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Abstract

In this paper, we consider the split common null point problem in Banach spaces.
Then using the hybrid method and the shrinking projection method in mathematical
programming, we prove strong convergence theorems for finding a solution of the
split common null point problem in Banach spaces.
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1 Introduction

Let H; and H, be two real Hilbert spaces. Let D and Q be nonempty, closed, and con-
vex subsets of H; and Hj, respectively. Let A : Hj — H, be a bounded linear operator.
Then the split feasibility problem [1] is to find z € H; such that z € D N A'Q. Defining
U = A*(I — Pg)A in the split feasibility problem, we see that U/ : H; — H, is an inverse
strongly monotone operator [2], where A* is the adjoint operator of A and Py, is the met-
ric projection of H, onto Q. Furthermore, if D N A1Q is nonempty, then z € DN A7!Q is
equivalent to

z=Pp(I - 2A*(I - Pg)A)z, 1)

where A > 0 and Pp, is the metric projection of H; onto D. Using such results regarding non-
linear operators and fixed points, many authors have studied the split feasibility problem
in Hilbert spaces; see, for instance, [2—6]. Recently, Takahashi [7] and [8] extended such an
equivalent relation (1.1) in Hilbert spaces to Banach spaces and then obtained strong con-
vergence theorems for finding a solution of the split feasibility problem in Banach spaces.
Very recently, using the hybrid method by Nakajo and Takahashi [9] in mathematical pro-
gramming, Alsulami et al. [10] prove strong convergence theorems for finding a solution
of the split feasibility problem in Banach spaces; see also [11, 12].

Theorem 1 ([10]) Let H be a Hilbert space and let F be a strictly convex, reflexive and
smooth Banach space. Let Jr be the duality mapping on F. Let C and D be nonempty, closed,
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and convex subsets of H and F, respectively. Let Pc and Pp be the metric projections of H
onto C and F onto D, respectively. Let A : H — F be a bounded linear operator such that
A #0 and let A* be the adjoint operator of A. Suppose that C N A™'D # (. Let x, € H and
let {x,} be a sequence generated by

Zy = PC(xn - VA*]F(Axn - PDAxn));
Vn = QuXy + (1 - an)zn;
Co={zeH:|lyn—zll < llx, —zll},

w={zeH: (%, —z,% —x,) > 0},

%1 = Pc,ng,X%1, YmeN,

where 0 < a, < a <1 for some a € R and 0 < r|A||* < 2. Then {x,} converges strongly to a
point zg € CNAID, where zy = Pcoy-1pXi.

Takahashi [8] also obtained the following result from the idea of the shrinking projection
method by Takahashi et al. [13].

Theorem 2 ([8]) Let H be a Hilbert space and let F be a uniformly convex Banach space
whose norm is Fréchet differentiable. Let Jr be the duality mapping on F. Let C and D be
nonempty, closed, and convex subsets of H and F, respectively. Let Pc and Pp, be the metric
projections of H onto C and F onto D, respectively. Let A : H — F be a bounded linear
operator such that A # 0 and let A* be the adjoint operator of A. Suppose that CNA™D # .
Let {u,} be a sequence in H such that u, — u. Let x, € H, C, = H, and {x,} be a sequence
generated by

Zn = PC(xn - rA*]F(Axn - PDAxn)):
Cui={zeH |z -zl < % —2zll} N Cyy

Xptl = Ple Upi, YHEN,

where 0 < r||A||?> < 2. Then {x,} converges strongly to a point zy € C N A™'D, where zo =

PcﬂA—lDu.

On the other hand, Byrne et al. [3] considered the following problem: Given set-valued
mappings A; : Hy — 21,1 <i < m, and B; : H, — 22, 1 < j < n, respectively, and
bounded linear operators T; : H; — Ha, 1 <j < n, the split common null point problem
[3] is to find a point z € H; such that

ze€ (éAiIO) N (Q le(leo)),

where A;'0 and B;'0 are null point sets of A; and B;, respectively.

In this paper, motivated by these problems and results for the problems in Hilbert spaces,
we consider the split common null point problem in Banach spaces. Then using the hybrid
method and the shrinking projection method in mathematical programming, we prove
two strong convergence theorems for finding a solution of the split common null point
problem in Banach spaces.



Takahashi and Yao Fixed Point Theory and Applications (2015) 2015:87 Page 3 of 13

2 Preliminaries

Throughout this paper, we denote by N the set of positive integers and by R the set of real
numbers. Let H be a real Hilbert space with inner product (-, -) and norm ||-||, respectively.
For x,y € H and A € R, we have from [14]

ll -+ 911> < 1% + 20y, + ); (2.1)

2
A%+ @ =2y = Allxl* + @ = 2 yI* =20 = 1)l - ylI> (2.2)
Furthermore we see that, for x,y,u,v € H,
2x—yu—v) =l =vI*+ ly—ul® = lx—ull® - [ly - vI*. (2.3)

Let C be a nonempty, closed, and convex subset of a Hilbert space H. The nearest point
projection of H onto C is denoted by Pc, that s, ||x—Pcx| < ||x—y| forallx € Hand y € C.
Such P¢ is called the metric projection of H onto C. We know that the metric projection

Pc is firmly nonexpansive, i.e.,
|Pcx — Peyl|? < (Pcx — Pcy,x — ) (2.4)

for all x,y € H. Furthermore (x — Pcx,y — Pcx) < 0 holds for all x € H and y € C; see [15].

Let E be a real Banach space with norm || - || and let E* be the dual space of E. We denote
the value of y* € E* at x € E by (x,5*). When {x,} is a sequence in E, we denote the strong
convergence of {x,} to x € E by x, — x and the weak convergence by x,, — x. The modulus
3 of convexity of E is defined by

5(e) = inf{l— Il + 71

el <Lyl <L e =yl = 6}
for every € with 0 < e < 2. A Banach space E is said to be uniformly convex if §(¢) > 0 for
every € > 0. It is well known that a Banach space E is uniformly convex if and only if for

any two sequences {x,} and {y,} in E such that
lim [x,] = lim |ly,=1 and lim |lx, + yull =2,
n—00 n—00 n— 00

lim,,—, oo ||% — ¥»|l = 0 holds. A uniformly convex Banach space is strictly convex and re-
flexive. We also know that a uniformly convex Banach space has the Kadec-Klee property,
i.e, %, — uand |x,| — ||| imply x, — u.

The duality mapping J from E into 2F" is defined by
Jx = {x* €eE": <x,x*) = ||x)|% = Hx* ||2}

foreveryx € E.Let U = {x € E : ||x|| = 1}. The norm of E is said to be Gateaux differentiable
if for each x,y € U, the limit

X+ tyl| —|[|x
lim llx + gyl = llxll

t—0 t
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exists. In the case, E is called smooth. We know that E is smooth if and only if ] is a single-
valued mapping of E into E*. We also know that E is reflexive if and only if J is surjective,
and E is strictly convex if and only if J is one-to-one. Therefore, if E is a smooth, strictly
convex and reflexive Banach space, then J is a single-valued bijection and in this case, the
inverse mapping /! coincides with the duality mapping J, on E*. The norm of E is said to
be Fréchet differentiable if for each x € U, the limit (2.5) is attained uniformly for y € U. It
is known that if the norm of E is Fréchet differentiable, then J is norm to norm continuous.
For more details, see [15] and [16]. We know the following result.

Lemma 3 ([15]) Let E be a smooth Banach space and let | be the duality mapping on E.
Then (x—y,Jx—]y) > 0 forallx,y € E. Furthermore, if E is strictly convex and (x—y,Jx—]Jy) =
0, thenx=y.

Let C be a nonempty, closed, and convex subset of a strictly convex and reflexive Banach
space E. Then we know that, for any x € E, there exists a unique element z € C such that
lx—z| < |lx—y| forall y € C.Putting z = Pcx, we call P¢ the metric projection of E onto C.

Lemma 4 ([15]) Let E be a smooth, strictly convex, and reflexive Banach space. Let C be
a nonempty, closed, and convex subset of E and let x, € E and z € C. Then the following
conditions are equivalent:

(1) z=Pcxy;

(2) (z-yJ(x1-2)) =0,VyeC.

Let E be a smooth Banach space and let J be the duality mapping on E. Define a function
¢:ExE— Rby

P, y) = llxl> = 2(x, Jy) + Iyl>,  Vx,y € E.

Observe that, in a Hilbert space H, ¢ (x, %) = ||x—y||? for allx, y € H. Furthermore, we know
that, for each x,7,z,w € E,

(Il - IIyII)2 <o@xy) < (llxll + ||y||)2; (2.6)
d(x,9) = p(x,2) + ¢z, y) + 2(x — z,Jz = Jy); (2.7)
2(x—y,Jz—Jw) = p(x, W) + ¢(5,2) — p(x,2) — Py, w). (2.8)

If E is additionally assumed to be strictly convex, then
¢(x,y) =0 ifandonlyif x=y. (2.9)
The following lemma was proved by Kamimura and Takahashi [17].

Lemma 5 ([17]) Let E be a uniformly convex Banach space and let r > 0. Then there exists
a strictly increasing, continuous, and convex function g : [0,2r] — [0, 00) such that g(0) = 0
and

g(lx=yl) <P

forall x,y € B,, where B, ={z € E : ||z|| <r}.
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Let E be a Banach space and let A be a mapping of E into 2F". The effective domain of
A is denoted by dom(A), that is, dom(A) = {x € E : Ax # #}. A multi-valued mapping A on
E is said to be monotone if (x — y,u* — v*) > 0 for all x,y € dom(A), u* € Ax, and v* € Ay.
A monotone operator A on E is said to be maximal if its graph is not properly contained in
the graph of any other monotone operator on E. The following theorem is due to Browder
[18]; see also [16], Theorem 3.5.4.

Theorem 6 ([18]) Let E be a uniformly convex and smooth Banach space and let ] be
the duality mapping of E into E*. Let A be a monotone operator of E into 25", Then A is
maximal if and only if for any r > 0,

R(J +rA) =E%,
where R(J + rA) is the range of ] + rA.

Let E be a uniformly convex Banach space with a Gateaux differentiable norm and let
A be a maximal monotone operator of E into 25", For all x € E and r > 0, we consider the
following equation:

0€J(x,. —x) + rAx,.

This equation has a unique solution x,. We define J, by x, = J.x. Such J,, r > 0 are called the
metric resolvents of A. The set of null points of A is defined by A0 = {z € E: 0 € Az}. We
know that A710 is closed and convex; see [16]. Let E be a uniformly convex and smooth
Banach space E and let J, be the metric resolvent of A for r > 0. Using Lemma 5, we can
prove that the metric resolvent J, is continuous. In fact, let x,, — xy. Since J, is the metric
resolvent of A for r > 0, we have from [19]

(]rxn _y:](xn _]rxn)> >0, Vye A7o.
Then we have (/,x, — x, + x, — y,J (%, — J;x,)) > 0 and hence

1% = ¥l 1% = Jrull = (xn -] (% _]rxn)>
Z (xn _]rxn’](xn _]Vxn)>

2
= ”xn _]rxn” .

This means that {x, — J,x,,} is bounded. Furthermore, since J, is the metric resolvent of A
for r > 0, we know that

(]rxn _]erx](xn _]rxn) _](xO _]rxo)) = 0.
Using (2.8) and Lemma 5, we see that

z(xn _xOx](xn _]rxn) _](xO _]rx0)>

> Z(xn _]rxn - (xO _]er)y](xn _]rxn) _](xO _]rx0)>
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= (% — Jrxns X0 — o) + @ (X0 — Jr%0, % — Jr%n)
zg(”xn _]rxn - (xO _]er)”) +g(||x0 _]er - (xn _]rxn)”)
= Zg(Hxn _]rxn - (x() _]er)H);

where g is a strictly increasing, continuous, and convex function in Lemma 5. Therefore,
if x,, — x9, then J,x,, — J,x9. Therefore, J, is continuous.

Let A be a maximal monotone operator on a Hilbert space H. In a Hilbert space H, the
metric resolvent /. of A is called the resolvent of A simply. It is known that the resolvent

Jr of A for r > 0 is firmly nonexpansive, i.e.,
W =Jyll* < (x =3, Jix=Jry), Vxy€H.

It is also known that ||,x — J,. x|l < (A — |/A)|lx — Jox|| holds for all A, u > 0 and x € H; see
[15,20] for more details. As a matter of fact, we have the following lemma due to Takahashi
et al. [21].

Lemma 7 ([21]) Let H be a Hilbert space and let B be a maximal monotone operator on H.
Forr> 0 and x € H, define the resolvent J.x. Then the following holds:

s—t 9
T Usx = Jox, Jsx — x) = || Jsx = Jpx||

foralls,t>0andx<c H.

For a sequence {C,} of nonempty, closed, and convex subsets of a Banach space E, define
s-Li,C, and w-Ls,C, as follows: x € s-Li,C, if and only if there exists {x,} C E such that
{x,} converges strongly to x and x,, € C, for all #n € N. Similarly, y € w-Ls, C, if and only if
there exist a subsequence {C,,} of {C,} and a sequence {y;} C E such that {y;} converges
weakly to y and y; € C,, for all i € N. If C satisfies

Co = s-Li,C, = w-Ls,,C,, (2.10)

it is said that {C,} converges to Cy in the sense of Mosco [22] and we write Cy =
M-lim,_, »C,,. It is easy to show that if {C,} is nonincreasing with respect to inclusion,
then {C,} converges to (-, C, in the sense of Mosco. For more details, see [22]. The

following lemma was proved by Tsukada [23].

Lemma 8 ([23]) Let E be a uniformly convex Banach space. Let {C,} be a sequence of
nonempty, closed, and convex subsets of E. If Cy = M-lim,,_,» C, exists and nonempty, then
foreach x € E, {Pc,x} converges strongly to Pc,x, where Pc, and Pc, are the metric projec-
tions of E onto C, and Cy, respectively.

3 Main results

In this section, using the hybrid method in mathematical programming, we first prove a
strong convergence theorem for finding a solution of the split common null point problem
in Banach spaces.
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Theorem 9 Let H be a Hilbert space and let F be a uniformly convex and smooth Banach
space. Let Jr be the duality mapping on F. Let A and B be maximal monotone operators
of H into 2" and F into 2" such that A™'0 # ¢ and B0 # @, respectively. Let ], be the
resolvent of A for A > 0 and let Q,, be the metric resolvent of Bfor ;1 >0.Let T :H — F bea
bounded linear operator such that T # 0 and let T* be the adjoint operator of T. Suppose
that A0 N T~Y(B10) # 0. Let x, € H and let {x,} be a sequence generated by

Zy =]An (X — An T* (T, — Qun 1x,)),
Vn = QuXy + (1 - an)zn:
Co={z€eH: |ly,—zll < llxx -z},

Dn:{ZGH:<xn_Z’xl_~xn> 20};

*ui1 = Pc,np, %1, VneN,
where {a,,} C [0,1] and {1,},{tn} C (0, 00) satisfy the conditions such that
0<a,<a<l, O<b<py, and O<c<i|T|I><d<2

for some a,b,c,d € R. Then {x,} converges strongly to zo € A0 N T-1(B10), where z =

Py-10nr-1(3-10)%1-

Proof Since
Iyw =2l < llxa =21 ¢ llyull? = [al® = 20y = %,2) <O,

it follows that C,, is closed and convex for all # € N. It is obvious that D, is closed and con-
vex. Then C, N D, is closed and convex for all # € N. Let us show that A0 N T-1(B~10) C
C,forallneN.Letze A0 N T7}(B0). Then z = J;,,z and 1z = Q,,,, Tz. Since J;,, is non-
expansive, we see that, for z€ A0 N T71(B710),

lzn = 2l1* = |Ja, (%0 = 2 T TF(Tn = Qu,, Txn)) = 1,2

= ”xn - )LnT*]F(Txn - Qun Txn) - Z||2

| 2

= [ = 2= A TTE (T = Q, Ti) ||
= llown = 201> = 2(%n = 2, An T*TE (T — Quu,, T))
| T (Tt = Qu, T |
< ll%n = 211> = 2n( T — T2, Je (T — Qp, T6)
+ 2T e (Tt = Qu, )|
= llown — 201> + A2 N T Toen — Qp, Tl
= 220( Ty = Quu, T + Quu, Tty — T2, Jp Ty — Qpu,, T))
= llown = 201> = 220l T2 — Quu,, Tl
= 20(Quuyy Tn — T2, Je(Tn — Qu,, Txn))

+ 22T T = Quu,, Tl
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< ll%n = 21> = 22| Tt = Quu, Tl + SN T 1211 Tt = Qp,, Tt
=l = 201 + An (Au | TI = 2) 11T = Qu, Tl

< [l%n — 2l 3.1)
and hence

lyn —zll = ”anxn + (1 —an)z, - Z”
< apllxn =zl + (1 = o)z — 2|l
< ayllxn =zl + (1 — o) llxn — 2|l
=< %y —zll.
Therefore, A~10 N T-1(B~10) ¢ C, for all # € N. Let us show that A710 N T-1(B10) c D,,
for all n € N. It is obvious that C N A™'D C D;. Suppose that A0 N T-1(B10) C Dy for
some k € N. Then A™'0 N T7}(B™0) C C N Dx. From x¢,1 = Pc,np, %1, we see that
(Fks1 — 2o %1 —Xp41) 20, Vz € Ce N Dy
and hence
(Xks1 — 2,41 —Xp41) =0, Vze AtonT™! (B’lo).
Then A710N T71(B~10) C Dy,1. We have by induction A0 N T~1(B710) ¢ D, forall n € N.
Thus, we see that A™20 N T-1(B~0) c C, N D,, for all #n € N. This implies that {x,} is well
defined.

Since A7'0 N T-1(B7!0) is nonempty, closed, and convex, there exists z; € A™20 N

T~(B™0) such that z; = Py-19n7-1(3-10)%1. From %41 = Pc,np, %1, we see that
lloer = 211l <l = Il
forally € C, N D,. Since z; € A0 N T~1(B10) C C, N D,, we see that
lle1 = Xy ll < lloer — 21|l (3.2)
This means that {x,,} is bounded.
Next we show that lim,,_, o ||, — %,.41|| = 0. From the definition of D,;, we see that x,, =
Pp,x,. From x,,,1 = Pc,np,x1 we have x,,,; € D,,. Thus

%0 =21l < 1%n1 — %1

for all n € N. This implies that {||x; —«,||} is bounded and nondecreasing. Then there exists

the limit of {|lx; — x,||}. From x,,; € D,, we see that

(xn — Xn+1r X1 _xn> > 0.
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This implies from (2.3) that

0 < [1%ne1 = 21lI* = 126w — 211> = [l9601 — >
and hence
I?

2 2
%41 = % ll” < N1 =01l = 1% — x1|”.

Since there exists the limit of {||x; — x|}, we see that
lim |, — %1 ]| = 0. (3.3)
n— 00

From x,,; € C,, we also see that ||y, — %41 < [|*4 — *441]|. Then we get from (3.3) that
1y — %n41]l = 0. Using this, we have

lyn =%l < 1¥n = %ps1 | + 12041 — % || = O. (3.4)
We have from (3.1), for any z € A0 N T1(B710),

19 =217 = s + 1 - @)z, — 2|
< oyl —zl* + (L= ) llzs — 2l
< oyl —2)1% + (1 - ) l|x, — 2]
+ (L= ) ln (Al TN = 2) 11 T2 — Qu,, Tl

< lon = zl* + A = ) hn (Al TII* = 2) 11 T — Qu,, T ||
Thus we see that

(1= &) hn(2 = Al TI*) | Tt = Qu, Tixull®
<% =2l = llyn — 2l
= (%0 =zl + lyn = 211) (60 = 2ll = Iy — 21

< (% = 2l + lyn = 211) 1% = yull-

From ||y, —%,]| = 0,0 <o, <a<1,and 0 <c < A,|| T||? < d < 2, we see that

lim || Tx, — Qu, Tx,|* = 0. (3.5)
n—0o0
We also see that ||y, —x, | = llau¥y + (1 —tn)z, — %4l = 1 =0t) 124 — %4l From ||y, —x,, || — O

and 0 < «, <a <1, we see that
lim ||x, —z,] = 0. (3.6)
n—oQ

Since {x,} is bounded, there exists a subsequence {x,,} of {x,} converging weakly to w.
From (3.4) {y,,} converges weakly to w. Furthermore, from (3.6) {z,,} converges weakly
to w. Since T is bounded and linear, we also see that { T, } converges weakly to Tw. Using
this and lim,,—, c [| 7%, — Qu,, T, || = 0, we see that Q,, Tx,, — Tw. Since Q,,, is the metric
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resolvent of B for u, > 0, we see that ]F(T’C";%Tx") € BQy, Tx, for all n € N. From the

monotonicity of B we see that

]F(Txni - Qllni Txni) >

0< <u = Qu,, Tx,, v =
’ In;

for all (u,v*) € B. Taking i — oo, we have, from |/r(Tx,, — Quy, Txu )l = 1 Txy, —
Quuy, Tn Il = 0 and 0 < b < py;, 0 < (u — Tw,v* - 0) for all (u,v*) € B. Since B is max-
imal monotone, we see that Tw € B710. This implies that w € T-}(B10). Since z, =
Ty & = Ay T*Je(Tx, — Qu,, Tx,)), we see that
Zn :]A,,l (xn = T (Txy — Q;L,, Txn))
& Xy — AT Te(Txy — Qu, Txy) € 2y + XAz,

& xn— 2y — A T TE(Txy — Qp, Ty) € MyAzy

1
& A_(x” — 2y = 2n TJp (T = Quu, Thn)) € Az

n

Since A is monotone, we see that, for (i,v) € A,

1
<Zn - U, )»_ (xn —Zn— )"n T*]F(Txn - Qun Txn)) - V> > 0

n

and hence

<Zn - u, x”)\’_ o - T*]F(Txn - Q,un Txn) - V> = 0.

n

Replacing n by n;, we see that

Xy, —Zy.
<znt —u, n,)\ " T*Je(Txy, — Qun,- Txy,) — V> >0.

nj

Since x,, —z,;, — 0, 0 <c < A, | T, z,, — wand T*Jp(Tx, - Quni Tx,;) — 0, we see that
(w—u,—v) > 0. Since A is maximal monotone, we see that 0 € Aw. Therefore, w € A710 N
T-1(B70).
From z; = Py-19n7-1(3-10)%1, w € AP0 N T7(B710) and (3.2), we see that
I = 21l < s = wil < liminf 1 =,

< limsup [lx1 — %, || < [lx1 — z1 .
i— 00

Then we get

Lm [l — x| =l = wll = [l%1 = z1].
1— 00

Since H satisfies the Kadec-Klee property, we see that x; —x,, — x; — w and hence x,,, —
w = z;. Therefore, we have x,, — w = z;. This completes the proof. O

Next, using the shrinking projection method introduced by Takahashi et al. [13], we
prove a strong convergence theorem for finding a solution of the split common null point
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problem in Banach spaces. Before proving the theorem, we need the following lemma,
which was proved by Takahashi [24].

Lemma 10 Let E and F be uniformly convex and smooth Banach spaces and let Jr and
Jr be the duality mappings on E and F, respectively. Let A and B be maximal monotone
operators of E into 25 and F into 2F" such that A0 ## and B0 # (), respectively. Let ],
and Q,, be the metric resolvents of A for . > 0 and B for i > 0, respectively. Let T : E — F be
a bounded linear operator such that T # 0 and let T* be the adjoint operator of T. Suppose
that A0 N T7Y(B710) # 0. Let A, i, > 0 and z € E. Then the following are equivalent:

(i) z=J(z=1J;" T*)e(Tz - Q. T2));

(i) ze A7'oN T7(B0).

Theorem 11 Let H be a Hilbert space and let F be a uniformly convex Banach space whose
norm is Fréchet differentiable. Let Jr be the duality mapping on F. Let A and B be max-
imal monotone operators of H into 2" and F into 2F" such that A0 # ¢ and B0 # ¢,
respectively. Let ], be the resolvent of A for X > 0 and let Q, be the metric resolvent of B
for u>0.Let T: H— F be a bounded linear operator such that T # 0 and let T* be the
adjoint operator of T. Suppose that A0 N T~H(B710) #@. Let {u,} be a sequence in H such
that u, — u. Let x; € H, C, = H, and {x,} be a sequence generated by

Zn = Jr, (%n — Ay T (T, — Qu Txy)),
Cui={z€eH |z -zl < % —zll} N Cyy

KXnl = PC,,Hl Upy, VHEN,

where 0 < ¢ < A,||T||?> <2 and 0 < ju for some c € R. Then {x,,} converges strongly to a point
zo € AT0 N TH(B™0), where zg = Py-10n7-1(5-10) -

Proof We first show that the sequence {x,} is well defined. Let x; € H and z, = J;,(x,, —
An T*Je(Txy — Qp Tx,)) with 0 < ¢ < 4,,|| T||* < 2. As in the proof of Theorem 9, we see that,
for ze A710 N T-1(B10),

”Zn - Z||2 = ”]An (xn - )\n T*]F(Txn - Qp, Txn)) _]Anz |2

S ”xn - )‘nT*]F(Txn - Q//. Txn) - Z”2

< |lwn = 211> = 22| T — Quu Tl

= 2xn(Qu Ttw — T2, Je (T — QuTxn)) + Ap I TN | Tt — Quu T |1
< 12w — 211” = 24l Ttn = Qu Tt 1> + ALN TN T — Qu Tk
= 120 = 2l1* + Aa (Aull TN = 2) [ T0n — Quu T 1>

< llon — 2l (3.7)
Therefore, A"10 N T~1(B~10) C C, for all n € N. Moreover, since

2 2
lzeH: Nzu—zl < llxu—zll} = {z € H: llzy — 2II* < ll%, — 2II°}

lze H:lza)? = lxall® < 2(20 — % 2)},
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it is closed and convex. Applying these facts inductively, we find that C, is nonempty,
closed, and convex for every n € N, and hence {x,} is well defined.

Let Cy = (2; Cu. Then since Co D A™0 N T71(B710) # @, C, is also nonempty. Let
wy, = Pc,u for every n € N. Then, by Lemma 8, we have w, — zy = Pc,u. Since a metric
projection on H is nonexpansive, it follows that

%, = zoll < Il = wall + lWn — 2ol
= ||Pc,un — Pc,ull + Wy — 2ol
< Nty — ull + lwn = 2ol
and hence x,, — zj.
Since zg € Cy C Cy41, we have ||z, — zo|| < ||, — 20| for all n € N. Letting n — oo, we get
z, — zo. By the assumption of {1,}, there exists a subsequence {A,,} of {1,} converging

toAg. From 0 < ¢ < A, || T < 2,weseethat0 < ¢ < Ao T||* < 2.Putv, =x, /s, T*Jr(Tx, -
Q,. Tx,). We see that

oo (I = 2o T*JE(T = QuT)) %, — 2, |
= 1o (I = 2 T*JE(T = QuT))%n; = Ja,, (I = A, T*TE(T = QuT)) i |
= 2o (I = 2o T*J(T = QuT))%u; — Joo (I = Xn, T*JE(T = Qu T))x,
+ Jao (I =2y T*TE(T = Qu ))&, = Ty (I = 2o, T*TE(T = Qu T)) %,

< (I =2 T*Te(T = QuT))%n, = (I = A, T*Tr(T = QuT) )i, |

+ ”])»()Vni _])Lni Vn,' ”

Ao — Al
+ ———aoVu; = Vu;ll = 0.

< |ho = d || T*JE(T = Qu T, -
0

On the other hand, since J,,, T*, Q,, and T are all continuous, J5,({ — 4o T*/r(T - Q. T))
is continuous. Then we see that

/0 (I = 20 T*TE(T = QuT))n, = Jio (I = Mo T*Je(T = QuT))zo | — O.
Hence we see that

|20 = Jxo (I = 2o T*Je(T - Q. T)) 20 ||
< ”ZO - Zn,' ” + ”Zni _])»0 (1 - }"0 T*]F(T - Qu. T))xni ”
+ o (I = 2 T*JE(T = QuT))%n; = Joo (I = 2o T*JF(T = Qu T))z0 |
— 0.

This implies zo € A™0 N T7!(B~'0) by Lemma 10. Since zy = Pc,u € A™0 N T~} (B70) and
ATT0NT7Y(B0) C Co, we have zg = Py-19n7-1(3-10)4, which completes the proof. O

We do not know whether the Hilbert space H in Theorems 9 and 11 can be replaced by
a Banach space E.
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