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1 Some results on very small variation of Mann’s method
Let H be a real Hilbert space, (¢,)sen C (0,] C (0,1) and (B,)nen, (n)nen C (0,1]. In the
sequel, we will use the following notation:

+ We say that ¢, = o(n,,) if % — 0asn— o0.

+ We say that ¢, = O(n,,) if there exist K, N > 0 such that N < |f]—2| <K.

Iterative schemes to approximate fixed points of nonlinear mappings have a long history
and they still are an active research area of the nonlinear operator theory.

Here we are interested in the Mann iterative method introduced by Mann [1] in 1953.
The method generates a sequence (x,),cy via the recursive formula

Xn+l = OpXy + (1 - an)Txm (11)

where the coefficients sequence (o) ,en is in the real interval [0,1], T is a self-mapping of
a closed and convex subset of C of a real Hilbert space H, and the value x, € C is chosen
arbitrarily.

Mann’s method has been studied in the literature chiefly for nonexpansive mappings T
(i.e., | Tx—Ty| < ||x—y| forallx,y € C). Due to Reich [2] it is known that if T is nonexpan-
sive and ), o, (1 — &,) = +00, then the sequence (x,),ecy generated by Mann’s algorithm
(1.1) converges weakly to a fixed point of T. Thanks to the celebrated counterexample of
Genel and Linderstrauss [3], we know that Mann’s algorithm fails, in general, to converge
strongly also in the setting of a Hilbert space.

In order to ensure strong convergence, in the past years, the method has been modified
in several directions: by Ishikawa [4] using a double convex-combination, by Halpern [5]
using an anchor, by Moudafi [6] using a contraction mapping, by Nakajo and Takahashi
[7] using projections. These are just a few (but extremely relevant) of such modifications.

In this section we propose a variation of Mann’s method (Theorem 1.1 and Theorem 1.3)
which differs from all those present in the literature, and it is closest to the original method
(1.1). Moreover, we give several corollaries that are concrete and meaningful applications.
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In the next section we see that the proof of all these results can be obtained by a very
general two-step iterative algorithm. In the last section we give the proof of our main
theorem and compare the rate of convergence of our method with that of Halpern on a
specific case.

To our knowledge, Theorem 1.1 below provides a method that is almost the Mann

method but ensures strong convergence.

Theorem 1.1 Let oy, i1, € (0,1] such that

o lim, 000, =0, ), N Xnlln = O0;

o tn1 — ol = 0(ihn), and |o,_y — ay| = o(aty fhn).
Then the sequence (x,)ncn generated by

Xn+l = OpXy + (1 - an)Txn — Uy hpXy
strongly converges to a point x* € Fix(T) with minimum norm ||x*|| = minyepix(r) [|%|].
Taking 1, = 1 we obtain the following.

Corollary 1.2 Let o, € (0,1] such that

lim o, =0, E oy, = 00, |1 — o] = o(ay,).
n— 00
neN

Then the sequence (x,),cN generated by
K1 = (1 — ) Txy,
strongly converges to a point x* € Fix(T) with minimum norm ||x*|| = min,erix(r) [|%|].

We can see x* as the point in Fix(T') nearest to 0 € H. If we search for the point in Fix(T')

nearest to an arbitrary # € H, then we have the following theorem.

Theorem 1.3 Under the same assumptions on the coefficients oy, i, of Theorem 1.1, the

sequence (x,),cn generated by
X1 = o + (1= ) T + Qo (8 — %)
strongly converges to a point x;, € Fix(T) nearest to u, ||x}, — u|| = minyepix(r) ll* — u].
Taking again 1, = 1, we obtain the following.

Corollary 1.4 (Halpern’s method) Under the same assumptions on the coefficients o, of
Corollary 1.2, the sequence (x,),cN generated by

Ks1 = At + (1= a,) Ty,

strongly converges to a point x, € Fix(T) nearest to u, ||x}; — u|| = minyerix(r) lIx — 1|l too.
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If A is a §-inverse strongly monotone operator with A™1(0) # @, then (I — §A) is nonex-
pansive [8, p.419] with fixed points Fix(I - §A) = A™}(0). By Theorem 1.3 with T = (I - §A),
we have the following.

Corollary 1.5 Under the same assumptions on the coefficients o, (L, of Theorem 1.3, the

sequence (x,),cn generated by
Tl = 0y + (1= 0tn)(L = 8A)xy + ot pln (1t = %)
strongly converges to a point x}, , € A7Y(0) nearest to u, [l ,, — ull = mingeq-1(0) [l — 2]

The first interesting example of a monotone §-inverse strongly monotone operator with
A71(0) # @ is the gradient of a convex function. Precisely, let ¢ : H — R be a convex and
Fréchet differentiable function. Let us suppose that V¢ (x) is an L-Lipschitzian mapping.
We are interested in approximate solutions of the variational inequality (in the sequel

(VIP))
(qu(x*),y—x*) >0, VyeH, 1.2)
since it is the optimality condition for the minimum problem

min ¢().

1_
L

(I- %Vqﬁ) is nonexpansive, and it results that the following can be obtained by Corol-

In our hypotheses, V¢ (x) is a +-inverse strongly monotone operator. Then the mapping

lary 1.5.

Corollary 1.6 Let Fix((I - %Vqﬁ)) # ) and u € H. Let us suppose that
o im0, =0, ), N Xnlln = O0;
o |1 = il = 0o(n), and |,y — o] = 0(etufiy).

Then the sequence generated by the iteration

1
Xnil = Uy + (1= aty) (I - ZV¢)xn + ot ly(u—x,), n>1 (1.3)
strongly converges to x* € Fix((I - %Vq))) that is the unique solution of the variational in-
equality
(x* —u,y-x*)=0, VyeFix(S), (1.4)

i.e., x* is the solution of (1.2) nearest to u.

A further interesting result concerns a Tikhonov regularized-constrained least squares
defined as follows:

1 1
min = ||Ax — b|® + —¢||x||>, where e >0, 1.5)
xeC 2 2
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that aims the (ill-posed) constrained least squares problem
in A%~ b|” (L6)
min - |l Ax — I .

where C =
nonexpansive satisfying the following:

sen Fix(Ty), A is a linear and bounded operator on H, b € H and (T},) ey are
(hl) T,:H — H are nonexpansive mappings, uniformly asymptotically regular on
bounded subsets B C H, i.e.,

lim sup || T1% — Tpx|| = O;
=0 xeB
(h2) it is possible to define a nonexpansive mapping T : H — H with Tx :=lim,_, o, T)x
such that if F := ("), .y Fix(T),) # @, then Fix(T) = F.
Reich and Xu in [9] proved, among others, that the unique solution of (1.5) strongly
converges, when ¢ — 0, to the solution of (1.6) that has minimum norm. The optimality
condition to solve (1.5) is to solve the following variational inequality:

(A*Ax - Ab+ex,y—x) >0, Vye [ |Fix(Ty), 1.7)

neN

where A* is the adjoint of A.

In light of Reich and Xu’s results, it would be interesting to approximate a solution of
(1.7) (for small ¢).

Let B := A*A — A*b. Note that since B is firmly nonexpansive, i.e., 1-inverse strongly
monotone so I — B is firmly nonexpansive [10], hence nonexpansive. We are able to prove
the following results.

Theorem 1.7 Assume that
o lim,_ 0, =0, ZneN Ay y = 0O0;
o |Bn—Bual = o(anﬂnﬂn)J [n = 1| = 0(an/3nﬂn) and |oty, — 1| = 0(0571/3}1,“;4);
1 1 _
. |,3_n - ﬁn—l' = O(apthy).
Let us suppose lim,,_, afﬁ =1 € (0,+00).

(These hypotheses are satisfied, for instance, by o, = W, = ﬁ, Bu = %, n>1)
Then (x,),cN defined by (2.1), i.e.,

Yn = ,Bn(l _A*A)xn + (1 - ﬁn)xn + lgnA*b:

Xn+l = an(l - ,u/n)xn + (1 - an)Tnynr n= 1

(1.8)

strongly converges to % € (), Fix(T,) that is the unique solution of the variational in-
equality

<31)5c +(I - 8)%y— x> >0, Vye[ |Fix(T,), 1.9)
T

neN

1
<—5c +A*A% - A*b,y - x> >0, Vye[)Fix(T,).
T

neN
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Note that we do not assume any hypotheses on the commutativity of the mappings in
spite of the main theorem in [9] (see also [11, 12]).

2 A general iterative method
In this section we study the convergence of the following general two-step iterative algo-

rithm in a Hilbert space H:

Yn = ,anxn + (1 - ,Bn)xn;
Xn+l = an(l - /LnD)xn + (1 - an)Wnyn: n= 1,

(2.1)

where
+ D:H — H is a o-strongly monotone and L-Lipschitzian operator on H, i.e., D

satisfies
(Dx—Dy,x-y) >ollx—y|> and |Dx-Dy| <L|x-y|.

+ §:H — H is a nonexpansive mapping.
o (W,)nen is defined on H and such that
(hl) W, :H — H are nonexpansive mappings, uniformly asymptotically regular on
bounded subsets B C H, i.e.,

lim sup || W12 — Wyx| =0,
n—0o0 xEB
(h2) it is possible to define a nonexpansive mapping W : H — H, with
W := lim,,_, oo Wy, such that if F := "), Fix(W,,) # @ then Fix(W) = F.
+ The coefficients (aty)nen C (0,] C (0,1), (Bu)nen C (0,1) and (in)nen C (0, 1), where

20
M(L—z.

Remark 2.1 If (T,),en does not satisfy (hl) and (h2), then it is always possible to con-
struct a family of nonexpansive mappings (W},),en satisfying (hl) and (h2) and such that
Myeny FIX(T) = (),,en FiX(W},) (see [13, 14]).

All the previous results easily follow from our main theorem below.

Theorem 2.2 Let H be a Hilbert space. Let D, S, (W,),en be defined as above. Then:
(1) Let T = lim,,, oo 22— = 0. Assume that

Uplhn
(Hl) hmn_mo o, =0, ZnEN Ay, = 00;
(H2) sup,p | Wiz — Wizl = ooy i), where B C H is bounded,;
(H3) ptn-1 = tnl = o) and |o,_1 — oty| = 0(atyfhn).
(These hypotheses are satisfied, for instance, by a,, = (b, = ﬁ and B, = nLZ’ n>1)

Then the sequence generated by iteration (2.1) strongly converges to x* € F that is the

unique solution of the variational inequality
(Dx*,y—x*)>0, VyeF. (2.2)

(2) Let us suppose lim,,_, o, afﬁ =1 € (0, +00). Assume that
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(H1) lim,—oa, =0, ZneN Ay lly = 0O0;
(H4) sup,cp |Wuz — Wzl = o(anibnfn), where B C H is bounded,;
(H5) 81— Bu-al = 0(atuButin)s |ton — | = 0(0tnButtn) and o, — cty_1| = 0(@ty Buitn);
(He) |/3Ln - ﬁ| = O(atyfhn).
(These hypotheses are satisfied, for instance, by o, = L, = 4%/%’ B = %, n>1and (W,) and
(A,) are as in Stml.)

Then x,, — X, as n — 00, where X € F is the unique solution of the variational inequality

1 . - -
<;Dx+(1—5)x,y—x>20, VyeF. (2.3)

(3) If t = lim,, oo af}’in =00 and Fix(S) (" F # . Let us suppose that
(H1) limy— ooy =0, )",y Onlbn = 00;
(H2) sup,z | Wiz — Wizl = o(au i), where B C H is bounded.
(H?) ln-1 = pnl = 0(pn), and lety_y = oty | = o(atnftn)-

IfB, — B #0,as n— 00, and |B,-1 — Bul = o(autr,), then the sequence generated by itera-

tion (2.1) strongly converges to x* € F N Fix(S) that is the unique solution of the variational

inequality
(Dx*,y - x*) >0, VyeFNFix(S). (2.4)
Proof We give the proof in the next (and last) section. d

Proof of Theorem 1.1 It follows by Theorem 2.2(1) choosing D=1, p =1, W,, = T and
S=1I O

Proof of Theorem 1.3 If we take Dx =x—u, S=1, u =1 and W, = T, the proofs follow by
Theorem 2.2(1). O
Proof of Corollary 1.6 Easily follows by Corollary 1.5 when A = V¢ and 6 = % O
Remark 2.3 It is interesting to note that the convergence in Corollary 1.6 can be obtained
from Theorem 2.2(3) when S = W,, = (I — §A).

The last application of our main theorem concerns the problem to minimize a quadratic
function over a closed and convex subset C of H

1
min o (Ax, x) — h(x), (2.5)
where /1 is a potential function for a contraction mappingf, i.e., i’ = f on H (for references,
one can read [15, 16]).

Let A be a strongly positive bounded linear operator on H, i.e., there exists y > 0 such
that (Ax,x) > 7 |lx||? for all x € H.

Let us take as a subset C the set of common fixed points of a given semigroup of non-
expansive mappings. Let T be a one-parameter continuous semigroup of nonexpansive
mappings defined on H with a common fixed points set F # (. Let (A,),cn be a sequence
in (0,1) such that lim, ., A, = A € (0,1).
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We know the fact, due to Suzuki [17], that W,x := 1, T(D)x + (1 - 1,,) T(+~/2)x is a nonex-
pansive mapping such that Fix(W,,) = Fix(T'(1)) N Fix(T'(+/2)) = F. Moreover,

W1t = Wil < 1At = dnl | TWx = T(V/2)x]).

Further, if x lies in a bounded set B C X, the uniform asymptotic regularity on B follows.
If Sx := AT(1)x + (1 — ) T(v/2)x, then Fix(S) = F and, for all x € H,

Iim W,x = Vx.

n—00

In light of [16, 18, 19], we consider

11161;1 %(Ax,x) — h(x). (2.6)

We are able to prove the following new convergence result.

Theorem 2.4 Let us suppose that

o lim, 000, =0, ),y Xniln = O0;

o |Ans1 = Aul = o(uptn);

o |t = il = (), and |,y — o] = 0(tufiy).
IfB, — B #0,as n— 00, and |B,-1 — Bul = o(auty,), then the sequence generated by itera-
tion (2.1), i.e.,

X1 = (I — ANy + i flnf () + (1= 0t)) Wiy, n>1,

(2.7)
In = BT () + (L= ) T(V2), + (L= B
strongly converges to x* € F that is the unique solution of the variational inequality
(A-yf)a*,y—x*)>0, VyeF, (2.8)

which is the optimality condition to solve

o1
min 5 (Ax,x) — h(x).
Proof of Theorem 2.4 Easily follows by Theorem 2.2 statement 3 when S = AT(1) + (1 —
MNT(V2), W, =1, TA) + (1 -1,)T(v/2) and D = A —f (see [16]). O

3 Proof of Theorem 2.2
Lemma 3.1 Let (x,),en be defined by iteration (2.1) and (oy)nen, (Bn)nen C [0,1] and
(n)nen C (0, ). Assume that
(HO) By = Olatnptn)
holds. Then (x,)nen and (Y,)uen are bounded.

Proof Putting B, := (I — 1,,D), we then have

| = wuD)x = (I = 11, D)y || < A= peup) I =y,
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i.e, (I — u,D)is a (1 — u,p)-contraction (see [20]). Let z € F. Then, for sufficiently large
Np and for y > 0, we have
%n1 = 2ll < tull Buxn — Buzll + aullBuz = 2l + (1 — o) | Wiy — 2l
< oyl = pnp)llxn — 2l + dtupin | Dzl + (1 = o) B | Sxn — 2]
+ A=) = Bu)llxn -zl
< ou(l = pup) %y = 2zl + uptn | Dzll + (1 = ) Bull Sz = 2l + (1 = 0t) 1 — 2|
=< (@ = pnanp)llxn = 2|l + cupin | Dzl + BullSz - 2|l
< (1= @) 1% = 2ll + i (1 Dzl| + ¥ 1Sz — 21])
(by convexity of the norm)

| Dz|| + y ISz - z|| }

< maX{ o — 2l
o

So, by an inductive process, one can see that

|1Dz]| + y |15z - ||
I, — 2|l < maX{ llx; — z||, —————:

i=O,...,No}.

As a rule (y,),en is bounded too. O
We recall the following lemma.

Lemma 3.2 In the hypotheses of Theorem 2.2(1), we have that the sequence generated by
zo € H and the iteration

Zn+l = an(I - /’LnD)Zn + (1 - an)ann

strongly converge to x* € F that is the unique solution of the variational inequality

(Dx*,y-x*)>0, VyeF. 3.1)
Proof The proof is given in [13, Theorem 2.6]. d
Proof of Theorem 2.2

Proof of 1. Let us note that since t = 0, then (HO) holds so (x,),en is bounded by
Lemma 3.1. Let us consider the iteration generated by

Zp = X0,
(3.2)
Zne1 = 0l = D)z + 1 —0) Wyizy, n> 1

By Lemma 3.2, (z,),en strongly converges to the unique solution of VIP (3.1). Then if we
compute

16041 = Znat | < 0ullBux — Buz |l + (1 — ) || Wouyn — Wazy |l

< au(l = )%y — zull + (1 - an)”yn =zl
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<y = )y = 2ull + (L — ) Bull Sy — zu |l + (1 — 0t) 1% — 24|
< A —appnp) %y = zull + (L — ) Bull Sy — 2

< A —appnp)llxn — zull + B.O).
Calling s, := ||, — 2|, @n := Aty p, we have that
Sue1 < (L —ay)s, + B,OQ).

Since ), &, = 00 and T = 0, we can apply Xu’s Lemma 2.5 in [19] to obtain the required
result.

Proof of 2.1t is not difficult to observe that, by Byrne [10], (/ - S) isa %—inverse strongly
monotone operator, so (%D +(I-S)) is a Z-strongly monotone operator. Then (VIP) (2.3)
has a unique solution by the celebrated results of Browder and Petryshyn [21] and Deim-
ling Theorem 13.1 in [22].

We next prove that (x,).cn is asymptotically regular with respect to (8,)en, i.€.,

%01 —xull

lim

n—00

0.

n

In order to prove the previous limit, we first compute

19641 = %nll < @ullBuxn — BuaXn-all + 11Bu-1%n-1 — Wiayu-alllotn — 0ty
+ A= a)IWpyn = Waaynll
< aullBuxn = Bun-1ll + @ull BuXn-1 — By-1Xu- |l
+ | Buo1xn-1 = Wooayn-alllog, — o1
+ (1= a)IWoyn = Wyl + A = o) I Whyn1 = W1yl
< oyl = wnp) 1y = Xn-ll + €l tn = na || DXy |
+ |Bua1%n-1 = Wy1yn-alllotn — ana

+(1- an)”yn _ynfln + | Wuyn-1 = Wioiyn-1l. (3.3)
By definition of y, one obtains that

15 = Yn-1ll = Bull S — Sxn-all + 1S%n-1 = %01 l1Bn = Bu-al + (L = Bu) 1% — %1
= ,Bn”xn _xn—ln + ”an—l _xn—IH |ﬂn - ﬂn—l|
+ (1 - ﬂn)”xn _xn—ln

= ooy = 1 |l + 1S%-1 = Xu-1ll1Bn = Bu-al. (3.4)
So, substituting (3.4) in (3.3), we obtain

1951 — Xull < 0tn(1 = ) 1% — Xa ||

+ (an“/m = Ml + oy — | + 1By — ,3,,,_1|)O(1)
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+ (=), —xpll + |l Wiuyn-1 — Wa1yu-ll
= (1 - wuu o)Xy — X |l + |l Wouyn-1 = Wa1yu-1l

+ (an“/Ln - //Ln—1| + |an - Oln—1| + |:3n - ﬁn—1|)o(1) (35)

Let us observe that by (H5)

Oy = |+ oty — 1] + | By — Byl
lim =

n—00 anl'l’}’l

0

and (H4) guarantees that

lim I Wauyn-1— Waayuil _

n—00 anll«n

0.

Putting s, := ||, —Xu-1ll, @n = pnotyo and by, = | Wyu-1 = Wyoayn-a || + (ot — 1] + et —
y-1] + |Bn = Buo1])O(1), we can write (3.5) as

Su1 < (1 —ay)sy + by,

Thus (H1), (H4) and (H5) are enough to apply Xu’s Lemma 2.5 in [19] to assure that (x,,) ,en
is asymptotically regular. Moreover, dividing by 8, in (3.5), one observes that

141 = % <( [l = 1l + Wy = Waayull

< (I - ppa,p)
Bn Bn Bu
+ Ol,,,|an - /’Ln—1| + |an _an—l| + |/3n _/371—1|M
B
%1 — %l 1 1
< (1= pnttyp)——— + @1 = xull | —
nn ﬁn " ! ,Bn ,Bn—l
+ IWuyn-1 = Waayull
B
|:|O(n 1| ol — pnal 1By _IBn—1|]
+M + +
Bn B Bn
”xn — Xn- ”
by (H6) = (Lt ) = 5= + Otatta) 1501 =
n-1
+ I1Wuyn-1 = Waayull
B
|:|Oln =1l ol — |l 1By _IBn—1|]
+M + + .
Bn B Bu

Since (H1), (H4) and (H5) hold, by using again Xu’s Lemma 2.5 in [19], we have

. ||xn+1 _xn”
lim — =

n—00

0.

n

Moreover, by the asymptotic regularity of (x,,) .cn, we show that the weak limits w,, (x,) C F.
Let po € w,(x,) and (x,,; )xen be a subsequence of (x,),.en weakly converging to po. If po ¢ F,
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then by the Opial property of a Hilbert space

liminf ||lx,, — poll < liminf x,, — Wpol|
k—00 k—00
= hkrglogf[”xnk _xnk+1” + ”xnk+1 - Wnkynk ”
+ ”Wnkynk - WnkPOH + ||Wnkp0 - WPOH]
= hknlgf[”xnk _xnk+1” + Oy ”Bnkxnk - Wnkynk I
+ 1y = 2ol + W po — Wholl] < liminf ||y, —poll

< liminf[ B, 1Sxn, — poll + %, — poll]-
k—o00
Since B, — 0 as n — 00, then
liminf ||, — poll < liminf ||x,, — Wpoll < liminf |lx,, — poll,
k— 00 k—o00 k— 00

which is absurd. Then p, € F.
On the other hand,

X1 — Xy = (B — %) + (1 — ) (Wyy, — %)
= —a,pyDx, + 1- an)(Wnyn _yn) +(1- an)()/n —%Xy)

= —oty by Dxy + (1 - an)(Wnyn _yn) + (1= ) Bu(Sx, — %),

so that we define

- 1
Y ZInd (1 Sy + = (1 = Wyn + —H" D (3.6)

T (L= o) Bn (1= o) B

Vyt

Asarulev, := (’i”;x”)/*gl is also a null sequence as #n — 00.
—Yn)Pn

Now we prove that wy,(x,) = ws(x,), i.e., every weak limit is a strong limit too. We only

need to prove that w,,(x,) C ws(x,).
Let us fix z € w, (x,), then z € F, and by (3.6) it results

(Vi xp —2) = ((1 — 8, % — Z) + %«I - W)yn % — Z) + %(Dxn;xn -2z)
= (I =%~ U =Sz, —2) + (I - Sz, %, — 2)
+ é«]_ Wn)ymxn _yn) + é«l_ Wn)ymyn _Z>
Ay Uy Oy
+ m(Dxn —DZ,xn —Z) + m(Dz,xn —Z).

Since the operator (I — W,,) is monotone for all #n € N, we obtain that
1
(Vi —2) > ((1 - 8)z,%, - Z) + 13_<(I = W)V %n _yn>

+ IBL((I— W)y = (I = W)z, 3~ 2)
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Oy Ay U0

+ — (D2, %y —2) + —— ||y — 2]
(1 - an)ﬂn g (1 - an),Bn §
> (I = 8)z, %0 — 2) + (I = W)Y %0 — Sx)
oy lyO 2 Oyfhn
+ — |y — 2| + —————— (Dz,x, — 2),
(1 - Ol,,)ﬁy, (1 - an),Bn
and so we can write
1—
”xn - Z||2 =< M[(‘/n:xn - Z) - <(1 - S)Z;xn - Z> - <(1 - Wn)yn;xn - an)]
Ay O
1
- —(Dz,x, — z).

o

Let us note that

1y = Waynll < lyn = xull + 11567 = Xns1ll + %041 = Wil
< BullSxn —xull + ln — X1 |l + @ull Bty — Wyl

= (/371 + 1% — x| + O[V,)O(l).

So, by the hypotheses, |y, — Wy, — 0 as n — oo. So if (x,, )« is such that x,, — z as
k — o0, it follows that

(1 - ank)ﬁnk [

2
”xnk - Z” E
ankﬂnka

<Vnk1xnk - Z) - <(1 - S)Z’xnk - Z) - ((I - Wnk)ynernk - ank”
1

- —{(Dz, %y — 2).
o

Since v, — 0 and (I — W,,)y, — 0 as n — 00, then every weak cluster point of (x,,),en (that
lies in F) is also a strong cluster point.

We prove that w,, = ws(x,) is a singleton. By the boundedness of (x,).en, let (x,, )ken be a
subsequence of (x,),cy converging (weakly and strongly) to «'. For all z € F, again by (3.6)

(1 - ank)lsnk (1 - ank)/gnk
(Dxn »Xn _Z) = 7("}1 »Xn _Z>_7 (I_S)xn Xy, —Z
k k ankﬂnk k k ank,unk < k k >
(1 _ank)
_7(1_Wn )yn W, — 2
ank/j“nk < k k k >
o . (1 — Oy )ﬁn (1 — Oy )ﬂn
(by monotonicity) < ———~—"% (Vigr Xy, — 2) — #((1 - 8)z, %y, — z)
Oy My, Oy Moy
(1 —Qy )ﬁn
- #«1_ Wnk)ynernk _ynk>

Oy Moy,

< (1 - ank)lgnk _ (1 - ank)ﬂnk <

(Vnernk - Z) (I - S)Z, xnk - Z)

ank Mnk ankl/«nk
l-«o
- ( nk)ﬂnk ((1 - Wnk)ynk’xnk - ank)'
ank"l’nk

Passing to limit as k — oo, we obtain

(D', &' —z) < —t(I - S)z,a' —2) Vz e Fix(T),
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that is, (2.3) holds. Thus, since (2.3) cannot have more than one solution, it follows that
wy(x,) = ws(x,) = {x} and this, of course, ensures that x, — ¥ as n — 0.
Now we investigate the case

. Bu
7:= lim
n=00 Oy iy

= +00.
Proof of 3. Let z € F NFix(S). Then

011 = 2ll < otullButn = Buzll + anl|Buz — 2l + (1 = o) | Wyyn — 2|l
< (1 = wnp) %0 = 2l + enpin | Dzll + (1 = ) Bu | Sxn — 2|
+ (1 =)L = Bu)llxn —zll
< au(l = wnp)lln — 2l + npinl| Dzl + (1 = at) 1%, — 2]l

< (1= wnetnp) %0 = 2|l + ctupin| Dzll.
So, by an inductive process, one can see that
lxn — 2|l <.
By (3.5) in Proof of 2, we have

”xn+l _xn” = (1 - Mnanp)”xn _xn—lll + ” Wnyn—l - Wn—l}’n—l”
+ (an“/m = Pna| + oty — o] + | B = ,Bn—l|)o(1)- (3.7)
Let us observe that by (H7) we have

. Oy = gt | + ety — 1] + 1By — Byl
lim =

n—00 Uy fhp

0,

and (H2) guarantees that

WouVu-1— Wu_1Vn—
lim | Wiyn- n-1Yn 1||=

n—00 anﬂn

0.

Then, Calling Sp = 180 = X1l @n = ppotyp and by, = || Wiyn-1—Wiu_1ynall + (ot b = ppa | +
|ty — 1| + |Br — Bu-1])O(1), we can write (3.7) as

S+l = (1 - an)sn + bm
and (H1), (H2) and (H7) are enough to apply Xu’s Lemma 2.5 in [19] and to assure that
(%4)nen is asymptotically regular.

For every v € Fix(S) N F, it results that

2 2 2
1€ne1 = VII* < @ullBpxy = vI“ + llyn — VIl

2 2
= an”ann - V” + ﬂn”sxn - V”
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+ (1= B)llw, — V||2 — Bu(L = B)IISx, — xn”Z

< @ull Butn = VI* + 1l = VI = Ba(L = B l1Sxs — x> (3.8)
So, by the boundedness we get

2 2 2 2
Bl = BlISxy — 4|17 < ullBu — VI= + 1% = VI” = |%0s1 — VI

=< (an + ”xn - xn+l||)o(1) (39)

Then ||Sx, — x,]| = 0 as n — oo and, by the demiclosedness principle, the weak cluster
points of (x,),cn are fixed points of S, i.e., w,(x,,) C Fix(S). Let us show that there are more
ww(x,) C F.If not, let pg € wy(x,) and py ¢ F. By the Opial property of a Hilbert space, we

have

1ikH_l)gf|lxnk = poll < 1ikr2gf||xnk - Wholl
< likrgggf[llxnk — X1 ||+ %mgs1 = Wi |
+ W I = Wapoll + | Wi po = Wpoll]
= likn_1>£f[||xnk = X | + Qg 1By X = Wiy g |l
+ 19 = poll + | Wi po — Wpoll] < h,fgg}f”ynk - poll
< likrggf[ﬁnk 5%, = poll + (1 = Bup 1%, — poll]
= liminf{lx,, —poll,
which is absurd, so pg € F. To conclude, if z is the unique solution of VIP (2.8), then
%1 =202 = [t (Ban) = Buz) + @n(Buz — 2) + (1 = ) (Wi — 2)||*
< |lau(Bytn = Bu2) + (1 - ) (Wyy, = )|
+ 20 iy (~D2z, X411 - 2)
< (1= pnp)llxn = 201> + (1 = ) 17 - 2117
+ 20 iy (~D2z, X411 - 2)

= (1= auitnp)lln — 2”2 + 20y (~D2z, %411 — 2).

Since every weak cluster point of (x,,).en lies in F N Fix(S), then for an opportune subse-

quence (x,,) = po

limsup(-Dz,%,,,1 — 2) = lim (-Dz,x,, —z) = (-Dz,po —z) < 0.
n—00 k—o00

Thus, calling s,, := ||x, — z||%, @y = @pptnp and b, = 2a, 4, {(—Dz, %,,,1 — 2), We can write
Sns1 < (L= ap)sy + by,

and by Xu’s Lemma 2.5 in [19], x, — z as n — oo. (|
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Table 1 Comparison of convergence rate of Halpern’s iteration and iteration (2.1)

n

Halpern’s iteration

Iteration (2.1)

w N — O

100
200
300
400
500
700

2
-0.5
0.625
-0.354166667
0.080072898
0.056139484
0.04566033
0.039450573
0.035228918
0.029710616

2

0

04375
-0.105324074

0.041831478

0.029059296

0.0233554023

0.020290332

0.018089615

0.015223559

To us, applications of Theorem 2.2 are a well-known problem, and also we know that

there exist several iterative approaches to approximate the solutions. Nevertheless, our

iterative scheme summarizes a lot of them assuming very simple hypotheses on the nu-

merical sequences, and it can be applied to a wide class of mappings thanks to hypotheses

(h1) and (h2). However the reader could ask for a comparison of scheme (2.1) and the

well-known iterative approach cited here. We do not known the rate of convergence of

our method, but it is enough to see the numerical examples in [13, 23] to conclude that

it is not possible to compare two iterative schemes. However, for the sake of complete-

ness, we include a very simple case which shows that our scheme is faster than Halpern’s

scheme.

Example 3.3 Let H =R, u =1, W,x:= —x (hence F = {0}), Dx:=x — 1, Sx:=x — 1. Let
oy, = ﬁ, y, =1and z; = 2. Then Halpern’s iterative method

Zn+l =0l + (1 - an)ann

becomes

1 1 1
z = — = - — |Zy.
n+l m " n

If B8, = niz, from our scheme (2.1) we obtain

1 1
xn+1zﬂ_ l_ﬂ Xn —

1
; .

Thus our iterative scheme is slightly faster as shown in Table 1 (see also [24]).
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