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1 Introduction and preliminaries

In 1942 Menger [1] initiated the study of probabilistic metric spaces; see also [2—4]. Suc-
cessively, Sehgal and Bharucha-Reid [5, 6] established fixed point theorems in probabilis-
tic metric spaces (for short, PM-spaces). Indeed, by using the notion of probabilistic g-
contraction, they proved a unique fixed point result, which is an extension of the cele-
brated Banach contraction principle [7]. For the interested reader, a comprehensive study
of fixed point theory in the probabilistic metric setting can be found in the book of Hadzi¢
and Pap [8], see also [9] for further discussion on generalizations of metric fixed point
theory. Recently, Choudhury and Das [10] gave a generalized unique fixed point theorem
by using an altering distance function, which was originally introduced by Khan et al. [11].
For other results in this direction, we refer to [12-19]. In particular, Dutta et al. [20] de-
fined nonlinear generalized contractive type mappings involving altering distances (say,
Y -contractive mappings) in Menger PM-spaces and proved their theorem for such kind
of mappings in the setting of G-complete Menger PM-spaces.

On contributing to this study, we weaken the notion of 1/ -contractive mapping and es-
tablish some fixed point theorems in G-complete and M-complete Menger PM-spaces,
besides discussing some related results and illustrative examples. Indeed, we not only de-
rive the result of Dutta et al. [20], Theorem 12, as a particular case of our result, but also
we notice that our Theorem 2.3 may be viewed as a possible answer to the problem of ex-
istence of a fixed point for generalized type contractive mappings in M-complete Menger
PM-spaces under arbitrary ¢-norm.

Here, we state some allied definitions and results which are needed for the development
of the present topic. We denote by R the set of real numbers, by R* the set of non-negative
real numbers and by N the set of positive integers.

© 2015 Kutbi et al,; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-

L]
@ Sprlnger tion License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in any

medium, provided the original work is properly credited.


http://dx.doi.org/10.1186/s13663-015-0279-4
mailto:wutiphol@mathstat.sci.tu.ac.th
mailto:poom_teun@hotmail.com

Kutbi et al. Fixed Point Theory and Applications (2015) 2015:32 Page 2 of 10

Definition 1.1 ([8, 21]) A mapping F : R — R" is called a distribution function if it is

non-decreasing and left continuous with inf;eg F(¢) = 0 and sup, g F(t) = 1.

We shall denote by D* the set of all distribution functions, while H € D* will always

denote the specific distribution function defined by

0 ift<o,
1 ift>0.

H(t) =

Definition 1.2 ([21]) A binary operation T : [0,1] x [0,1] — [0,1] is a continuous ¢-norm
if the following conditions hold:
(a) T is commutative and associative,
(b)
(¢) T(a,1)=aforalla €[0,1],
(d) T(a,b) < T(c,d), whenever a <cand b <d, for a,b,c,d € [0,1].

T is continuous,

The following are three basic continuous ¢-norms from the literature:
(i) The minimum ¢-norm, say Ty, defined by Tys(a, b) = min{a, b}.
(ii) The product ¢-norm, say T, defined by Ty,(a,b) =a - b.
(iii) The Lukasiewicz ¢t-norm, say T}, defined by Ty (a, b) = max{a + b —1,0}.

These t-norms are related in the following way: T; < T}, < Ty.

Definition 1.3 A Menger PM-space is a triple (X, F, T) where X is a nonempty set, T is a
continuous ¢-norm and F is a mapping from X x X into D* such that, if F,, denotes the
value of F at the pair (x, y), the following conditions hold:

(PM1) F,,(¢) = H(t) if and only if x = y for all £ € R¥,

(PM2) F;,(t) = F)«(t) forallx,y € X and t € R*,

(PM3) F,,(t +5) = T(Fx(t),F,y(s)) forall x,y,z € X and s, £ € R*.

Definition 1.4 Let (X, F, T) be a Menger PM-space. Then
(i) A sequence {x,}in X is said to be convergent to x € X if, for every € >0 and A >0,
there exists a positive integer N such that F, .(€) >1 — X whenever n > N.
(ii) A sequence {x,} in X is called Cauchy sequence if, for every € > 0 and A > 0, there

exists a positive integer N such that Fy, ,, (€) >1— A whenever n,m > N.

(iii) A Menger PM-space is said to be M-complete if every Cauchy sequence in X is
convergent to a point in X.

(iv) A sequence {x,} is called G-Cauchy if lim,_, o Fy, x,,,, (£) = 1 for each m € N and
t>0.

(v) The space (X, F, T) is called G-complete if every G-Cauchy sequence in X is

convergent.

According to [21], the (¢, A)-topology in a Menger PM-space (X, F, T) is introduced by
the family of neighborhoods N, of a point x € X given by

N, = {Ni(6,1):€> 0,1 €(0,1)},



Kutbi et al. Fixed Point Theory and Applications (2015) 2015:32 Page 3 of 10

where
Ni(e,1) = {y € X : Fyy(e) >1-1}.

The (¢, 1)-topology is a Hausdorff topology. In this topology a function f is continuous in
x0 € X if and only if f(x,,) — f(x0), for every sequence x, — %o, as 1 — 00.
The following class of functions was introduced in [10] and will be used in proving our

results in the next section.

Definition 1.5 ([10]) A function ¢ : R* — R* is said to be a ¢-function if it satisfies the
following conditions:
(i) ¢(t)=0ifandonlyifz=0,
(i) @(2) is strictly increasing and ¢(¢) — oo as t — oo,
(iii) ¢ is left continuous in (0, 00),
(iv) ¢ is continuous at 0.

Definition 1.6 ([22]) Let (X,F,T) be a Menger PM-space. The probabilistic metric F is
triangular if it satisfies the condition

() ()
Fey(@®) 7 \Faz(0) Fry(0)

for every x,y,z € X and each ¢ > 0.

In the sequel, the class of all ¢-functions will be denoted by ®. Also we denote by ¥
the class of all continuous non-decreasing functions ¥ : R* — R* such that ¥ (0) = 0 and
¥v"(a,) — 0, whenever a,, — 0, as n — 0.

We conclude this section recalling the following fixed point theorem of Dutta et al., see
[20], which is the main inspiration of our paper.

Theorem 1.1 Let (X,F,T) be a G-complete Menger space and f : X — X be a mapping
satisfying the following inequality:

- —1<¢<71 —1>, (L1)
fofy(¢(Ct)) - Fx,y(d’(t))

where x,y € X, c€(0,1), p € ®, ¥ € ¥ and t > 0 such that F,,($(t)) > 0. Then f has a
unique fixed point.

A mapping f : X — X satisfying condition (1.1) is usually called v -contractive mapping.
However, for some discussion on this notion and Theorem 1.1, the reader can refer to the
recent paper of Gopal et al. [23], where analogous results are proved by using some control
functions.

2 Main results

In this section, firstly we weaken the class of functions ¥ by assuming the continuity only
at point ¢ = 0. Precisely, we denote by ¥, the class of all non-decreasing functions  :
R* — R* such that y is continuous at 0, ¥ (0) = 0 and ¥"(a,,) — 0 whenever a,, — 0 as
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n — oo; then we utilize this class to prove some fixed point theorems. We start with a
revised version of Theorem 1.1 useful to obtaining an affirmative answer to an existence
problem of a fixed point in a G-complete Menger space.

Theorem 2.1 Let (X,F,T) be a G-complete Menger space and f : X — X be a mapping
satisfying the following inequality:

;_1<¢<;_1) (2.1)
fofy(¢(0t)) - Fx,y(d’(t)) ’ ’

where x,y € X, c € (0,1), ¢ € ®, Y € Yo and t > 0 such that F,,($(t)) > 0. Then f has a
unique fixed point.

Proof Let xg € X. Define a sequence {x,} in X so that x,,; = fx, for all » € NU {0}. We
suppose x,,1 7 %, for all n € N, otherwise f has trivially a fixed point.

Notice that in view of the fact that sup, g Fy,+ (t) = 1 and by (ii) of Definition 1.5, one
can find £ > 0 such that Fy 4, (¢(¢)) > 0. Since Fj 4, (¢(£)) > 0 implies that Fy 4, (qb(f)) >0,
therefore (2.1) gives that

1 1
-1= -1
Fip oy (6(2)) Frio i (0(£))
1
_— 1. 2.2
: ‘”(Fxo,m(cp(g)) ) e
From (2.2) we deduce that F;, ., (¢(t)) > 0 and so Fy, ., (¢(§)) > 0. Again, by applying (2.1),

we get

1 1
_1=
sz,x3 (¢(t)) fol,fxz (¢(t))

1
—
= w(Fxl,xzw(g)) )

-1

that is,

1 1
Fom@@) =Y <F @) 1)'

On using (2.2) and the hypothesis that 1 is non-decreasing, the above expression becomes

—151%’(;—1). (2.3)

1
Fy 3 (9(0)) Fro (9(2))

Repeating the above procedure successively # times, we obtain

! 1< W( ! 1)
Frorun @) 77 \Faom (0(5)) '
If we change x( with x, in the previous inequalities, then for all n > r we get

1 1
— 1<y —m—-1).
Fxnvx}’l+1 (¢(Crt)) = w (Fx,,le (¢(%)) )
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Since ¥"(a,) — 0 whenever a, — 0 as n — 00, therefore the above inequality implies that
lim F, v, (¢(c't)) = 1. (2.4)

Now, let € > 0 be given, then by using the properties (i) and (iv) of a function ¢ we can find
r € N such that ¢(c't) < €. It follows from (2.4) that

lim Fy,x,,,(€) > lim F,, . (¢(c't)) = 1. (2.5)
By using a triangle inequality, we obtain

Fxn,xmp (6) > T (Fxn,x,ﬁl (E/P)» T(Fxml,xmz (E/p)’ e (Fxmp,l,xmp(E/p)) e )) .

p-times

Thus, letting # — 0o and making use of (2.5), for any integer p, we get

()=1 foreverye>0. (2.6)

lim F,
H— 00 XnXn+p

Hence {x,} is a G-Cauchy sequence. Since (X, F, T) is G-complete, therefore x, — u, as
n — 00, for some u € X.
Now we show that u is a fixed point of f.

Since
Fpuu(€) = T (Fpup,,, (€/2), Fy, u(€12)), (2.7)

by using the properties (i) and (iv) of a function ¢, we can find s > 0 such that ¢(s) < 5.
Again, since x,, — u as n — 00, then there exists ny € N such that, for all # > ny, we have

Fxn,u(¢(3)) > 0.
Therefore, for n > ng, we obtain

1
—— -1
Fxmlfu(i) fon,fu(d’(s))

1
= "’(Fxn,uw(i)) _1)'

Since v is continuous at 0 and (0) = 0, we obtain

lim F,, a(€/2) = 1. (2.8)
n—00

From (2.7) and (2.8), we get F,,(€) = 1 for every € > 0, which in turn yields that fi = u.
d

The following example illustrates our Theorem 2.1.

Example 2.1 Let X = [0,1] and d be the usual metric on X. Define f : X — X as fx = i sinx
and

—L_ ift>o0,
Fx,y(t) _ t+d(x,y)
0 ift=0
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forall x,y € X. Then (X, F, T) is a complete Menger PM-space with T),(a,b) = a - b. Define
¢ € O by ¢(s) = ; forall s € R*, with ¢ = %, and ¢ € ¥, by

ifse QNRY,

%)

Y(s) =

otherwise.

N

By the mean valued theorem with function sin, we obtain that

1 _dp)
P}‘xfyw)(Ct)) ¢

1 . .
E|smx—s1ny|
< k-

4t

d(x,y) 1

T E"’<1f,c,y(<z><t>)‘l>'

Thus, f satisfies all the hypotheses of Theorem 2.1; here u = 0 is a fixed point of f.

Next we consider the uniqueness problem of a fixed point in a G-complete Menger
space; to this aim we give the following condition:

(%) Fyuy(0) = 0ifu, v € Fix(f), where Fix(f) denotes the set of all fixed points of a mapping f,
that is, Fix(f) := {x € X : & = fx}.

Theorem 2.2 Adding condition (x) to the hypotheses of Theorem 2.1, we obtain uniqueness
of the fixed point.

Proof We prove uniqueness of the fixed point. Let u and v be two fixed points of f, that
is, u = fu and v = fv. First, we prove that F,,(¢(s)) > 0 for all s > 0. By condition (ii) of
Definition 1.5, we have ¢(s/c") — 0o as n — oc. Since sup,,.x i (¢(s/c”)) = 1, we deduce
that there exists # € N such that F,,,(¢(s/c”")) > 0. Now, by using (2.1), we obtain

: -1= ! -1
Fu@(55)  Fup@(5))

1
= ‘”(Fu,vw(fn)) - 1)’

that implies Fu,v(¢(c,%_1)) > 0. By repeating a similar reasoning # times, we deduce that
F,.(¢(s)) >0 forall s > 0.

Next, we show that F,,,(¢(s)) = 1. In fact, for every s > 0, we have that Fu,v((t)(%)) > 0 for
all 1 <i <nand for all n € N. Therefore, by using (2.1), we get

1 1 . 1
Faloe) = "’(Fu,v(qs(g)) "l> ssy (Fu,v(qs(c%)) 1)'

Thus, since ¥"(a,) — 0 whenever a,, — 0 as n — 0o, we get F,, ,(¢(s)) = 1.
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It follows that F,,,(t) = H(¢) for all £ > 0. In fact, if ¢ is not in range of ¢, since ¢ is con-
tinuous at 0, then there exists s > 0 such that ¢(s) < ¢. This implies F,,,(t) > F,,,(¢(s)) =1,
yielding thereby u = v. O

Our next step is to furnish a fixed point theorem in an M-complete Menger PM-space.

Theorem 2.3 Let (X,F,T) be an M-complete Menger PM-space and f : X — X be a -
contractive mapping, where the function ¥ : R* — R* is non-decreasing, continuous at 0,
Y (0) =0 and Y .2 ¥"(a,) < 0o, whenever a, — 0 as n — oo. Then f has a fixed point
provided that F is triangular.

Proof Inview of the assumptions on the function v, it is clear that y € W,. Then, following

similar arguments to those given in Theorem 2.1, one obtains F, () > 1lasn— oo.

nxn+l

Now, we shall show that {x,} is an M-Cauchy sequence. By the properties of ¢, given € > 0,

we can find s > 0 such that € > ¢(s) > 0. Therefore,

1 1
-1< -1
Fxnvxwrp (E) Fxn:xrup (¢(S))

Now, since F is triangular, we get

! -1< 1 -1+ 1 —1+~~~+;—1
Foronn© = Fororn (@ Faprra(©) v iy (©)
< ! -1+ ! -1
" Fry, (0(5)) Fry1002 (@(5))
P S

Fopr oy (@)

< w”(% _1) + ¢”+1<; _1)
T B (0(5)) Frpttn (@(57))

+...+w”+p<

1
-1
v 1y @(55)) )

< 1.
=2V (ka,xkﬂw(fk))

1
Fanione @(30)
(€) > 1 as n — oo. Thus {x,} is an M-Cauchy sequence in X. The rest of the proof

Since Y o7, ¥"(a,) < 0o, where a, = ( —1) — 0 as n — 00, we obtain

Fxnvxn+p
of this theorem can be completed on the lines of Theorem 2.1. This concludes the proof.

O

Clearly, on the same lines of Theorem 2.2 one can solve the uniqueness problem of a
fixed point in an M-complete Menger space. To avoid repetition, we give the statement of

this theorem without the proof.

Theorem 2.4 Adding condition (x) to the hypotheses of Theorem 2.3, we obtain uniqueness
of the fixed point.
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Remark 2.1 Our Theorem 2.3 is proved in an M-complete Menger PM-space under arbi-
trary t-norm, therefore Theorem 2.3 can be realized as a possible answer to the problem of
existence of a fixed point for generalized type contractive mappings in Menger PM-spaces.

As an application of Theorems 2.1 and 2.2, we prove the following common fixed point
theorem for a finite family of mappings which runs as follows.

Theorem 2.5 Let (X,F,T) be a G-complete Menger PM-space, {f;}]" be a finite family of
self-mappings defined on X and denote f = fifofs - - - fin. If f : X — X satisfies all the hypothe-
ses of Theorem 2.2, then the family {f;}{" has a unique common fixed point provided that
[fifi =fifi whenever i #j, with i,j € {1,2,...,m}.

Proof Notice that all the hypotheses of Theorems 2.1 and 2.2 are satisfied in respect of the
mapping f, therefore there exists a unique x € X such that fx = x. Now

S = (Wt fnlfi)x
(Afa - fin-D) (i) = (Afo - fin-1) (fifon)

=fifilhofs - fn)
=fh(fofs - fu) = fi(f%) = fix,

which shows that fix is also a fixed point of /. Since x is the unique fixed point of f, therefore
fix = x and hence x is also a fixed point of all mappings f; for i € {1,2,...,m}. d

By setting fi = f» = -+ = f;, = g in Theorem 2.5, we deduce the following fixed point
theorem for mth iterates of a mapping g.

Corollary 2.1 Let (X,F,T) be a G-complete Menger PM-space and g : X — X be a map-
ping such that g" satisfies all the hypotheses of Theorem 2.2. Then g has a unique fixed
point.

Remark 2.2 Results similar to Theorem 2.5 and Corollary 2.1 can be outlined in respect
of Theorems 2.3 and 2.4.

Finally, by using the following example, we show that Corollary 2.1 can be situationally
more useful than Theorems 2.1 and 2.2.

Example 2.2 Let X = [0,1] be equipped with the usual metric d on X. Define f : X — X
as follows:

0 ifxe{0,1,1},

fe=
1 ifxe(0,3)U(3,1).

Also define

—L_ ift>o0,
Fx,y(t) _ t+d(x,y)
0 ift=0
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forall x,y € X. Then (X, F, T) is a complete Menger PM-space with T,(a,b) = a - b. Notice
that f2x = 0 for every x € X and hence the condition

1 1
Fpo,(¢(ct) 1=¢ (Fx,yw(t» - 1)

is always satisfied for every choice of functions ¢ € ® and v as in Theorem 2.5, with
any constant ¢ € (0,1). On the other hand, f does not satisfy condition (2.1). In fact, for
instance, puttingx=0and y € (%, 1) the inequality

F}‘xfy(Ct) = Fx,y(t)

does not hold true and consequently condition (2.1) is not satisfied for ¢(s) = ¥ (s) = s for
all s € R*. Moreover, if we choose again x = 0 and make y — 0, then f does not satisfy the
condition

1 1
Fap@y =V (Fx,y(qs(r)) - 1)

for any choice of ¢ € ®, € Wy and ¢ € (0,1).

Thus we conclude that f does not meet the requirements of Theorem 2.1, whereas the
power mapping f2 satisfies all the conditions of Corollary 2.1 substantiating the utility of
Corollary 2.1 (and hence Theorem 2.5) over Theorem 2.1.
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