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Abstract

In this article, we first give an existence and uniqueness common best proximity
points theorem for four mappings in a metric-type space (X, D,K) such that D is not
necessarily continuous. An example is also given to support our main result. We also
discuss the unique common fixed point existence result of four mappings defined on
such a metric space.
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1 Introduction and preliminary

Fixed point theory is essential for solving various equations of the form Tx = x for self-
mappings T defined on subsets of metric spaces or normed linear spaces. Given non-void
subsets A and B of a metric space and a non-self-mapping 7': A — B, the equation Tx = x
does not necessarily have a solution, which is known as a fixed point of the mapping T
However, in such conditions, it may be considered to determine an element x for which
the error d(x, Tx) is minimum, in which case x and Tx are in close proximity to each other.
It is remarked that best proximity point theorems are relevant to this end. A best proximity
point theorem provides sufficient conditions that confirm the existence of an optimal solu-
tion to the problem of globally minimizing the error d(x, Tx), and hence the existence of a
complete approximate solution to the equation 7Tx = x. In fact, with respect to the fact that
d(x, Tx) > d(A, B) for all x, a best proximity point theorem requires the global minimum of
the error d(x, Tx) to be the least possible value d(A, B). Eventually, a best proximity point
theorem offers sufficient conditions for the existence of an element x, called a best prox-
imity point of the mapping 7, satisfying the condition that d(x, Tx) = d(A, B). Moreover,
it is interesting to observe that best proximity theorems also appear as a natural general-
ization of fixed point theorems, for a best proximity point reduces to a fixed point if the
mapping under consideration is a self-mapping.

A study of several variants of contractions for the existence of a best proximity point can
be found in [1-7]. Best proximity point theorems for multivalued mappings are available in
[8-14]. Eldred ez al. [15] have established a best proximity point theorem for relatively non-
expansive mappings. Further, Anuradha and Veeramani have investigated best proximity
point theorems for proximal pointwise contraction mappings [16].

On the other hand, Khamsi and Hussain [17] generalized the definition of a metric and
defined the metric-type as follows.
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Definition 1.1 [17] Let X be a non-empty set, K > 1 be a real number, and let the function
D : X x X — R satisfy the following properties:
(i) D(x,y)=0ifand onlyifx =y;
(i) D(x,y) = D(y,x) for all x,y € X;
(i) D(x,z) < K(D(x,y) + D(y,2)) for all x,y € X.
Then (X, D, K) is called a metric-type space.
Obviously, for K =1, a metric-type space is simply a metric space.

Afterward, other authors proved fixed point theorems in metric-type space [18-20].
Given two non-empty subsets A and B of a metric-type space (X, D, K), the following
notions and notations are used in the sequel.

D(A,B) =inf{d(x,y): x € A,y € B};
Ag = {x € A:D(x,y) = D(A, B) for some y GB};

By ={y € B: D(x,y) = D(A, B) for some x € A}.

This study focuses upon resolving a more general problem as regards the existence of
common best proximity points for pairs of non-self-mappings in metric-type space. As a
result, the finding of this study verifies a common global minimal solution to the problem
of minimizing the real valued multi-objective functions x — d(x,Sx) and x — d(x, Tx),
which in turn gives rise to a common optimal approximate solution of the fixed point
equations Sx = x and Tx = x, where D is a metric-type space and the non-self-mappings
S§S:A — Band T : A — B satisfy a contraction-like condition. Our best proximity point
theorem generalizes a result due to Sadiq Basha [21]. Further, a common fixed point the-
orem for commuting self-mappings is a special case of our common best proximity point

theorem. Now, we review some definitions used throughout the paper.

Definition 1.2 An element x € A is said to be a common best proximity point of the non-
self-mappings fi,f2, . ..,fu : A — B if it satisfies the condition that

D(x,fix) = D(x, fox) = - - - = D(x, fux) = D(A, B).

Definition 1.3 The mappingsS: A — Band T : A — Bare said to be commute proximally
if they satisfy the condition that

[D(u, Sx) = D(v, Tx) = D(A,B)] = Sv=Tu.

Definition 1.4 If Ay # @ then the pair (A4, B) is said to have P-property if and only if for
any x;,% € Ag and y,, ¥, € By

D(xlryl) = D(A7 B);

- D(xler) =D()’1,y2)-
D(x27y2) = D(A7 B)

2 Main result

We begin our study with the following definition.
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Definition 2.1 Let A and B be two non-empty subsets of a metric-type space (X, D, K).
Non-self-mappings f,g,S, T : A — B are said to satisfy a K-contractive condition if there

exists a non-negative number o < % such that for each x,y € A

1
D(fx,gy) < @ max {D(Sx, Ty), D(fx, Sx), D(Ty, gy), K [D(Sx, gy) + D(fx, Ty)] }

Theorem 2.2 Let A and B be non-empty subsets of a complete metric-type space (X, D, K).
Moreover, assume that Ay and By are non-empty and Ag is closed. Let the non-self-
mappings f,g,S, T : A — B satisfy the following conditions:
(i) {f,S} and {g, T} commute proximally;

(ii) the pair (A, B) has the P-property;

(iti) f, g, S and T are continuous;

(iv) f,g S, and T satisfy the K-contractive condition;

(v) f(Ao) S T(Ao), g(Ao) S S(Ag) and g(Ag) S By, f(Ag) S Bo.
Thenf, g, S, and T have a unique common best proximity point.

Proof Fix xo in Ay, since f(Ao) € T(Ay), then there exists an element x; in A such that
f(x0) = T(x1). Similarly, a point x, € Ag can be chosen such that g(x;) = S(x;). Continuing
this process, we obtain a sequence {x,} € Ay such that f(x,,) = T(x2,41) and g(x,41) =
S(*2n42)-

Since f(Ao) € By and g(Ao) € By, there exists {u,} € Ao such that
D(”Zn:f(x2n)) =D(A,B) and D(u2n+1;g(x2n+l)) =D(A,B). 1)

Since the pair (A, B) has the P-property, by (1) we have

D(”an u2n+1) = D(fomngnJrl)
< omax {D(Sme Tx2n+1)r D(fonr sz;q): D( Tx2n+1:gx2n+1)r

1

K [D(S%ams @%2me1) + D(fi2 Thomi1) | }

< amax {D(u2n—l; o)y Do, Uan-1), Doy, Uapi1),

1
2_1( [D(MZn—I; u2n+1) + D(”an u2n)] };

thus (note that 5% D(u2,-1, #ani1) < 5 [D(tn-1, zu) + D(thon, tigni1)] and o < 1)
D(tson, Uops1) < D (U1, Usy). (2)
Similarly

D(u241, Uzne2) = D(fX24258%2041)

<« maX{D(szmz, Tx241)s D(fX21425 S%2142)s D(Tk 21415 8%02041)s
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1
2K [D(Sx2n+21gx2n+1) + D(fx242, Tx2n+1)] }

<o maX{D(MZVHI: u2n)7D(u2n+27 u2n+1)’D(u2n: u2n+l);

1

7K [D(Wns1s Uane1) + Dtz tion) | },

thus (note that 55 D(t2ns2, Uzn) < 3 [D(Uans2, thans1) + D(thzns1, u20)] and a < 1)

D11, Uons2) < aD(tho, Uzps1)- 3)
Therefore, by (2) and (3) we have

D, ns1) < aD(ty-1, 1),
and then

D(y, uns1) < o D(ug, up). (4)
Let m,n € N and m < n; we have

D(tty, ) < K[D(thyy thns1) + D(thysn, t4) |
< KD(thyn, thns1) + K2 [D(thyars mr2) + D(thiz, )]
<.
< KDy, hie1) + K2D (s, hpman) + - - -
+ K" D(thyosy thnr) + Dttt |
< KDty thys1) + K2D (i1, ynsn) + - - -

+ K" Dty 1) + K" D(thyyoy, th).
Now (4) and K« < 1 imply that

D(thy, ) < (Ko™ + K2 4 -+ + K" 1) D(uo, 1)
<Ka"(L+Ka + -+ (Ka)"™" ) D(ug, u1)

Ko™
<
T 1-Ka

D(ug,u1) > 0 when m — oc;

then {u,} is a Cauchy sequence.

Since {u,} C Ao and Ay is a closed subset of the complete metric-type space (X, D, K),
we can find u € Ay such that lim,,_, o 4, = u.

By (1) and because of the fact {f,S} and {g, T} commute proximally, fits,1 = Sus, and
guoy = Tugysn. Therefore, the continuity of f, g, S, and T and n — oo ascertain that fu =
gu="Tu = Su.

Since f(Ao) C By, there exists x € A such that

D(A, B) = D(x, fu) = D(x, gu) = D(x, Su) = D(x, Tu).
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As {f,S} and {g, T} commute proximally, fx = gx = Sx = Tx. Since f(Ao) C By, there exists
z € A such that

D(A, B) = D(z,fx) = D(z,gx) = D(z,Sx) = D(z, Tx).
Because the pair (A4, B) has the P-property

D(x,z) = D(fu, gx)

<« max{D(Su, Tx), D(fu, Su), D(Tx, gx), 2%( [D(Su,gx) + D(fu, Tx)] }

<a max{D(x, 2), D(x,x), D(z, ), 217( [D(x, 2) + d(x, z)]}

< aD(x,z),
which implies that x = z. Thus, it follows that
D(A, B) = D(x, fx) = (x,gx) = (%, Tx) = (x, Sx), (5)

then x is a common best proximity point of the mappings f, g, S, and T
Suppose that y is another common best proximity point of the mappings f, g, S, and T,
so that

D(A, B) = D(y.fy) = 0».gy) = 05 Ty) = (0, Sy)- (6)
As the pair (A, B) has the P-property, from (5) and (6), we have
D(x,y) < aD(x, ),
which implies that x = y. O
Now we illustrate our common best proximity point theorem by the following example.

Example 2.3 Let X = [0,1] x [0,1]. Suppose that D(x,y) = d>(x,y) for all x,y € X, where d
is the Euclidean metric. Then (X, D, K) is a complete metric-type space with K = 2. Let

A:={0x):0=<x<1}, B:={Qy:0=<y<1}.

Then D(A,B)=1,A¢ =A,and By = B. Letf, g, S,and T be defined as f(0,y) = (1, %),g(O,y) =
1, %), 8(0,9) = 1, 9), and T(0,y) = (1, %). Then for all x and y € X we have

2
x 1
D(fx,gy) = (g - 3y—2> = 6_4D(Sx’ Iy).

Now, all the required hypotheses of Theorem 2.2 are satisfied. Clearly (0, 0) is unique
common best proximity point of f, g, S, and T.

By Theorem 2.2 we also obtain the following common fixed point theorem in metric-
type space.
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Theorem 2.4 Let (X, D, K) be a complete metric-type space. Let f,g,S, T : X — X be given
continuous mappings satisfying the K-contractive condition such that S and T commute
with f and g, respectively. Further let f(X) C T(X), g(X) C S(x). Then f, g, S, and T have a

unique common fixed point.

Proof We take the same sequence {u,} and u as in the proof of Theorem 2.2. Due to the

fact that S and T commute with f and g, respectively, we have
Suton-1 = Stiay, guoy = Tuoy.
By continuity of f, g, S, T, and n — oo we have
fu=Su, gu =Tu. 7)

Since f,g,S, T : X — X satisfy the K-contractive condition, and by (7),

D(fu,gu) <« max{D(Su, Tu), D(fu, Su), D(Tu, gu), % [D(Su,gu) + D(fu, Tu)] }

1

<« max{D(fu,gu),D(fu,fu),D(gu,gu), 5K

[(fu, gu) + (fu, gu) | },

we have D(fu, gu) < aD(fu, gu). Therefore fu = gu, and by (7), fu = gu = Su = Tu.

We set w = fu = gu = Su = Tu. Because of the fact that 7 commutes with g we obtain
gw=gTu = Tgu = Tw,
and
D(w,gw) = D(fu,gw)
<a max{D(Su, Tw), D(fu, Su), D(Tw, gw), % [D(Su,gw) + D(fu, Tw)] }
<a max{D(w,gw),D(w, ), Dlgw, ), 51,9 + (0, )] }
Therefore, D(w, gw) < aD(w, gw) and consequently
w=gw=Tw. 8)
Similarly, we can show that
w=fw = Sw. )
Hence, by (8) and (9) we deduce that w = fw = gw = Sw = Tw. Therefore, w is a common

fixed point of f, g, S, and T.
Assume to the contrary thatp=fp=gp=Sp=Tpandg=fg=gg=Sq=Tgbutp #q.



Lo'lo’ et al. Fixed Point Theory and Applications (2015) 2015:47 Page 7 of 7

We have
D(p,q) = D(fp,gq)

<a max{D(Sp, 1q), D(fp, Sp), D(1q, g9), 217 [D(Sp.gq) + D(fp, Tg) ] }

<a maX{D(p» 9),Dw,p), D(q, q), 2%( [(p.9) + (@] }

Consequently D(p,q) < aD(p,q) and « < 1; then D(p, q) = 0, a contradiction. Therefore, f,
g, S, and T have a unique fixed point. d
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