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Abstract

In this paper, we establish coupled best proximity point theorems for multivalued
mappings. Our results extend some recent results by Ali et al. (Abstr. Appl. Anal.
2014:181598, 2014) as well as other results in the literature. We also give examples to
support our main results.

MSC: 47H09; 47H10

Keywords: proximal contractive multivalued mapping; best proximity point;
coupled fixed point; coupled best proximity point

1 Introduction and preliminaries

The Banach contraction principle is one of the most well-known and useful tools in anal-
ysis. This principle has been generalized by many authors in many different ways (see
[1-6]). Recently, Samet et al. [7] introduced the notion of a-1 -contractive type mappings
and proved some fixed point theorems for such mappings within the framework of com-
plete metric spaces. Karapinar and Samet [8] generalized «-{ -contractive type mappings
and obtained some fixed point theorems for generalized -y -contractive type mappings.
Some interesting multivalued generalizations of « -y -contractive type mappings are avail-
able in [9-18]. More recently, Jleli and Samet [19] introduced the notion of -1 -proximal
contractive type mappings and proved certain best proximity point theorems. Many au-
thors have obtained best proximity point theorems and have done so in a variety of set-
tings; see, for example, [19-41]. Abkar and Gbeleh [22] and Al-Thagafi and Shahzad [24,
26] investigated best proximity points for multivalued mappings. Recently Ali et al. ex-
tended the results of Jleli and Samet [19] for nonself multivalued mappings. The concept
of coupled best proximity point theorem was introduced by Sintunavarat and Kumam
[36], and they proved the coupled best proximity theorem for cyclic contractions.

Inspired and motivated by the recent results of Ali et al. in [42] and by those of Sin-
tunavarat and Kumam in [36], we establish the coupled best proximity points for a-y-
proximal contractive multimaps. We also give examples to support our main results.

Let (X, d) be a metric space. For A, B C X, we use the following notations subsequently:
dist(A, B) = inf{d(a,b) : a € A,b € B}, D(x,B) = inf{d(x,b) : b € B}, Ag = {a € A : d(a,b) =
dist(A, B) for some b € B}, By = {b € B: d(a,b) = dist(4, B) for some a € A}, 2X\@ is the set
of all nonempty subsets of X, CL(X) is the set of all nonempty closed subsets of X, and
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K(X) is the set of all nonempty compact subsets of X. For every A, B € CL(X), let

max{sup,, d(x, B),sup,.pd(y,A)} if the maximum exists;

H(A,B) = 1)

00 otherwise.

Such a map H is called the generalized Hausdorff metric induced by d. A point x* € X is
said to be the best proximity point of a mapping T': A — Bif d(x*, Tx*) = dist(A, B). When
A = B, the best proximity point is essentially the fixed point of the mapping 7.

Definition 1.1 (see [34]) Let (A, B) be a pair of nonempty subsets of a metric space (X, d)
with Ay # ¥. Then the pair (A4, B) is said to have the weak P-property if and only if, for any
x1,% € A and y1,9, € B,

d(x1,1) = dist(4, B),

Ay =dista, By ) =dbuya). @)

Let W denote the set of all functions v : [0,00) — [0, 00) satisfying the following prop-
erties:

(a) ¥ is monotone nondecreasing;

(b) Yo7, ¥™(¢) < oo for each £ > 0.

Definition 1.2 (see [21]) An element x* € A is said to be the best proximity point of a
multivalued nonself mapping T if D(x*, Tx*) = dist(A, B).

Definition 1.3 (see [42]) Let A and B be two nonempty subsets of a metric space (X, d).
A mapping T : A — 25\ is called a-proximal admissible if there exists a mapping « :
A X A — [0,00) such that

o(x1,%) > 1,
d(uy, y1) = dist(A, B), = olu,u)>1, (3)
d(u3,>) = dist(4, B)

where x1, %0, 11,3 € A, y1 € Tx1 and y, € Tx;.

Definition 1.4 (see [42]) Let A and B be two nonempty subsets of a metric space (X, d).
A mapping T : A — CL(B) is said to be an «-1-proximal contraction if there exist two
functions ¥ € ¥ and @ : A x A — [0, 00) such that

ax, y)H(Tx, Ty) < l/f(d(x,y)), Vx,y € A. (4)

Lemma 1.5 (see [11]) Let (X,d) be a metric space and B € CL(X). Then, for each x € X
with d(x,B) > 0 and q > 1, there exists an element b € B such that

d(x,b) < qd(x, B). (5)

(C) If {x,} is a sequence in A such that «(x,,x,,1) > 1forallmand x, > x € A as
n — 00, then there exists a subsequence {x,, } of {x,} such that a(x,,,x) > 1 for all k.
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The main results of Ali et al. in [42] are the following.

Theorem 1.6 (see [42]) Let A and B be two nonempty closed subsets of a complete met-
ric space (X,d) such that Ay is nonempty. Let o : A x A — [0,00) and € ¥V be a strictly
increasing map. Suppose that T : A — CL(B) is a mapping satisfying the following condi-
tions:

(i) Tx C By for each x € Ay and (A, B) satisfies the weak P-property;

(i) T is an a-proximal admissible map;

(ili) there exist elements xq, x1 in Ag and y, € Txq such that
d(xl’yl) = d(A;B), O5(960’-%1) >1 (6)

(iv) T is a continuous a-vr-proximal contraction.

Then there exists an element x* € Ay such that
D(x*, Tx*) = dist(4, B).

Theorem 1.7 (see [42]) Let A and B be two nonempty closed subsets of a complete metric
space (X, d) such that Ao is nonempty. Let « : A x A — [0,00) and let y € V be a strictly
increasing map. Suppose that T : A — CL(B) is a mapping satisfying the following condi-
tions:

(i) Tx C By for each x € Ay and (A, B) satisfies the weak P-property;

(i) T is an a-proximal admissible map;

(ili) there exist elements xg, x1 in Ao and y, € Txq such that
d(x1, ) = d(A, B), a(xo,x1) > 1; (7)

(iv) property (C) holds and T is an a-yr-proximal contraction.

Then there exists an element x* € Ay such that
D(x*, Tx*) = dist(A, B).

The purpose of this paper is to extend the recent results of Ali et al. [42] to a coupled
best proximity point of nonself multivalued mappings.

2 Main results

We begin this section by introducing the following definitions.

Definition 2.1 Let A and B be two nonempty subsets of a metric space (X, d). A mapping
T:A x A— 2B\@ is called a-proximal admissible if there exists a mapping @ : A x A —
[0, 00) such that

ofxg, %) > 1,
d(wi, u;) = dist(A, B), =  aw,wy)>1, (8)
d(wo, u,) = dist(A, B)
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where x1, %, w1, W, y1,¥2 € A, uy € T(x1,31) and uy € T(x,2), and

a(yy2) =1,
dwi,v) =dist(4,B),; = a(w,w,)>1, )
d(wh, v,) = dist(A, B)

where y1,y2, Wi, Wy, %1, € A, vi € T(y1,%1) and vy € T(y2,%3).

Definition 2.2 Let A and B be two nonempty subsets of a metric space (X, d). A mapping
T:A x A — CL(B) is said to be an «-y-proximal contraction if there exist two functions
Y eWanda:A x A— [0,00) such that

a(x,y)H(T(x, x), T(y,y’)) <y (d(x,y)), Vax,x',y,y € A. (10)

Definition 2.3 An element (x*,y*) € A x A is said to be the coupled best proximity point
of a multivalued nonself mapping T if D(x*, T (x*,y*)) = dist(4, B) and D(y*, T (y*,x*)) =
dist(A, B).

The following are our main results.

Theorem 2.4 Let A and B be two nonempty closed subsets of a complete metric space (X, d)
such that Ag is nonempty. Let o : A x A — [0,00) and let € V be a strictly increasing
map. Suppose that T : A x A — CL(B) is a mapping satisfying the following conditions:
(i) T(x,y) C By foreach x,y € Ag and (A, B) satisfies the weak P-property;
(i) T is an a-proximal admissible map;
(ili) there exist elements (xo,¥0), (x1,y1) in Ag X Ag and uy € T(x9,90), vi € T(¥o,%0)
such that

d(xlx ul) = d(ArB)) 0[(96(),.761) >1 and

d(y,v1) = d(A, B), a(yo,y) = 1;

(11)

(iv) T is a continuous a-y-proximal contraction.

Then there exists an element (x*,y*) € Ay X Ag such that

D(x*, T (x*,y*)) = dist(A,B) and

D(y*, T(y*,x")) = dist(4, B).

Proof From condition (iii), there exist elements (x9,y0), (x1,91) in Ag X Ap and u; €
T (x0,%0), v1 € T (y9,%0) such that

d(x1,u1) = dist(A4, B), a(xg,x1) >1 and

d(y1, v1) = dist(A, B), a(yo,y1) > 1.

(12)



Nantadilok Fixed Point Theory and Applications (2015) 2015:30 Page 5 of 14

Assume that u; ¢ T(x1,y1), vi € T(y1,%1); for otherwise (x1,1) is the coupled best proxim-
ity point. From condition (iv), we have

0 < d(ur, T(x1,01)) < H(T (%0,%0), T(x1,1))
< a(xo,x1)H (T (%0, ¥0), T (%1, 1))
< ¥ (d(x0,%1)) (13)

and

0 <d(vi, TO1,%1)) < H(T(y0,%0), T(31,%1))
< ao,y)H (T (yo,%0), T(y1,%1))
< ¥ (do, 1)) (14)

For q,q4’ > 1, it follows from Lemma 1.5 that there exist u € T(x1,y1) and v, € T(y1,%1) such
that

0 < d(u1,u3) < qd(u1, T(x1,51)) and

(15)

0 <d(v1,v2) < q'd(vi, T(y1,%1)).
From (13), (14) and (15), we have

0 < d(u1,u2) < qd(u1, T(x1, 1)) < q¥ (d(x0,%1)) (16)
and

0 <d(v1,v2) <q'd(vi, Ty, 1)) < q'v (d(yo, 1)) (17)
As uy € T(x1,y1) C By, there exists x, #x; € A such that

d(x2, uy) = dist(A4, B), (18)
and as vp € T(y1,%1) € By, there exists y, # 91 € Ap such that

d(y,,v2) = dist(A, B); (19)

for otherwise (x1,71) is the coupled best proximity point. As (4, B) satisfies the weak P-
property, from (12), (18) and (19) we have

0 <d(x1,%y) <d(ui,up) and

(20)
0< d(yl:yZ) =< d(VI’ VZ)'
From (16), (17) and (20) we have
0 < d(x1,%2) < d(u1,u3) < qd (w1, T(x1,31)) < g (d(x0,%1)) and o

0 <d(y1,y2) <d(vi,v2) <q'd(vi, Ty1,%1)) < q'¥ (d(¥o, 1))
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Since v is strictly increasing, we have

¥ (d(x1, %)) < ¥ (q¥ (d(x0,%1)))  and
v (dy2)) < ¥ (q¥ (dyo, ).

Put

q1= 1/f(11¢ (d(xO’xl)))/lﬁ (d(xl»x2)):
4, =¥ (q' v (dWo.y)) /¥ (Ao ys)).

We also have
a(xg,x1) > 1, d(x1,u1) = dist(A,B) and d(x,,uy) = dist(4, B)
and
a(yo,y1) > 1, d(y;,v1) =dist(4,B) and d(y,, ;) = dist(4, B).
Since T is an a-proximal admissible, then «(x1,x;) > 1 and «(y1,y,) > 1. Thus we have

d(xy, uy) = dist(A, B), a(x,x) >1 and

d(yZI VZ) = diSt(A,B), a(yl:yZ) >1

(22)

Assume that uy ¢ T(xy,y,) and v, ¢ T(y3,%,); for otherwise (x3,,) is the coupled best

proximity point. From condition (iv) we have

0 < d(uz, T(%,y2)) < H(T (x1,31), T(%2,2))
< (21, 20)H (T (%1, 31), T(%2, 52))
< ¥ (d(x1,%2)) (23)

and

0< d(Vg, T(yg,xz)) < H(T(yl,xl), T(yz,XQ))
< a(y,y2)H(T (51, %1), T(y2,%2))
< ¥ (dyy2))- (24)

For q1,4; > 1, it follows from Lemma 1.5 that there exist u3z € T(x3,y2) and v5 € T(y3,%3)
such that

0 < d(uz, u3) < qrd(uz, T(%2,92)),

0 <d(vy,v3) < qu(Vz, T()/z,xz))-
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From (23), (24) and (25) we have

0 < d(uy, u3) < qld(uzy T(xz»yz))
< @y (d(x1,x2))
= ¥ (qv (dxo,x1)))

and

0 <d(va,v3) < g1d(va, T(y2,%2))
=g,y (d01,2))
=¥ (q' v (do,n)))-

As uz € T(x2,y2) € Bo, there exists x3 # x, € Ap such that
d(x3,us3) = dist(A, B);
and as v3 € T(y,,%2) € By, there exists y3 # y, € Ag such that

d()/g, V3) = diSt(A,B);

Page 7 of 14

(26)

(28)

(29)

for otherwise (xy,y,) is the coupled best proximity point. As (A, B) satisfies the weak P-

property, from (22), (28) and (29) we have

0 < d(xo,x3) < d(uo, u3),

0 <d(y2,y3) < d(vy,v3).

From (26), (27) and (30) we have

0 < d(xy,x3) < qld(uz, T(xz,yz))
< @1y (d(x1, %))
=¥ (qy (d(x0,%1)))

and

0 <d(y,y3) < qid(Vzr T(y2:x2))
< g (d(y1,92))
=¥ (4 ¥ (dyo,51)))-

Since v is strictly increasing, we have

¥ (d(x2,%3)) < ¥*(q¥ (d(x0,%1)) and ¥ (d(y2,93)) < ¥ (qV (dvo, 1))

(30)

(31

(33)
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Put

q2 = W2(qw (d(xo,xl)))/Iﬂ(d(xz,xg)),
a5 =V (q ¥ (Ao, ) /¥ (d(y2,y3)).

We also have

a(xg,x0) > 1, d(xy, up) = dist(A,B) and d(x3,us3) = dist(4, B)
and

aly,y) =1, d(yp,v;) =dist(A,B) and d(ys3,v3) = dist(4, B).

Since T is an «-proximal admissible, then «(x;, x3) > 1 and «(y5, y3) > 1, respectively. Thus

we have

d(xs3, u3) = dist(A, B), a(xy,x3) >1 and

d()’s: VS) = diSt(A!B)’ 01()’2,)/3) > 1L

(34)

Continuing in the same process, we get sequences {x,}, {y,} in A¢ and {u,}, {v,} in By,
where u, € T(x,-1,y,-1) and v, € T(y,,_1,%,_1) for each n € N, such that

d(xn+17 un+l) = diSt(Av B): a(xn’ xn+1) >1 and

(35)
AWn+1,Vas1) = dist(4, B), AV Yna1) = 1,
and
AU, Uni2) < Y (q¥ (d(xo,%1)))  and 36)
A1, Vue2) <" (g ¥ (Ao, 3)))-
As U490 € T (X441, Yns1) € Bo, there exists x40 # X441 € Ap such that
A4, Unro) = dist(A, B) (37)
and as V42 € T(Yp11,%441) € Bo, there exists y,,2 # ¥441 € Ao such that
AWns2, Vae2) = dist(4, B). (38)
Since (A, B) satisfies the weak P-property, from (35), (37) and (38) we have
A1, %ns2) < A(i1, i) and  dWui1, Yui2) < dVii, Vii2)-
Thus, from (36) we have
A1 %nr2) < " (q¥ (d(x0,%1)))  and )

AWYni1,Yns2) < W’(q/%b (d@o»yl)))
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Now, we shall prove that {x,} and {y,} are Cauchy sequences in A. Let € > 0 be fixed.

Since Y ,2) ¥ (q¥ (d(xo,x1))) < 0o and Y o2, ¥"(q' ¥ (d(¥0,)1))) < 00, there exist some pos-
itive integers i = h(e) and &' = I/'(€) such that

> vk gy (dlxo,x1))) <€

k>h

and

Z v (g v (dho. ) <€

k>n

respectively. For m > n > h, using the triangular inequality, we obtain

m-1 m-1
A 2) < Y dlorxra) < DY (qvr (Ao, 1))
k=n k=n
<> v (g (deox))) <e (40)
k>h
and
m-1 m-1
AGuym) <Y d0yen) < > ¥V (dho,m)))
k=n k=n
<Y v (qv(d0o.m)) <€, (41)
k=n

respectively. Hence {x,} and {y,} are Cauchy sequences in A. Similarly, one can show that
{u,} and {v,} are Cauchy sequences in B. Since A and B are closed subsets of a complete
metric space, there exists (x*,y*) in A x A such that x,, — x*, y, — y* as n — 00 and there
exist u*, v* in B such that u, — u*, v, — v* as 1 — 00. By (37) and (38) we conclude that

d(x*, u*) =dist(4,B) asn— oo and

d(y*, v*) =dist(A,B) asun— oo.

Since T is continuous and u,, € T(x,_1,¥,-1), we have u* € T(x*,y*) and v, € T (y—1,%4-1),
we have v* € T(y*,x*). Hence,

dist(4,B) < D(x*, T(x*,y*)) < d(x*, u*) = dist(4, B)
and
dist(4,B) < D(y*, T(y*,x*)) < d(y*, V*) = dist(4, B).

Therefore, (x*,y*) is the coupled best proximity point of the mapping 7. d
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Theorem 2.5 Let A and B be two nonempty closed subsets of a complete metric space (X, d)
such that A is nonempty. Let « : A x A — [0,00) and let T : A x A — K(B) be a mapping

satisfying the following conditions:
(i) T(x,y) C By foreach (x,y) € Ao X Ao and (A, B) satisfies the weak P-property;

(i) T is an a-proximal admissible map;
(ili) there exist elements (xo,y0), (x1,y1) in Ao X Ao and uy € T(x0,90), vi € T(¥o,%0)

such that

d(xy, uy) = dist(A, B), alxg, %) >1 and
(42)

d(yh Vl) = diSt(A1B)! 05()’0»)’1) = 1;

(iv) T is a continuous a-y-proximal contraction.
Then there exists an element (x*,y*) € Ag X Ao such that
D(x*, T (x*,y*)) = dist(A,B) and
D(y*, T (y*,x")) = dist(A, B).

Theorem 2.6 Let A and B be two nonempty closed subsets of a complete metric space (X, d)
such that Ay is nonempty. Let o : A x A — [0,00) and let € V be a strictly increasing
map. Suppose that T : A x A — CL(B) is a mapping satisfying the following conditions:

(i) T(x,y) C By foreach (x,y) € Ao X Ag and (A, B) satisfies the weak P-property;

(i) T is an a-proximal admissible map;
(ili) there exist elements (xo,y0), (x1,y1) in Ag X Ag and uy € T(x0,90), vi € T(¥o,%0)

such that
d(‘xl’ ul) = d(A’B)r a(‘xO! xl) Z 1 ﬂl’ld

dy,v1) =d(A,B), a(yo,y1) > 1;

(iv) property (C) holds and T is an a-yr-proximal contraction.
Then there exists an element (x*,y*) € Ay X Ag such that
D(x*, T(x*,y%)) = dist(4,B) and
D(y*, T(y*,x")) = dist(A, B).
Proof Similar to the proof of Theorem 2.4, there exist Cauchy sequences {x,} and {y,} in
A and Cauchy sequences {u,} and {v,} in B such that
A(Xs1, Uni1) = dist(A, B), o (%, %01) =1 and

d(yrle VVHI) = dlSt(A)B)) a(ymyrHl) > 1;

andx, > x"€A,y, >y " €Aasn—ooandu, > u* €B,v, > v €Basn— oo.
From condition (C), there exist subsequences {x,,} of {x,}, {y4,} of {y.} such that
a(x,,,x*) > 1, a(y,,,y*) > 1 for all k. Since T is an a-1/-proximal contraction, we have

H(T @ yn ) T (%%, 97)) < et (%o 6"V H (T (g 9 ) T (57 57) )
w(d(xnk,x*)), vk,

A
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and

H(T (s T (v 57)) < 0 (0o vV H (T Qo 6,), T (9", 27) )
=¥ (dn.r")), Yk

Letting k — oo in the above inequality, we get T'(x,, y,,) — T(x*,y*) and T (y,,,, %, ) —

T(y*,x*), respectively. By the continuity of the metric d, we have

d(x*,u*) = klim A%y 415 tn 1) = dist(4, B),
” (45)
d(y*, v*) = klin;o AW +1, Vi 1) = dist(4, B).

Since uy 1 € TKnys V)5 thn, — u* and T(x,,¥,,) — T(x*,y*), then u* € T(x*,y*) and

since Vi 11 € T(Vy» Xy ) Vi, — V¥ and T (Y, , %, ) — T(y*,x%), then v* € T(y*,5*). Hence,
dist(4,B) < D(x*, T(x*,y*)) < a’(x*, u*) = dist(4, B)

and
dist(4,B) < D(y*, T(y*,x*)) < d(y*, V*) = dist(A4, B).

Therefore, (x*, y*) is the coupled best proximity point of the mapping T'. d

Theorem 2.7 Let A and B be two nonempty closed subsets of a complete metric space (X, d)
such that A is nonempty. Let « : A x A — [0,00) and let T : A x A — K(B) be a mapping
satisfying the following conditions:
(i) T(x,y) C By foreach (x,y) € Ao X Ag and (A, B) satisfies the weak P-property;
(i) T is an a-proximal admissible map;
(ili) there exist elements (xo,¥0), (x1,y1) in Ag X Ag and uy € T(x0,90), vi € T(¥o,%0)
such that

d(x1, u1) = dist(A, B), a(xg, %) >1 and

d(y1,v1) = dist(A, B), a(yo,y) > 1;

(46)

(iv) property (C) holds and T is an a-r-proximal contraction.

Then there exists an element (x*,y*) € Ag X Ao such that

D(x*, T (x*,y*)) = dist(A,B) and

D(y*, T(y*,x")) = dist(4, B).

With a similar idea to the examples in [42], we give the following examples to support

our main results.

Example 2.8 Let X = [0, 00) x [0, 00) be a product space endowed with the usual metric d.
Suppose that A = {(%,x) :0<x<oo}and B={(0,x):0 <x<o00}.
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Define T: A x A — CL(B) by

T((La),(l,b)) _ {(0,%):0 <x < max{a, b} ifa,b<1, 47)
2 2 {(0,%): 0 <x < max{a?,b?}} ifa,b>1,

and define o : A x A — [0, 00) by

1 ifx,ye{(3,4):0<a<1},
alxy) =
0 otherwise.

Let W(¢) = £ for all £ > 0. Note that Ag = A, By = B, and T(x,y) € By for each (x,y) €
Ao x Ap. Also, the pair (4, B) satisfies the weak P-property.

Let (x0,¥0), (x1,71) € {(3,%) : 0 < x < 1}%; then T'(x0,%0), T(x1,51) € {(0,%): 0 <x <1}.
Consider u; € T(x0,¥0), #2 € T(x1,y1) and wy, w, € A such that d(w, u;) = dist(4, B) and
d(wq, uy) = dist(A, B). Then we have wy, wy € {(%,x) :0<x< %}, so a(wy, wo) = 1. And, for
v1 € T(¥0,%0), v2 € T(y1,%1) and wj, w, € A such that d(w},v;) = dist(4, B) and d(w), v,) =
dist(A4, B). Then we have wj, w), € {(%,x) :0<x< %}, so a(wy, w,) = 1. Therefore, T is an o~
proximal admissible map. For (x¢,yo) = ((%, 1), (%, 1)) € Ay x Ap and 1 = (0, %) € T(x0,%0)

v = (0, %) € T(yo,%0) in By, we have (x1,y;) = ((%, % , (%, i)) € Ag X Ap such that

soreass - sm-o(2 (1)

and

d(yl,vl) = diSt(A,B), O[()/(),yl) = O[((%,l), (%, %)) =1.

Ifx,%,9,y €{(3,a) : 0 < a <1} then we have

_lx=yl

ale H(T(62). T(:7)) = 22 = Zd(wy) = v (d(w.),

for otherwise

a(,)H(T (%), T(y,y)) < ¥ (dx)).

Hence, T is an «-1-proximal contraction. Moreover, if {x,} is a sequence in A such that
a(x,,%,41) = 1 for all # and x,, — x € A as n — 00, then there exists a subsequence {x,, } of
{xn} such that a(x,,,x) = 1 for all k. Therefore, all the conditions of Theorem 2.6 hold and
T has the coupled best proximity point.

Example 2.9 Let X = [0, 00) x [0, 00) be endowed with the usual metric d. Let a > 1 be any
fixed real number, A = {(a,x): 0 <x < oo} and B={(0,x):0 <x<o00}.Define T:A x A —

CL(B) by

T((a,%),(a)) = {(0,6%) : 0 < b < max{x,y}}, (48)
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and a: A x A — [0,00) by

1 ifx=y=0,
a((a,%),(a,)) = 1 otherwise "

a(x+y)
Let ¥ (¢) = £ for all £ > 0. Note that Ag = A, By = B and T'(x,y) € B for each x,y € Ao. If
wy = (a, ), W = (a,9)), wa = (@, 92), Wy = (a,7,) € A with either y; # 0 or y, # 0 or both are

nonzero, we have

1

a(wi, wo)H (T (wy, wy), T (wa, wh)) = a1 72) o1 -9

1
;b’l—yzl

Iﬂ(d(Wl: WZ))
for otherwise
a(wi, wo)H (T (w1, w}), T (w2, wh)) = 0 = v (d(wi, w2)).

For xy = (a,i),yo = (a, é) € Ay and u; = (O,ﬁ) € T(x0,¥0) such that d(xy,u;) = a =

dist(A, B) and a/(xg,x1) = lfga > 1. And for x; = (a, i),yl = (a, #) € Ag and v; = (0, 9%) €
T (x1,y1) such that d(y;,v;) = a = dist(4, B) and «a(y,y1) = 13; > 1. Furthermore, one can

see that the remaining conditions of Theorem 2.4 also hold. Therefore, T has the coupled
best proximity point.
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