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Abstract

The aim of this paper is to improve conditions proposed in recently published fixed
point results for complete and compact fuzzy metric spaces (Ciri¢ in Chaos Solitons
Fractals 42:146-154, 2009; Shen et al. in Appl. Math. Lett. 25:138-141, 2012). For this
purpose, the altering distance functions are used. Moreover, in some of the results
presented the class of t-norms is extended by using the theory of countable
extensions of t-norms. The mentioned generalizations are illustrated by examples.
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1 Introduction and preliminaries

In the fixed point theory in metric space an important place occupies the Banach con-
traction principle [1]. The mentioned theorem is generalized in metric spaces as well as in
its various generalizations. In particular, the Banach contraction principle is observed in
fuzzy metric spaces. There are several definitions of the fuzzy metric space [2-4]. George
and Veeramani introduced the notion of a fuzzy metric space based on the theory of fuzzy
sets, earlier introduced by Zadeh [5], and they obtained a Hausdorff topology for this type
of fuzzy metric spaces [2, 3]. For more information as regards the fuzzy metric and prob-
abilistic metric spaces and fixed point theory in these spaces, we recommend [6-15].

The theory of fuzzy sets has broad applications in a variety of sciences including
medicine, science of neural networks, control theory, engineering sciences, soil sciences,
modeling some physical phenomena, efc. (see for example [16—-20]). Moreover, there are
many possibilities for improvement in the theory of fixed points in a fuzzy context.

Khan et al. [21] improved the Banach fixed point theorem in metric spaces by introduc-
ing a control function, called an altering distance function. As altering distance is used a
monotone, increasing, and continuous function ¢ : [0, 00) — [0, 00) such that ¢(z) = 0 if
and only if £ = 0. In [21] the Banach contraction principle in a complete metric space (X, d)
is generalized by condition

o(d(fx,fy)) < ap(d(x,y))

forallx,y € X andsome 0 < a < 1, where f : X — X. This result was a motivation for further
studies in metric spaces, as well as in the probabilistic metric space [22, 23]. Recently, Shen
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et al. [24] introduced the notion of altering distance in fuzzy metric space (X, M, T') and
by using the contraction condition

o (M(fx,fy, 1)) <k(t) - o(M(x,5,0)), %y€X,x#y,t>0, )

obtained fixed point results for f : X — X. Using the same altering distance in this paper
several fixed point results are proved in complete and compact fuzzy metric spaces in-
troducing stronger contraction conditions than (1). Likewise, the contraction condition
given in [25] is improved by using the altering distance, as well as by extending the class
of t-norms. Moreover, appropriate examples are presented.

First, the basic definitions and facts are reviewed.

Definition 1.1 A mapping T : [0,1] x [0,1] — [0,1] is called a triangular norm (¢-norm)
if the following conditions are satisfied:

(T1) T(a,1)=a,ac]0,1],

(T2) T(a,b)=T(b,a),a,bel0,1],

(T3) a>b,c>d= T(a,c) > T(b,d),a,b,c,de[0,1],

(T4) T(a,T(b,c))=T(T(a,b),c),a,b,ce[0,1].

Basic examples are Tp(x,y) = x -y, Tar(x,y) = min{x, y}, Tr(x,y) = max{x + y — 1,0}, and

min(x,y), max(x,y) =1,

Tp(x,y) = !

0, otherwise.
Definition 1.2 [26] A t-norm T is said to be positive if T'(a, b) > 0 whenever a,b € (0,1].

Definition 1.3 [2, 3] The 3-tuple (X, M, T) is said to be a fuzzy metric space if X is an
arbitrary set, T is a continuous ¢-norm, and M is a fuzzy set on X? x (0, 00) such that the
following conditions are satisfied:

(FM1) M(x,y,£)>0,x,y€ X, t>0,

(FM2) M(x,y,6)=1,t>0&x=y,

(EM3) Mi(x,y,t) = M(y,x,8), x,y€ X, t>0,

(EM4) TM(x,y,t),M(y,2,s)) < M(x,z,t +5), x,y,z€ X, t,5>0,
(EM5) M(x,y,-):(0,00) — [0,1] is continuous for every x,y € X.

If (FM4) is replaced by condition
(EM4') T(M(x,y,t),M(y,2,t)) < M(x,2,t), x,7,z€ X, t >0,

then (X, M, T) is called a strong fuzzy metric space [27].

Moreover, if (X, M, T) is a fuzzy metric space, then M is a continuous function on X x
X x (0,00) [28] and M(x,y, -) is non-decreasing for all x,y € X [29].

If (X, M, T) is a fuzzy metric space, then M generates the Hausdorff topology on X (see
[2, 3]) with a base of open sets {U(x,7,£) :x € X,r € (0,1),£ > 0}, where U(x,r,t) ={y:y €
X, M(x,y,t) >1—r}.

Definition 1.4 [2, 3] Let (X, M, T) be a fuzzy metric space.
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(a) A sequence {x,},en is a Cauchy sequence in (X, M, T) if for each ¢ € (0,1) and each
t > 0 there exists ng = ny(s, t) € N such that M(x,,x,,,t) >1 — ¢, for all n,m > ng.

(b) A sequence {x,},en converges to x in (X, M, T) if for each ¢ € (0,1) and each £ > 0
there exists ng = no(g,t) € N such that M(x,,x,¢) > 1 — ¢ for all n > ny. Then we say
that {x,},en is convergent.

(c) A fuzzy metric space (X, M, T) is complete if every Cauchy sequence in (X, M, T) is
convergent.

(d) A fuzzy metric space is compact if every sequence in X has a convergent
subsequence.

Itis well known [2] that in a fuzzy metric space every compact set is closed and bounded.

Definition 1.5 [8] Let T be a t-norm and T, : [0,1] — [0,1], n € N, be defined in the
following way:

Ty (x) = T'(x, %), Tpn(x) = T(Tu(x),x), neN,xe[0,1].
We say that the t-norm T is of H-type if the family {T},(x)},cy is equi-continuous at x = 1.

Each t-norm T can be extended (see [26]) (by associativity) in a unique way to an n-ary
operation taking for (x1,...,%,) € [0,1]" the values

T % =1, T/ % = T (T i, %)

A t-norm T can be extended to a countable infinite operation taking for any sequence
(®4)nen from [0,1] the value

o8} . n .
TZx; = lim T x;.
n—00

The sequence (T, x;),en is non-increasing and bounded from below, hence the limit
T x; exists.

In the fixed point theory (see [10, 30]) it is of interest to investigate the classes of -norms
T and sequences (x,) from the interval [0,1] such that lim,_, - x, = 1 and

lim TS x; = lim TS %, =1 (2)
n—0o0 n—00

It is obvious that

(e e}
lim TE,x =1 < Y (1-x)<o00

n—00 -
i=1

for T=T;and T = Tp.

For T > T; we have the following implication:

n—00

o0
lim TE,x =1 = Y (1-x)<oc.
i=1

Example 1.6 Some of the important classes of t-norms are the following.
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(i) The Dombi family of £-norms (T)]?))Le[o,oo] is defined by

Tp(x,y), A =0,
TP (%,y) = Tam(x, ), A =00,
1 A € (0,00).

(2P (52

(ii) The Aczél-Alsina family of £-norms (Tf‘A)AE[om] is defined by

TD(x,y), A= O’
T %9) = { Tuy), A=oo,
ef((—logx))‘Jr(*lOgJ’))L)lM, A €(0,00).

(iii) The family (T3%)c[_1,00] Of Sugeno-Weber ¢-norms is given by

TD(xry); A= _L
wa(x’y) = TP(%J’), A= oo,
max (0, W), A€ (-1,00).

(iv) The Schweizer-Sklar family of t-norms (Tfs),\e[_oo'oo] is defined by

T, y), A =—00,
TSS(x y) — TP(x:y), )\' = 0;
R (max(x* +y* = 1,0))*, X € (-00,0) U (0,00),
Tp(x,y), A =00.

The condition T > Tj is fulfilled by the families (TASS),\E(,OO,I), (TASW),\E[O,OO].

On the other side, there exists a member of the family (T/]\D )re(0,00) Which is incompara-
ble with T, and there exists a member of the family (Tf‘A)kE(o,oo) which is incomparable
with T;.

In [10] the following results are obtained.

() If (T7)sc(0,00) is the Dombi family of ¢-norms and (x,,) ey @ sequence of elements

from (0,1] such that lim,_, o x,, = 1, then we have the following equivalence:

e8]
D A-x)<oo & lim (TP)7 x=1. (3)
n=1

(b) If (wa)xe(—l,oo] is the Sugeno-Weber family of £-norms and (x,),en a sequence of
elements from (0, 1] such that lim,,_, » %, = 1, then we have the following

equivalence:
o0
Z(l —Xx,) <00 & nlin;o(TfW)fnxi =1 (4)
n=1

(c) The equivalence (2) holds also for the family (T24); c(0,00), i-€.

oo
D A-x)<oo & lim (TH)T =1 ®)
n=1

In [10] the following proposition is obtained.
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Proposition 1.7 Let (x,),cn be a sequence of numbers from [0,1] such that lim,_, o x, = 1
and the t-norm T is of H-type. Then lim,,_, oo T{2, x; = limy,_, o0 T3S %4 = 1.

Theorem 1.8 [31] Let (X, M, T) be a fuzzy metric space, such that lim,_, .o M(x,y,t) = 1.
Then if for some o € (0,1) and some xy,yo € X the following hold:

. 1
lim Tl‘-’onM(xo,yo, —l) =1,
n— 00 tof

then
. 1
lim T?:nM X0,Y0, — | = 1
n—00 o'
forevery o €(0,1).

2 Main results
A function ¢ : [0,1] — [0, 1] is called an altering distance function [23, 24] if it satisfies the
following properties:
(AD1) ¢ is strictly decreasing and continuous;
(AD2) ¢(r)=0ifand onlyif A =1.
It is obvious that lim;_,;- (1) = (1) = 0.

Theorem 2.1 Let (X, M, T) be a complete fuzzy metric space, T be a triangular norm and
f:X — X. If there exist ki, ky : (0,00) — (0,1), and an altering distance function ¢ such
that the following condition:

@ (M(fx,fy, 1)) < ka(t) - min{(M(x, 3, 1)), o(M(x, fx, 1)), o (M(x, fy, 2£)), o (M3, fy, 1)) }
+ky(t) - o(M(fx,,20)), %y€X,x#y,£>0, (6)

is satisfied, then f has a unique fixed point.

Proof We observe a sequence {x,}, where xy € X and x,,; = fx,, n € NU {0}. Note that, if
there exists 7y € NU {0} such that x,,, = %,,.1 = fx,,, then x,,, is a fixed point of f. Further,
we assume that x,, # x,,,1, 7 € Ng. Then

0 < M(x,,%,,1,8) <1, t>0,n€Nj. 7)
If the pair x = x,,_1, ¥ = x,, satisfy condition (6) then

@ (M %041,8)) < K (£) - min{ @ (M(xn-1, %1 2)), (M X1, %, 1)), @ (M K11, 041, 28))
@ (M, 2%11,8)) | + Ko (2) - 0 (M, %, 20))
= ky(£) - min{g (M(x-1,%u, 1)), @ (M1, %41, 28) ),
@(M(xp,%001,1))}, neN,£>0. (8)

By (FM4) and (AD1) we have

(p(M(xn—lyx;Hl: 2t)) =< gD(T(M(xn—lrxnr t)rM(xmerlr t)))v ne N; t> O¢
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and further

(p(M(xn:erl: t)) S kl(t) : min{(/)(M(xn—lixm t))’(p(T(M(xn—l: Xn» t)r

M, %41, 1)) ), @ (M Xy %31, 8)) ), m €N, £> 0. 9)

Note that, by (T1), (T2), and (T3), it follows that

a=T(a1)>T(a,b) and b=T(b1)> T(a,b)
and

min{e(a), ¢(b), ¢(T(a, b))} = min{g(a),¢(b)}, a,b€[0,1].
Then by (9) we have

@ (M (i, %p41,1)) < ky(2) - min{@ (M(x_1,%, 1)), @ (M (%, n11,8)) ), nE€N,£>0. (10)
If we suppose that

min{@ (M1, %, £)), @ (MF %01,0)) } = @ (M, %01,8)), m N2> 0,
then

(M@ %41, 1)) < ka(8) - (MK X111, 2)) < @ (M, 2041,8)), n€N,£>0.
So, by contradiction it follows that

min{e (M1, %, 1)), @ (M %01, 8)) } = @(MFp1, %, 8)), 1 €N, £>0,
and by (10) we get

(M %31,8)) < ka(8) - @(M (X1, %0 0)) < @(M (K1, %0,8)), 1 €N, E>0. (11)

By (AD1) and (11) it follows that the sequence {M(x,,x,.1,£)} is strictly increasing with
respect to #, for every ¢ > 0. This fact, together with (7), implies that

nan;oM(xn,xn+1,t) =a(t), a:(0,00)— [0,1]. (12)

But if we suppose that a(t) # 1, for some ¢ > 0, and let # — 0o in (11) we get a contradic-
tion:

p(a(®)) <ki(t) - o(a(®) < p(a(t)). (13)

So,a =1in (12). Now we will show that the sequence {x,} is a Cauchy sequence. Suppose
the contrary, i.e. that there exist 0 < € < 1, £ > 0, and two sequences of integers {p(n)},
{g(n)}, p(n) > q(n) > n, n € NU {0}, such that

M(Xpys gy t) <1—& and  MXpp)-1,%4(n), £) > 1 —¢. (14)
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By (12) for every ¢;, 0 < &1 < &, it is possible to find a positive integer #;, such that for all

n>n,
M(xp(y,),xp(y,)_l, t)>1-¢& and M(xq(,,),xq(,,)_l, t)>1-¢. (15)

Then we have

t t
M(Xpm)-1,%g(n)-1, ) > T<M <xp(n)11xq(n)) 5)’M (xq(n),xq(n)l: —>>, neN. (16)

Now using (14), (15), (16), and (T3) we have

M(Xp)-1,%q(m-1,) = T(L—g,1—¢1), n>n. 17)
Since ¢, is arbitrary and T is continuous we have

M(Kp)-1,%qm-1,8) = T(L—¢,1)=1-¢, n>n. (18)
Similarly, by (15) and (18)

M Xy Xgm-1,8) =1 —e  and  MXpy, Xgn), £) = 1—¢, n>ny. (19)
By (14) and (19) it follows that

Jim M (@), %qm, 2) =1 = . (20)

If the pair % = ()1, ¥ = %41 satisfy condition (6) then

% (M(xp(n)’ Xq(n) t)) =< kl (t) - min { 4 (M(xp(n)—b Xq(n)-1» t)) 1% (M(xp(n)—l: Xp(n)s t)) »
@ (M(xp(n)—lr xq(n): 2t)) X% (M(xq(n)—lr xq(n): t)) }

+ ko () - go(M(xP(,,),xq(,,)_l, 2t)). (21)

Letting n — oo, by (12), (14), (19), and (20), we have

o(L-¢) <k(®)-min{e(l &), 0(1), 01 - &), p()} + ko) - 91— &) <l -¢).  (22)

This is a contradiction. So {x,} is a Cauchy sequence.
Since (X,M,T) is a complete fuzzy metric space there exists x € X such that

lim,—, o %, = x. Let us prove, by contradiction, that x is fixed point for f. Suppose that

x £ fx.
If the pair x = %, y = x,,_; satisfy condition (6) then

@ (M(fx, %0, 1)) < ka(2) - min{w(M(x,xn_l, 1), o(M(x, fx, 1)), 0 (M(x, %, 21)),

O (M(xpo1, %0, 1)) } + ko () - (M (frr, x40, 28)), neN, > 0. (23)
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Letting n — oo in (23) we have

<p(M(fx, x, t)) < ki(2) - min{(p(M(x,x, t)),(p(M(x,fx, t)),w(M(x,x,Zt))}
+ky(t) - (p(M(fx,x, 2t)) < go(M(fx,x,Zt)) < (p(M(fx,x, t)), t>0.

So, by contradiction we conclude that x = fx.
Assume now that there exists another fixed point v, v # x. Then applying (6) we have

@(M(x,v,1)) < ki (¢) - min{p (M(x,v, 1)), o (M(x, %, 1)), o(M(x,v,20)), o (M (v, v, 1)) }

+ko(2) - o(M(x,v,20)) < o(M(x,v,20)) < o(M(x,v,8)), t>0. (24)
So, we get a contradiction, and x is a unique fixed point of the function f. O

Example 2.2 Let X = {4, B, C,D} be subset of R?, where A(0,0), B(1,0), C(1,4). Let D be
an arbitrary point on circle of radius 1 with center in C. Let f : X — X be defined by

f(A)=fB)=f(D)=4,  f(C)=B.

Let o(t) =1-1, T € [0,1], and M(x,y,¢) = m, t > 0, where by d(x,y) is denoted the

Euclidean distance in R?. Note that by (X, M, T) is defined a complete fuzzy metric space
with respect to the triangular norm T'(a,b) = min{a, b} and ¢ satisfies conditions (AD1)
and (AD2). The functions ki, k : (0, 00) — (0,1) are defined by

t€(0,1],

— = :7,
ki(t) = k() = ﬁ, t € (1,00).

Now, every pair of points x,y € X, x # y, satisfy condition (6) and by Theorem 2.1 it follows
that f/ has a unique fixed point. On the other side, for x = C and y = D condition (1) given
in [24] as a classical generalization of the Banach principle of contraction is not satisfied.
Nevertheless, the condition (6) is not a full generalization of condition (1).

Theorem 2.3 Let (X, M, T) be a complete fuzzy metric space and f : X — X. If there exist
ki, ko : (0,00) — [0,1), k3 : (0,00) — (0,1), Zf’:l ki(t) <1, and an altering distance function
@ such that the following condition is satisfied:

o (M(fx, fy, 1)) < ki (£) - (M, fix, 1)) + ko (2) - @(M(p, f, 1)) + ks (E) - (M, 9, 8))  (25)
forallx,ye X,x#y,and t >0, then f has a unique fixed point.
Proof Let xy € X and x,,4; = fx,,. Suppose that x,, # x,,.1, n € Ny, i.e.

0 <M(x,,x,,1,t) <1, neNy,t>0. (26)
By (25), with x = x,,_1, y = x,,, we have

QO(M(xn:xnﬂ’ t)) =< kl(t) : QO(M(xn—l;xnr t)) + kZ(t) : (p(M(xn’xm—l’ t))

+ k3(t) : (p(M(xn—l)xn; t))r ne NOyt > O; (27)
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ie.
k
‘p(M(xn:erlr t)) < %Zk(igt) "p(M(xn—l’xm t))
< (p(M(xn_l,xn, t)), ne€ Ng,t>0. (28)

Since ¢ is strictly decreasing, the sequence {M(x,,x,,1,£)} is strictly increasing sequence,
with respect to #, for every ¢ > 0. Hence, by (26) and a similar method to Theorem 2.1 it
could be shown that

lim M(x,,x,.1,t) =1, £t>0, (29)
n— 00

and {x,} is a Cauchy sequence. So, there exists x € X such that lim,_,  x, = x. Now, by
(25) with x = x,,_1, y = x we have

(p(M(xmf rt)) = kl(t) . Q(M(xn—l:xm t)) + kZ(t) : ¢(M(x7fx’ t))

+ha(®) - (M 1,3, 1)), (30)
neN, t> 0. Letting n — oo in (30) we have

@(M(x.fx, 1)) < ka(8) - 9(1) + ko (t) - (M, fx,0)) + ks (8) - (1)
= ko (8) - (M(x, fx,8)), £>0, (31)

(1-k@®)e(Mx,.fx,1)) <0, £>0. (32)

It follows that ¢(M(x, fx,£)) = 0 and x = fx.
Assume now that there exists a fixed point v, v # x. Then by (25) we have

@ (M(fx, fv, 1)) < ka(t) - p(M(x, fx, 0)) + ko (£) - @ (M(v, fv, 1))
+ k3 (t) - (p(M(x, v, t)) < go(M(x, v, t)), t>0, (33)

which is a contradiction. So, x is a unique fixed point of f. d

Remark 2.4 If in (25) we take k(£) = ko(t) = 0, t > 0, we get condition (1), and Theo-

rem 2.3. is a generalization of the result given in [24].

In the following theorems conditions (34) and (47) proposed in [32] are used to obtain
fixed point results in complete and compact strong fuzzy metric spaces.

Theorem 2.5 Let (X, M, T) be a complete strong fuzzy metric space with positive t-norm T
and letf : X — X. If there exists an altering distance function ¢ and a; = a;(t),i=1,2,...,5,
a; >0, a1 +ay +2as + 2a4 + as < 1, such that

<p(T(r,s)) <o(r)+e(s), rse {M(x,fx, t)y:xeX,t> 0} (34)
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and

<p(M(fx,fy, t)) < algo(M(fx, x, t)) + azw(M(fy,y, t)) + ag(p(M(fx,y, t))

+asp(M(x,f3,0) + asp(M(x,5,1)), xyeX,t>0, (35)
then f has a unique fixed point.

Proof Let xg € X be arbitrary. Define a sequence (x,),en such that x, = fx,1 = f"xo. By
(35) with x = x,,_; and y = x,, we have

(p(M(xmerlr t)) S al(p(M(xmxn—lr t)) + aZw(M(erl) Xy t)) + a3¢(M(xnr Xn» t))

+ s (M(%p_1, %041, 1)) + as@ (M(xy-1,%4,1)), n€N,t>0. (36)
Since (X, M, T) is a strong fuzzy metric space we have
M1, %011, 8) = T MKy, %, £), MK, %11, 8)),  m €N, 250,
using (34) we obtained

@ (M(xn—lr Kn+ls t)) <y (T(M(xn—h Kns 1), M(%ss X1, t)))

< Q(M&Fp1, %, 1)) + (M %001, 1)), mEN,£>0.
By (36) it follows that
@ (M (%, 201, 1)) < %w(wxm,xm 1)) < (M(xp-1,%4,8)), neN,t>0,
M(x,, X041, 8) > M(%,_1, %, ), neN,t>0.
So, the sequence {M(x,,x,1,t)} is increasing and bounded and there exists
Tim Mo 01,0 = (O, p3(0,00) > 0,1,
Suppose that p(£) # 1, for some ¢ > 0. Then, if we take n — 0o in (36)
o(p()) < (a1 +az +2a4 + a5)p(p(t)) < 9(p(2)),
and we get a contradiction, i.e.
lim M(x,,%x,.1,t) =1, ¢>0.
n—>00

It remains to prove that {x,},cn is a Cauchy sequence. Suppose the contrary, i.e. that
there exist ¢ > 0, £ > 0, such that for every s € N there exist m(s) > n(s) > s, and

MXp(s), Xn(s), £) < 1 — €. (37)
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Let m(s) be the least integer exceeding n(s) satisfying the above property, i.e.
MXp(s)-1)%n(s) ) = 1—¢, seN,t>0. (38)
Then by (35) with & = %,,,5-1 and ¥ = x,,(5)-1, for each s € N and ¢ > 0 we have

% (M(xm(s); Xn(s) t)) =a19p (M(xm(s) » Xm(s)-1> t)) +drp (M(xn(s) »Xn(s)-1» t))
+asz@ (M(xm(s): Kn(s)-1» t)) +as@ (M(xm(s)—ly Xn(s)s t))

+ a5 @ (M(Xm(s)-1> Xn(9)-15 1)) (39)
By (FM4'), (34), and (AD1) it follows that
Q(Mm(5) %n(s)-1,)) < @ (MFn(s), %), 8)) + @ (MKt %n(s)-1, 1)) (40)
and
@ (MEm(s)-1,%n(s)-1, 1)) < @(MEpn(s)-1, %ms)s 1)) + @ (M(Epn(s)s Xn(s)-1, 1))
Combining the previous inequalities we get

(p(M(xm(s) 1> ¥n(s)-1 )) = (p(M(xm(s ~1>Xm(s) )) + (p(M(xm (s)» %n(s) t))

+ ga(M(xn(s),xn(s)_l, t)). (41)
Also, by (38) and (AD1) we have
@ (MEn(s)-1, %n(s) ) < (1 —€). (42)
Inserting (40), (41), and (42) in (39) we obtain

(p(M(xm(s): Kn(s)s t)) < ﬂ1¢(M(xm(s)rxm(s)—lr t)) + ﬂ2(p(M(xn(s)7 Xn(s)-1» t))
+ ase (M (%, 95 1)) + az@(M(%n(s) Xn(e)-1, 1)) + aa(1 — &)
+ a5<p(M(xm (s) ®m(s) 1,t)) + a5<p(M(xm (s)%n S),t))

+ as@ (M(%n(s), %n(s)-1,1))

(1-as- a5)‘/)(M(xm(s)> Xn(s) t))
< (a1 + a5)Q (M Xpm(s)> Xm(s)-1, 1))

+ (“2 tasz+ ﬂS)(p(M(xn(s):xn(s)—li t)) + 614(/7(1 - 8)' (43)
By (37) it follows that

(p(M(xm(s): Kn(s)s t)) > gl)(l - 5)7 (44)
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and (43) and (44) imply

(1-as —as)p(l - &) < (a1 + as) o (MFm(s), Xm(s)-1,1))

+(a + az + as) @ (M(Xu(s) Xn(s)-1, 1)) + asp(l —¢).
Letting s — oo in (45) we have

(I-as—as)p(l-¢) <asp(l-e),

(1-a3—as—as)p(l-¢) <0,

which implies that ¢ = 0 and we get a contradiction.
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(45)

So, {x}nen is a Cauchy sequence and there exist z € X such that lim,,_, »c x,, = z. Now, by

(35) with x = x,,_; and y = z, we have

(M, f2,1)) < a19(M(x, %n1, 1)) + a2 (M(fz, 2, 1)) + aze(M(x,, 2, 1))

+ a4<p(M(x,,_1,fz, t)) + aggo(M(x,,_l,z, t)), neN,t>0.

Letting n — oo in (46) we have
1-as —u4)g0(M(z,f ,t)) <0, t>0.

Therefore, M(z,fz,£) =1,t >0, and z = fz.

(46)

Suppose now that there exists another fixed point w = fw. By (35) withx =zand y = w

we get
(1-a3 —as — as)p(M(z,w,1)) <0, >0,

ie.z=w.

O

Example 2.6 Let X = {A,B,C,D} be subset of R?, where A(0,0), B(1,0), C(1,4), and

D(0,4). Let f : X — X be defined by

f(A)=fB)=f(D)=4,  f(C)=B.

Let o(t) =1—17, 7t € [0,1], and M(x,y,t) = —5—, ¢ > 0. Note that by (X, M, T) is defined a

ttle—yl”’

strong complete fuzzy metric space with respect to the triangular norm T'(a,b) = a - b and
¢ satisfies conditions (AD1) and (AD2). The functions a;(¢), i € {1,2,...,5} are defined by

_ V17 L 1ea(d
az(t)—ﬁ(tﬂ), a1(t) = az(t) = as(t) = as(t) = - t>0.

Now, every pair of points x,y € X, x # y, satisfy condition (35) and by Theorem 2.5 it

follows that f has a unique fixed point. Note that, for x = C and y = D, condition (1) is not

satisfied.
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Theorem 2.7 Let (X, M, T) be a compact strong fuzzy metric space and let ¢ : [0,1] —
[0,1] satisfying conditions (AD1) and (AD2) such that

<p(T(r,s)) <o) +¢(s), rse {M(x,fx, t):xeX,t> 0}. (47)
If the continuous mapping f : X — X satisfies the following condition:

(M (fx,f3,0)) < arp(M(fx, %, 8)) + arp(M(fy,3,0)) + asp(M(fx, 3, 1))

+ a4<p(M(x,fy, t)) + asw(M(x,y, t)), x%yeX,xZy,t>0 (48)

fora; =a;(x,y,t)>0,i=1,2,...,5, a1 + ay + 2as + 2a4 + as < 1, then f has a unique fixed
pointin X.

Proof Let xy € X. We define the sequence x,,; = fx,, n € Ny and suppose that x,,,; # x,,
n € Ny. Since (X, M, T) is compact, the sequence {x,},en, has a subsequence {xi(;)}nen,
such that lim,,_, o %k(s) = %, x € X. Then there is a sequence of natural numbers {p,}en,
such that Xi(s)4p, = Xk(u+1), # € No. We have the following relations:

lim xk(,,) = lim xk(,,+1) = lim xk(,,)+1,n =X,
n— 00 n— 00 n— 00

lim ka(n) = lim KXk(n)+1 fo, lim ka(n)+1 =f2x.
n—0oQ n— 00 n—0oQ0
Suppose that fx # x. By (48), for x = Xk(us1)-1, ¥ = Xk(n+1)»

@ (M @k k(1) £))
= @ (M Ek(nyspns Xk(n)spns1, 1))
< a1 (MXic(uy+p» Fic(n)1pn-15 1))
+ @2 (MEic(y s ps1 Xkny i £) + @30 (M Xy prs Xk(ny oo 1))
+ A4 (M(Xk(n)s a1 k) 1pn-15F))

+ 615(,0(M(9€k(,,)+pn,xk(n)+pn_1, t)), n e Np,t>0.
Since (X, M, T) is a strong fuzzy metric space and by (47) it follows that

(2 (M(xk(n)+py,+lr xk(n)+p,,—lr t))

= ‘/’(M(xk(n)wwl’xk(n)wnr t)) + (p(M(xk(n)+pn:xk(n)+pn—l; t)), neNy,t>0.
Now
@ (M(xk(n)+pn s Xk(n)+pp+1s t))

< (a1 + as + as)Q (MK po> Xkn)spp-1- 1))

+ (612 + a4)¢(M(xk(n)+pn+1:xk(n)+pnr t)): n €Ny, t>0,
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% (M(xk(n+1) ¢ka(r1+1)¢ t))

=@ (M(xk(}’l)+pn » Xk(n)+pp+1> t))

a) +adqg + as
< ————0(M@kmyspp Tk +pa-1,1))

—1- a) —aa
< ¢(M(xk(n)+pn,xk(n)+pn_1, t)), n e Np,t>0.

Repeating the above procedure p, — 2 times we get

(p(M(xk(n+1);ka(n+l); t)) < (p(M(xk(n)Avka(n)H’ t))¢ ne NO; t>0. (49)

If we take n — oo in (49) and apply (48) we get

o (M(x, fi 1)) < @(M(fi, f>x, 1))
< (a1 + aq + as)p(M(x, fx, 1)) + (a + as)p(M(fx, f2x, 1))

and obtain a contradiction,

w(M(fx,fzx, t)) <(ai +as +2a, + ag)go(M(fx, 2x, t)) < go(M(fx,fzx, L‘)), t>0.
Suppose that there exist two different fixed points u, v € X. But, by (48),

@(M(u,v,1)) < (as + as + as)p(M(u, v, 1)) < (M(u, v,1)),
we get a contradiction. Therefore, x is a unique fixed point for f. d

Example 2.8 Let (X,M, T) be a compact strong fuzzy metric space, X = [-2,1], T'(x,y) =

x -y, M(x,y,t) = —, x,y € X, t > 0. The altering distance function is defined by ¢(t) =

t+lx—y|”
1-1, 1 €[0,1]. We observe the continuous function

_2x7 X € [0, 1],
fw=1""
-7 XE€ [-2,0).
Then
tflza\:ﬂ/\' x,9€[0,1],t >0,

[x—yl
-, x,y€[-2,0),t>0,
M X, ,t — 4t+]x—y|
PMPeS0) = ae x€[0,1],y € [-2,0),£>0,

4t+8x-y’
8y—
4t+ysyx-x’ x€[-2,0),y€[0,1],£>0

and

3x
(p(M(x,fx,t)) = 1 3% x€[0,1],¢>0,

o(M(x,,t)) = bl

=—7—, xy€X,t>0.
t+x—y|
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So, if we take

2x-2y
t+2x-2;
=, x%y€[0,1, x>y,

t+3x

ay (x> b2 t) = 8x—y

L xe[0,1],y€[-2,0),x> -2,
+3x

_ l-aj(xyt
- 5

and ay(x, y,t) = as(x,y, t) = as(x,y,t) = as(x,y,t) ) for (%,y) in the aforementioned

areas,
2y-2x

-2

5 %y€[0,1],x<y,
ﬂz(x,% t) = 8y—x

, x€[-2,0),y€[0,1],y > -7,

and a; (x,9,t) = az(x,y,t) = as(x,y,t) = as(x,y,t) = % for (x,y) in the aforementioned
areas,

t+[x—y|
4t+lx—y|’
8x—y

5, x€(0,1],y€[-2,0),x< -3,
t+x—y

8y—x
4t;739/c_x) PAS [_2)0),}16 [0)1];y<_§,

t+y—x

x:y € [_2’ 0):

as (x’ b2 t) =

and a; (x,9,t) = ax(x,9,£) = as(x,9,t) = aa(x, y,t) = % for (x,y) in the aforementioned

areas, condition (47) is satisfied and by Theorem 2.7 it follows that f has a unique fixed
point.

Note that the function f does not satisfy the condition of the fuzzy Edelstein contraction
theorem [29], i.e.

t
M(fx,fy, t) = <
(et 1) E+2x—y| t+|x—y|

=M(x,y,t), xy€l0,1,x#y,t>0.

Using the same altering distance, it is possible to improve the following result.
Theorem 2.9 [25] Let (X, M, T) be a fuzzy metric space such that M(x,y,t) — 1l ast — oo.

Letf,g: X — X betwo self-mappings of X such that there exist k € (0,1) and q = q(x,y,t) >
0 such that

M(fx, gy, kt) + q(1 - max{M(x,gy, kt), M(y, fx, kt)}) > M(x,y,t) (50)

foreachx,y € X and all t > 0. If the family of t-norms {T®(x)} peN IS equi-continuous at the
point x =1 and X is complete, then f and g have a common fixed point. If in (50)

q(x,y,t) < A(M(x,y, t) — M(x,y, kt))/(l - M(x,y, kt)) forallx #y,A €[0,1), (51)

then the common fixed point is unique.
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Remark 2.10 A generalization of Theorem 2.9 is obtained if instead of condition (50) the
following conditions hold:

M(fx, gy, kt) + gmin{op(M(x, gy, kt)), o (M(y, fx, kt)) }
> M(x,y,t), xye€X,t>0, (52)

1
lim Tfan<xo, fxo, —,) =1 (53)
n—00 Ml

for some xy € X, i € (k,1) and some altering distance function ¢. With ¢(¢) =1 — ¢ and
the t-norm T being of H-type (see Proposition 1.7) we obtain a result from [25]. If we
take ¢(£) = (1 — £)%, @ > 1 we have a stronger result than in [25]. Moreover, if instead of the
condition (53) the following conditions hold:

00 A
Z(l —M(xo,xl, l%)) <00 (54)

i=1

and

Z(l—M(xo,xl,%>) < 00, (55)
i1

then we obtain the same result for T = T?(T = TA*), > 0,and T = TS, A > -1, respec-
tively.

The proof is similar to the one of Theorem 2.9 except for the part where it is shown that
{x,} is a Cauchy sequence. In order to prove that the sequence is Cauchy let o = 5 Since
0 <o <1the series ) - o is convergent and there exists my € N such that ), o’ <1.
Hence for every m > mg and every s € N,

m+s—1

t>t§:oi>t Z ai,
i=m

i=mg

which implies that

m+s—1
M(xmﬂr Xm» t) Z M<xm+s,xm, t Z O‘i)

i=m
> T(T( o T(M(xm+sr Km+s-1s to‘m+S7l):M(xm+s—1’xm+s—2: to'm+S72)’ e

————
s-times

M50, 15™)

tam+s—1 t0m+s_2
>T\T{---T\M xo;xl;W , M xo,xl;m yeees
_\‘,—/

s-times

(o)

t t
> Tz;s_lM(xo,xl, E) > T;’me(xo,xl, E), t>0.
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By Theorem 1.8, lim,,_, c T3, M(x0, %1, M%) =1 implies that lim,_, o TS, M(x0,%1, Mi,) =1,
¢t > 0. Hence, for every ¢ € (0,1) there exists m; € N such that

M(Xppesy Xy t) >1—¢, m>my,se€N,t>0,

i.e. {x,}uen is a Cauchy sequence.

Theorem 2.11 Let (X, M, T) and (X, M, T) be fuzzy metric spaces such that lim,_, o, M(x,
y,t) =1 and M(x,y,t) > M(x,y,t), x,y € X, t > 0. Let f : X — X be a continuous function
such that for some xo € X the sequence {f"x¢} has a convergent subsequence in (X,M, T).
Ifthere exist k € (0,1), u € (k,1), g = q(x,y,t) > 0, and an altering distance function ¢ such
that the following conditions are satisfied:

]\7I(fx,f ,kt) + qmin{w(]\N/[(fx,y, kt)), <p([\~/1(fy, x, kt))}

> M(x,y,t), xy€X,t>0 (56)
and
. o 1
lim T, M| xo,f%0, — | =1,
n—00 Ml

then f has a fixed point. If, in addition, the following is satisfied:
q(x,y,t) < A(M(x,y, t) — M(x,y, kt))/tp([?[(x,y, kt)), x,y€X,x#y,A€[0,1), (57)
then f has a unique fixed point.

Proof We define the sequence x, = fx,,_; = f"x, n € N. By (56) with x =x,, 1 and y = x,, we
get

~ ~ ~ t
M(xi’l’xl’l+1’t) ZM(xnfl’xn!t) Z et ZM(xO;xl) ﬁ)r ne N;t > 0

The proof that {x,} is a Cauchy sequence in (X, M, T) is the same as in Remark 2.10. Then

{x,} is a Cauchy sequence in (X, M, T), too. Since, by assumption, the Cauchy sequence

{x,} has a convergent subsequence in (X, M, T), there exists p € X such that lim,,_, c x,, = p.
Since the function f is continuous we have

fo=flim x, = lim fx, = lim x,,; =p
n—0o0 n— 00 n—0o0

and f has a fixed point. Let us prove that the fixed point is unique. Suppose that p and w
are two different fixed points. Then, by (56) with x = p and y = w, we have

M(fp,fw, kt) + qmin{ga(]VI(fp, w, kt)),(p(iVI(fW,p, kt))} > ]~\4(p, w,t), £>0.

Using (57), it follows that }N\/I(p, w, kt) > A7I(p, w,t), t > 0, i.e. p = w. So, the fixed point is
unique. |
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3 Conclusion
In this paper several fixed point theorems in complete and compact fuzzy metric spaces
are proved. For this purpose new contraction types of mappings with altering distances
are proposed. The theorems presented with appropriate examples improve some recently
published results.

The following question can be asked:

Is it possible to omit the assumption that the t-norm is non-nilpotent in Theorem 2.5?
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