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1 Introduction

Let C be a subset of a real Banach space X and T be a mapping from C into itself. In what
follows, we use F(T) to denote the set of fixed points of 7. Let X* be a dual space of X
and ¢ > 1 be a real number. We recall that the generalized duality mapping J, : X — 2% " is
defined by

Jo®) = {&* € X*: (w,x%) = |%]|9,

& =117}, vxeX.

In particular, / = J; is called a normalized duality mapping and J,(x) = 111972 J5 (x) for x # 0.
We know that J, is single-valued if X is smooth, which is denoted by j,. Now we recall the
following definitions.

A mapping T : C — C is said to be L-Lipschitzian if there exists a constant L > 0 such
that

ITx - Tyl <Lllx-yll, VayeC. (L)
A mapping T : C — C is said to be nonexpansive if

ITx - Tyl < llx—yll, Vx,yeC. 1.2)
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A mapping f : C — C is said to be a contraction if there exists a constant « € (0,1) such
that

Ifx) -fO)| <ellx-yl, VxyecC. (13)

We use I¢ to denote the collection of all contractions on C.
A mapping T : C — C is called a A-strict pseudocontraction if there exists a constant
A €(0,1) such that

(T = Ty,j,( = 9)) < lx =yl = A|| (I - T)x— (I = T)y||” (1.4)

for every x,y € C and for some j(x — y) € J(x — ).
A mapping A : C — X is said to be a-inverse-strongly accretive if there exist j,(x —y) €
J4(x — ) and a constant « > 0 such that

(Ax - Ay,j (x - 9)) = a|lAx - Ay, Vx,y € C. (1.5)

In recent years, a variational inequality problem in Hilbert spaces and Banach spaces
has been studied by many authors, see [1-15] and the references therein.

Let C be a nonempty closed convex subset of a real Hilbert space H. The classical vari-
ational inequality problem is to find #* € C such that

(Ax*,x —x*) >0, VxeC. (1.6)

Recently, Ceng et al. [4] considered the following general variational inequality problem
of finding (x*,y*) € C x C such that

0, Vxe(,
(L7)
0, Vxe(C,

(AAY* +x* —y*,x —x*) >
(WBx™ +y* —x*,x—y") =

where A > 0 and p > 0 are two constants and A, B: C — H are two operators. In particu-
lar, if A = B and x* = y*, then problem (1.7) reduces to the classical variational inequality
problem (1.6).

Let C be a nonempty closed convex subset of a smooth Banach space X and A: C —
X be an accretive operator. Aoyama et al. [3] first considered the following generalized
variational inequality problem in Banach spaces which is finding a point x* € C such that

(Ax*,j(x—x*)) =0, V¥xeC. (1.8)

Very recently, Yao et al. [8] considered the following problem of finding (x*,y*) € C x C

such that
(A +2* -y jlx =) 20, VxeC, 1.9)
(Bx* +y* —x*,j(x~y*)) =0, VxeC, |

which is called the system of general variational inequalities in a real Banach space, where
A,B:C — X are two operators.
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For finding a common element of the set of solutions of problem (1.7) and the set of fixed
points of a nonexpansive mapping 7T, Ceng et al. [4] introduced the following iterative

algorithm:
x1=uccC,
Yn = Qclxy — uBxy), (1.10)

KXyl = Oulh + By + Vi TPC(yn - )LAyn): n>0,

and proved a strong convergence theorem under some suitable conditions.
Yao et al. [8] studied the following iterative algorithm:
Yn = QC(xn - an); (111)
Xpi1 = Oth + Bun + YuQcOn — Ayn), 120,

and proved that the sequence {x,} converges strongly to an element of the set of solutions
of problem (1.9) under appropriate conditions.

Let C be a nonempty closed convex subset of a real Banach space X. For given two
operators A, B : C — X, we consider the problem of finding (x*,y*) € C x C such that

1.12
(UBx* +y* —x*,j,(x—y*)) =0, VxeC, (112)

i (MAY* +x* — 5%, jg(x —x*)) =0, VxeC,
where A > 0 and p > 0 are two constants. When A = u =1 and ¢ = 2, problem (1.12) re-
duces to problem (1.9). When X is a Hilbert space, problem (1.12) becomes problem (1.7).
Therefore problem (1.12) contains (1.7) or (1.9) as a special case. We also note that problem
(1.12) was studied by Cai and Bu [9] when g = 2.

In this paper, we introduce a viscosity iterative algorithm for finding a common element
of the set of solutions of a general variational inequality (1.12) and the set of fixed points of
a §-strict pseudocontraction in a real g-uniformly smooth Banach space. Then we prove
some strong convergence theorems under suitable conditions. The results obtained in this
paper extend and improve the results of Ceng et al. [4], Yao et al. [8] and many others.

2 Preliminaries
A Banach space X is called uniformly smooth if pr(t) — 0 as t — 0, where py : [0,00) —
[0, 00) is the modulus of smoothness of X which is defined by

1
px(t) = sup{g(llx +yll+ I =yll) =122 € SX), Iyl < t}.

A Banach space X is said to be g-uniformly smooth if there exists a constant ¢ > 0 such
that px(t) < ct?. If X is g-uniformly smooth, then g < 2 and X is uniformly smooth.

Let C and D be two nonempty subsets of X such that C is nonempty closed convex and
D C C. We say that a mapping Q : C — D is sunny if Q(Qx + £(x — Qx)) = Qx, whenever
Qx +t(x— Qx) € Cfor x € C and ¢ > 0. A mapping Q : C — D is said to be a retraction if
Qx = x for any x € D. Q is called a sunny nonexpansive retraction from C onto D if Q is a
retraction from C onto D and Q is sunny and nonexpansive. A retraction Q is said to be
orthogonal if for each x,x — Q(x) is normal to D in the sense of James [16].
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We know that a projection mapping is a sunny nonexpansive retraction Q of X onto C
(see Bruck [17]). If X is a real smooth Banach space, then Q is an orthogonal projection of
X onto C if and only if

Q) eC and (Q(x)-xj,(Qx)-y))<0, VyeC. (2.1)
In order to prove our main results, we need the following lemmas.

Lemma 2.1 ([18], p.63) Let g > 1, then the following inequality holds:

for arbitrary positive real numbers a, b.

Lemma 2.2 ([19]) Let X be a real q-uniformly smooth Banach space, then there exists a

constant C; > 0 such that
e+ 17 < %17 + g (3, jg%) + Cyllyll

for all x,y € X. In particular, if X is a real 2-uniformly smooth Banach space, then there
exists a best smooth constant K > 0 such that

lloe + yII* < llxl1* + 2y, jx) + 2| Ky|>
forallx,y € X.

Lemma 2.3 ([20]) Assume that {a,} is a sequence of nonnegative real numbers such that
an < A -ay)a, + 8,, n > 0, where {a,} is a sequence in (0,1) and {5,} is a sequence in R
such that

(D) Xon2o o =005

(i) limsup,,_, o 2—2 <0o0r) o208, < 00.

Then lim,_, o a,, = 0.

Lemma 2.4 ([21]) Let{x,}and {z,} be bounded sequences in a Banach space X, and let { 8,,}
be a sequence in [0,1] which satisfies the condition 0 < liminf,_, ., 8, <limsup,_ ., 8. < 1.
Suppose X1 = Buxn + (1= Bu)zn, n > 0 and limsup,,_, o (|Z241 = 2all = %41 = %4 ) < 0. Then

lim,,, o6 |12 — %, || = 0.

Lemma 2.5 ([22]) Let C be a nonempty convex subset of a real qg-uniformly smooth Banach
space X and T : C — C be a \-strict pseudocontraction. For o € (0,1), we define Tyx =
(1 - a)x + aTx. Then, as o € (0, 4], u = min {1, {ZI:—:}ﬁ }, Ty : C — C is nonexpansive such
that F(T,) = F(T).

Lemma 2.6 ([23]) Let X be a q-uniformly smooth Banach space, C be a closed convex sub-
setof X, T : C — C be a nonexpansive mapping with F(T) # ) and f € Il¢ with contractive
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constant o € (0,1). Then {x,} defined by x; = tf (x,;) + (1—t) Tx, for t € (0,1) converges strongly
to a point in F(T). If we define Q : T1¢ — F(T) by

Q(f) := tlir%xt, fellg,
then Q(f) solves the following variational inequality:

(T-HQ()jq(QY) -p)) <0, feTc,peF(T).

Lemma 2.7 ([23]) Let C be a closed convex subset of a real q-uniformly smooth Banach
space X,andlet T : C — C be a nonexpansive mapping with F(T) # ). Assume that {x,} isa
bounded sequence such that x,, — Tx, — 0 as n — 00. Let x; = tf (x;) + (1 — £) Tx;, V£ € (0,1),
where f € Tl with contractive constant a € (0,1). Assume that Q(f) := lim,_, ¢ x; exists.
Then

lim sup((f - I)Q(f)’fq(xn - Q(f))> <0.

n—0o0

Lemma 2.8 Let X be a q-uniformly smooth Banach space. Let C be a nonempty closed
convex subset of X, and let S : C — C be a nonexpansive mapping and T : C — C be a
8-strict pseudocontraction such that F(S) N F(T) # (. Let W be a mapping from C into

1
itself defined by Wx = [(1 — )] + « T1Sx for any x € C, where o € (0, ), ;v = min {1, {g—‘;}q‘l 1.
Then F(W) =F(S)NF(T).

Proof First we show that F(S) N F(T) € F(W). Indeed, for any x € F(S) N F(T), we have
[(1 —a)l + aT]Sx = [(1 o)l + aT]x =(l-a)x+ax=ux,

which implies that x € F(W). Hence F(S) N F(T) € F(W) holds. Next we prove that
F(W) C F(S)NF(T). For any x € F(W) and y € F(S) N F(T), it follows from Lemma 2.2
that

llx = yl?
=|[a-1 +aT]Sx—y||q
= ||Sx—y+a(TSx—Sx)|}q
<||Sx—-y||7+ qa(TSx — S%,j4(Sx —y)) + Cyo?|| TSx — Sx||
= [|1Sx = yll7 + qot(TSx — y,j4(Sx = ¥)) + gorly — Sx,jy(Sx — y)) + Cya?|| TSx — Sx||?
< llx = yl19 + ger(ISx = yI1* - 8| TSx - Sx|17) — qar|Sx — y1| + C,e?|| TSx — Sx||

= lx = y|7 - (qad - Cya?) | TSx — Sx||%,
which implies that

(qoed — Cq?) | TSx — Sx[|7 < 0.
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Therefore we obtain

TSx = Sx. (2.2)
It follows that
X = [(1 o)l + aT]Sx =(1-a)Sx +aSx = Sx. (2.3)

This implies that x € F(S). By (2.2) and (2.3), we have x = Sx = TSx = Tx, and hence x €
F(T). So x € F(S) N F(T). Consequently, F(W) C F(S) N F(T) also holds. This proof is
complete. d

Lemma2.9 Let C beanonempty closed convex subset of a real q-uniformly smooth Banach
space X. Let the mapping A : C — X be wo-inverse-strongly accretive. Then we have

|7 =24)x = (I = 24)y " < llx =y + (CphT" — qo) M| Ax — Ay|,

1

where ). > 0. In particular, if . < (£)41, then I — AA is nonexpansive.

q¢
Cq
Proof For all x,y € C, we have by Lemma 2.2

||(I—AA)x— (I—AA)y”q = ||x—y—A(Ax—Ay)||q
<l =yl — grh{Ax — Ay, j (x - y)) + CoA7 | Ax — Ay||
<l =yl - grallAx - Ay||7 + CA | Ax - Ayl

= [lx = yll7 + (CA%™" — qor) Al Ax — Ay|| 2.

1
Therefore when A < (qC_(;) 71, we have that I — LA is nonexpansive. a

Lemma 2.10 Let C be a nonempty closed convex subset of a real q-uniformly smooth
Banach space X. Let Pc be a sunny nonexpansive retraction from X onto C. Let the map-
ping A : C — X be a-inverse-strongly accretive, and let B: C — X be B-inverse-strongly
accretive. Let G : C — C be a mapping defined by

G(x) = Pc[Pc(x — uBx) — MAPc(x — uBx)], VxeC.

1 1
Ifo<a < (%)F and 0 < pu < (%)F, then G : C — C is nonexpansive.

Proof For all x,y € C, it follows from Lemma 2.9 that

|6t -G
= | Pc[Pc(x — uBx) — AMAPc(y — uBy)] - Pc[Pc(y — uBy) — AMAPc(y — uBy)| |
< |7 = 2A)Pcl - uB)x — (I - AA)Pc( - uB)y||

< |Pctl - uB)x — Pc(l - uB)y)|
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< || - uB)x~ (I - uB)y|

< lx-l
which implies that G is nonexpansive. g

Lemma 2.11 ([23]) Let C be a nonempty closed convex subset of a real q-uniformly smooth
Banach space X. Let Pc be a sunny nonexpansive retraction from X onto C. Let A,B: C — X
be two nonlinear mappings. For given x*,y* € C, (x*, y*) is a solution of problem (1.12) ifand
only if x* = Pc(y* — AMAy*), where y* = Pc(x* — uBx™).

3 Main results

Theorem 3.1 Let C be a closed convex subset of a real q-uniformly smooth Banach space
X (g > 1) which is also a sunny nonexpansive retraction of X. Let the mapping A : C — X be
a-inverse-strongly accretive, and let B: C — X be B-inverse-strongly accretive. Let f € Tl¢
with the coefficient 0 <n <1 and T : C — C be a §-strict pseudocontraction such that F :=
F(G)NF(T) # 0, where G is defined by Lemma 2.10. For given x;, € C, let {x,,} be a sequence
generated by

Yn = Qc(®y — uBxy),
2y = Qc(yy — Ayy), (3.1)
K1 = Of (%) + BuXn + VnTo20y n>1,

where Qc is a sunny nonexpansive retraction of X onto C,0 < A < (”é—‘:)ﬁ ,0<u < (g)q%1
and Ty : C — C is a mapping defined by Tyx = (1 — 0)x + 0 Tx, where 0 € (0,p), p =
min {1, {g—f]}ﬁ }. Suppose that {a,}, {B,} and {y,} are sequences in [0,1] satisfying the fol-
lowing conditions:
(i) ant+Butyn=1

(i) lim,— o0 0t, =0, D02 @ty = 00;

(iii) 0 <liminf,_ B, <limsup,_, . Bn < 1.
Then {x,} converges strongly to Q(f), where Q(f) € F solves the following variational in-
equality:

(T-Q()ja(Qf) -p)) <0, felcpeF.

Proof First we prove that {x,} is bounded. Let W : C — C be a mapping defined by Wx =
TyGx for allx € C. By Lemma 2.8, we have F(W) = F(G)NF(T). It follows from Lemma 2.5
that T, is nonexpansive, then W is also nonexpansive. We can rewrite (3.1) as

Xni1 = of (%) + Bk + Y W, (3.2)
Take p € F, by (3.2), we have
101 = pll = Han(f(xn) —P) + Bu(xn = p) + Yu(Way —P)H

<o |[f ) = p| + Bullxn = pll + vl Wat, - pl|
<au|f@n) —f@)| + o |f®) = | + Bullxn = pll + yul Wa, - pll
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<aunllxn —pll + e |[f(B) —p| + Ball®n — Pl + Vaullxn - pl

- [1-an(t- )i —pl 1= P2

1
smax{||x1—p||,”f(f17;p”}

by induction. This implies that {x,} is bounded.

Next we show that lim,,_, oo [|%,41 — %] = 0. Put x,,41 = B, + (1 — B,)l,,, then we have

_ Kn+2 — ﬂn+1xn+1 Knsl — ,ann

bpe1 =1y =
e " 1- /Sn+1 1- ﬁn

_ %ntf Wnin) + Vid Wt f () + v Wk

- 1- ,Bn+1 1- /3”

o o
= 0 (F@ns1) = Wita1) = o (F(n) = Wit) + Wyt — Wy,
1- ﬁn+1 1- lgn
which implies
(e 7788 |
lne1 = Lull < = Hf(xnﬂ) - Wi ”
1- ﬂn+1

# g W) = Wan |+ W~ W

< lf’ﬁ(nﬂxml)n + [ W ll)
# = (G |+ NWal) + 501 =51
- :31'1

It follows that

Mt = Lall = e — ]| < —t (Jf Gnen) | + I W ll) + i(l[f(xn)n + | Wal).

1- ,Bn+1 1- ,Bn

By condition (ii), we have that

limSUP(”lml - ln” - ||xn+1 _xn”) =< 0.

n—00

By Lemma 2.4, we obtain lim,,_, « ||/, — %, || = 0. Therefore,
lim [[%,41 — x4 = lim (1~ B,)[lZ, — x4 = 0. (3.3)
n—oQ n—0oQ

Again using (3.2), we have

19041 = %ull = ”an (f(xn) _xn) + Yn(Way — %) ”

Z yn” Wxn _xn” -y Hf(xn) —Xn

’

which implies

1
” Wxn _xn” = y_[an Hf(xn) —Xn ” + ”xn+l _xn||]~
n
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By conditions (i)-(iii) and (3.3), we have
lim ||Wx, —x,| = 0. (3.4)
n— o0

Let Q(f) = lim,—, oo x; and x; be the unique fixed point of the contraction T; : C — C
given by

Twx=tf(x) +(1-)Wx, te(0,1).

In view of Lemma 2.6, we obtain Q(f) € F(W) = F which solves the following variational
inequality:

(1 -HQ).j4(Qf) -p)) <0, VpeF.

By Lemma 2.7 and (3.4), we get

lim sup(f(z) — 2, (% — z)) <0, (3.5)

n—0o0

where z = Q(f).
Finally we prove that x, — z as n — 00. In fact, by Lemma 2.1, we have

%1 — 217
= 0ulf () = 2, g (Kne1 = 2)) + Buldn — 2, jg(Fna1 — 2)) + Y Wi — 2,4 (%1 — 2))
= ou{f (%) = [ (2), jg(Xns1 — 2)) + Qlf (2) = 2,jg(Kns1 — 2)) + Bultn — 2, g (Kni1 — 2))
+ Y W — 2,/ (%1 — 2))
< aunllxn =zl 1%t = 2197 + Bulldn — 2l %1 — 2177 + illon — 2l %01 — 21|77
+ aulf (2) — 2,jg(ni1 — 2))

= [1= (= 0)]lln — 2l %1 — 217" + lf (2) = 2, g (i1 — 2)

1 -1 .
= [1 —a,(l - 77)] <5 llxn — 2|7 + qT %201 — Z”q> + O‘n(f(Z) - Z»]q(xnﬂ - Z)>r

which implies

)q(f(z) - Z:jq(xn+1 -2)) '

%001 = 2117 < [1 = ata(1 = )]l = 2I|7 + et (1 = T—n

(3.6)
Applying Lemma 2.3 to (3.6), we obtain that x, — z as » — oo. This completes the
proof. O

Corollary 3.2 Let C be a closed convex subset of a real 2-uniformly smooth Banach space
X which is also a sunny nonexpansive retraction of X. Let the mapping A : C — X be
a-inverse-strongly accretive, and let B: C — X be B-inverse-strongly accretive. Let f € Tl¢
with the coefficient 0 < <1 and T : C — C be a §-strict pseudocontraction such that
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F:=F(G)NF(T) # @, where G is defined by Lemma 2.10. For given x; € C, let {x,} be a

sequence generated by

IYn = Qc(xy — uBxy,),
Zy = QC(yn - )‘-Ayn): (37)
Xntl = anf(xn) + Buxn + Vulpzy, n=>1,

where Qc is a sunny nonexpansive retraction of X onto C,0 < A < 2,0 < pu < K% and

PR
Ty : C — C is a mapping defined by Tyx = (1 -0)x + 0Tx, 6 € (0, p), pKz min {1, K%}, where
K is the 2-uniformly smooth constant. Suppose that {«,}, {8,} and {y,} are sequences in
[0,1] satisfying the following conditions:
(i) an+Butvn=1

(i) lim,— 000t =0, > 02 @ty = 00;

(iii) 0 <liminf,_ B, <limsup,_, . Bn < 1.
Then {x,} converges strongly to Q(f), where Q(f) € F solves the variational inequality

(I-HQN.J(Q-p)) <0, feTcpeF.
Proof Take g =2 in Theorem 3.1, we obtain the desired result by Theorem 3.1. O

Corollary 3.3 Let C be a closed convex subset of a real Hilbert space H. Let the mapping A :
C — H be w-inverse-strongly accretive, and let B: C — H be f-inverse-strongly accretive.
Let f € ¢ with the coefficient 0 <n <1l and T : C — C be a §-strict pseudocontraction
such that F .= F(G)NF(T) # ¥, where G is defined by Lemma 2.10. For given x; € C, let {x,}
be a sequence generated by

Yn = PC(xn - /’Lan)’
2, = Pc(y, — Myy), (3.8)
K1 = nf (%) + Bun + VuTo20y n>1,

where 0 < A <20,0 < <2Band Ty : C — C is a mapping defined by Tyx = (1-0)x + 0 Tx,
where 0 € (0, p), p = min{1,28}. Suppose that {«,}, {B,} and {y,} are sequences in [0,1]
satisfying the following conditions:
@) an+But+va=1
(i) lim, 000, =0, Y oo @ty = 00;
(iii) 0 <liminf,_~ B, <limsup,_, ., Bn < 1.
Then {x,} converges strongly to Q(f), where Q(f) € F solves the variational inequality

(T-NHQK),Qf)-p)<0, felc,peF.

Proof We note that if X is a Hilbert space, then H is 2-uniformly smooth and C; =1,
therefore we obtain the desired result by Theorem 3.1. O

Remark 3.4 Theorem 3.1 extends and improves Theorem 3.1 of Ceng et al. [4] in the
following aspects.

(i) From a Hilbert space to a more general g-uniformly smooth Banach space.

(i) From a nonexpansive mapping to a more general strict pseudocontraction.
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(ili) From variational inequality problem (1.7) to more general variational inequality
problem (1.12).
(iv) u isreplaced by f(x,), where f is a contractive mapping.

(v) The proof method of Theorem 3.1 is more simple than the ones of Ceng et al. [4]
because we do not need to use the relaxed extragradient method. In fact, in the
course of proof of Theorem 3.1, Lemma 2.8 plays an important role. By using
Lemma 2.8, we can transform our iterative algorithm (3.1) into more

uncomplicated form (3.2). In this way, we simplify the proof of Theorem 3.1.

4 Applications
(I) Application to variational inequality problems for two strict pseudocontractive map-
pings in Hilbert space.

Definition 4.1 A mapping 7" : C — C is said to be a k-strict pseudocontractive mapping
if there exists k € [0,1) such that

1T — Ty|1? < llx =yl + k|| (1 = T)x— (I = T)y|”

, VxyeC. (4.1)

Let T : C — C be k-strict pseudocontractive, we define a mapping A=1-T:C — H,

then A isa %—inverse—strongly accretive mapping. In fact, from (4.1) we have

|- T)x - (1 - Dyy||* < llx - yI1? + k[l Ax - Ay|]%.
On the other hand,
|- T)x - - T)y||2 = lx—yl* = 2(x -y, Ax — Ay) + || Ax — Ay|*.
Hence we have
1-k 2
(x—y,Ax - Ay) > 5 [Ax - Ay|”. (4.2)

This shows that A is a %—inverse—strongly accretive mapping.
Theorem 4.2 Let C be a closed convex subset of a real Hilbert space H. Let T1, T, : C — C
be a ky-strict pseudocontractive mapping and a k,-strict pseudocontractive mapping, re-
spectively. Let f € Tl with the coefficient 0 <n <1 and T : C — C be a §-strict pseudo-
contraction such that F := F(G) N F(T) # 0, where G is defined by Lemma 2.10. For given
x1 € C, let {x,} be a sequence generated by

Vn = (1= w)xn + uToxy,
Zy = (1= A)yn + A T1yn, (4.3)

Xn+l = anf(xn) + ,ann + J/nTQZm n= 17

where 0 <A <1-k;,0<pu <1-ky and Ty : C — C is a mapping defined by Tyx = (1 -
0)x + 6 Tx, where 0 € (0, p), p = min {1,28}. Suppose that {a,}, {B,} and {y,} are sequences
in [0,1] satisfying the following conditions:
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(i) an+Butvn=1
(i) lim, o0, =0, > 02 &ty = 00;
(iii) 0 <liminf,_ s B, <limsup,_, o, Bx < 1.
Then {x,} converges strongly to Q(f), where Q(f) € F solves the following variational in-
equality:

(=P, Q) -p) <0, feTgpeF.

Proof TakingA=1-T;:C—- Hand B=1-T,:C — H, from (4.2) we know that A :
1k
2

monotone with 8 = % On the other hand, we have

C — H is a-inverse-strongly accretive with o = and B: C — H is B-inverse-strongly

2y = Pc(yn — AMAy,) = Pc((L= M)y + AT1yn) = 1= M)y, + AT1y, € C
and
Y = Pc(y — uBx,) = Pc((1 = )y + nTaxy) = (1= ), + uTox, € C.
The conclusion of Theorem 4.2 can be obtained from Theorem 3.1 immediately. O

(I) Application to equilibrium problems.
Let ¢ : C x C — R be a bifunction, where R is a set of real numbers. The equilibrium

problem for the function ¢ is to find a point x € C such that
¢(x,y) >0 forallyeC. (4.4)

The set of solutions of (4.4) is denoted by EP(¢).

For solving the equilibrium problem, we assume that the bifunction ¢ satisfies the fol-
lowing conditions (see [24]):

(A1) ¢(x,x) =0 forallx € C;

(A2) ¢ is monotone, i.e., p(x,y) + ¢p(y,x) <0 for any x,y € C;

(A3) ¢ is upper-hemicontinuous, i.e., for each x,y,z € C,

lim sup ¢(tz +(1-t)x, y) < ¢, y);

t—0%

(A4) ¢(x,-) is convex and weakly lower semicontinuous for each x € C.

Lemma 4.1 ([24]) Let C be a nonempty closed convex subset of H, and let ¢ be a bifunction
of C x C into R satisfying (A1)-(A4). Let r > 0 and x € H. Then there exists z € C such that

1
o(z,y) + ;(y—z,z—x) >0 forallyeC.

Lemma 4.2 ([25]) Assume that ¢ : C x C — R satisfies (Al)-(A4). For r >0 and x € H,
define a mapping T, : H — C as follows:

1
T,(x) = {ze C:¢(z,y) + ;(y—z,z—x) zO,VyeC}
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forall z e H. Then the following hold:
(1) T, is single-valued,;
(2) T, is firmly nonexpansive, i.e., for any x,y € H, | Trx — T,y||> < (T,x — Tyy,x — y).
This implies that || Tyx — Toy|l < |l —yll, Yx,y € H, i.e., T, is nonexpansive;
(3) F(T,)=EP(¢), Vr>0;
(4) EP(¢) is a closed and convex set.

Combining Lemma 2.8 and the proof of Theorem 3.1, we obtain the following result.

Theorem 4.3 Let C be a closed convex subset of a real q-uniformly smooth Banach space
X (q > 1) which is also a sunny nonexpansive retraction of X. Let f € I1¢ with the coefficient
0<n<landT,S:C — C be a §-strict pseudocontraction and a nonexpansive mapping,
respectively, such that F := F(S)NF(T) # (). For given x, € C, let {x,} be a sequence generated

by
X1 = Qpf (%) + By + VnToSxy, n>1, (4.5)

where Ty : C — C is a mapping defined by Tox = (1 — 0)x + 0Tx, where 0 € (0,p), p =
min {1, {g—fl}ﬁ }. Suppose that {a,}, {B.} and {y,} are sequences in [0,1] satisfying the fol-
lowing conditions:
(i) antButyn=1

(i) lim, 000, =0, > oo &ty = 00;

(iii) 0 <liminf,_ B, <limsup,_, ., Bn < 1.
Then {x,} converges strongly to Q(f), where Q(f) € F solves the following variational in-
equality:

(I-HQU)js(Q)-p)) <0, feTlcpeF.

Using Theorem 4.3, we can obtain the following strong convergence theorem for the
fixed point problem of a strict pseudocontraction and the equilibrium problem in a Hilbert

space.

Theorem 4.4 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
®: C x C — R be a bifunction satisfying conditions (Al)-(A4). Let T : C — C a é-strict
pseudocontraction such that F = F(T) NEP(®) #@. Let f : C — C be an n-contraction with
n € (0,1). Suppose that {a,}, {B.} and {y,} are three real sequences in (0,1) satisfying the
following conditions:
@) p+Bu+yn=1
(i) lim, 000, =0, > 02 &ty = 00;
(iii) 0 <liminf,_ B, <limsup,_, . Bn < 1.

For any x; € C, let {x,} be a sequence generated by

uy € C such that ®(u,,y) + %(y— Up, Uy —%,) >0, VyeC,

(4.6)
X1 = Qpf (%) + By + VuTotty, n=>1,

where Ty : C — C is a mapping defined by Tox = (1 — 0)x + 0Tx, where 0 € (0,p), p =
min {1,28}. Then {x,} converges strongly to z, where z € F solves the following variational



Cai Fixed Point Theory and Applications (2015) 2015:67

inequality:

((1 _f)erq(Z_p)> <0, fellgpeF.

Proof By Lemma 4.2, we know that 7, is nonexpansive and F(7,) = EP(¢). Hence we ob-
tain the desired result by Theorem 4.3. This proof is complete. O
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