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Abstract

The viscosity technique for the implicit midpoint rule of nonexpansive mappings in
Hilbert spaces is established. The strong convergence of this technique is proved
under certain assumptions imposed on the sequence of parameters. Moreover, it is
shown that the limit solves an additional variational inequality. Applications to
variational inequalities, hierarchical minimization problems, and nonlinear evolution
equations are included.
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1 Introduction

The viscosity technique for nonexpansive mappings in Hilbert spaces was introduced by
Moudafi [1], following the ideas of Attouch [2]. Refinements in Hilbert spaces and exten-
sions to Banach spaces were obtained by Xu [3]. This technique uses (strict) contractions
to regularize a nonexpansive mapping for the purpose of selecting a particular fixed point
of the nonexpansive mapping, for instance, the fixed point of minimal norm or of a solu-
tion to another variational inequality.

Let H be a Hilbert space, let T: H — H be a nonexpansive mapping (i.e., | Tx — Ty|| <
lx—y| forallx,y € H),and let f : H — H be a contraction (i.e., ||f(x) —f(»)|| < a|lx—y|| for
allx,y € H and some « € [0,1)). The explicit viscosity method for nonexpansive mappings
generates a sequence {x,} through the iteration process:

K1 = of (%) + 1 —0y) Ty, n >0, (L1)
where I is the identity of H and {«,} is a sequence in (0,1). It is well known [1, 3] that
under certain conditions, the sequence {x,} converges in norm to a fixed point g of T
which solves the variational inequality (VI)

((1 _f)q’x - q> Z 07 X € Sr (1-2)

where S is the set of fixed points of T, namely, S = {x € H: Tx = x}.
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The implicit midpoint rule (IMR) is one of the powerful methods for solving ordinary
differential equations; see [4—9] and the references therein. For instance, consider the
initial value problem for the differential equation y'(¢) = f(y(£)) with the initial condition
9(0) = yo, where f is a continuous function from R? to R?. The IMR is an implicit method
that generates a sequence {y,} via the relation

%(ynﬂ _yn) =f<yn+lT+yn)
In the case of nonlinear dissipative evolution equations in a Hilbert space H, the function
fis of the form f = I — T with I the identity and 7' a nonexpansive mapping of H. The
equilibrium problem is reduced to the fixed point problem x = Tx. The IMR has therefore
been extended [10] to nonexpansive mappings, which generates a sequence {x,} by the
implicit procedure:

Xy + X,
Xnsl = (1 - tn)xn + Iy T(nTM)y n>0, (13)

where the initial guess xy € H is arbitrarily chosen, t, € (0,1) for all n.

In the present paper we will apply the viscosity technique to the implicit midpoint rule
for nonexpansive mappings. More precisely, we consider the following semi-implicit al-
gorithm which we call viscosity implicit midpoint rule (VIMR, for short):

KXyl = f () + (1 - O(,,)T(%), n>0. (1.4)

The idea is to use contractions to regularize the implicit midpoint rule for nonexpansive
mappings. We will prove that the VIMR converges in norm to a fixed point of 7 which, in
addition, also solves the VI (1.2).

The structure of the paper is set as follows. In Section 2, we introduce the notion of
nearest point projections, the demiclosedness principle of nonexpansive mappings, and
a convergence lemma. The viscosity implicit midpoint rule for nonexpansive mappings is
introduced in Section 3. The main result, that is, the strong convergence of this method,
is proved also in this section. Applications to variational inequalities, hierarchical mini-
mization problems and nonlinear evolution equations are presented in the final section,

Section 4.

2 Preliminaries

Assume that H is a Hilbert space with inner product (-,-) and norm | - ||, respectively,
and let C be a nonempty, closed, and convex subset of H. We then have the nearest point
projection from H onto C, Pc, defined by

Pcx:=argmin ||x —z||?, xeH. (2.1)
zeC

Namely, Pcx is the only point in C that minimizes the objective |x - z||? over z € C.
Note that Pcx is characterized as follows:

PcxeC and {(x—Pcx,z—Pcx) <0 forallzeC. (2.2)
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Recall that a mapping 7 : C — C is said to be nonexpansive if
ITx =Tyl < llx=yll, xyeC.

The set of fixed points of T is written Fix(T), that is, Fix(T) = {x € C : Tx = x}. Note that
Fix(T) is always closed and convex; further note that if, in addition, C is bounded, then
Fix(T) is nonempty (cf. [11]).

The demiclosedness principle of nonexpansive mappings is quite helpful in verifying the

weak convergence of an algorithm to a fixed point of a nonexpansive mapping.

Lemma 2.1 [11] (The demiclosedness principle) Let H be a Hilbert space, C a closed con-
vex subset of H, and T : C — C a nonexpansive mapping with Fix(T) # 0. If {x,} is a se-
quence in C such that (i) {x,} weakly converges to x and (ii) {(I — T)x,} converges strongly
to 0, then x = Tx.

In proving the strong convergence of a sequence {x,} to a point X, we always consider

the real sequence {||x, — x||?} and then apply the following convergence lemma.

Lemma 2.2 [12] Assume {a,} is a sequence of nonnegative real numbers such that
Aps1l < (1 - yn)an +8, n=>0,

where {y,} is a sequence in (0,1) and {8,} is a sequence in R such that
(i) Y02y Yn =00, and
(ii) either imsup,,_, o 8,/yn <0 0r Y ooy 84] < 00.

Then lim,,_, o a, = 0.

3 The viscosity technique for implicit midpoint rule

Let H be a Hilbert space, C a nonempty, closed, and convex subset of H,and T: C — C
a nonexpansive mapping such that Fix(7) # . Moreover, let f : C — C be a contraction
with coefficient « € [0,1). The viscosity method for nonexpansive mappings is essentially
a regularization method of nonexpansive mappings by contractions. In this section we
consider the viscosity technique for the implicit midpoint rule of nonexpansive mappings
which generates a sequence {x,} in the semi-implicit manner:

s = anf ) + (1 —an)T(%), "= 0, 3.

where «,, € (0,1) for all n. Note that the scheme (3.1) is well defined for all 7.
We will employ the following conditions on {«,}:
(C1) lim,_ oo, =0,
(C2) >0y =00,
(C3) either Y o2 lotus1 — 0ty | < 00 or limy,, o el =1

The main result of this paper is the following result, the proof of which seems nontrivial.

Theorem 3.1 Let H be a Hilbert space, C a closed convex subset of H, T : C — C a non-
expansive mapping with S := Fix(T) # 0, and f : C — C a contraction with coefficient
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a € [0,1). Let {x,} be generated by the viscosity implicit midpoint rule (3.1). Assume the
conditions (C1)-(C3). Then {x,} converges in norm to a fixed point q of T, which is also the

unique solution of the variational inequality
(I-f)gx-q)=0, xeS. (3.2)
In other words, q is the unique fixed point of the contraction Psf, that is, Psf (q) = q.

Proof We divide the proof into several steps.
Step 1. We prove that {x,} is bounded. To see this we take p € S to deduce that

”xn+1 —P” E (1 - an) T(%) —P + oy “f(xn) _p”
= =) 52 = p| w e ([f ) —£@) | + I @) - o)
1-q
== (Iltn = pll + %1 = pll) + e (cllx, = pll + £ () - p])-
It then follows that
1+a, 1+ (2a — 1),
%nxm —pl < ynxn —pll +au|f(0) - p|
and, moreover,
1+ Qa-1ay, 20,
%01 = pll < Tnxn -pl+ v, If ) -p|

2(1 - o)y, 201 -a)a, (1
- (1— T‘zo‘)nxn -pl+ T‘;"(mnﬂm —p||>.

n

Consequently, we get

1
on =l < max{nxn ~plh /) - 7| }

By induction we readily obtain

[l — pll < max{nxo -pl, ﬁllf(p) —p||}

for all x. It turns out that {x,,} is bounded.

Step 2. lim,,, o ||%41 — %, || = 0. To see this we apply (3.1) to get

12241 = %l =

af () + (1 —w)T(%)

({52
-Jomen(r(Be) < r(F))
2 2
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(@ —aty) @(’%) —f(xn1)> + 0 (F () = f (1)) H

<(-a,) + Moy — | + ooy [|x, — Xl

1
5 (xn+1 - xn—l)

<-Q- an)(”an =%l + %0 _xn—ln) + Moyg — | + aayllx, — x|

N =

Here M > 0 is a constant such that

T(xn +xn+1) — ()

M > sup 5

n>0

It turns out that

1+,
2

1
||xn+1 _xn” = (5(1 - Ol,,) + 0(0(,,) ||xn _xn—IH + M|an—1 —Qyl.

Consequently, we arrive at

1+Qa-1a
%41 = %l < 7?1”96” = X1l + a1 — ot
1+, 1+,
2(1 - o) 2M
=l1-—-" [l = %1 Il + ety — . (3.3)
1+, 1+,

By virtue of the conditions (C2) and (C3), we can apply Lemma 2.2 to (3.3) to obtain ||x,,1 —
x|l = 0 as 1 — o0, as required.
Step 3. lim,,, o ||%, — Tx,|| = 0. This follows from the argument below:

Xy + X Xy + X
x,,+1—T< n 2n+1>H+HT( n 2n+1)_Txn

X, + X 1
P(xn) - T(Tl> H + 5 1 = Fa |

3
< E“xn — X1l + Ma,, — 0 (as 1 — 00).

It = T ll < Ny — Xpar | +

< n = X ll + oy

Step 4. We prove that w,,(x,) C Fix(T). Here
Ww(xy) = {x € H : there exists a subsequence of {x,} weakly converging to x}

is the weak w-limit set of {x,}. This is now a straightforward consequence of Step 3 and
Lemma 2.1.
Step 5. We claim that

limsuplg —£(g),q — x,) <0, (3.4)
n—oQ
where g € S is the unique fixed point of the contraction Psf, that is, g = Ps(f(g)).
As a matter of fact, we can find a subsequence {2} of {x,} such that {x4;} converges

weakly to a point p and moreover,

lim suplg —£(q), 4 - %:) = lim (g ~(g). 4 — %) (3.5)

n—0o0
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Since p € Fix(T') by Step 4, we can combine (3.4) and (3.5) and use (2.2) to conclude

lim sup(q -f(q),q —xn) = (61 -f(q),q —P> =0.

n—00

Step 6. We finally prove that x, — ¢ in norm. Here again g € Fix(T) is the unique fixed
point of the contraction Psf or in other words, g = Psf (q). We present the details as follows:

2

%041 — qll* = H a- aﬂ(%%) - q) + 0ty (f (%) — q)

Xn + Xpt1
T| —— | —
( 2 ) 1

+ 200, (1 - am@(%) —q,f(xn) — q>

2
= (1-a,)? + o2 |f@n) - g

2
< (-2 T _q‘ + a2 ) —q|”
4201 MT(’%) 0 f) —f(q)>
+2a,(1 - an)<T(%) -q,f(q) - q>

+a2[fx) -]

2
Xy + X
|

2

Xn + Xpil
2

+ 200, (1 — ) qH <%y = 4l
Xp + Xp4l

+2an(1—an)<T< 5

> -q.f(q) - q>-

Let

Xn t Xntl

B =02 |f (o) — | + 200, (1 - an)<T( 5

) -q.f(q) - q>. (3.6)

It turns out that

2

Xp + Xni1
+ 200, (1 - o) lxn =gl | —F—

5 + B = 1%ns1 —ql*> > 0.

e e— -9

Xnt¥nil

Solving this quadratic inequality for || = — g|| yields

Xy + Xpil H 1

. = e |2 el —al

+ 402021 - 0,2l — ql12 — 401 = ) (B ~ s - 1)}

—adty||%, = qll + /a2 [x, — ql?> + [ %n1 — 11> = Ba
1-a, '
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This implies that

—aaty |16, — gl + /022 [lx, — g1 + %1 — ql1> = By
1-q, ’

1 1
e =gl + Sllen = qll =
We therefore get
1 2
2 (= @)lxu =gl + (1L+ Qo =Dy ) I, — qll)” = &alln = ql1* + %001 = q1* = B
which is reduced to the inequality
1 2 2 1 2 2
Z(l — o) [%na1 — qllI” + Z(l + (20 = Daty) [0 — gl
1
+ 5(1 - 0[,,)(1 + (20 - 1)0(,,) I, — gl %ns1 — gl
oy lxn = gl + %01 = q11* = B
which is further reduced by using the elementary inequality
2015, = gl %1 = g1l < 1% = qlI* + %1 = gl
to the following inequality:
1 2 1 2
1= (-a) - 20- a,)(1+ o = Daty) %041 — gl

< (i(l + (2a — l)oz,,)2 + %(1 — o) (1+ (2o — D) — aza,%) %, — qll* + B

Solving for ||x,,1 — q||? yields

%01 — qII?
- i(l + (2o 1— Da,)? + i(l —a,)1+ Qo - D) — o -l + v (3.7)
1- 310, - 11— )1 + 2 — D))
where
(S T Y pupo i(lﬂ—n )L+ (20 - D) 8
Observing

1- %(1—%)2 - i(l—a,,)(l +(Q2a-a,) =1- %(1—%)(1—(1—04)%)
and

i(l + (2o — 1)01,4)2 + i(l -a,)(1+ (e - ay,) - d’a,

= %(1 + (2 — 1)0{,,)(1 -(1- ot)oz,,) - azaﬁ,
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we can rewrite (3.7) as

l(l + (20[ — l)Oln)(l — (1 _ Ol)O[n) _ a2a2
2 2 . ,
1-3(1-a,)1 - (1-a)ay) 1%, = qlI” + ¥- (3.9)

2
lne1 = gll” <

Consider the function

1{1 31+ Qe-1))1 -1 -)t) -’ } t>0.

h(t) = - T
1-30-)(1-1-a)t)
It is not hard (after certain manipulations) to rewrite /() as

2(0-a)-(1-a)t+a’t

) = 1-11-00-1-a)p)’

It turns out that
}LI% h(t) =41 -a)>0.

Let &y > O satisfy
h(t)>e9:=31-a)>0, 0<t<dy.

In other words, we have

1+ Qa-1)H)1-01-a))-a??
-31-1-1-a))

1
2

<l—-got, 0<t<dp.

As a, — 0 as n — 00, we have an integer Ny big enough so that «,, < § for all n > Nj. It
then turns out from (3.9) that, for all 7 > N,

%1 = qll* < (1= o) 10 = g 11> + V- (3.10)
Notice that by Steps 2 and 3, we have

H T(xn + xn+1> x
2

It then turns out from the definition (3.6) of 8, and (3.4) that

— 0 (asn— 00).

lim sup 2 <o,
n—oo Oy

which in turn implies that

lim sup In <0. (3.11)
n—oo Oy
Finally, (3.11) and the conditions (C1) and (C2) enable us to apply Lemma 2.2 to the in-
equality (3.10) to conclude that lim,,_, ||, — g[|*> = 0, namely, x,, — g in norm. The proof
is therefore complete. O
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4 Applications
4.1 Application to variational inequalities

Consider the variational inequality (VI)
(Ax*,x —x*) >0, x€C, (4.1)

where A is a (single-valued) monotone operator in H and C is a closed convex subset of H.

We assume C C dom(A). An example of (4.1) is the constrained minimization problem

min ¢(x), (4.2)
xeC
where ¢ : H — R is a lower-semicontinuous convex function. If ¢ is (Fréchet) differen-
tiable, then the minimization (4.2) is equivalently reformulated as (4.1) with A = V.
Notice that the VI (4.1) is equivalent to the fixed point problem, for any A > 0,

Tx* = x*, Tx := Pc(I — LA)x. (4.3)
c

If A is Lipschitzian and strongly monotone, then, for A > 0 small enough, T is a contraction
and its unique fixed point is also the unique solution of the VI (4.1). However, if A is not
strongly monotone, T is no longer a contraction, in general. In this case we must deal with
nonexpansive mappings for solving the VI (4.1). More precisely, we assume

(A1) A is L-Lipschitzian for some L > 0, that is,

|Ax — Ayl < Lllx - yll, xy€H.
(A2) A is p-inverse strongly monotone (u-ism) for some p > 0, namely,
(Ax—Ay,x—y) = pllAx— A%, xyeH.
Note that if Vg is L-Lipschtzian, then Vg is %—ism.

Under the conditions (Al) and (A2), it is well known [13] that the operator T = P (I - AA)
is nonexpansive provided 0 < A < 2u. It turns out that for this range of values of 1, fixed
point algorithms can be applied to solve the VI (4.1). Applying Theorem 3.1 we get the
result below.

Theorem 4.1 Assume the VI (4.1) is solvable. Assume also A satisfies (Al) and (A2), and

0<Xi<2u.Letf:C— C bea contraction. Define a sequence {x,} by the viscosity implicit
midpoint rule:

Xpe1 = () + (1= )Pl = 1A) (’%) n=0.

In addition, assume {a,} satisfies the conditions (C1)-(C3). Then {x,} converges in norm to
a solution x* of the VI (4.1) which is also a solution to the VI

((I —f)x*,x —x*) >0, xeA0).
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4.2 Application to hierarchical minimization

We next consider a hierarchical minimization problem (see [14] and references therein).
Let ¢o, ¢1 : H — R belower semicontinuous convex functions. Consider the hierarchical

minimization

min ¢ (x), So := argmin gg(x). (4.4)
x€So xeH

Here we always assume that Sy is nonempty. Let S = arg min,cs, ¢:(*) and assume S # @.
Assume ¢( and ¢, are differentiable and their gradients satisfy the Lipschitz continuity

conditions:

[Veo) = Voo )| < Lole =yl [Ver() = Ve 0) | < Lillx~ 7. (4.5)
Note that the condition (4.5) implies that V; is Lii—ism (i=0,1). Now let

To =1-yoVgo, T =1-nVey,

where yp > 0 and y; > 0. Note that T; is (averaged) nonexpansive [13] if 0 < y; < 2/L; (i =
0,1). Also, it is easily seen that Sy = Fix(7)).

The optimality condition for x* € Sy to be a solution of the hierarchical minimization
(4.4) is the VI:

x* €8y, (V<p1 (x*),x - x*) >0, x€38p. (4.6)
This is the VI (4.1) with C = Sy and A = V¢;. We therefore have the following result.

Theorem 4.2 Assume the hierarchical minimization problem (4.4) is solvable. Assume
(4.5) and 0 < y; <2/L; (i=0,1). Let f : C — C be a contraction. Define a sequence {x,} by

the viscosity implicit midpoint rule:

+
xmwmmuh%wﬂaw%ﬂgﬂ)nzo
In addition, assume {a,} satisfies the conditions (C1)-(C3). Then {x,} converges in norm to
a solution x* of the VI (4.1) which also solves the VI

((I —f)x*,x—x*) >0, xe€S.

4.3 Application to nonlinear evolution equation
Browder [15] proved the existence of a periodic solution of the time-dependent nonlinear
evolution equation in a (real) Hilbert space H,

d
d—;’ T AQu=ftu), t>0, (4.7)
where A(t), a family of closed linear operators in H, and f : R x H — H satisfy the following

conditions:
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(B1) A(t) and f(¢, u) are periodic in ¢ of period & > 0.
(B2) For each t and each pair u,v € H,

(f(t,u) —f(t,v),u—v) <0.

(B3) For each t and each u € D(A(¢)), (A(t)u,u) > 0.
(B4) There exists a mild solution u of (4.7) on R* for each initial value v € H. Recall that
u is a mild solution of (4.7) with initial value #(0) = v if, for each £ > 0,

t
u(t) = U(t,0)v + / U, s)f(s, u(s)) ds,
0
where {U(t,5)}>s>0 is the evolution system for the homogeneous linear system

du
o +A@u=0 (t>5s). (4.8)

(B5) There exists some R > 0 such that

(f(t, u), u) <0

for |lu#|| = Rand all £ € [0, &].
Note that under the conditions (B1)-(B5), the solution u has period & and ||u(0)| < R.
We now apply our viscosity technique for IMR to (4.7). To this end, we define a mapping
T:H— Hby

Tv:=u(§), veH,

where u is the solution of (4.7) satisfying the initial condition %(0) = v.

It is easy to find that T is nonexpansive. Moreover, the assumption (B5) implies that T
is a self-mapping of the closed ball B:= {v € H : ||v|| < R}. Consequently, T has a fixed
point in B which we denote by v, and the corresponding solution u of (4.7) is the periodic
solution of (4.7) with period & with the initial condition #(0) = v. In other words, finding a
periodic solution of (4.7) is equivalent to finding a fixed point of 7. Therefore, our viscosity
technique for IMR is applicable to (4.7). It turns out that the sequence {v,} defined by the
IMR

Vst = g (v) + (1= a»T(%) (4.9)
with {«a,} satisfying the conditions (C1)-(C3) of Theorem 3.1, converges weakly to a fixed
point v of T, and then the corresponding mild solution u of (4.7) with initial value #(0) = &
is a periodic solution of (4.7). Note that the iteration procedure (4.9) is essentially to find
a mild solution of the nonlinear evolution system (4.7) with the initial value (v,, + v,141)/2.
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