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Abstract

We introduce the new classes of Kannan-type maps with respect to u-distance and
prove some fixed point theorems for these mappings. Then we present several
examples to illustrate the main theorems.

1 Introduction
A mapping T on a metric space (X, d) is called Kannan if there exists « € [0, %) such that

d(Tx, Ty) < ad(x, Tx) + ad(y, Ty) (1.1)

for all x,y € X. Kannan [1] proved that if X is complete, then a Kannan mapping has a
fixed point. It is interesting that Kannan’s theorem is independent of the Banach contrac-
tion principle [2]. Also, Kannan’s fixed point theorem is very important because Subrah-
manyam [3] proved that Kannan’s theorem characterizes the metric completeness. That
is, a metric space X is complete if and only if every Kannan mapping on X has a fixed
point.

Using the concept of Hausdorff metric, Nadler [4] proved the fixed point theorem for
multi-valued contraction maps, which is a generalization of the Banach contraction prin-
ciple [2]. Since then various fixed point results concerning multi-valued contractions have
appeared; for example, see [5—7] and the references cited there.

Without using the concept of Hausdorff metric, most recently Dehaish and Latif [8]
generalized fixed point theorems of Latif and Abdou [9], Suzuki [10], Suzuki and Takahashi
[11].

In 1996, Kada et al. [12] introduced the notion of w-distance and improved several clas-
sical results including Caristi’s fixed point theorem. Suzuki and Takahashi [11] introduced
single-valued and multi-valued weakly contractive maps with respect to w-distance and
proved fixed point results for such maps. Generalizing the concept of w-distance, in 2001,
Suzuki [10] introduced the notion of t-distance on a metric space and improved several
classical results including the corresponding results of Suzuki and Takahashi [11]. In 2010,
Ume [13] introduced the new concept of a distance called u-distance, which generalizes
w-distance, Tataru’s distance and 7-distance. Then he proved a new minimization theo-
rem and a new fixed point theorem by using u#-distance on a complete metric space.

Distances in uniform spaces were given by Valyi [14]. More general concepts of distances
were given by Wlodarczyk and Plebaniak [15-18] and Wlodarczyk [19].

In this paper, we introduce the new classes of Kannan-type multi-valued maps without
using the concept of Hausdorff metric and Kannan-type single-valued maps with respect
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to u-distance and prove some fixed point theorems for these mappings. Then we present
several examples to illustrate the main theorems.

2 Preliminaries
Throughout this paper we denote by N the set of all positive integers, by R the set of all
real numbers and by R, the set of all nonnegative real numbers.

Ume [13] introduced u-distance as follows: Let X be metric space with metric d. Then
a function p : X x X — R, is called u-distance on X if there exists a function 6 : X x X x
R, x R, — R, such that the following hold for x,y,z € X:

(1) p(x,2) < px,y) +p(y,2).

(#2) 6(x,9,0,0) =0and O(x,y,s,t) > min{s, ¢} for allx,y € X and s, ¢ € R,, for any x € X and
for every ¢ > 0, there exists § > 0 such that |s —so| < 8, |t — £o] < 8, 8,80, to € R, and
y € X imply |0(x,,s,t) — 0(x, 9,50, t0)| < &.

(u3) lim,—oox, = x and lim,_, oo SUP{O Wy, 20, PWins X1), P2, X))+ m > 1} = 0 imply
p(,x) <lim,_, o infp(y,x,) for all y € X.

(114) lim,, oo sup{p(x,, wy,) : m > n} = 0, lim,,_, oo SUp{p(Yp, 2) : M > 1} = 0, lim,,_, o, O(x,,,
Wi, S ty) = 0 and 1imy,—0 0V, 2 S £y) = 0 imply limy,—, 00 O (Wy, 2y, Sy, E) = O OF
lim,,_, oo sUp{p(W,, x,,) : m > n} = 0, lim,,_, o SUp{p(2y, y) : m > n} = 0, lim,,_, o, O (x,,,
Wi, S t) = 0 and 1limy,—, 00 O (V> Zus s £4) = 0 imply limy,—, o0 @ (Wy» 24y Sus tn) = 0.

(u5) 1imy—s 00 O (Wis 20, P(Wy %), P(20, %)) = O and 1imy,—s 00 O (Wi, 20, DWW, Y1) P20 V) =
0 imply lim,ood(x,,y,) = 0 or lim,_o 0(au, by, p(*u,an),p(x,,b,)) = 0 and
1imy;— 00 (@, b PV @n), PG> b)) = 0 imply limy,, o0 d(x, y) = 0.

We recall remark, examples, definition and lemmas which will be useful in what follows.

Remark 2.1 ([13]) (a) Suppose that 6 from X x X x R, x R, into R, is a mapping satisfying
(t42)~(us). Then there exists a mapping n from X x X x R, x R, into R, such that 7 is
nondecreasing in its third and fourth variable, satisfying (u,),~(us),, where (u3),~(us),
stand for substituting » for 0 in (1)~ (us), respectively.

(b) On account of (a), we may assume that 6 is nondecreasing in its third and fourth
variables, respectively, for a function 6 from X x X x R, x R, into R, satisfying (u2)~(u5).

(c) Each t-distance p on a metric space (X, d) is also a u-distance on X.
We present some examples of u#-distance which are not t-distance (for details, see [13]).

Example 2.2 Let X = R, with the usual metric. Define p: X x X — R, by p(x,y) = (%)xz.
Then p is a u-distance on X but not a 7-distance on X.

Example 2.3 Let X be a normed space with || - ||, then a function p: X x X — R, defined
by p(x,y) = ||x|| for every x,y € X is a u-distance on X but not a t-distance.

It follows from the above examples and (c) of Remark 2.1 that u-distance is a proper

extension of 7-distance.

Definition 2.4 ([13]) Let X be a metric space with a metric d and let p be a u-distance
on X. Then a sequence {x,} in X is called p-Cauchy if there exists a function 6 from X x
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X x R, X R, into R, satisfying (u,)~(us5) and a sequence {z,} of X such that

lim sup{6(2u, 2 P(Zus Xm), P(Zny X)) :m = n} =0 or

n—00

nlergo SUp {6 (2us Zn> P Km» 20)s PKms 20)) : 11 > 1} = 0.

Lemma 2.5 ([13]) Let X be a metric space with a metric d and let p be a u-distance on X.

If {x,} is a p-Cauchy sequence, then {x,} is a Cauchy sequence.

Lemma 2.6 ([13]) Let X be a metric space with a metric d and let p be a u-distance on X.
(1) If sequences {x,} and {y,} of X satisfy lim,_, o p(z,%,) = 0 and lim,_, o p(z,y,) = 0 for
some z € X, then lim,,_, o d(x,,,y,,) = 0.
(2) If p(z,x) =0 and p(z,y) = 0, then x = y.
(3) Suppose that sequences {x,} and {y,} of X satisfy lim,_, oo p(x,2) = 0 and
lim,,—, oo p(y, 2) = 0 for some z € X, then lim,,_, o d(x,, y,) = 0.
(4) If p(x,2) =0 and p(y,z) =0, then x = y.

Lemma 2.7 ([13]) Let X be a metric space with a metric d and let p be a u-distance on X.
Suppose that a sequence {x,} of X satisfies

lim sup{p(xn,xm) cm > n} =0 or
n— o0

lim sup{p(xm,xn) cm > n} =0.
n—00

Then {x,} is a p-Cauchy sequence.

3 Main result
The following lemma plays an important role in proving our theorems.

Lemma 3.1 Let (X,d) be a metric space with a u-distance p on X and {a,} and {b,} be
sequences of X such that

lim sup{p(a,,,am) tm > n} =0 and

n—00

lim sup{p(ay,,bm) > n} =0.

n—00

Then there exist a subsequence {ay,} of {a,} and a subsequence {by,} of {b,} such that
lim,,, o d(ax,, bx,) = 0.

Proof Since p is a u-distance on X,

there exists a mapping 6 : X x X x R, x R, — R,
such that 6 is nondecreasing in its third and (3.1)

fourth variable respectively, satisfying (u2)~(us).
For each n € N, let

oy, = sup{p(a,,,am) cm > n} and B, = sup{p(a,,,bm) cm > n} (3.2)
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By hypotheses and (3.2), we have
lim (&), + B8,) = 0. (3.3)
n—0Q

Let k; € N be an arbitrary and fixed element. Then, by (u5), for this a4, € X and ¢ = 1, there
exists 8 > 0 such that

Is| =s <6y, lt|=t<é, yeX imply O(ax,yst)<l (3.4)
By virtue of (3.3) and (3.4), for this é; > 0, there exists M; € N such that

n>M; implies «,+ B, <3. (3.5)
Let ky € N be such that

ko > max{1 + ki, M1 }. (3.6)
Due to (3.6), we have

ki <ky and ky> M. (3.7)
From (3.4), (3.5), (3.6) and (3.7) we get

O(ak,, Aky» Othy + Biey» Uiy + Piy) < 1. (3.8)

In terms of (#2) and (3.6), for this a;, € X and ¢ = 3, there exists §, > 0 such that |s| = s < 83,

1
27
[t] =t < 83, y € X imply

0(aky»9,$,t) < % (3.9)
In view of (3.3) and (3.9), for this &, > 0, there exists M, € N such that

n>M, implies o, + B,<6s. (3.10)
Let k3 € N be such that

k3 > max{1 + ky, M>}. (3.11)
On account of (3.9), (3.10), (3.11), we obtain

ky <ks and  6(ak,,ary, 0ty + Pisys ey + Biy) < % (3.12)

Continuing this process, there exist a subsequence {ax,} of {a,} and a subsequence {b,}
of {b,} such that for all » € N,

1
e(akn’aknﬂ’aknﬂ + ﬁkml’aknﬂ + ﬁkml) < ; (3'13)
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Using (3.2), (3.3) and (3.13), we know that

HEI{}O{SUP[P(ﬂkw“kmﬂ) :m>n)}
< lim {sup[plax,, a:) : | > k] }
e (3.14)

= lim o, =0 and
n—0o0

hm Q(akn’akn+l’akn+1 + ﬁerl’aerl + ﬁerl) = O

n—0o00

Using (3.1), (3.2), (3.14) and putting x,, = ¥, = dk,, Wi = Zm = dk

m+1

ands, = t, = ax,,, + Pr,.
in (u4), we deduce

}'tli)nolo 0 (akml » Al ’p(akml » Al )’p(aktﬂl » Al )) =0 and

(3.15)
nlingo 0 (akml 4 akml ’p(akml ’ bkn+2 )7p(akn+1’ bkn+2 )) =0.
Using (3.15) and putting w,, = z, = ax,,,,, X, = dx,,,, and y, = by, in (us), we have
lim d(ay,,,,bx,.,) = 0. (3.16)
n— o0

Due to (3.13) and (3.16), there exist a subsequence {ay,} of {a,} and a subsequence {by,}
of {b,} such that

lim d(ax,,bx,) = 0. (3.17)
n— 00 D

Definition 3.2 Let (X, d) be a metric space, 2X be a set of all nonempty subsets of X and
CI(X) be a set of all nonempty closed subsets of X. Let 7' : X — 2X. Then an element z € X
is a fixed point of T if z € TZ.
A mapping T : X — 2% is called Kannan-type multi-valued p-contractive mapping if
there exist a u-distance p on X and r € [0, 1) such that
(i) pOn,y2) <rlp(x1,y) + p(x2,y2)] for any x1,%2 € X, y1 € Tx; and y, € Txy,
(i) Ty € Tx for all x,y € X with y € Tx.

In the next example we shall show that if (X,d) is a complete metric space with a
u-distance p and a mapping T : X — CI(X) is not Kannan-type multi-valued p-contractive,
in general, 7' may have no fixed point in X.

Example 3.3 Let X = [0,1] be a closed interval with the usual metricand p: X x X — R,
and T : X — CI(X) be mappings defined as follows:

2, x=0,
px,y) = {x x40, (3.18)

1

al = 01

T = { {4}x 7 (3.19)
lsi 70 #70.
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Define 6 : X x X x R, x R, — R, by
0(x,y,s,t)=s (3.20)

forallx,y € X and s,t € R,.
From (3.18) and (3.20) easily we can obtain that p is a #-distance on X.
In terms of (3.18) and (3.19), we have

pOLY2) < %[p(xl,yl) +p(%2,92)] (3.21)

for all x,%5 € X, y1 € Tx; and y;, € Tx,.

To show that (3.21) is satisfied, we need to consider several possible cases.
1 1
Casel. Letx; =x5 =0. Then y; € Tx; = {E},yz € Tx, = {E}’

1
plLy2) =1 = op(,y1) =2 and plx,y2) = 2 and

(3.22)
1 1 1
Z[p(xh)ﬁ) +p(x2,92)] = 1[2 +2]=1> 2 =p(»1,¥2). Thus
1
py,y2) < E[p(xl»yl) +P(x2,y2)]~
1
Case 2. Letx; =0 and xp #0. Then y; € Tx; = {Z}’
e X2 X2 (y ) 1
X9 = ) ) ) = ="
PE R s ;) 4+ ) [PV TN T (3.23)
p(x1,91) = 2 and p(x2, y2) = x5. Thus
1 1 1
_[P(xl»yl) +P(x2,y2)] = —[2+x2] > — = p(y1,y2).
4 4 4
X1 X1
Case 3. Let 0Oandx, =0. Th Tx, = , ,
ase etx; 70 and x; eny; € Tx; |:8(1+x1) 4(1+x1):|
e Trr = | L plnyn) =31 = =2 plon, )
Xo = - ( ’ = ’ X1 =X
Y2 2 2 POLY2) =N = 41+ 1) pPx1, )1 1 (3.24)
and p(x3,;) = 2. Thus
1 1 X1
- ) ) == 2 > = ) .
4 [P(xl y1) + p(xa yz)] 4[ 1+2] 41+ x:) pyLYy2)
Case 4. Let x, #0 and x, #0. Then y; € T s s
ase 4. Let x and x . Then X1 = , ,
! 2 T v a) 41+ m)
X2 X2 X1
S T =S ~747 ) = < YN
yz e [8(1 + xz) 4‘(1 + xz)] p(yl y2) yl - 4‘(1 + xl) (3'25)
p(x1,91) = %1 and p(xz,y2) = x3. Thus
X1 X2

i[p(xl,yl) +p(x2,92)] = i[xl +x3] > maX{ } > p(y1,92).

41 +x) 41 + x2)
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From (3.18)~(3.25), we have

PO,y2) < i[P(th’l) +P(x2»y2)] (3.26)

for all x1,%, € X, y1 € Tx; and y;, € Tx;,.

But there existx =0 € X and y = i € X with y € Tx such that Ty = Ti = [%, %] ¢ {i} =

T0. Therefore T is not Kannan-type multi-valued p-contractive and T does not have a
fixed point.

Using Lemma 3.1, we have the following main theorem.

Theorem 3.4 Let (X,d) be a complete metric space and let T : X — CI(X) be a Kannan-
type multi-valued p-contractive mapping. Then T has a unique fixed point in X.

Proof Let a; € X be arbitrary, a, € Ta; and a3 € Ta, be chosen. Since T is Kannan-type
p-contractive,

pla,az) < V[P(ﬂl,@) +P(6l2»ﬂ3)], (3.27)

where r € [0, % .
From (3.27), we get

play, az) < kp(ay,as), (3.28)

where k = ;= €[0,1).
By (3.27) and (3.28), we obtain a sequence {a,} in X such that

ana € Ta, and  p(an,ann) < kp(an, an.) (3.29)

forallm e N.
By repeated application of (3.29), we have

P anit) < K" 'play, ar) (3.30)

forallm e N.
Now we shall know that {a,} is a Cauchy sequence.
Let n,m € N be such that n < m. Then, by virtue of (3.30), we deduce

p(ﬂn; ﬂm) E p(ﬂn: ﬂn+1) +P(ﬂn+1: ﬂn+2) +oe +p(“m—1; ﬂm)

m-1 m-1
= Zp(ﬂi:ﬂHl) < Zkiilp(ﬂl,ﬂz)
i=n i=n
kw—l
< (1 o, (33
In view of (3.31), we get
lim sup{p(a,,,am) tm > n} =0. (3.32)

n—00
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On account of Lemma 2.5, Lemma 2.7 and (3.32), {a,} is a Cauchy sequence in X. Since X
is complete, there exists b; € X such that

lim a, = b;. (3.33)
n—00
By the same method as that in (3.27)~(3.33), there exists a sequence {b,} in X such that

bn+1 [S Tbn and p(bm bn+1) E kn_lp(blr b2)

(3.34)
foralln e N.

Combining the hypothesis, (3.27), (3.28), (3.30), (3.31) and (3.34), we have

Pan b)) < plan, am) + p(am, by)

< plan am) + r[p(“m—l; am) + pbm-1, bm)]

<

n-1
= (1 — k)l?(m,az) +r[k"2plar, az) + K" 2p(br, by)]

<

kn—l
< (1 - k)P(ﬂl,ﬂz) + k"' play, az) + K" p(by, by)

= [t { <%<>p(a1,a2) + play, az) +P(b1»b2)}

for all n,m € N with m > n.
By (3.35), we have

(3.35)

n—00

lim sup{p(a,,, by):m> n} =0. (3.36)

Due to Lemma 3.1, (3.32) and (3.36), there exist a subsequence {ay,} of {4,} and a subse-
quence {by,} of {b,} such that

lim d(ax,,bx,) = 0.

(3.37)
On account of the hypothesis and (3.34), we obtain
by € Thy (3.38)
forallm e N.
By virtue of the hypothesis, (3.33), (3.37) and (3.38), we have
by € Th,. (3.39)

Due to (3.39), b, is a fixed point of T'. To prove the unique fixed point of 7, let ¢; be another
fixed point of T'. Then

c € Ic. (340)
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Since T is Kannan-type multi-valued p-contractive, by (3.39) and (3.40), we have

p(b1,by) < r[p(by,by) + p(by, by)], (3.41)
plei, ) < rlple, 1) + plea)]s (3.42)
pby,c1) < r[pby, by) + p(er, )] (3.43)

Since r € [0, %), from (3.41), (3.42) and (3.43), we get

p(by,by) = ple, ¢1) = p(by, c1) = 0. (3.44)
By virtue of Lemma 2.6 and (3.44), we have

by = . (3.45)
On account of (3.39), (3.40) and (3.45), T has a unique fixed point. O

Now we give an example to support Theorem 3.4.

Example 3.5 Let X = [0,1] be a closed interval with the usual metric,andp: X x X — R,
and T : X — CI(X) be mappings defined as follows:

px,y) =x,
1 (3.46)
Tx=10,—x|.
037

Let6:X x X X R, Xx R, — R, be as in (3.20). Then, due to (3.46), we easily can obtain
that p is a u-distance on X.
From (3.46), we have

p1,y2) < i[p(xl,yl) +p(x2,92)] (3.47)

for all x1,x4, € X, y1 € Tx; and y, € Tx,. To show that (3.47) is satisfied, let x1,x; € X,
1 € Txy and y; € Txy. Then p(y1,52) = y1 < 3%1 and 3 [p(x1,31) + p(x2, )] = T (%1 + x2) >
%xl. Thus (3.47) is satisfied. Let x,y € X be such that y € Tx. Then 0 <y < ix and
Ty C [0, %x] c [o, ix] = Tx. Thus Ty C Tx for all x,y € X with y € Tx. Therefore all the
conditions of Theorem 3.4 are satisfied and 7" has a unique fixed point 0 in X.

Definition 3.6 Let (X, d) be a metric space. A mapping T : X — X is called Kannan-type
single-valued p-contractive mapping if there exist a #-distance p on X and r € [0, 2) such
that
(iii) p(Tx1, Txy) < rlp(x1, Tx1) + p(x2, Tx3)] for any x1,x, € X,
(iv) if {x,} is a sequence in X such that x,,,; = Tx,, for each n € N and lim,, 5o x, = c € X,
then p(Tc, ¢) < r[p(Tc, Tc) + p(c, Tc)] and p(c, Tc) < r(p(Tt, Tc) + p(Tt, c)].

In the following example we show that if (X, d) is a complete metric space and a mapping
T : X — X is not Kannan-type single-valued p-contractive, in general, 7" may have no fixed
point in X.
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Example 3.7 Let X = [0,1] be a closed interval with the usual metric,andp: X x X — R,
and T : X — X be mappings defined as follows:

2, x=0,
pxy) = {x £40 (3.48)
1
Tx=1® *#=0, (3.49)
m, x#0.

Define 6 : X x X x R, x R, = R, by
0(x,y,s,t) =s. (3.50)

By the same methods as in Example 3.3, we know that p is a u-distance on X and T is not
Kannan-type single-valued p-contractive and 7T has no fixed point in X.

Theorem 3.8 Let (X,d) be a metric space with a u-distance p on X.

Let T : X — X be a Kannan-type single-valued p-contractive mapping such that there
exist a sequence {x,} of X and ¢ € X satisfying x,,1 = Tx, for each n € N and lim,,_, »c x, =
ceX. Then cis a fixed point of T , i.e., Tc = c.

Proof By hypotheses, we obtain

p(Te, Te) < rplc, Te) + plc, Te) | = 2rp(c, Te), (3.51)
p(Te,¢) < rp(Tc, Te) + p(c, Te) |

<r[2rp(c, Te) + p(c, Te) |

= r@2r + Dplc, To), (352)
ple, Te) < r[p(Te, Te) + p(Te, c)|

< r{2mple, Te) + r(2r + Dple, To))

= (2% +3r%)p(c, Te). (3.53)

Since r € [0,1), 2r,r(2r +1),(2r* + 3r?) € [0,1) and thus, by (3.51), (3.52) and (3.53), we
have

p(Tc, Te) = p(Tc, ¢) = p(c, Tc). (3.54)
In view of Lemma 2.6 and (3.54),

Tc=c. (3.55)
This means that c is a fixed point of 7. d

Theorem 3.9 Let (X, d) be a complete metric space and let T : X — X be a Kannan-type
single-valued p-contractive mapping.
Then T has a unique fixed point in X.
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Proof Since T is Kannan type single-valued p-contractive, there exists a sequence {x,} of
X such that

KXn+l = Txn and p(xn+lrxn+2) = kp(xmxwrl) (356)

for all n € N, where k € [0,1).
By repeated application of (3.56), we have

P xpi1) < K plan, x2) (3.57)

forallme N.
On account of (3.57), we get

p(xm xm) S P(xm xn+1) +p(xn+1: xn+2) +oe +P(xm—1; xm)
m-1

m-1
< Zp(xi;xm) < Zkiilp(xl,xz)

i=n

kn—l
< (5 Jpons) (358)

for all n,m € N with n < m.
In view of (3.58), we deduce that

lim sup{p(x,, %) : m>n} = 0. (3.59)

n—00

By virtue of Lemma 2.5, Lemma 2.7 and (3.59), we know that {x,} is a Cauchy sequence.
Since X is complete, there exists ¢ € X such that

lim x, =c. (3.60)

n—00

On account of the hypothesis, Theorem 3.8, (3.56) and (3.60), we know that ¢ is a fixed
point, ie.,

Tc =c. (3.61)

By the same method as that in (3.40)~(3.45), we can prove that T has a unique fixed
point X. g

From Theorem 3.9, we have the following corollary.

Corollary 3.10 ([1]) Let (X,d) be a complete metric space and let T : X — X be a mapping
such that

d(Tx, Ty) < r[d(x, Tx) + d(y, Ty)]

forall x,y € X and some r € [0, %).
Then T has a unique fixed point in X.
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Proof By the same methods as in (3.56)~(3.59), we deduce that

lim sup{d(x,,x,):m>n} =0, (3.62)

n—00

where x,,,;1 = Tx, foralln € N.
Since X is complete, there exists ¢ € X such that

lim x, =c. (3.63)

n—00

Due to the hypothesis and (3.62), we get

d(xnﬂr TC) = d(Txm TC)
< r[d(xn, Tx,) + d(c, Tc)]

= r[d(x,,,xml) +d(c, Tc)] (3.64)

forall # € N and some r € [0,% .

Taking the limit as # — 0o in (3.64), we obtain
d(c, Tc) < rd(c, Tc) (3.65)

for some r € [0, % .
From (3.65), we have

d(c, Tc) = 0. (3.66)

Since metric d is a u-distance, by view of (3.62), (3.63), (3.66) and the hypothesis, condi-
tions of Corollary 3.10 satisfy all conditions of Theorem 3.9.
Therefore T has a unique fixed point. d

Finally we shall present an example to show that all conditions of Theorem 3.9 are sat-

isfied, but all conditions of Corollary 3.10 are not satisfied.

Example 3.11 Let X = [0,1] be a closed interval with the usual metric,andp: X x X — R,
and T : X x X be mappings defined as follows:

px,y) =x,
1 (3.67)
Tx = —x.
X 496

Then, due to (3.67), we easily can obtain that p is a u-distance on X, but not metric and

PUTe T3) = [ ) + 900, )] (3.69

forall x,y € X.
Suppose that {x,} is a sequence of X such that x,,; = Tx, forallx € N.
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Then, by (3.67), we have
1
K1 = 1%, = Ex,, (3.69)

foralln e N.

By virtue of (3.69),
1 n-1
lim x, = lim <—) x1 =0. (3.70)
n—00 n—oo \ 4

On account of (3.67)~(3.70), all conditions of Theorem 3.9 are satisfied, but all conditions

of Corollary 3.10 are not satisfied since p is not metric.
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