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Abstract

In this paper, we establish the structure of Menger PbM-spaces as a generalization of
Menger PM-spaces. We present some fixed point theorems for a new class of
contractive mappings in the framework of Menger PbM-spaces. We also provide
examples to illustrate the results presented herein. Then we utilize our main result to
obtain the existence and uniqueness of a solution for a Volterra type integral
equation.
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1 Introduction and preliminaries

The concept of a Menger probabilistic metric space (briefly, Menger PM-space) was initi-
ated by Menger [1]. The idea of Menger was to use a distribution function instead of a non-
negative number for the value of a metric. The notion of a probabilistic metric space cor-
responds to the situation when we do not know exactly the distance between two points.
Thus, one thinks of the distance between two points x and y as being probabilistic with
F,,(t) representing the probability that the distance between x and y is less than ¢.

In 1972, Sehgal and Bharucha-Reid [2] obtained a generalization of the Banach con-
traction principle on a complete Menger PM-space, which is a milestone in developing
fixed point theory in a Menger PM-space. After that, Schweizer and Sklar [3] studied the
properties of Menger PM-spaces and gave some basic results on these spaces.

In recent times, the study on existence of fixed points for mappings satisfying general-
ized contractive type conditions in Menger PM-spaces has attracted much attention (see
[4-7]). This study was initiated by Ciri¢ in [8]; more details in [9]. Also a nice overview of
this research can be found in the book of Hadzi¢ and Pap [10].

On the other hand, the notion of a b-metric space was studied by Czerwik [11, 12] and
many fixed point results were obtained for single and multivalued mappings by Czerwik
and many other authors (see [13-16] and references cited therein).

In this paper, motivated by [5, 11], we establish the structure of Menger PbM-spaces and
obtain fixed point results for classes of mappings that extend the notion of generalized
B-type contractive mappings introduced by Gopal et al. [5] in Menger PbM-spaces. We
also give some examples to show that our fixed point theorems for the new type of con-
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tractive mappings are independent. Then we use our main results to obtain the existence
and uniqueness of a solution for a Volterra type integral equation.
In the following, we provide some notations, definitions and auxiliary facts will be used

later in this paper. Throughout this paper, R* denotes the set of nonnegative real numbers.

Definition 1.1 [12,17] Let X be a nonempty set, and let the functional d : X x X — [0, 00)
satisfy:
(bl) d(x,y) = 0ifand only if x = y,
(b2) d(x,y) =d(y,x) forallx,y € X,
(b3) there exists a real number s > 1 such that d(x,z) < s[d(x,y) + d(y,z)] for all
x,9,z€X.
Then d is called a b-metric on X and a pair (X, d) is called a b-metric space with coeffi-

cient s.

Definition 1.2 [18] Let (X, d) be a b-metric space. Then a sequence {x,} in X is called:
(i) convergent if and only if there exists x € X such that d(x,,x) — 0 as # — o0; in this
case, we write lim,,_, 50X, = x;
(ii) Cauchy if and only if d(x,, x,,) — 0 as m,n — co. The b-metric space (X, d) is
complete if every Cauchy sequence in X converges in X.

Remark 1.3 [18] Notice that in a b-metric space (X, d) the following assertions hold:
(i) a convergent sequence has a unique limit;
(ii) each convergent sequence is Cauchy;
(iif) (X,ii)) is an L-space (see [19, 20]);
(iv) in general, a b-metric is not continuous;
(v) in general, a b-metric does not induce a topology on X.

Example 1.4 [16] Let X = [0,00) and define d : X x X — [0, 00) as
dx,y) =|x—y|*> forallx,yeX.

Then (X, d) is a complete b-metric space with coefficient s = 2 > 1, but it is not a usual

metric space.

Definition 1.5 [21] Let (X,d) and (X', d’) be two b-metric spaces with coefficient s and s/,
respectively. A mapping T : X — X' is called continuous if for each sequence {x,} in X,

which converges to x € X with respect to d, then {Tx,} converges to Tx with respect to d’.
We recall the following definitions in the class of Menger PM-spaces.

Definition 1.6 [5] A binary operation 7 : [0,1] x [0,1] — [0,1] is a continuous ¢-norm if
the following conditions hold:

(i) T is commutative and associative,

(if) T is continuous,
(iii) T'(a,1) = a for all a € [0,1],

)

(iv) T(a,b) <T(c,d)whenevera <cand b <d, fora,b,c,d € [0,1].
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The following are three basic continuous ¢-norms:
(1) The minimum ¢t-norm, say Ty, defined by Tys(a, b) = min{a, b}.
(2) The product ¢t-norm, say Tp, defined by Tp(a, b) = ab.
(3) The Lukasiewicz t-norm, say 77, defined by 7. (a, b) = max{a + b — 1,0}.

These t-norms are related in the following way: T; < Tp < Ty;.

Definition 1.7 [6] A function F : (—00, +00) — [0,1] is called a distribution function if it
is non-decreasing and left-continuous with lim;_, _.F(¢) = 0. If in addition F(0) = 0, then

F is called a distance distribution function.

Definition 1.8 [6] A distance distribution function F satisfying lim,_, ,F(t) = 1 is called
a Menger distance distribution function. The set of all Menger distance distribution func-

tions is denoted by D*. A special Menger distance distribution function is given by

0, t=<0,
1, t>0.

H(t) =

Definition 1.9 [5] A Menger probabilistic metric space (briefly, Menger PM-space) is a
triple (X, F, T) where X is a nonempty set, T is a continuous ¢-norm, and F is a mapping
from X x X into D* such that, if F,, denotes the value of F at the pair (x, ), the following
conditions hold:

(PM1) F,,(¢) = H(t) if and only if x = y,

(PM2) Eyy(8) = Fyald)

(PM3) Fi,(t +5) = T(Fy(t),F,,(s)) forall x,y,z € X and 5, > 0.

Definition 1.10 [5] Let (X, F, T) be a Menger PM-space. Then:
(i) A sequence {x,} in X is said to be convergent to x in X if, for every ¢ >0 and » >0
there exists a positive integer N such that Fy, ,(¢) >1— A, whenever n > N.
(i) A sequence {x,}in X is called a Cauchy sequence if, for every ¢ > 0 and A > O there
exists a positive integer N such that Fy, ,,,(¢) >1 — A, whenever n,m > N.
(iii) A Menger PM-space is said to be complete if every Cauchy sequence in X is

convergent to a point in X.

According to [3], the (g, A)-topology in a Menger PM-space (X, F, T) is introduced by
the family of neighborhoods N, of a point x € X given by N, = {N,(¢,1): £ > 0,1 € (0,1)},
where Ny(e,1) ={y € X : F,;(e) >1 - A}.

The (&, A)-topology is a Hausdorft topology. In this topology a function f is continuous

in %9 € X if and only if f(x,) — f(xo), for every sequence x,, — xo.
Example 1.11 [22] Let (X, d) be a metric space. Define a mapping F : X x X — D* by
F(x,9)(t) = Fey(t) = H(t - d(x,9)), VxyeX,teR.

Then (X, F, Ty) is a Menger PM-space induced by (X,d). If (X,d) is complete, then
(X, F, Ty) is complete.
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Definition 1.12 [5] A function ¢ : R* — R" is said to be a ®-function if it satisfies the
following conditions:
(i) ¢(¢)=0ifandonlyifz=0,
(i) @(2) is strictly monotone increasing and ¢(t) — oo as t — oo,
(iii) ¢ is left-continuous in (0, 00),

(iv) ¢ is continuous at 0.

In the sequel, the class of all ®-functions will be denoted by ®.
We conclude this section recalling the following fixed point theorem of Gopal et al., see

[5]. Before this, we quote some definitions.

Definition 1.13 [5] Let (X,F,T) be a Menger PM-space and f : X — X be a given map-
ping. We say that f is a generalized S-type contractive mapping if there exists a function
B: X x X x (0,00) — (0,00) such that

. t t t
B(x,y, t)fofy(¢(t)) = mln{Fx,y(¢<z>):Fx,ﬁc<¢<z)))FyJ‘y<¢<z>)y
t t
o)
for all x,y € X and for all ¢ > 0, where ¢ € ® and ¢ € (0,1).

Definition 1.14 [5] Let (X,F,T) be a Menger PM-space, f : X — X be a given mapping
and B : X x X x (0,00) — (0, 00) be a function. We say that f is f-admissible if

x,yeX, forallt>0, Bxyt)<l = Bfxfrt) <L

Theorem 1.15 [5] Let (X, F, T) be a complete Menger PM-space with continuous t-norm T
which satisfies T(a,a) > a witha € [0,1]. Let f : X — X be a generalized B-type contractive
mapping satisfying the following conditions:
(i) f is B-admissible,
(ii) there exists xo € X such that B(xo,fxo,t) <1 forallt >0,
(ili) if {x,} is a sequence in X such that B(xy,%n41,t) <1 foralln e Nand forallt >0
and x,, — x as n — 00, then B(x,,%,t) <1 foralln € N and forall t > 0.

Then f has a fixed point.

We denote by Fix(f) the set of fixed points of f. Consider the following condition:
(J) For all u,v € Fix(f) and for all £ > 0 there exists z € X such that B(z,fz,£) <1 with
Bu,z,t) <land B(v,z,t) < 1.

Theorem 1.16 [5] Adding condition (J) to the hypotheses of Theorem 1.15, we find that f
has a unique fixed point.

2 Main results
In this section, we introduce the notion of a Menger PbM-space and describe some of its

properties.
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Definition 2.1 A Menger probabilistic b-metric space (briefly, Menger PbM-space) with
coefficient « is a triple (X, F, T) where X is a nonempty set, 7 is a continuous f-norm,
F is a mapping from X x X into D* (for x,y € X, we denote F(x,y) by F,,), and « is a real
number in (0, 1] such that the following conditions hold:

(PbM1) F,(t) = H(t) forall £ € R, if and only if x = y,

(PbM2) F,(t) = F)x(t) forallx,y e X and t € R,

(PbM3) Fy,(t +5) = T(Fy.(at),F,y(as)) forall x,y,z € X, and t,s > 0.

It should be noted that the class of Menger PbM-spaces is larger than the class of Menger
PM-spaces, since a Menger PbM-space is a Menger PM-space when o = 1.

Definition 2.2 Let (X, F, T) be a Menger PbM-space. Then a sequence {x,} in X is called:
(i) convergent to x in X (often denoted by x,, — ) if for any given € > 0 and A € (0,1),
there exists a positive integer N = N(g, A) such that F, ,(¢) > 1 — A whenever n > N,
which is equivalent to lim,,—, oo Fy, (t) = 1 for all £ > 0;
(ii) Cauchy if for any given ¢ > 0 and A € (0,1), there exists a positive integer N = N (¢, 1)
such that Fy, »,, (¢) >1— A whenever n,m > N.
The Menger PbM-space (X, F, T) is said to be complete if every Cauchy sequence in X is

convergent in X.

Remark 2.3 In a Menger PbM-space (X, F, T') the following assertions hold:
(i) a convergent sequence has a unique limit,
(ii) in general, a Menger PbM-space is not a topological space.

In the following we present examples which show that introducing a Menger PbM-space
instead of Menger PM-space is meaningful.

Example 2.4 Let X = R*. Define F: X x X — D* by

—t . ift>0,
Fx,y(t) — t+|x—y[2
0, ift<o,

for all x,y € X. It is easy to show that (X, F, Ty) is a complete Menger PbM-space with

= 1 . However, it is not a Menger PM-space. We show that (PM3) does not hold. To
prove thls, letx=3,y=12=2,t =1,and t, = 2. Then F,(t; + o) = 5, Fx.(t1) = %, and
F.y(t2) = 2, hence Fyy(t; + &) = 2 £ 1 = Ty(Fy2(11), Foy (82)).

Example 2.5 Let (X,d) be a b-metric space with coefficient s > 1. Define a mapping F :
X x X — D* as in Example 1.11. Then (X, F, T)) is a Menger PbM-space with « = % We
know that #; + £, — d(x,y) > t; — sd(x,2z) + t, — sd(z,), for each x,y,z € X, t;,¢, € R, and
hence by the properties of H, we get

’H(tl +1y—dx,)) = H(t - sd(x,2) + b — sd(z,7))
> min{H (t - sd(x,2)), H(t — sd(z,)) }

= min{?’—[(ts—1 —d(ac,z)),?’—[(%2 —d(z,y)) }
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It gives (PbM3). Furthermore, a straightforward computation shows that if (X, d) is com-
plete, then (X, F, Ty) is complete.

Now assume that (X,d) is as in Example 1.4. Then by the above comment, (X, F, Ty)
is a complete Menger PbM-space with « = % We claim that (X, F, Tj) is not a Menger
PM—space Indeed, (PM3) does not hold. To see this, let x =1, y = 0, z = %, 4 = %,

and &, = § Then F,y(t; + t,) = 0 and Fy,(t1) = F,(t,) = 1, hence Fyy(ty + &) =0 £ 1 =

( ( ) zy(tz))

Note that the above examples are Menger PbM-spaces (but are not Menger PM-spaces)
if Tt substitutes with Tp or T;.

The following result is used in our next considerations. It is a generalization of [4],
Lemma 2.5 in Menger PbM-spaces.

Lemma 2.6 Let (X,F,T) be a Menger PbM-space with coefficient «. Then the func-
tion F is a lower semi-continuous function of points, i.e., for every fixed t > 0 and every
two convergent sequences {x,}, {yn} in X such that x, — x and y, — y it follows that

limy,—, o0 inf Fy,, 5, (t) = Fy(2).

Proof Lett >0 and & > 0 be given. Since F,, is left-continuous at ¢ so there exists 6; such
that 0 < &, < ¢ and F,,(t) — Fy, (¢ — &1) < &. Suppose / is an arbitrary fixed real number
with 0 < 2/ < 8y, then Fy,(¢) — Fy,(t — 2h) < &. Using again left-continuity of F,, at t — 6y,
there exists 8, > 0 such that F, (£ — §;) — Fx,(t — 82) < €. By repeating this argument we can
find k€N, 8,841 >0 (i =1,...,k) in which Fy,(t = 8;) — Fy(t — 8;11) < ¢ and &*¢ - 20*h €
(t = 8k, t — 8k41). We deduce that
Fyy(8) = Fry(0®t = 20°h) = (Fyy(t) = Fry(t — 81)) + (Fry(t = 81) — Fry(£ = 82)) +
+ (Fuy(t = 8k) = Fry (ot — 20°h))

< (k+1e. 1)

Set Fy,(cr*t — 2a*h) = a. Taking into account continuity of T and 7'(a,1) = a, there is a real
number [ in (0, 1), fulfills

2
T(cz,l)>a—E and T(a—il) >a——8. (2)
3 3 3

On the other hand, since x,, — x and y,, — ¥, there exists an integer M,; such that
Fyx(a®h)>1 and Fy, (ah) >, 3)
whenever n > My, ;. Now, by (PbM3)
Fry, () = T (Fypect — ah), Fyy, (ah)) (4)
and

F, (ot —ah) > T( o x(a h) xy(()l t— 2a2h)) (5)
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From (2), (3), and (5), we obtain
Fyylat—ah)>T(@l)>a- g ©)

Thus, on combining (1), (2), (3), (4), and (6), we get

3k +5)e

e 2¢e
Fxn,yn(t)z T(ﬂ—g,l) >61—? >Fx,y(t)— 3

This completes the proof. O

3 Generalized -y -type contractive mappings
In this section, we generalize the results obtained by Gopal et al. [5] for the wider class of
generalized B-y-type contractive mappings in Menger PbM-spaces.

Definition 3.1 Let (X, F, T) be a Menger PbM-space with coefficient & and f : X — X be
a given mapping. We say that f is a generalized B-y -type contractive mapping of degree k
(k € N), if there exist two functions : X x X x (0,00) — (0,00) and y : X x X x (0,00) —
(0, 00) such that

ﬂ(x’y’akt)fofy(aka(t)) >y (fx,fy,ak‘lf) min{Fx,y (O‘k_lfp <£>)’
k-1 t k-1 t
ool
Fxfy<2“k2¢<£)>,lfm <2ak2¢(£)> }, )

for all x,y € X and for all £ > 0, where ¢ € ® and ¢ € (0,1). Further, the mapping f is called

(9

a generalized S-y-type contractive mapping if it is a generalized -y -type contractive
mapping of degree k for each k € N.

Definition 3.2 Let (X,F,T) be a Menger PbM-space, f : X — X be a mapping, and 8 :
X x X x (0,00) = (0,00) and y : X x X x (0,00) — (0,00) be two functions. We say that
fis (B,y)-admissible if x,y € X, for all £ > 0, B(x,y,£) <1 = B(fx,fy,t) <1and y(x,y,t) >
1= y(fxfyt) > 1.

Imitating the proof of [4], Lemma 2.9, we can easily obtain the following lemma.

Lemma 3.3 Let (X, F, T) be a Menger PbM-space with coefficient a. Let ¢ be a ®-function.
Then the following statement holds:
Iffor x,y € X, c € (0,1), and k € N we have F,,(ca*¢(t)) > Fx,y(ak‘%(ﬁ))for allt>0,
thenx =y.

Our first main result is the following.

Theorem 3.4 Let (X, F, T) be a complete Menger PbM-space with coefficient o, which sat-
isfies T'(a,a) > a with a € [0,1]. Let f : X — X be a generalized B-y -type contractive map-
ping satisfying the following conditions:

(i) fis (B,y)-admissible,
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(ii) there exists xg € X such that B(xo, fxo,t) <1 and y(xo,fx0,t) > 1 forall t >0,
(ili) if {x,} is a sequence in X such that B(x,-1,%y,t) <1 and y(x,,x,41,t) > 1 for all
neN, and forall t >0 and x, — x as n — 00, then B(x,-1,%,t) <1 and
Y (Xu,fx,t) > 1 forall n € N and for all ¢ > 0.
Then f has a fixed point.

Proof Since T(a,a) > a for all a € [0,1], T > Tj. Let xy € X be such that (ii) holds and
define a sequence {x,} in X so that x,,; = fx,, for all n = 0,1,.... We suppose x,,1 # x, for
alln=0,1,..., otherwise f has trivially a fixed point. From (i), (ii), and by induction, we
get B(x,_1,%,,t) <1land y(x,,x,41,t) > 1 foralln € Nand all £ > 0. Taking into account the
continuity of ¢ at zero, we can find r > 0 such that ¢ > ¢(r) and therefore we have

Frpyin (&) = B(%n-1, % & 7) g, o (2 ()

=y (xn’xml: ak_lf) min{Fxnlfxnl (ak_l¢<f>) Xp-1%n ( (f))
C C C
k=1, (T k=27 k=2, (7
e ()
e )

We will show that

Fx,, s (0{ ¢(F)) x,,, 1%n (akld) (g)) . (8)

If we assume that Fy, 4, ., (ak‘lqﬁ(f)) is the minimum, then from Lemma 3.3, we get x,, =
%41, which is a contradiction with the assumption x,, # x,,,; and so Fy,_, , (ak‘lgi)(g)) is the
minimum i.e., inequality (8) holds. Now from (8), one obtains that

Fxnvxm-l( ) = Fxn n+l (Ol ¢(V)) xn 1:%n <ak_l¢(£)) =z Fxo,oq <ak_”¢(cin))’

that is,

r
F"nvxml (akt) z Fxo’xl <ak_n¢ <C_n))’

for arbitrary n € N. Next, let m, n € N with m > n, then by (PbM3) and strictly increasing

of ¢ we have

Fyp e ((m1 — n)t)

min{Fxn X+l (Olt) xm 1Xm-2 (a’”—”—l t)’Fxmfl,xm (am—n—lt) }

(502 22
- X0X1 Cn e S X0,X]1 Cm72 » £ X0,X1 Cm71

v

<

Page 8 of 18
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Since al"‘gi)(cin) — 00 as n — 0o, for fixed ¢ € (0,1) there exists ng € N such that

From (al‘”qb(cin)) >1-¢, whenever n > ng. This implies that, for every m > n > ny,
Fy\ 5 ((m - n)t) >1—¢.

Since t > 0 and ¢ € (0,1) are arbitrary, we deduce that {x,} is a Cauchy sequence in the
complete Menger PbM-space (X, F, T). Then there exists # € X such thatx, —> uasn —
00. We are going to show that u is a fixed point of f. Using (PbM3), we have

F, £() > T(P}’uxy, (O(¢(r’)) X, u(at O‘¢(”)))
> min{F, (¢ (r)), Fy,u(ct —ap(r)}.
Note that, if x,, = fu for infinitely many values of #, then u = fu, and hence the proof is
finished. Therefore, we assume that x,, # fu for all n € N. Now, since x,, — u, then, for any
arbitrary ¢ € (0,1) and # large enough, we get F,, ,(at — a¢(r)) > 1 - . Hence, Fp,,(t) >
min{Fy, ., (¢ (r)),1-¢}. Since & > 0 is arbitrary, we have Fy, ,,(£) > Fp, x, (a¢(r)). Next, using
(iil) we get
Fufu(t) > Fy, fu (Ol¢(r))
= F}xn—lf"t (ad)(r))

> B(u_1, thyor)Fpe, (2 p(r))

= (et min] 2 (9(2) ) Frn (0 2) )
b))
> min{Fxnl,u<¢<C>> Fuﬁ,<¢>(£)) Foprit <¢<

It follows that

~

Fup(t) > hm infF,, fu(a(j) )
oo (o) )60
zmin{l—s,Fufu<¢<—)),1—8}.

Finally, since ¢ € (0,1) is arbitrary, then Fp,,(a¢(r)) > F,zn(¢(7)). From Lemma 3.3, we

~

(9

conclude that # = fu and so we achieve our goal. O

In the following we present an example of a generalized 8-y -type contractive mapping,

which is not a generalized B-type contractive mapping.

Example 3.5 Let X = [,00) and F be as in Example 2.4, then (X, F, Ty) is a complete
Menger PbM-space, with o = % Define the mapping f : X — X and functions g and y
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from X x X x (0, 00) into (0, 00) as follows:

1, ifxe[l,1],

Je=
2, otherwise,
1
) ;t =
Bx,y,8) 5
%, ifx,y e [1,1], orx,yé¢ [i,l],
Y, 9,8) =

1 .
==, otherwise,

)

for all £ > 0. Now, we consider ¢ : R* — R* defined by ¢(¢) = ¢ and let ¢ = % To prove

that f is a generalized B-y-type contractive mapping, it suffices to check the following
condition:

B, 1) Fropy (" 9(2)
A
S I N

We distinguish three cases:

Casel.Ifx,y € [:,1] orx,y ¢ [%, 1], then the left-hand side of above inequality is equal to
and y (fx, fy, 1) =y (1,1, 73) =V (2.2, 55) = 3. Hence, the inequality obviously true.
Casell. If x ¢ [i,l] and y € [%,1], then

t t t
B (x»y; akt)foJy(“k¢(t)) = m >y (fx’fy’ ot E)F)’xy <2ak2¢ (E))

t
25+ 2Ky 2|2

and hence the inequality is again true.
CasellL. If x € [1,1] and y ¢ [, 1], then

B(x,5,0"t) Fpopy (¥ o (2)) = oY t2k+1 = V(fxfy’ Z)Fx,fy(zak2¢<§>)

t
T 925f 4 2K+ |x — 2|2

and hence the inequality is again true.

Also, if we take y(x,y,£) =1 forallx,y € X and all £ > 0, then f is not a generalized B-type
contractive mapping. Indeed, for x =1, y = 2, and ¢ = 2F we have

1 . 2 ] 8 2
— > min 1,1, ) = .
4 2+c¢ 8+c 8+¢ 2+c¢

This gives ¢ > 6, a contradiction.
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Example 3.6 Let X, F, f be as in Example 3.5. Define the functions 8 : X x X x (0,00) —
(0,00)and y : X x X x (0,00) = (0, 00) as follows:

1, ifx,y € [3,1],
Bx.,1) = 4t+4 ’ .4
I t+\x+—y\2 , otherwise,
( 9 1, ifx=y=1,
ESE
ﬁ, otherwise,
forall ¢ > 0.

Now, we consider ¢ : R* — R* defined by ¢(¢) = ¢ and let ¢ = % Then f is a generalized
B-y-type contractive mapping.

We distinguish three cases:

Case 1. If x,y € [%,1], then the left-hand side of above inequality is equal to 1 and
y (. fy ek ) = y (1,1, 5-2) = 1. Hence, the inequality is obviously true.

Case 1L If x,y ¢ [5,1], then B(x,y,a"t)Fsp (X () = v (fx, fy, a* L) Fyy (@ 9p(L)) =

t+2K
t+2k‘2\x—y\2
Caselll. Ifx € [i,l] andy ¢ [i, llorx ¢ [i, 1]andye [i,l], then we have the same result

and hence the inequality is again true.

as case II.
On the other hand, f does not satisfy inequality (7) if we assume that S(x,7,¢) =
y(x,y,t) =1forall x,y € X and all £ > 0. Indeed, for x =1 and y = 2 we get

t t t
> min , 1,1, , = ’
t+2F T {t+2k‘lc t+253¢ ¢+ 2"‘30} t+2%1¢
which gives ¢ > 2, a contradiction.

Under an additional hypothesis on f, from Theorem 3.4, we obtain the uniqueness of

the fixed point.

(J) For all u,v € Fix(f) and for all £ > 0 there exists z € X such that B(z,fz,t) <1 with
B(u,z,t) <1,and B(v,z,t) <1land y(z,fz, t) > 1 with y(u,z,t) > 1and y (v,z,t) > 1.

Theorem 3.7 Adding condition ()') to the hypotheses of Theorem 3.4, we find that f has a
unique fixed point.

Proof Letu,v € X besuch thatu = fuand v = fv. From condition (]'), there exists z € X such

that B(z,fz,t) <1 with B(u,z,£) <1and B(v,z,t) <1, and y(z,fz, t) > 1 with y(u,z,t) > 1
and y (v, z,t) > 1. By virtue of the fact that f is (8, y)-admissible, we deduce that

B(fef’zt) <1,  Bufzt) <1,  Bfot) <1,

and

y(fz,fzz, t) >1, y(ufzt) > 1, y(vfz,t) > 1.
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By induction, we derive

Bz zne1,t) <1, B(u,z,,8) <1, Bz, 8) <1,

Y (Zni1s Zna2 t) > 1, Y Zpe1,t) > 1, YV, Zpi1,t) > 1,

for all ¢ > 0, where z, = f"z (n € N). By continuity of ¢, there exists r > 0 such that ¢ > ¢(r)
and therefore by (PbM1) and (PbM3) we have
Fuyy (8) = Fug,y ("9 (1))
= Fuupe, (o (r))
> B (4, 20, &"7) Epu e, ("0 (1))

>y(fufzn, )mm{ ( (Z) uﬁ,( (
anf2n<ak—1¢<£>) Fufzn<2ak 2 < )) f( ¢
ol ({1 (e 0())

where k € N. Now, we consider following cases:
Case.LIfF,, , . (a k‘lqb(g)) is the minimum, then by (7), (PbM1), and (PbM3), it follows

that

)

)
)l

E

Fuvzn+1 (akd) (V))

>F (ak‘1¢ (Z))
Cc
- 1 (7
- Ffzn—l:fzn ((X ¢ (C))
= '3 (Zn—lyzn, )Ffzn 12n ( (g))
Z y (Zn’ Z’Hl’ ak_z CL2> min{FZVl—lyZn <ak_2¢ (é))ern—len—l (ak_2¢ <C12)>,
oo 2)) o2 e ()|
Z min{Fan;Zn (ak_2¢ (CLZ) ) ) an12n+1 (ak_2¢ (%)) }

Now, if F, ;.. (ak‘Zq{)(CLz)) is the minimum for some n € N, then by Lemma 3.3, we de-
duce that z, = z,,1. Since F,,, , (¥ p(r)) > Frpznn (ak‘lqﬁ(f)) =1, u = z,,1. Consequently
B(wv,u,t) <land y(fv,fu,t) >1forall t > 0 and so by (7), (PbM1), and (PbM3) we have

Fv,u (ak¢(t)) = ﬂ(% ankt)Ffvfu (akd’(t))

ool () oo
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(0 (£) oo (20020 (£) ) (20020 (£) )}
>F,, (a“qb(z)).

Again, by Lemma 3.3, we conclude that u = v.
On the other hand, if F, . (@*2¢(%)) is the minimum, then
C

K= r K= r —(n+ r
an,zn+1 (a/ 1¢<E>> zen_lyzn (C{I 2¢(C_2>> Z - zFZO,Zl (ak ( 1)¢<Cn+1>>’

pzm1 @5 1P(5)) — 1. Therefore lim,,, oo Fyz,,, (£) = 1, which

implies that z,,,; — u as n — oo. A similar method shows that z,,,; — v, for n — o0. Since

and, letting n — 00, we get F,

the limit is unique, u = v.
Case 11. Suppose that F,, ,, (ak’lqb(g)) is the minimum, then we get

Fuzp (°6(r)) = Eu, <a“¢ <5>) > Fu (ak% (%)) >
C C
Z Fuzo (ak‘(”‘rl)(p (c:+1 ) ) '

Letting n — oo, we obtain lim,,_, o Fy, 7, , (a*¢(r)) =1, thatis, z,,1 — uasn — oo. A similar

argument shows that z,,; — v, for n — co. Now, uniqueness of the limit gives us u = v,

and the proof is complete. O

Our last existence theorem is a version of [5], Theorem 3.4, for generalized 8-y -type

contractive mappings in Menger PbM-spaces.

Theorem 3.8 Let (X,F,T) be a complete Menger PbM-space with coefficient «, and f :
X — X be a mapping. Assume that there exist p: X x X x (0,00) — (0,00) and y : X x
X % (0,00) — (0, 00) such that the following conditions hold:
(i)
B (%, ¢ 1) Fropy (" 0(2)

o o)) o)
o)) e o)

forallx,y € X, for all t > 0 and for all k € N, where ¢ € (0,1) and ¢ € ®;
(ii) f is (B,y)-admissible;
(ili) there exists xg € X such that B(xg,fxo,t) <1 and y(xo,fxo,t) > 1 forall t > 0;
(iv) for each sequence {x,} in X such that B(xy-1,%n,t) <1 and y %y, %p41,t) > 1, for all
n € N and for all t > 0, there exists ko € N such that B(xy-1,%4-1,t) <1 and
Y Xy X t) > 1, for all m,n € N with m > n > ko and for all t > 0;
(v) if {x,} is a sequence in X such that B(x,-1,%,,t) <1 and y(x,,X441,t) > 1 for all
neNand forallt >0 and x, — x as n — oo, then B(x,_1,%,t) <1and
Y (Xn,fx,8) > 1 forall n € N and for all t > 0.
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Then f has a fixed point. If in addition, condition (J') holds, then f has a unique fixed
point.

Proof Letx, € X be such that (iii) holds. Define a sequence {x,} in X such that x,,,; = fx, for
alln=0,1,.... We suppose that x,,,; #x, foralln=0,1,..., otherwise f has trivially a fixed
point. By (ii) and (iii), and applying induction, we get B(x,_1,%,,£) <1 and y (x,,, %41, ) >
1 for all n € N and for all ¢ > 0. By continuity of ¢ at zero, we can find r > 0 such that
t > ¢(r), thus B(Ku_1, %, 0%r) <1 and y (¥, %1, X 1’) > 1, where k € N. It follows from
conditions (i) and (PbM1) that

Fxnvxn+1 (t) = Fxn:xnﬂ (ak¢(r))

= ,B(xn—l,xm akr)fon,lfxn (ak¢(,,.))

Fun(#19(7)) FW( ( ))}
=y (a1 ) mind £ (16 2) ) B (0 2) )}
s i (#90(2) ) B (20(2) )

Next, if Fxn,xm(ak‘%(g)) is the minimum, then Fxnxm(oqub(r)) > Fxn,xm(ak‘lqb(g))
and so by Lemma 3.3, x, = x,,1, which contradicts the assumption %, # x,,;. Now if
Fy, 1, (@7 (%)) is the minimum, then

Fxn Xn+l (t) — xn Xn+1 (Ol ¢(V)) Fxn Ln (ak_l(p <£>) == Fxo,xl (ak_n¢<cin>)'

Letting n — oo, then

F.

XnXn+l

() > 1. 9)

We claim that {x,} is a Cauchy sequence. Suppose the contrary. Then there exist ¢ > 0,
A € (0,1) for which we can find subsequences {x,,5)} and {x,,;)} of {x,} such that n(s) is the
smallest index for which

s < m(s) < n(s), Fxm(s):xms) (e) <1-2, Fxm © (8) >1-A. (10)
By the properties of ¢ there exists &; > 0 such that
(&) <e. (11)

From (10) and (11), we deduce that F, ) (a¢p(e1)) <1-4,s0 {x,}is not Cauchy sequence
with respect to a¢(e1) and A. Thus there exist increasing sequences of integers m(s) and
n(s), such that #(s) is the smallest index for which

s<m(s)<n(s),  Feyome(@pe)) <1-2  Fo oo (adle))>1-1  (12)

Page 14 of 18
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Take a real number 1 such that 0 < 5 < d)(%l) — ¢(&1). From (12) it follows that

&
Fxm(s)’xn(s)—l <(X¢ <:1> - 0“7) >1-A.

Then, for any 0 < A < A <1, by (9) it is possible to find a positive integer N; such that for
all s > N7, we have

Fp (o) >1 -2y, Fe (o) >1 -2y (13)

m(s)—1%m(s) —1%n(s)

By (13) and also applying (PbM3), we have

&1
Fxm(S)fl’xn(S)fl <¢< c )) z T(F )-1%m(s) (an), Fxm(s) Hp(s)— <O{¢< ) O“?))

>T(1 = A, 1-A).

Since A is arbitrary and T is continuous, it follows that

F,

€1
Xin(s)-1%n(s)-1 <¢ <:)) >1-2. (14)

A direct consequence of (13) is

&1 &1
o) o2

>F, (an)>1-A;>1-A. (15)

Xim(s)-1%m(s)

A similar relation holds when one substitutes %,,(5)-1 and %) with x,,)_1 and x,), respec-
tively. On the other hand, we observe that

&1
oty a1 <‘7’ <?)> 2 Frpo - <05 ¢< ))
2 Frp - <Oé¢( ) - om) >1-A. (16)

Applying assumptions (i), (iv), and (12), (14), (15), (16) we get

1-A= Fxm(s)'xn(s) ((X¢(81)) = fom(s)—lfxn(s)—l (Ol(,‘b((-,‘l))

= ﬁ(xm(s)—l’ Xn(s)-1» ael)fom(s),lfxn(s),l (a¢(81))

&1 . &1 &1
zZYy (fxm(s)lexn(s)lx ?) mln{Fxm(s)—lixn(s)—l (d) (; ) ) ’ Fxm(s)—l m(s) <¢ (? ) ) ’
&1 &1
Fxn(s)—l’xn(s) <¢ (? ) ) ’ Fxn(s)—l Xm(s) (¢ (? > ) }

&1
>y (fxm(s)_l,fxn(s)_l, ?> {1-21-21-A1-A}

>1-A
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This is a contradiction; therefore {x,} is a Cauchy sequence in the complete Menger PbM-
space. Thus x, — u as n — oo for some u € X.
Now, we show that « is a fixed point of f. We have

Fpuu(£) = T (Fpu, (0 (r)), Fapu (0t — p(r))). 17)

Since ¢ is continuous, there exists 7 > 0 such that ¢ > ¢(r). Further, since u = lim,,_, 5o,
then, for arbitrary § € (0,1), there exists 719 € N such that for all n > ny, we get

Fou(at—ag(r))>1-86. (18)
Hence, from (17) and (18), we find that

E’u,u(t) > T(Ffu,xn (Ol¢(7’)), 1- 6)~

Since 8 > 0 is arbitrary and T is continuous, we can write Fp,,(t) > Fp,, (¢ (r)). Without
loss of generality we may assume that x,, # fu for all #n € N, otherwise if for infinitely many
values of 1, x,, = fu, then u = fu, and hence the proof is finished. Applying (i) and (v), we

derive

Fufu(t) > Fy, fu (aqi)(r))

= IB(xn—li u, O”')fon,l,fu (O{(/)(Y’))

el () (6

F(o(2) o (o))
s inf o (0(2)) ot (6(2)) s (6(2) ) s (o(2))

Letting n — oo in the above inequality, we get Fp,,(a@(r)) > Fiz,(#(%)). Thus u = fu by

(S ]
(ST ]

(9

Lemma 3.3. Hence f has a fixed point. Furthermore, if (J') holds, then by using a similar
technique as in the proof of Theorem 3.7 one can see that u is a unique fixed point of f.
O

4 Application to integral equation
Asan application of our results, we will consider the following Volterra type integral equa-

tion:
t
x(t) =g(t) + / Q(t,s,%(s)) ds, (19)
0
for all ¢ € [0, k'], where kK’ > 0.
Let C([0, k'], R) be the space of all continuous functions defined on [0, k'] endowed with

the b-metric

%, xyec([0,K]R).

d(x,y) = max
te[0,k']

x(t) = y(2)
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Alternatively the space C([0, k'], R) can be endowed with the b-metric
dp(x,y) = rr[la]):](|x(t) —y(t)|ze_2“), x,y € C([O,k/],R),L > 0.
te[0,k

One can see that d and dp are complete b-metrics with s = 2. We define the mapping
F:C([0,K'],R) x C([0,k'],R) - D* by

Foy(t) = H(t - dB(x,y)), £>0,xy€ C([O,k/],R). (20)

We know that (C([0, k'], R), F, T)) is a complete Menger PbM-space with coefficient o = %
Now we discuss the existence of a solution for the Volterra type integral equation (19).

Theorem 4.1 Let (C([0,k'],R),F, Ty) be the Menger PbM-space and Q2 € C([0,k'] x
[0,K'] x R,R) be an operator satisfying the following conditions:

(1) ”Q”oo = Supt,se[O,k’],xeC([O,k/],]R) | Q(t, er(s)) |< 0,
(ii) there exists L > 0 such that for all x,y € C([0,k'],R) and all t,s € [0, k'] we obtain

|Q(t,s,fx(s)) — (L, 5, /9(5)) |

b

< —max{

2

where f : C([0,K'],R) — C([0, k'], R) is defined by

t
fx(t) = g(t) + / Q(t,s,fx(s))ds, geC([0,K],R).
0
Then the Volterra type integral equation (19) has a unique solution x* € C([0,k'], R).
Proof For each x,y € C([0,K'],R) we consider dp(x,y) = max,cjox)(|x(t) — y(£)|>e L),

where L satisfies condition (ii). As we mentioned above (C([0, k'], R), F, T)) is a complete
Menger PbM-space with coefficient o = % Therefore, for all x,y € C([0, k'], R), we get

dp(ffy) = max (fx(@) o) e")

2

L2 t 2
= = max{da(w,9), 5 0 a0 5 s 0 0} max ( [ ds)
te[0,k 0

= max (' / (&:5./x(s)) — Q(t, s, fy(s)) ds

te[0,k]

= %(1 - e‘Lk/)2 max{dg(x,y), dp(x, fx), ds(y, /), dg(y,fx)}.

Putting ¢ = (1 — e%')2, by using (20), for any r > 0 and k € N we derive

fofy<2_rk) = H<2—rk - ds(fx’fy))

> ’H(;k 5 max{dg(x,y) dp(x, fx), ds(y,fy), dB(yfx)})
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= ’H(L — max{ds(x, y), dp(x, fx), ds (. f), dp(y, fx)}>

2k-1¢

. r r r r
i B g ) o g ) o e ) oo g ) |

forallx,y € C([0, k'], R). Therefore by Theorem 3.8 with ¢(r) = r forall r > 0 and B(x, y,t) =
y(x,y,t) =1forallx,y € C([0,k'],R) and ¢ > 0, we deduce that the operator f has a unique

fixed point x* € C([0, k'], R), which is the unique solution of the integral equation (19).
O
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