tz),d(Bz, S2),
¢1(d(Az, Sz),d(Tz, Bz)), ¢2(d(Az, Sz), d(Tz, Bz), d(Az, Bz)),
¢3(d(Az, Tz), d(Bz, Sz), d(Az, Bz)),
¢4(d(Az, Sz),d(Tz, Bz), d(Az, Tz),d(Bz, Sz)) }

=d(Tz,82) > 0.



Agarwal et al. Fixed Point Theory and Applications (2015) 2015:104 Page 26 of 28

Again, it follows from (24) that
d(Tz,Sz) < ¥ (M(z,2)) = ¥ (d(T%, Sz)) < d(T%, Sz),
which is a contradiction. As a consequence, we conclude that 7z = Sz, which means that
Az=Tz=S8z=Bz.
In particular, z is a coincidence point of 4, B, T, and S. 0

In the following result, we describe some sufficient conditions to ensure that the coin-
cidence point is a common fixed point, and it is unique.

Theorem 16 Under the hypotheses of Theorem 15, suppose that max{o(z, w),a(w,z)} > 1
for all coincidence point z of A, B, S, and T, and all w € S'({z}). Then A, B, S, and T have,
at least, a common fixed point.

Furthermore, if we additionally assume that max{o/(x, y), «(y,x)} > 1 for all distinct com-
mon fixed points x and y of A, B, S, and T, then A, B, S, and T have a unique common fixed
point.

Proof In such a case, we can repeat, point by point, the arguments of the proof of Theo-
rem 6 in order to demonstrate the following facts:

o Tz =zasin (13), so z is a common fixed point of A4, B, S, and T;

« zis the unique common fixed point of A, B, S, and 7, as in (14).

This completes the proof. O

The following result corresponds to the case in which T'= B and S = A in Theorem 15.

Corollary17 Leto : X x X — [0,00) be a reflexive, transitive function and let T,S : X — X
be self-mappings in a metric space (X, d) such that

(a) the pair {T,S} is weakly compatible;

(b) one of T(X) or S(X) is complete.

Also assume that there exist ¢, € F1, ¢3 € Fa, ¢3 € F3, ¢y € Fy, and € O3 such that
max{a(x,y),a(y,x)}d(Tx, Sy) < W(M(x,y)) forallx,y € X,

where

M(x,y) = max{d(Sx, Ty), d(Sx, Tx), d(Ty, Sy), ¢1 (d(Sx, Sy), d(Tx, Ty)),
103 (d(Sx, Sy), d(Tx, Ty), d(Sx, Ty)), Ps3 (d (Sx, Tx), d(Ty, Sy), d(Sx, Ty))
P4 (d(Sx, Sy), d(Tx, Ty), d(Sx, Tx), d(Ty, Sy)) }.

Then T and S have a coincidence point in X.
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Remark 18 Theorem 15 can be particularized to the case in which the metric space (X, d)
is endowed with a partial order < (or even with a reflexive, transitive binary relation) by
defining

1, ifxxy,
0, otherwise.

In such a case, the contractivity condition (16) turns into the following one:
d(Tx,Sy) < ¥ (M(x,y)) forallx,y € X such thatx < y.

In [38—40], the authors illustrated their main results with a list of several corollaries
by choosing the function « in different ways. We could repeat here their studies but, for
short, we only describe the case in which S = T, and A and B are the identity mapping Ix
in X in Theorem 15.

Corollary 19 Let o : X x X — [0,00) be a reflexive, transitive function and let T : X — X
be a self-mapping in a metric space (X,d) such that

(b) «alx,Tx) >1forallx € X;
(¢) X (or T(X)) is complete;

(d) the pair {T,Ix} is (o, d)-regular.

Also assume that there exist ¢, € F1, 3 € Fy, ¢3 € F3, ¢y € Fy, and € O3 such that
max{a(x,y),a(y,x)}d(Tx, Ty) < W(M(x,y)) forallx,y € X,

where

M(x,y) = max{d(x,y),d(x, Tx),d(y, Ty), ¢ (d(x, Ty), d(T%,y)),
b2 (d(x, Ty), d(Tx, y), d(x,9)), b3 (d(x, Tx), d(y, Ty), d(x, y))
¢4 (d(x, TJ’)7 d( Txry)7 d(x: Tx)r d(.)’» TJ’)) }

Then T has, at least, a fixed point in X.
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