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Abstract

We discuss the extension of some fundamental results in nonlinear analysis to the
setting of gauge spaces. In particular, we establish Ekeland type and Caristi type
results under suitable hypotheses for mappings and cyclic mappings. Our theorems
generalize and complement some analogous results in the literature, also in the sense
of ordered sets and oriented graphs. We apply our results to establishing the
existence of solution to a second order nonlinear initial value problem.
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1 Introduction
The variational principle established by Ekeland in 1972, see [1, 2], is one of the most
discussed and applied result in the context of nonlinear analysis. This principle plays a

crucial role in establishing many theoretical results. Here, we refer to the statement below.

Definition 1.1 Let (X,d) be a metric space. A function ¢ : X — [0, +00) is lower semi-
continuous at x € X if and only if, for every sequence {x,} in X with x, — x as n — +o0o,
liminf,, .00 @(%,) > @(x). Also, ¢ is lower semicontinuous if and only if it is lower semi-

continuous at every x € X.

Now, L(y) := {x € X : ¢(x) < y} is called the lower counter set defined by a point y €
[0, +00). Then the following results hold true.

Proposition 1.1 Let (X, d) be a metric space. Let ¢ : X — [0, +00) be a function. Then ¢ is

lower semicontinuous if and only if L(y) is closed for every y € [0, +00).

Theorem 1.1 ([2]) Let (X,d) be a complete metric space and ¢ : X — [0, +00] be a proper
and lower semicontinuous function. Then, for all ¢ > 0, § > 0, and xo € X such that ¢(xo) <
infyex @(x) + ¢8, there exists x* € X such that
1) o) < o(xo);
(i) d(x0,x*) <
(ili) @(x*) < @(x) + cd(x,x*) for all x # x*.

© 2015 Jleli et al; licensee Springer. This article is distributed under the terms of the Creative Commons Attribution 4.0 Inter-
national License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in
any medium, provided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons
license, and indicate if changes were made.


http://dx.doi.org/10.1186/s13663-015-0311-8
http://crossmark.crossref.org/dialog/?doi=10.1186/s13663-015-0311-8&domain=pdf
mailto:bsamet@ksu.edu.sa

Jleli et al. Fixed Point Theory and Applications (2015) 2015:62 Page 2 of 13

Of course, in the above statement we can, alternatively, consider a function ¢ : X —
(=00, +00], by adding the hypothesis that it is bounded from below. The other fundamental
theorem that we would like to discuss is the following fixed point result established by
Caristi in 1976; see [3].

Theorem 1.2 ([3]) Let (X, d) be a complete metric space and f : X — X be a mapping not
necessarily continuous. Assume that there exists a function ¢ : X — [0, +00), which is lower

semicontinuous, such that
dx,fx) < o) —o(fx) forallxeX.
Then f has a fixed point z, that is, z = fz.

Also, f is called a Caristi mapping on (X, d). The above theorems are strongly related
each other: it is well known that the results of Ekeland and Caristi are equivalent.

On the other hand, we notice that most of the spaces studied in mathematical analy-
sis, share many algebraic and topological properties as well as metric properties. Con-
sequently, there is no line separating clearly metric theory from the other topological or
set-theoretic branches. In view of this fact, many authors considered the problem of estab-
lishing theoretic results of nonlinear analysis in a metric space (see, for instance, [4—6]).
On the other hand, since several notions and theorems in the literature do not require that
all the properties of a metric hold true, various definitions of generalized metrics were in-
troduced (see, for example, [7, 8]). Here we are interested in the so-called gauge spaces
that are characterized by the fact that the distance between two points of the space may
be zero even if the two points are distinct. For instance, Frigon [9, 10], Chis and Precup [11]
gave generalizations of fixed point theorems and Ekeland’s variational principle on gauge
spaces (see also [12—15]). Consistent with this line of research, our aim is to further discuss
the above fundamental theorems, by establishing new results under modified conditions
in complete gauge spaces. In particular, we deal with ordered sets and oriented graphs.
Then, to illustrate the usefulness of our theory, we apply our results to establishing the

existence of a solution to a second order nonlinear initial value problem.

2 Preliminaries

We collect some preliminaries on gauge spaces and basic definitions.

Definition 2.1 Let X be a nonempty set. A function d : X x X — [0, +00) is called a
pseudo-metric in X whenever
(i) d(x,x) =0 forallx € X;
(ii) d(x,y) =d(y,x) forallx,y € X;
(iii) d(x,y) <d(x,z)+d(z,y) for all x,y,z € X.

Definition 2.2 Let X be a nonempty set endowed with a pseudo-metric d. The d-ball of

radius € > 0 centered at x € X is the set

B(x;d,¢) = {y eX|dx,y) < 8}.
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Definition 2.3 A family F = {d, | A € A} of pseudo-metrics is called separating if for each
pair (x,y) with x #y, there is a d; € F such that d, (x,y) # 0.

Definition 2.4 Let X be a nonempty set and F = {d, | » € A} be a family of pseudo-
metrics on X. The topology 7 (F) having as a sub-basis the family

B(F) = {B(x;dy,¢) | x € X,dy € F,e >0}

of balls is called the topology in X induced by the family F. The pair (X, 7 (F)) is called a
gauge space. Notice that (X, 7 (F)) is Hausdorff if we require that F is separating.

Definition 2.5 Let (X, 7 (F)) be a gauge space with respect to the family F = {d, | » € A}
of pseudo-metrics on X. Let {x,} be a sequence in X and x € X. Then
(a) the sequence {x,} converges to x if and only if

forall A € A and ¢ > 0, there exists N € N such that d, (x,,,x) < ¢ forall » > N.

In this case, we denote x,, % x.
(b) The sequence {x,} is Cauchy if and only if

forall A € A and € > 0, there exists N € N such that d; (%, %) <&,V > N,p e N.

(c) (X, T(F))is complete if and only if any Cauchy sequence in (X, T (F)) is convergent
to an element of X.

(d) A subset of X is said to be closed if it contains the limit of any convergent sequence
of its elements.

For complete reading on gauge spaces we suggest [16]. Notice that every metric space is
a pseudo-metric space. Also, if a pseudo-metric d is not a metric, it is because there are at
least two points x # y for which d(x,y) = 0. In most situations this does not happen, which
means that metrics come up in mathematics more often than pseudo-metrics; however,
pseudo-metrics arise in a natural way in functional analysis and in the theory of hyperbolic
complex manifolds [17].

Frigon in 2011, see [10], proved useful generalizations of the Ekeland variational princi-
ple and Caristi’s fixed point theorem in complete gauge spaces. However, in establishing
her results, she does not require that the family F is separating, but she uses a gauge struc-
ture {d, | n € N} satisfying the following condition:

di(x,y) <dy(x,y) <--- forallx,yeX. @)

Theorem 2.1 ([10]) Let X be endowed with a complete gauge structure {d, | n € N} satis-
fying condition (1). For every n € N, let ¢,, : X — [0, +00] be a proper and lower semicontin-
uous function. Then, for all sequences of positive numbers {c,}, {5,,}, and xo € X such that
On(x0) < infrex @u(x) + .8, there exists x* € X such that
(i) @u(x*) < @ulxo) forall n e N;
(il) dy(xo,x*) <8, forallneN;
(iii) for all x # x*, there exists n € N such that ¢,(x*) < ¢.(x) + cudy(x, x*).
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Theorem 2.2 ([10]) Let X be endowed with a complete gauge structure {d, | n € N} satis-
fying condition (1). Let f : X — X be a mapping. For everyn € N, let ¢, : X — [0, +00) be a
lower semicontinuous function such that

du(x, %) < 0u(x) — @u(fx) forallx e X.
Then f has a fixed point z, that is, z = fz.
3 Main results
3.1 Some consequences of Frigon’s theorems

Inspired by the significant work of Frigon [10], we give some consequences of Theorem 2.2.

Theorem 3.1 Let X be endowed with a complete gauge structure {d,, | n € N} satisfying
condition (1). Let T,f : X — X be two mappings with T continuous. For every n € N, let r,,

be a negative real number such that
dy(x, Tfx) < d,(x, Tx) + r,d,(x,fx) forallx € X. (2)

Then f has a fixed point z, that is, z = fz.

Proof The continuity of T implies that the function ¢, : X — [0, +00) defined by

1
0u(y) :i=——d,(y, Ty) forallyeX,
T
is lower semicontinuous. From (2), we get
d (%, fx) < @n(x) — @u(fx) forallx e X.

Thus, by Theorem 2.2, f has a fixed point. 0

Theorem 3.2 Let X be endowed with a complete gauge structure {d, | n € N} satisfying
condition (1). Let f : X — X be a mapping. For every n € N, let k,, € [0,1) be such that

d, (fx,fzx) < k,d,(x,fx) forallxeX. (3)

If one of the following conditions holds:
(i) the function hy, : X — [0, +00) defined by hy,(x) := d,(x,fx) is lower semicontinuous;
(ii) the mapping f is continuous;

then f has a fixed point in X.

Proof Note that (ii) implies (i). In fact, let x € X and {x,,} C X such that x,, > x as m —

+00 and assume that f is continuous. From

hn(x) = dn(x’fx) =< dn(x;xm) + dn(xm:fxm) + dn(fxm: x)
= dn(xrxm) + hn(xm) + dn(fxm:fx))
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we get
h,(x) < liminf &, (x,,).

m—+00

Now, we prove that f has a fixed point in X if (i) holds. By (3), we have
d,(x,fx) — k,d,(x,fx) < d,(x,fx) —d, (fx,f2x) for allx € X.

This implies that
dy(x,fx) < 0u(x) — @u(fx) forallx € X,

where ¢, : X — [0, +00) is defined by

1
on(y) = ﬁdn(y,fy) forall y € X.

Now, by (i), the function ¢, is lower semicontinuous for all # € N. Thus, the existence of
a fixed point follows by an application of Theorem 2.2. d

As consequences of Theorem 3.2, we give the following results, without proof. For the
origin of Theorem 3.4 and different contractive conditions, see [18, 19].

Theorem 3.3 Let X be endowed with a complete gauge structure {d, | n € N} satisfying
condition (1). Let f : X — X be a mapping. For every n € N, let k,, € [0,1) be such that

du(fx,fy) < k,d,(x,y) forallx,y e X. (4)
Then f has a fixed point in X.

Theorem 3.4 Let X be endowed with a complete gauge structure {d, | n € N} satisfying
condition (1). Let f : X — X be a mapping. For every n € N, let k,, € [0,1) be such that

d,(x,fy) + d,(y,fx)
2

dn(fx.fy) < kn maX{ An(%,9), dn(x, fX), dn (3, f7), } forall x,y € X.

If one of the following conditions holds:
(i) the function h, : X — [0, +00) defined by h,(x) := d,,(x, fx) is lower semicontinuous;
(ii) the mapping f is continuous;

then f has a fixed point in X.

Example 3.1 Let X =R and, for any n € N, define
du(x,y) = . |x2 —yz{ forall x,y € X.
n+l

Clearly, {d, | n € N} is a complete gauge structure satisfying condition (1). Also, define
f:X — Xby fx=7 forallx € X. Now, for every n € N, let k, € [%,1) so that condition (4)
is satisfied for all x, y € X. Therefore, f has a fixed point in X; here 0 is a unique fixed point

of f.
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3.2 Results for cyclic mappings

In [20], Kirk ez al. obtained extensions of well-known fixed point theorems for cyclic map-
pings, by considering, for instance, a cyclical contractive condition as given by the next
theorem.

Definition 3.1 Let A, B be two nonempty subsets of a metric space (X, d). Thenf: X — X
is called a cyclic mapping associated to (A4, B) if the following conditions hold:

(i) X=AUB;

(i) f(A) €S Bandf(B) C A.

Theorem 3.5 ([20]) Let A, B be two nonempty closed subsets of a metric space (X,d) and
f:X — X be a cyclic mapping associated to (A, B). Let k € (0,1) be such that

d(fx,fy) < kd(x,y) forallx e A andy e B.

Then f has a unique fixed point in A N B.

Inspired by this result, other fixed point theorems with cyclical contractive conditions
were obtained (see, for instance, [21-23]). Our aim in this section is to prove some fixed
point theorems for cyclic mappings in complete gauge spaces. First, we state the extension
of Theorems 3.3 and 3.5 for a cyclic mapping and a complete gauge structure.

Theorem 3.6 Let X be endowed with a complete gauge structure {d, | n € N} satisfying
condition (1). Let A, B be two nonempty closed subsets of X and f: AUB — AUB be a
cyclic mapping associated to (A, B). For every n € N, let k,, € [0,1) be such that

du(fx,fy) < k.d,(x,y) forallx € AandyeB.
Then f has a fixed point in AN B.
Now, we prove the following theorem.

Theorem 3.7 Let X be endowed with a complete gauge structure {d, | n € N} satisfying
condition (1). Let A, B be two nonempty closed subsets of X and f : AUB — AUB be a cyclic
mapping associated to (A, B). For every n € N, let ¢} : A — [0, +00) and ¢? : B— [0, +00)
be lower semicontinuous functions such that

d(x, fx) < gp(x) — 2(fx) forallx € A (5)
and

dux,f) < 2(x) - @L(f) forall x € B, ©)
Then f has a fixed point in AN B.

Proof Let x; € A and let x,,,,1 = fx,, for all m € N. From (5) and (6) we get

<P},(x1) > §05(x2) =z = ¢i(x2m—1) > </’5(x2m) =
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This implies that the sequences {¢},(¥2,,-1)} and {¢?2(x2,,)} are non-increasing and have the
same limit, say 7 > 0. Let p > m. Then

2p

dn(me—lxep) = Z dn(xk—bxk)

k=2m
1 2 2 1 1 2
< @, (2m-1) = 0, (%2m) + 0, (X2m) = @, (K2me1) + - -+ + 0, (x2p-1) — @}, (%2p)

= O (Xom-1) — @2 (x2p) = 0 (as m — +00).

Since d,, (%, X141) — 0 as m — +00, we see that {x,,} is a Cauchy sequence and AN B # (.

Now, we have the following:

dy(x,fx) < min{g, (x) — 7 (fx), pp(x) — @, (fx)} forallx € ANB.
Thus,

dy(x,fx) < @u(x) — u(fx) forallx e ANB,

where ¢, : ANB — [0, +00) is defined by ¢,,(x) := 1(¢}(x) + 2(x)) for all x € AN B. Clearly,
¢y, is lower semicontinuous and, hence, the conclusion follows from Theorem 2.2. O

Example 3.2 Let A = B= X = [0, +00) and define

0 ifx=yorxye[0,1],
di(x,y) =
1 otherwise,

and, for any n € N\ {1},

dy1(x,y) ifx,ye[0,n],
du(x,y) =
n otherwise.

Clearly, {d, | n € N} is a complete gauge structure satisfying condition (1). Also, let f : X —
X be defined by

0 ifxée(L2],
1 ifxe(L2].

X =

It follows that

0 ifxe[0,1],
dy (%, fx) =
1 otherwise,

and

dy1(x, fx) ifxe(0,n],

dy(x,fx) =
n otherwise.



Jleli et al. Fixed Point Theory and Applications (2015) 2015:62 Page 8 of 13

Notice that ¢ : X — X, defined by

0 ifxe[0,1],
p(x) = )
x otherwise,

is a lower semicontinuous function such that d,(x, fx) < ¢(x) — ¢(fx), for all x € X. Thus,
we can apply Theorem 3.7, with (p,l, = <pﬁ = ¢, to conclude that f has a fixed point; here 0
and 1 are fixed points of f.

The following result uses a nice contractive condition introduced by Geraghty in 1973;
see [24].

Theorem 3.8 Let X be endowed with a complete gauge structure {d, | n € N} satisfying
condition (1). Let A, B be two nonempty closed subsets of X and f: AUB — AUB be a

cyclic mapping associated to (A, B). For every n € N, let o, : [0, +00) — [0,1) be such that
ay(tm) — 1 implies t,, — 0. Assume that, for every n € N, the following condition holds:

du(fx, fy) <oy (dn(x,y))dn (x,y) forallxe AandyeB. (7)
Then f has a fixed point in AN B.
Proof Letx; € A and let x,,,1 = fx,,, for all m € N. From (7), we deduce that

A (X1 %ms2) < On (Ao (s Xins1) ) Ay Sy Xima1) < g (Kons X1
and so the sequence {d,, (%, %+1)} is non-increasing and bounded from below. This im-

plies that there exists r,, > 0 such that d,,(x,,, X,,s1) — 1, as m — +o0o. If r,, > 0. Then,

by (7), we obtain

dn(xm+1’xm+2)
— =y dn(xm;xm ) .
e ) = )

Letting m — +00, we deduce that «,,(d, (%, %1,+1)) — 1 and so d, (X, X1m+1) — 0. To show
that the sequence {x,,} is Cauchy, we suppose the contrary. Assume that, given k € N, there
exist m > p > k such that

An(Xop-1,Xom) > €.
From

dn (pr—l: me) = dn (x2p—l’ pr) + dn (pr’ x2m+1) + dn (x2m+1: me);

we get

[1 — Uy (dn (pr—lr x2m))]8 =< [1 —Qy (dn (pr—l: x2m))]dn (pr—l: x2m)

= dn (pr—l: pr) + dn (x2m+1: x2m)~
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Letting p, m — +00, we deduce that «,,(d, (%21, %2,»)) — 1 and so d,,(x2p_1,%2,,) — 0. This
implies that the sequence {x,,} is Cauchy. Then A N B # # and «x,, - z € A N B. Since
f:ANB— AN Bis continuous, we get z = fz, that is, z is a fixed pointof f in ANB. O

4 Ordered sets and oriented graphs
In this section, we adapt the ideas in [25] to get further theorems in complete gauge spaces.

4.1 Fixed points of monotone non-decreasing mappings
Let (X, <) be a partially ordered set and f : X — X be a mapping. Then f is said to be a

monotone non-decreasing mapping if the following condition holds:
x<y << fx=<fy forallx,yeX.
Also, two elements x,y € X such that x < y are said to be comparable.

Theorem 4.1 Let (X, <) be a partially ordered set endowed with a complete gauge struc-
ture {d, | n € N} satisfying condition (1). Let f : X — X be a continuous and monotone
non-decreasing mapping. For every n € N, let ¢, : X — [0, +00) be a lower semicontinuous

function such that
dy(x,fx) < @u(x) — u(fx)  forall x € X with fx < x.
Then f has a fixed point if and only if there exists xo € X with fxo < xy.

Proof Let x¢ € X with fxo < x¢ and let x,, = fx,,_; for all m € N. Since f is monotone non-

decreasing, then x,,,; < x,, for every m € N. Therefore, for every m,n € N, we have

dn(xm7xm+1) = (pn(xm) - gorl(xm+1)~

This implies that the sequence {¢,(x;,)} is non-increasing and so there exists r,, > 0 such

that ¢, (x,,) — r, as m — +00. For every m, n,p € N, we get

p-1
dn(xm’xm+p) =< Zd(xm+i)xm+i+l)

i=0

< @n(Xm) — (pn(xnup)'

This implies that {x,,} is a Cauchy sequence in X. Now, by completeness, there exists z € X
such that x,, — z as m — +oo. Finally, by continuity of f we conclude that fz = z, that is,
z is a fixed point of f.

On the other hand, if % is a fixed point of f, then x¢ = fxo and so the order relation
fxo X xo is trivially satisfied. This completes the proof. O

Remark 4.1 The novelty of the last theorem over the corresponding theorem without
ordering is due to the fact that the contractive behavior of f is restricted to the elements

x € X which are comparable to fx.
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4.2 Fixed points of G-edge preserving mappings
Definition 4.1 A graph G is an ordered pair (V,E), where Visasetand EC V x Visa
binary relation. We say that V' is the vertex set and E is the edge set.

We refer the reader to [26] for a more detailed background on this topic.

Definition 4.2 Let G = (V,E) be a graph and D be a subset of V. We say that D is G-
directed if for every x,y € D, there exists z € V such that (x,2), (y,2) € E.

Example 4.1 Let V = F([0,1],R) be the set of functions u : [0,1] — R and define E C
V x V by

(u,v) e E << u(t) <v(t) forallte][0,1].
Then G = (V,E) is a graph. Let D = M([0,1],R) be the set of measurable functions u :
[0,1] — R. Then D is G-directed. Indeed, for every u,v € D, the function z = max{u, v}

satisfies (u,z), (v,z) € E.

Let (V,d) be a metric space. We consider a family G = {G;:1 <i < g} of g > 1 graphs
suchthat G; = (V,E;),E;CV x V,i=12,...,q.

Definition 4.3 Letf:V — V be a given mapping. We say that f is G-monotone if for all
i=12,...,q, wesee that (x,y) € E; implies that (fx,fy) € E;1, with E;,, = E;. Consequently,
(f*ix,fy) € E; for each nonnegative integer number & if f is G-monotone.

Remark 4.2 If g =1 (G = G;), we say that f is G-edge preserving; see [27].

Building on Theorem 4.1, we give a further generalization of Caristi type, by substituting

the ordering relation with an oriented graph.
Theorem 4.2 Let X be a complete gauge structure {d, | n € N} satisfying condition (1).
Let G be an oriented graph on X such that (x,x) € E(G) for allx € X. Let f : X — X be

a continuous and G-edge preserving mapping. For every n € N, let ¢, : X — [0, +00) be a

lower semicontinuous function such that
d,(x,fx) < @u(x) — ,(fx)  for all x € X with (fx,x) € E(G).
Then f has a fixed point if and only if there exists xy € X with (fxo,x0) € E(G).
Proof Let x¢ € X such that (fxo,x0) € E(G) and let x,, = fx,, 1 for all m € N. Since f is G-

edge preserving, by Definition 4.3 and in view of Remark 4.2, we deduce that (x,,,41, %) €

E(G) for every m € N. Then, for every m, n € N, we get

dn(xmvxm+1) = (pn(xm) - (pn(xm+1)~
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This implies that the sequence {¢,(x;,)} is non-increasing and so there exists r,, > 0 such

that ¢, (x,,) — r, as m — +oo. For every m, n,p € N, we have

p-1
dn(xm:xrmp) = Zd(xmﬂ;xmﬂﬂ)

i=0

=< (Pn(xm) - q)n(xmﬂ?)'

This implies that {x,,} is a Cauchy sequence in X. Now by completeness, there exists z € X
such that x,, — z as m — +oo0. Finally, by continuity of f we conclude that fz = z, that is,
z is a fixed point of f.

On the other hand, if % is a fixed point of f, then (fxo,%) € E(G), since by hypothesis
(%, x) € E(G) for all x € X. This completes the proof. O

5 Application to ordinary differential equation
A typical application of fixed point methods is in establishing sufficient conditions for the
existence of solution of integro-differential problems. Referring to [14], we consider the

following second order nonlinear initial value problem:
®"(6) = k(t,x(2), £>0,
x(0) = a, (8)
%'(0) =B,

where k : [0,+00) x R” — R” is a continuous function. It is well known that the above

problem is equivalent to the following integral equation:

x(t) = /t(t - 9)k(s,x(s))ds+ Bt +a, £>0.
0

Let X = C([0, +00), R") be the set of continuous functions defined on [0, +00). Then, for

every n € N, we consider the semi-norm || - ||,, : X — [0, +00) given by
[lxll, = tr£3§]|x(t)| forallx € X,
where | - | denote the norm in R”. Also, for every n € N, let
dn(x,y) = lx—yll, forallx,yeX.
Clearly, F = {d, | n € N} is a family of pseudo-metrics on X satisfying condition (1). Also,

(X, T (F)) is a complete gauge space.

We shall prove the following theorem.

Theorem 5.1 For every n € N, assume that the following condition holds:

|k(s,%(5)) = k(s,5(9))| < y(s)[1 - ™™ =EIU]  for each s € [0,n] and for all x,y € X,
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and y : [0,+00) — [0,+00) is such that the function t — fot(t — s)y(s)ds is bounded on
[0, +00) and

sup/ot(t—s)y(s)ds <1

20
Then the second order nonlinear initial value problem (8) has a solution x* € C([0, +00),

R").

Proof Consider the operator f : X — X defined by

fx(t) = /Ot(t—s)k(s,x(s)) ds+Bt+a, t>0,xeX,

which is well defined, since k is a continuous function.

It is immediate that x* is a solution of (8) if and only if x* is a fixed point of f. Then we
need to show that Theorem 3.8 is applicable to the operator f to conclude the proof of
Theorem 5.1.

Let n € N and let x,y € X, then for all £ € [0, n] we write

|f(8) = fy(8)| < /(; (t - 9)|k(s,9(5)) — k(5,%(5)) | ds
= /t(t - s)y(s)[l - e—min{dn(x,y),ll] ds
0

t
< [1 - e mintédnt) ] /0 (t-s)y(s)ds

<1- e—min{dn(x,y),l}

Then, for all n € N, we get
d,(fx,fy) <1 — e M@ for all g,y € X,

which further gives us

—min{dy(x,y),1}

(e fy) < =

min(dy e )1y 7

Notice that, for every n € N, the function «,, : [0, +00) — [0, 1) given by

e min(r,l)_l

—min{z,1}

ift>0,
ift=0,

a,(t) = )
2

is such that «,(t,,) — 1 implies t,, — 0, as m — +00. Thus, by an application of Theo-
rem 3.8 with A = B = X, we see that f has a fixed point x* € X, that is, x* € C([0, +00), R")
is a solution of (8). a
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