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1 Introduction

The study of common fixed points of mappings satisfying certain contractive conditions
has many applications and has been at the center of vigorous research activity. In 1976,
Jungck [1] proved common fixed point theorems for commuting mappings in metric
spaces, generalizing the Banach contraction principle. Later, Das and Naik [2] investigated
the corresponding common fixed point result for Ciri¢’s fixed point theorem [3]. There-
after the concept of commuting mappings has been developed in various directions. One
of such notions which is weaker than commuting is the concept of compatibility intro-
duced by Jungck [4]. In common fixed point problems this concept and its generalizations
have been used extensively (see [5-7]), e.g., Ciri¢ et al. [7] proved some common fixed
point theorems for two pairs of weakly compatible mappings satisfying a generalized con-
traction condition on partial metric spaces. For a survey of common fixed point theory,
its applications, comparison of different contractive conditions, and related results, one
can refer to [8—10] and references contained therein.

Recently, Huang and Zhang [11] generalized the notion of metric spaces by substituting
the set of real numbers with the ordered Banach space, and defined the concept of cone
metric spaces. Based on the notion of cone metric spaces, several fixed point theorems
were obtained for mappings satisfying certain contractive type condition; see for exam-
ple [12-18]. Subsequently, Xin and Jiang [19] introduced noncommutative Banach spaces
which generalize the concept of Banach spaces and established fixed point theorems for
mappings with the k-ordered contractive condition.
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The paper will give some common fixed theorems in the framework of noncommutative
Banach spaces. In details, we firstly introduce the concept of generalized k-ordered con-
tractions in noncommutative Banach spaces, and prove some common fixed point theo-
rems for generalized k-ordered contractions which generalize the results in [19] (see The-
orem 2.1). Then the notion of k-ordered B-contractions is introduced in noncommutative
Banach spaces and the corresponding common fixed point theorems are given. At the end,
to see the applicability of our results, we give an existence and uniqueness theorem for a
common solution of integral equations.

Now we recall the definition of noncommutative Banach spaces and some of their prop-
erties which will be needed in the sequel [19].

Definition 1.1 Let E be a group with a unit e and suppose that there exists a metric d on
E such that (E,d) is a complete metric space. E is said to be a noncommutative Banach
space if the following conditions hold:

(1) for any x,y,z € E, we have d(xz,yz) = d(x,y);

(2) there exists a binary continuous operation

F:Rx E—E, (0, %) = x“
such that F(~1,x) = x7! is exactly the inverse of x in the group E and F(0,x) =x° = e
is the unit in the group E, and that

F(mn,x) = F(m,F(n,x)), F(m + n,x) = F(m,x)F(n,x)

form,neR, x € E;
(3) for any x € E, there exists a constant M, > 0 such that

d(x“,e) <M,la|, VaeR.

It can be shown that all Banach spaces and unitary groups of Hilbert spaces are all non-
commutative Banach spaces. For more details, one can refer to [19].

Let E be a noncommutative Banach space. A subset P of E is called a cone if and only
if:

(1) P isnonempty, closed, and P # {e};

(2) x,y € Pand a, B € R* imply x%y* € P;

(3) PNP!' ={e} where Pt = {x7!: x € P}.

Given a cone P C E, we define a partial ordering < in E with respect to P by x < y if and
only if y’x~# € P for all B € [0,1]. A cone P is said to be normal if there is a number N > 0
such that for all x,y € E,

eSx<y = dxe) <Ndy,e).

The least positive number N satisfying above is called the normal constant of P.
For x,y € E, if either x < y or y < & holds, we say x and y are comparable and denoted by

X ySK

ViX,y) =
(x,9) 5 x<y.
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Lemma 1.1 Suppose that P is a cone in E. For x,y € E,
(1) setx <y, then x* < y* holds for all o € [0,1];
(2) ifx € P and there exists A € [0,1) such that x < x*, then x = e;
(3) ifx and y are comparable, then xy™* and yx are comparable, and e < v (xy™, yx71);
(4) if x and y are comparable, then d(V(xy™t, yx1),e) = d(x,y).

Proof (1) Let x <y, we have y?x~# € P for all B € [0,1]. Since o € [0,1] for any « € [0,1],
we see (y*)P (x*)™? = y*Px*f € P, which means x* < y~.

(2) From x < *, we know x*~! € P. It follows from 1 > 0 and the definition of cone
that ™! € P, which together with x € P yields x = e.

(3) One may suppose that x < y, which means yx™! € P.Forall 8 € [0,1], (yx™!)P(xy™1)~F =
P ((yx 1)) = (ya1)* € P, then xy~* < yx~L. Furthermore (yx1)Pe? = (yx71)# € P,
which implies e < yx7%, and therefore e < v(xy 1, yx1).

(4) Assume that x < y, then V(xy !, yx1) = ya7L. It follows immediately from Defini-
tion 1.1 that

d(\/(xy‘l,yx_l),e) =d(y _l,e) =d(y,x) = d(x,y). O

In the rest of the paper, we always suppose that E is a noncommutative Banach space, P
is a normal cone in E with the normal constant N and < is a partial ordering with respect
to P.

2 Common fixed point theorems for the generalized k-ordered contraction
In this section, we give the generalized k-ordered contraction in noncommutative Banach
spaces, and prove some common fixed point theorems for the generalized k-ordered con-

traction which generalize the results in [19].

Definition 2.1 Let A, B: E — E be two mappings. We say that the mapping A is the gen-
eralized k-ordered contraction if there exists k € (0,1) such that for all x,y € E, if x and y

are comparable, then Ax and By are comparable, and, moreover,
V(Ax(By)™, By(Ax) ) S v (xy_l,yx_l)k.

In particular, if A = B, A is called the k-ordered contraction, which can also be found in
[19].

Theorem 2.1 Let A,B: E — E be two mappings satisfying the following conditions:
(i) A or B is continuous;
(i) A is the generalized k-ordered contraction;
(ili) there is xg € E such that xq and Axq are comparable.
Then A and B have a common fixed point in E, that is, there exists x* € E such that Ax* =

Bx* = x*.

Proof Starting with the given x, construct a sequence {x,},°; by X2,+1 = A%y, and X942 =
By, for all n € N. Using the condition (ii), it can easily be shown that x,, and x,,; are
comparable. In particular, x;,,,; and x,,,,5 are comparable. From the condition (ii) it follows
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that
V(x2n+1x£i+2»x2n+2x§i,+1) = V(Ax2n(Bx2n+l)_lxBx2n+1(Ax2n)_l)
<V (R2nigh s X2t
In a similar way one obtains
V (%2010 %2n01%5,) S V(xZn—lei:xanEi_l)k~

Now, by induction, we can get

n

X, ) SV (woxy ", xixgt)

4 (x"xn+l

Since P is a normal cone with the normal constant N,

AV (27t 01,1, €) < NA(V (w0, 21051) ).

n+l?
Using Definition 1.1 and Lemma 1.1(4), we conclude that
A%, %,41) < anMxOxl—l.

As a result, {x,}°, is a Cauchy sequence in E. Since E is a complete metric space, there
exists a point x* € E such that x,, — x* as n — oco.

Suppose that A is continuous, one has x* = lim,,_, .o A%y, = Ax*. This shows that x* is a
fixed point of A. Now, by the reflexivity of the partial ordering < in E, we know x* < x*.
The condition (ii) implies that Ax* and Bx* are comparable, and

v (x* (Bx*)fl,Bx* (x*)fl) = Vv(Ax* (Bx*)fl,Bx* (Ax*)fl) Seéf=e.
By the definition of the partial ordering in E, we have
V(¥ (Bx*) ", Bx* (")) eP.

Again, x* = Ax* and Bx* are comparable, then by Lemma 1.1(3), we know e < Vv (x*(Bx*) 1,
Bx*(x*)71). That is

Vv(x* (Bx*)_l, Bx* (x*)_l) ePD.
Hence
v (x* (Bx*)_l,Bx* (x*)_l) ePNP={e},

and then Bx* = x*.
Similarly, if B is continuous, again we have Ax* = x*. Therefore, A and B have a common
fixed point. d

The following theorem gives the sufficient condition for the uniqueness of a common
fixed point of A and B in Theorem 2.1.
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Theorem 2.2 [n addition to the hypotheses of Theorem 2.1, assume that for all x,y € E,
there exists w € E depending on x and y such that w is comparable with x and y. Then A
and B have a unique common fixed point.

Proof The set of common fixed points of A and B is not empty due to Theorem 2.1;
suppose now that x and y are two common fixed points of A and B, i.e., Ax = Bx = x,
Ay = By = y. We distinguish two cases:

Casel.Ifx and y are comparable, thatis, Ax and By are comparable, then by the condition
(ii), we obtain

\/(xy_l,yx_l) = \/(Ax(By)_l,By(Ax)"l)
< vyt

-1y ¢ P, According to Lemma 1.1(2), V(xy~!,yx7!) = e and this

which shows V(xy™!, yx
gives us x = y.

Case 2. If x is not comparable with y, then there exists w € E which is comparable with
x and y. The condition (ii) implies that B"w is comparable with A”x = x and A"y = y for

n=0,1,2,.... Moreover,

v (x(B"w) - B'wx') = v(A"x(B"w) - B"w(A"x) 71)

N

v (A”’lx(B”’lw) - B”’IW(A”’lx) _1)

v (x(B" w) " B )

By induction, we conclude that

v (x(B"w) L wa ) S v (aw, wx_l)kn
Then

d(x, B"w) < k"NM,,,1.
Analogously, it can be proved that

d(y,B"w) < k"NM,,,1.

Using the triangular inequality, one can obtain

d(x,y) < d(x,BnW) + d(B”w,y)

< K'N(My 1 + My, 1) — 0.

Hence x = y, which is a contradiction. Consequently, x and y are comparable, and from

Case 1, we know x = y. g

Corollary 2.1 Let A: E — E be a continuous mapping satisfying the following conditions:

Page 5of 11
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(i) there exists k € (0,1) such that for all x,y € E, if x and y are comparable, then x and
APy, Ax and Ay are comparable, respectively, and, moreover,

v(Amx(Amy) ATy (A7) ) S v(xyfl,yxfl)k

forany n,m,p €N;
(ii) there is xo € E such that xy and Axy are comparable;
(iii) for all x,y € E, there exists w € E such that w is comparable with x and y.
Then A has a unique fixed point in E.

Proof It follows from Theorem 2.1 and Theorem 2.2 by putting A” =Aand A” =B. O

As a consequence of the previous corollary, we obtain a fixed point theorem for the
k-ordered contraction on a noncommutative Banach space, which can also be seen in [19].

Corollary 2.2 Let A: E — E be a continuous mapping satisfying the following conditions:
(i) there exists k € (0,1) such that for all x,y € E, if x and y are comparable, then Ax
and Ay are comparable, and, moreover,

V(Ax(Ay) ™, Ay(Ax) ™) S vy e

(ii) there is xg € E such that xy and Axq are comparable;
(iii) for all x,y € E, there exists w € E such that w is comparable with x and y.
Then A has a unique fixed point in E.

3 Common fixed point theorems for the k-ordered B-contraction

In the following we shall introduce the notion of k-ordered B-contractions in the frame-
work of noncommutative Banach spaces and prove some common fixed point theorems.
Let us start with the following definition.

Definition 3.1 Let A,B: E — E be two mappings. We say that the mapping A is the
k-ordered B-contraction if there exists k € (0,1) such that for each x,y € E satisfying Bx
and By are comparable, Ax and Ay are comparable and

v (Ax(Ay) ™, Ay(Ax)™) < v(Bx(By) ™, By(Bx) ™).

Theorem 3.1 Let A,B: E — E be two continuous mappings such that R(A) € R(B). Sup-
pose that the following conditions hold:
(i) A and B commute;

(ii) A is the k-ordered B-contraction;

(iii) there exists xo € E such that Axy and Bx, are comparable;

(iv) if {Bxn}o, is a sequence in E which has comparable adjacent terms and converges to

some z in E, then Bz and B(Bz) are comparable.

Then A and B have a common fixed point in E.

Proof Let x¢ € E be such that Ax, and Bx, are comparable and x; € E be chosen such
that Bx; = Axg. This can be done since R(A) C R(B). Let x; € E be such that Bx; = Ax;.
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Continuing this process, we can construct a sequence {Bx,}°, in E such that Bx,,,; = Ax,
forall m e N.

Since Axy and Bx, are comparable and Bx; = Axg, we find that Bx; and Bx, are com-
parable. Then by the condition (ii), Ax; and Ax, are comparable. Thus Bx, and Bx; are
comparable. Continuing this process, we obtain Bx; and Bxy, Bx, and Bxj, ..., Bx,,; and
Bx, are comparable, respectively. Notice that

\4 (an (an+l)_l: an+1 (an)_l) =V (Axn—l (Axn)_1: Axn (Axn—l)_l)

<v (an,l(an)’l,an (Bx,,,l)’l)k.
Inductively the following holds:
v (Bxy(Bxa) ™, Bxa(Bxy) ™) S v (B (Bxy) ™, By (Bxo) ™).
By the above and Lemma 1.1(1), we obtain
V(B (Bxyns1) ™, Bty (Bxn) ') SV (Brio(Bxi) ™, By (on)_l)kn.

Following an argument similar to that given in Theorem 2.1, we find that {Bx,}32, is a
Cauchy sequence, and there is some p € E such that Ax,; = Bx, — p as n — oo.

Again, since A, B are continuous and commute, we get

Ap =A< lim Bx,,) - lim ABx, = lim BAx, = B( lim Ax,,) - Bp.

n—00 n—00 n— 00 n— 00

Let w = Ap = Bp, then
Aw = A(Bp) = B(Ap) = Bw.

From the condition (iv), we know w and Aw are comparable. Since A is the k-ordered
B-contraction, we have

v (w(Aw) ", Aww™) = v(Ap(Aw) ', Aw(Ap) ™)
< v(Bp(Bw)™, Bw(Bp)™)"

= v(w(A )’1,Aww’1)k,

which shows Vv (w(Aw)™!, Aww™)¥-! € P, Using Lemma 1.1(2), it follows that w = Aw = Bw.
Therefore, A and B have a common fixed point. d

In addition to the hypotheses of Theorem 3.1, suppose that for all x,y € E, there exists
z € E depending on x and y such that Bz is comparable with Bx and By. Then A and B
have a unique common fixed point. Indeed, assume that there exist x, y € E which are two
common fixed points of A and B. We claim that x = y.

By assumption, there exists z € E such that Bz is comparable with Bx and By. Define a
sequence {Bz,}:°, such that z, = z and Bz, = Az,_; for all n.
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Further, set xy = x and o = y, and in the same way define {Bx,}5, and {By,}32, such
that Bx, = Ax,1, By, = Ay, for all n € N. Since Bx is comparable with Bz and A is the
k-ordered B-contraction, we find that x and Az are comparable. Again, since x = Bx and
Az = Bz;, x and Az; are comparable. Recursively, x and Az, are comparable. By the condi-

tion (ii), we have

V(x(Az,) T Az ) S v(x(Azn,l)‘l,Azn,lx‘l)k

A

< \/(x(Az)’l,Azx’l)kn.

The same reasoning as that in Theorem 2.2 tells us that x = y, which means that x is the

unique common fixed point of A and B.

Theorem 3.2 Let A,B: E — E be two continuous mappings such that R(A) € R(B). Sup-
pose that the following conditions hold:
(i) A and B commute;
(ii) there exist nonnegative real numbers s, k, and h with s > max{k + h,1 + h} such that
forall B €[0,1], if x and y are comparable, then Ax and Ay, Ax, and Bx, Ay and By

are comparable, respectively, and furthermore
v (Ax(Ay) ™, Ay(Ax) ™) < v (Ax(Bx) ™, Bx(Ax) ™) v (Ay(By) ™, By(ay) ™)

(iii) if {Bxn}i2, is a sequence in E which has comparable adjacent terms and converges to
some z in E, then Bz and B(Bz) are comparable.
Then A and B have a common fixed point in E.

Proof Let x¢ be an arbitrary point in E. By the reflexivity of the partial ordering ‘<’ in E,
x0 < %9, which together with the condition (ii) shows that Axy and Bx, are comparable.
Following the lines of the proof of Theorem 3.1, we can construct a sequence {Bx,};°, with

Bx,,1 = Ax,, for all n € N. Then from the condition (ii), we can obtain

V(an(anJrl)_l:anJrl(an)_l)Sﬁ
=V (A%, (Ax,) L, Ay (A, 1))
<V (A1 (Botyr) ™ Bty (A1) ™)' v (A (Bt) ™, B (A) )

= (B (By)™ B (B )"V (Bt (B, B (Bea) ™)™
By the definition of the partial ordering in E with respect to P, one can get
v (Bn(By )™ Bn 1 (B )PV (Bt (B) ™ By (Bn) ™) € P,
That is,

_ _1\s—h _ _1\k
V(an+1(an) 1¢an(an+1) 1)5 ,S V(an(an—l) 1ern—l(an) 1) .



Xin and Jiang Fixed Point Theory and Applications (2015) 2015:77 Page 9 of 11

And from Lemma 1.1(1), one can obtain
k.
\% (an+1 (an)_lyan (an+1)_l) S/ \% (an (an—l)_ly Bx, (an)_l) s,

The same reasoning that in Theorem 2.1 gives us that {Bx,};°, is a Cauchy sequence, and
consequently {Bx,}52, is convergent to some g € E. Also Aq = Bq.
Set u = Aq = Bq. Since A and B commute, Au = A(Bq) = B(Aq) = Bu. We will show that
u = Au = Bu. In fact, from the conditions (ii) and (iii), we have
\/(u(Bu)’l,Buu’l) = \/(Aq(Au)’l,Au(Aq)fl)
< V(Aq(Bg) " Ba(Ag) ) v (Au(Bu) ™, Bu(Au)™)"

=e.
Analogous to the proof of Theorem 2.1, it is easily seen that u = Au = Bu. O

Remark 3.1 Let the conditions of Theorem 3.2 be satisfied, except that (ii) is replaced by

(ii") there exist nonnegative real numbers s, k, 4, and [ with s > max{k + & + [,1 + [} such
that for all 8 € [0,1], if x and y are comparable, then Ax and Ay, Bx and By, Ax and Bx,
Ay and By are comparable, respectively, and furthermore

\% (Aac(Ay)_1 , Ay(Ax)"l)Sﬂ
< v(Bx(By) ™, By(Bx)™)" v (Ax(Bx)™, Bx(Ax)™)"’
v (AyBy) ™, By ™).
Then A and B have a common fixed point in E.

4 Existence of a common solution for a system of integral equations
The purpose of this section is to present an existence and uniqueness theorem for a solu-
tion of the following system of integral equations:

1
x(t) = / K (t, s,x(s)) ds+g(t), te][0,1],
0

1
x(t) = / K, (t,s,x(s)) ds+g(t), te][0,1].
0

For u,v e R, if u < v or v < u, we say that 4 and v are comparable.
We assume that
(i) KiorKj:[0,1] x [0,1] x R— R is continuous, and g: [0,1] — R is also
continuous;
(ii) there exist k € (0,1) and a continuous function ¢: [0,1] x [0,1] = R* such that if u
and v are comparable, then Ki(t, s, u) and Ky(¢, s, v) are comparable, furthermore

|Ky(t,5,1) = Ky (t,5,v)| < kp(t,8) | — v

fort,s € [0,1] and u,v € R;
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(i) sup,epo fo ¢(t,5)ds <1;
(iv) there exists g € C[0,1] such that for any t,s € [0, 1], x0(¢) and
fol Ki(t,s,%0(s)) ds + g(t) are comparable.

Theorem 4.1 Under the assumptions (i)-(iv), then the integral equations have a unique
common solution x in C[0,1].

Proof Let E = C[0,1] be the set of real continuous functions defined on [0,1] and d: E x
E — [0, +00) be defined by d(u, v) = sup, (g1 [u(¢) — v(¢)|. Then (E,d) is a complete metric
space.Set P = {x € E: x(t) > 0 for any t € [0,1]} be anormal cone in E. The partial ordering
in E with respect to P is given as follows:

xSy << «(t) <y) foranytel0,1].

Also for every x,y € E, there exists w € E such that w is comparable with x and y [20].
Define A,B: E — E by

1
A(x(t)) :/ K (t, S,x(s)) ds+g(t), te][0,1],
0

1
B(x(t)) = /0 K, (t,s, x(s)) ds+g(t), te][0,1].

Obviously, the existence of a common solution for the integral equations is equivalent to
the existence of a common fixed point of A and B.

Now, from (ii), we have Ax and By are comparable if x and y are comparable for every
x,y € E. Also for each comparable x,y € E, we obtain

[A(®) - B®)| =

1 1
/ Ki(t,s,%(s)) ds —/ Ky (t,s,5(s)) ds
0 0
1
5/ !Kl(t,s,x(s))—I(g(t,s,y(s))|ds
0

1
<k fo o(t,5)ds|x(t) - y(0)|

< kllx-yl,

which implies that ||[Ax — By|| < k|lx —y||.

Hence all of the conditions of Theorem 2.1 and Theorem 2.2 are satisfied, and so A
and B have a unique common fixed point, which is a unique common solution of integral
equations. d

Notice that the example given above is in linear spaces. As to the noncommutative case,

it is under consideration now.
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