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Abstract

In the present paper, we introduce a general iterative algorithm for finding a common
element of the set of common fixed points of an infinite family of strict
pseudo-contractions and the set of solutions of the variational inequalities for finite
family of strongly accretive mappings in a g-uniformly smooth Banach space.
Furthermore, we prove strong convergence of the iterative sequence under suitable
conditions. Our results generalize some recent results.

MSC: 47H09; 47H10; 49J05

Keywords: fixed point; g-uniformly smooth Banach space; variational inequality;
iterative algorithm; inverse strongly accretive operator

1 Introduction

Throughout this paper, we always assume that X is a real Banach space with the dual X*.
Let C be a subset of X, and T be a self-mapping of C. We use F(T) to denote the fixed
points of T'. For g > 1, the generalized duality mapping J, : X — 2% is defined by

Jo@) = {f € X" (0. f) = [l IF 1l = =77,

where (-,-) denotes the duality pairing between X and X*. In particular, J; = /5 is called
the normalized duality mapping and J,(x) = ll[1972 ], (x) for x # 0. If X := H is a real Hilbert
space, then / = I where I is the identity mapping. It is well known that if X is smooth, then

J, is single-valued, which is denoted by j, [1].

Let U = {x € X : ||x|| = 1}. A Banach space X is said to be strictly convex if M <1

for all x,y € X with ||x|| = |ly|l =1 and x # y. It is also called uniformly convex if lim ||x, —
¥l = 0 for any two sequences {x,}, {y,} in X such that ||x,|| = ||y,|| =1 and lim || @ I =1.

A Banach space X is said to be Gateaux differentiable if the limit
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exists for all x,y € U. In this case X is smooth. Also, we define a function py : [0, 00) —
[0, 00) called the modulus of smoothness of X as follows:

1
px(£) = sup i(llx +yl+llx=yll) -1:x €U, Iyl <ty

A Banach space X is said to be uniformly smooth if pr(t) — Oast— 0.Suppose thatg > 1,
then X is said to be g-uniformly smooth if there exists ¢ > 0 such that px(¢) < ct. It is easy
to see that if X is g-uniformly smooth, then g < 2 and X is uniformly smooth.

Let C be a nonempty, closed, and convex subset of a Banach space X and D be a
nonempty subset of C, then a mapping Q: C — D is said to be sunny provided

Q(Qx +t(x - Qx)) = Qx,

whenever Qx + t(x — Qx) € C for x € C, and ¢ > 0. A mapping Q: C — D is called a re-
traction if Qx = x for all x € D. Furthermore, Q is a sunny nonexpansive retraction from C
onto D if Q is a retraction from C onto D which is also sunny and nonexpansive.

A subset D of C is called a sunny nonexpansive retraction of C if there exists a sunny
nonexpansive retraction from C onto D. In real Hilbert space, a sunny nonexpansive re-
traction Q¢ coincides with the metric projection from X onto C.

Definition 1.1 A mapping 7 : C — C is said to be:
(i) A-strictly pseudo contractive [2], if for all x,y € C there exist A > 0 and
ja(x —y) € J,(x — y) such that

(T = Ty,j,(e = 9)) < lx =y = 1| = T)x— (T - T)y|",

or equivalently
(= T)x = (I = T)y,jgx - ) = 2| = T)x - (T - T)y|".
(ii) L-Lipschitzian if for all x,y € C, there exists a constant L > 0 such that
| T~ Tyl < Lllw -1l
If 0 < L <1, then T is a contraction, and if L = 1, then T is a nonexpansive mapping.
Remark 1.2 Let C be a nonempty subset of a real Hilbert space H and T: C — C be a
mapping. Then T is said to be k-strictly pseudocontractive [2], if for all x,y € C, there
exists constant k € [0, 1) such that

I1Tx = TyII> < Il —yll + k|| (I = T)x— (I - T)y||".

Definition 1.3 A mapping F : C — X is said to be accretive if for all x,y € C there exists
Jjq(x —y) € J;(x — y) such that

(Fx—Fy,j,(x-y) = 0.
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For some 1 > 0, F: C — X is said to be n-strongly accretive if for all x,y € C there exists
ja(x =) € J;(x — y) such that

(Ex — Fy,j (x - ) = nllx -yl .

For some p > 0, the mapping F : C — X is said to be p-inverse strongly accretive if for all
%,y € C there exists j,(x — y) € J;(x — ) such that

(Fx—Fy, jg(x—y)) = wll Fx - Fy||“.

Note that if X := H is a real Hilbert space, accretive and strongly accretive operators coin-

cide with monotone and strongly monotone operators, respectively.

Let C be a nonempty, closed, and convex subset of X, and A : C — X be a mapping. The

classical variational inequality problem is to find x* € C such that
(Ax*,jq(x—x*)) >0, VxeC(C, 2)

where j,(x — x*) € J,(x — x*). The solution set of a variational inequality is denoted by
VI(C,A). If X =: H is a real Hilbert space, the variational inequality problem reduces to
find x* € C such that

(Ax*,x-x*)>0, VxeC. (3)

For more details of the variational inequality and its applications, we recommend the
reader [3, 4]. On the other hand, we note that the iterative approximations of fixed points
for nonexpansive mappings have been extensively studied by many authors [5-9].

In order to find the common element of the solution set of a variational inclusion (3) and
the set of fixed points of a nonexpansive mapping, Takahashi and Toyoda [10] introduced
the following iterative scheme in a Hilbert space H. Starting with an arbitrary point x; =

x € H, define sequences {x,} by
Xpsl = OpXpy + (1 - an)SPC(xn - )\nAxn): (4)

where A : H — H is an a-inverse-strongly monotone mapping, S: C — C is a nonexpan-
sive mapping and {«,,} is a sequence in [0, 1]. Under mild conditions, they obtained a weak
convergence theorem.

On the other hand, Aoyama et al. [11] considered the following algorithm in a uniformly

convex and 2-uniformly smooth Banach spaces. For x; =x € C,
Xpil = OUpXy + (1 - an)QC(xn - )\nAxn); (5)
where Q¢ : X — C is a sunny nonexpansive retraction, and A is a S-Lipschitzian and

n-inverse strongly accretive operator. They proved that {x,} generated by (5) converges
weakly to a unique element z of VI(C, A).
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Let C be a nonempty, closed, and convex subset of a real g-uniformly smooth uniformly
convex Banach space X. Assume the mapping A,, : C — X be a j,,,-inverse-strongly accre-
tive mapping for each 1 < m < r, where r is a positive integer. Let {T},}32, : C — Cbe afam-
ily of A-strict pseudo-contractions with 0 < A < 1. Define a mapping S,x := 1 —y,)x + y, Tyx
forallxe Cand n > 1.

In this paper, motivated by the works mentioned above, we consider the following iter-

ation:

X1 € C,
Yn = OpXy + (1-a,) Z:nzl UTQC(xn = AmAmXn), (6)
Xn+l = QC[,Bnyfxn +( - ,BnﬂF)Snyn]: n>1,

and we prove that the proposed iterative algorithm is strongly convergent under some
mild conditions imposed on the algorithm parameters. The results proved in this paper
represent a refinement and improvement of the previously found results in the earlier and

recent literature.

2 Preliminaries

In order to prove our main results, we need the following lemmas.

Lemma 2.1 [12, 13] Let C be a closed convex subset of a smooth Banach space X. Let D
be a nonempty subset of C. Let Q : C — D be a retraction and ] be the normalized duality
mapping on X. Then the following are equivalent:

(a) Q is sunny and nonexpansive.
(b) 11Qx— QI < (x—.J(Qx— Q). Va,y € C.
(€ (*x—Qx,J(y—Qx)) <0,VxeC,yeD.
(d) (x-—QxJ;(y—Qx)) <0,VxeC,yeD.

Lemma 2.2 [14] Let C be a closed convex subset of a strictly convex Banach space X. Let
Ty and T, be two nonexpansive mappings from C into itself with F(T1) N F(T,) # §. Define
a mapping S by

Sx=kTwx+(1-k)Twx, VxeC,

where k is a constant in (0,1). Then S is nonexpansive and F(S) = F(T1) N F(T5).

Lemma 2.3 [15] Let {s,} be a sequence of nonnegative real numbers satisfying
Sn+l = (1 - ﬂn)sn + anbn + Cys

where {a,}, {b,}, {c,} satisfy the restrictions:
() limysooa, =0, oo ay =00,
(ii) €y >0, 02 cu <00,
(iii) limsup,_, ., b, <O.

Then lim,_, s, = 0.
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Lemma 2.4 [16] Suppose that q > 1. Then the following inequality holds:
ab < laq + <q—_1)bqql,
q q

for arbitrary positive real numbers a, b.

Lemma 2.5 [17] Let X be a real q-uniformly smooth Banach space, then there exists a
constant C; > 0 such that

llo + Y17 < 11017 + gy, Jg(®) + cqllyl1%,

forallx,y € X. In particular, if X is real 2-uniformly smooth Banach space, then there exists
a best smooth constant K > 0 such that

e+ 912 < llxl® + 2(y, ] () + 2K 1911
forallx,y e C.

Lemma 2.6 [18] Let X a real smooth and uniformly convex Banach space and let r > 0.
Then there exists a strictly increasing, continuous, and convex function g : [0,2r] — R such
that g(0) = 0 and g(||lx — y1) < x> = 2(x, Jy) + |Iy|1?, for all x,y € B,, where B, = {z € X :
llzll < r}.

Definition 2.7 [11] Let T, be a family of mappings from a subset C of a Banach space X
into itself with (2, F(T,) # #. We say that {T,} satisfies the AKTT-condition if for each

bounded subset B of C,
oo
> sup | Tynw - Tyo| < 0. 7)
=1 weB

Lemma 2.8 [11] Suppose that {T,} satisfies the AKTT-condition such that:
(i) Foreachx e C,{T,x} is converge strongly to some point in C.
(i) Let the mapping T : C — C defined by Tx = lim,,_, oo Tyx, for all x € C.
Then lim,,_, o SUp,c5 | Tw — T,w| = 0, for each bounded subset B of C.

Lemma 2.9 [7,8] Let C bea closed and convex subset of a smooth Banach space X. Suppose
that {T,}32, : C — X is a family of A-strictly pseudocontractive mappings; {iLm} e, is a real
sequence in (0,1) such that y .., i, = 1. Then the following conclusions hold.:
(i) A mapping G:C — X defined by G:=Y 2, u, Ty is a A-strictly pseudocontractive
mapping.
(i) F(G) =% F(Tw)-

Lemma 2.10 [19] Let C be a nonempty, closed, and convex subset of a real q-uniformly
smooth Banach space X which admits weakly sequentially continuous generalized dual-
ity mapping j, from X into X*. Let T : C — C be a nonexpansive mapping. Then, for all
{x,} C C, ifx, — x and x,, — Tx,, — 0, then x = Tx.
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Lemma 2.11 [19] Let C be a nonempty, closed, and convex subset of a real q-uniformly
smooth Banach space X. Let F : C — E be a k-Lipschitzian and n-strongly accretive op-
erator with constants k,n > 0. Let 0 < u < (C kq)qll and t = u(n - %_lkq). Then for
t € (0, min{1, ;}), the mapping S : C — E deﬁned by S := (I — tuF) is a contraction with
a constant1 —tt.

Lemma 2.12 [19] Let C be a nonempty, closed, and convex subset of a real q-uniformly
smooth Banach space X. Let Q¢ be a sunny nonexpansive retraction from X onto C. Let
F :C — X be a k-Lipschitzian and n-strongly accretive operator with constants k,n > 0,
f:C— X be an L-Lipschitzian mapping with a constant L > 0 and S : C — C be a
nonexpansive mapping such that F(S) # (. Let 0 < u < (C kq)qll and 0 < yL < t, where

T=uln- Cq” e ). Then {x;} defined by

Xp = QC[tfot +(- tMF)Sxt] (8)

has the following properties:
(i) {x:} is bounded for each t € (0, min{1, %}).
(i) lim; g [ — Sx¢|l = O
(ili) {x;} defines a continuous curve from (0, min{1, %}) into C.

Lemma 2.13 [13] Let C be a nonempty, closed, and convex subset of a real q-uniformly
smooth Banach space X which admits a weakly sequentially continuous generalized dual-
ity mapping j, from X into X*. Let Qc be a sunny nonexpansive retraction from X onto C.
Let F : C — X be a k-Lipschitzian and n-strongly accretive operator with constants k,n > 0,
f:C— X bean L-Lipschitzian mapping with a constant L > 0,and S : C — C be a nonex-
pansive mapping such that F(S) # (. Suppose that 0 < u < (C kq)qil and 0 < yL < T, where
Cq//. 1x4

T=uln- ). For each t € (0, min{1, }) let {x;} be defined by (8), then {x;} converges
strongly to x* e F(S) ast — 0, in which x* is the unique solution of the variational inequal-
ity

((WF =y V)a,jg(x" = p)) <0, Vp € F(S). ©)

Lemma 2.14 [20] Let X be a Banach space and ] be a normality duality mapping. Then
for any given x,y € X, the following inequality holds:

ll+ yI* < llel® + 2{y, j(x + ),
forall j(x +y) € J(x +y).

3 Main results

Theorem 3.1 Let C be a nonempty, closed, and convex subset of a real q-uniformly smooth,
uniformly convex Banach space X. Let Qc be a sunny nonexpansive retraction from X
onto C. Assume that the mapping A,, : C — H is a ,,-inverse-strongly accretive map-
ping for each 1 < m < r, where r is a positive integer. Let F : C — X be a k-Lipschitzian
and n-strongly accretive operator with constants k,n > 0, f : C — X be an L-Lipschitzian
mapping with a constant L > 0. Suppose that 0 < u < ( )qll and 0 < yL < t, where
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Cyud 1K1
T =puln - —t——

0 < A < 1. Define a mapping Syx := (1 — )% + YuTux, for all x € C and n > 1. Assume that
F:=( ., VI(C,A) N (o2, F(Ty)) # 9. Let {x,,} be a sequence generated by the following

iterative algorithm:

). Let {T,,}>2, : C — C be a family of A-strict pseudo-contractions with

X1 € C,
yn =0uXy + (1 - an) Z:nzl ny}leC(xn - )\mAmxn)’
Xne1 = QclBny fon + I- ,Brt/'LF)Snyn]: n>1,

where {a,}, {Bu}, (N5}, (n2),... and ("} are sequences in (0,1) and M, is a real number such
1
that 0 < L, < (‘”C‘—;”)ﬂ ,foreachl < m <r. Assume that the above control sequences satisfy

the following restrictions:

D Yoy =L ¥n =1, 370 |y — | < 0.
(i) lim,_ o0 =n" €(0,1), for each m, where1 <m <r.

(iii) Z:il ﬁn =00, lirﬂn—)oo ﬂn =0, Zf,il |ﬁn+1 - ,3n| < Q.
(iv) D02y lotwer — oyl < 00, liminf,, o o, > 0.
(V) 0=y <8,8=min{L,(£)71}, and Y52, [y — il < 0.
Suppose in addition that {T,}5?, satisfies the AKTT-condition. Let T : C — C be the
mapping defined by Tx = lim,,_, o, T,x for all x € C and suppose that F(T) = (oo F(Ty).
Then the sequence {x,} converges strongly to x* € F as n — 00, in which x* is the unique

solution of the variational inequality,

((WF = yf)a*,jg(x" = p)) <0, VpeF(S).

Proof We divide the proof into several steps.
Step 1. We show that I — A,,A,, is nonexpansive for each m. Indeed, from Lemma 2.4,
for all x,y € C we have
[T = 2= (T = domAr)y |
= [ =) = An(Ax = Ay) ||
<Ilx-yl7- q)‘rn(Amx _Amyyjq(x —J’)) + Cq?»f,, Amx — Ayl
< Nx =y = qumdmllAmx = Ay l|? + CoAL | Apx — Apyll?
< =y = Ao (@t = Cory ) 1Amx = Ayl

1
It is clear that if 0 < A, < (‘”C‘—”’)ﬁ, then I — 1,,A,, is nonexpansive for each1 <m <r.
q

Now, for each 1 <m <r, put
r
k;n = Qc(®n — AmAmXn), Zny = Z n;nk:ln
m=1

Let x* € F, we have

||k;T - “ = || QC(xrl - )\mAmxn) - QC (x* - }"nAmx*) ||

<|wn—-x*| VYml<m<r.
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On the other hand we have

r
X, + (1 —ay) Z ek — x*

m=1

[ =] =

,
< anllan =" + (U= 3oy [ -

m=1

= oty |y — || + A= o) |00 —x%|| = |00 — 2] (10)
From (10) and the fact that S,, is nonexpansive [19] we have

|%ni1 =2 || = | Qc(Buyfoen + (U = ButtF)Suyn) — Qe |
< ||Buyfoen + U = BuptE)Suyn — x*
= |Bu (v foen = Fx*) + (I = BuitF)(Suyn — x7) |
< Bullvfoen — Fx* | + (1= B7)|| Sy — 5|
< Buy |[foon = f* || + Bu | " — wEx* | + (1= B7)||yn — x*||
< BuLy |xn = *|| + Bu| v fx* = wuEx*|| + (1= B7) || %0 — ¥
< (1= Bulr = Ly)) |n — %[ + Bu| v fc* — wEx*||

(T =y D)7 yfe* — nFx |}

< max{|x, -«

By induction, we find that

a1 = 2*|| < max{|xo —x*||, (x = y L) | vfx* — wEx*| }.

This shows that {x,} is bounded. Hence by (10), {y,} is also bounded.
Step 2: We show that lim,,_, o [|%,41 — %, || = 0. Since

||k:,n+1 -k ” = ” Qcl = 2mAm)xn1 — Qe = ApmAm)xn ” < xpa —xull VI<m<r.

On the other hand, we have

r r
D ok =k
m=1 m=1

r r
Z UMRL R Z UMY
m=1 m=1

1Zns1 = zull =

< +

r r
Yomnaky =k
m=1 m=1

r r
<> ks =k Y s =k
m=1 m=1

, (11)

r
= ||xn+1 _xn” +MZ|77nm+1 - 7];"

m=1

where M is an appropriate constant such that

M= max{sup{||PC(I—AmAm)xn || > 1} l<m< r}.



Nazari et al. Fixed Point Theory and Applications (2015) 2015:15 Page 9 of 17

Observe that

Vil — Y = (@1 — &) Fa1 — 2Zn) + 0 (Xpa1 — %) + (1 — €ppi1) (21 — 20).
It follows from (11) that

”yn+1 _yn” =< |an+1 - an| ||xn+l - Zn” + an+1||xn+1 _xn” + (1 - Oln+1)||zn+1 - Zn”
S 1 = 10041 = Zull + Qir %001 — %4l

r
+(1 _an+l)<”xn+1 — %l +MZ‘UZI+1 - r’:ﬂ)

m=1

r
<ot — o141 = Zull + %041 — %l +MZ’";T+1 - 77;”‘ (12)

m=1

Note that

”Sn+1_yn+l - SnynH =< ||Sn+1yn+1 - Sn+1yn|| + ||Sn+1yn - Snyn”
< 1Yns1 = yull + H(l —= Vns1)Vn + Vst TnYn — [(1 = VY)Y + Vu Tnyn] ”
< yns1 = yull + “(Vnﬂ = Y Tns1n = ) + Vu( Ty — Tnyn)n

S ||yn+l _yn” + |Vn+1 - ynl ” Tn+1yn _yn” + VVI” Tn+1yn - Tnyn”
r

<l =l [18e1 = Zall + 161 = 2l + MY |00y = 27|
m=1

+ |yr1+1 - yn| ” Tn+1yn _yn” + yn” Tn+1yn - Tnyn” (13)

On the other hand,

%1 = ull
= | Qc(Buyfon + I = ButtF)Suyn) = Qc(Bury ftns + (I = Bua tF)Sp 1y 1) |
< | Buyfn + I = ButtF)Suyn = (Buoa ¥ fonr + (I = Buca hF)Suaynat) |
< ||Buy B = fna) + (Bu = But) ¥ fnn
+ (I = BultF)(Suyn = Su-1Yn-1) + (Bn = Bu-) ESu 1y |
< Buy Ll = na | + 1B = Bual (v eIl + i FSuayna )
+ (L= Ba)ISuyn = Su1yual. (14)

Substituting (13) into (14), we obtain

”xnﬂ _xn”

< BuyLllxy —xnall + 1Bn = ﬂn—1|(y Il + M”FSn—lyn—ln)

r
+ (1= But) (Ian — oty 196 = Zuca |+ 196 = X ||+ MY |0 =l

m=1
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1V = Yura N TuYu1 = Yl + Vi1l Tnyn1 — Tuo1Yna ||>
= (1 — Bu(t - VL))”xn —xpl + <|/3n = Bu-al + = @uotl + Vi — Va1l

+ Z‘n;ﬂ - 77:,"_1|>M1 + | Twyn-1 = Tu-1yn1ll, (15)

m=1

where My = sup,,_ oy f%n-1ll + LI ESp-1yn-1ll, 1% = Zua I 1 Twyn-1 = Yuall, M}
Since {T},}; satisfies the AKT T-condition, we deduce that

o0 [o¢]
D N Twyud = Tuaayuall Y sup || Ty - Ty < 00. (16)
n=0 n=0 w€{yn-1}

From (14), (16), and Lemma 2.3, we deduce that
lim %41 — %, = 0. 17)
n—0o0

We observe that

”Snyn _xn” =< ||xn+1 _xn” + ||xn+1 _Snyn”
= (a1 — 2|l + ||QC(ﬁnyfxn +(I~ ﬁnlLF)Snyn) = SuYn ”
= [| %41 — x|l + ” (,Bnyfxn +( - ,BnMF)Snyn) = SuYn H

= %041 = % ll + Bull v fotn — LESuynll-
From the condition (iii) and (17), we have
lim ||S,y, — x| = 0. (18)
n—00

Step 3. We prove that lim,,_, o, || T%, — x| = 0.
From Lemma 2.5, we have

||k:1” —x* ||q — || Qc(xn — AmAnXn) — Qc(x* _ )»mAmx*) ”q
= ”(1 - )\mAm)xn - (1 - )\mAm)x* ”6]

< o= |7 = A~ €5 ) it — A’

and

q r
2w —2*|" = <k -]
m=1

r

mym *
§ :nnkn X
m=1

r
< 2 (on =2 | = o (@1 = CoAZ;™) | Ann = As” )
m=1

.
= [l =2 " = 02 dom (i — Cor) | Amdtn — A [ .
m=1
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By the convexity of || - ||, for all g > 1, and Lemma 2.5, we obtain

[ner =27
= |Qc(Buvfitn + (I = BurtE)Suyu) = a*|*
< || (Burfoen + (= BuptE)Syn) = 2* |
= || Buly fin = ES,yn) + Sy — 7 |*
< |1Suyn =% | + a{Buly fn = 1F S92, Ty (Suyn = &%) + Cy | Buly fitn = ES,y) ||
<y =2 | " + aBullyfon — KES 3l || Suyn — x* ||”‘1 + CyBI|y fit — WES,ya|?
< || Butn + (1= Bu)zn — || " + Bub>
< | Bulmn —2%) + 0= B (zn —5%) |7 + BuMs

< Bn ”xn - x" ”q + (l_ﬂn)”Zn -x" ||q + BnMa,

.
< Bufxn-a*||" + 1 _,Bn)|:||xn == 0 A (@t

m=1

= C L) Ay — Apx® ||‘7] + BulM>,
< [oen =" = @~ B2) Z My Mo (@1 = Cofy ) A = Apx* | + B,Ma,
pou
where
My = igg{QH Y fotn = WESuyull | Suyn = 5* |7 + CBI 1y fotn — WESuyull 7} < 00.

By the fact that a” — b" < ra’"Y(a — b), Vr > 1, we get

r
1~ Bn) Z M om (q,um - Cq)\?n_l) ”Amxn —Apx* ”q
m=1

= [l =" = o =" + BuM
<l =2 | (w7 = i =2°[) + b

-1
= q”xn - x* ”q % = X1l + BudMa.
1
Since 0 < A, < (q’c‘—q’”) 71, from (17) and (iii) and the fact that {x,} is bounded we have
lim ”Amx,, —Ax* ” =0, Vml<m<r. (19)
n— 00
Setting r,,, = sup{|lx,, — x*||, [k —x* ||}, we have from Lemmas 2.1 and 2.6

[ =2 * = | Qe = AmAm)atn = Qell = A y)s” |

< (% = AmAmn — (& = ApAmx®), j (K - x*))
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< <xn —x*,j(k;” - x*)) + Am<Amx* —Amx,,,j(kz” —x*))
1
< Sl =2 [P+ [ =" = gn(ln =2 = &7 +-2°])]

+ (A mx* = A, j(K) = x¥)),

where g, : [0,2r,,) — [0, 00) is a continuous, strictly increasing, and convex function such
that g,,(0) = 0 for all 1 < m < r. Hence, we have

k7= = o= = gl = k21) # 20l ~ A k7 =] @0)

for all m, with 1 < m < r. On the other hand, we have

2 r
2 — 212 < <>k -
m=1

r

mj.m
E k' — %y
m=1

Since g, is increasing and convex by using (20) we have

gm(llzn —Xn ”2)
e (z e -xnnZ) =3 g ([ =)
m=1 m=1

r
= Yl = [ = 20 A A 7 -]
m=1
r r
= Joew = * = Y m ki =2 * + 2 0 A” = A || K =57
m=1 m=1
Thus we have
r r
Sk P < Jon = =g (=02 +2 >0 | A = A | | K= 7]
m=1

m=1

Thanks to Lemma 2.5 we have

B
= | Qc(Buy fin + (I = BuitF)Syyn) - |
< | (Buyfen + U = ButF)Spyn) — &* ”2
= | Bu ot = LESu3) + Suym —x* |
< S ="+ 2B oen = ES3a)sja(Bu 0y fin = 1ES ) + Suyis — 7))
< low=a*[* + s
= || Bt + (1= Ba)aw =" | + BuM

= ,Bn”xn -x" ”2 + (l_ﬂn)”Zn _x*”2 + B3
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. 2
E,Bn"xn_x*”z"'(l_ﬂn)( Z’l:,"kf,n—x* ) + BuMs3
m=1
< Bl =P+ (U= B Y k= + BuMs
m=1

< Bu ”xn - x" ”2 +(1 —,3,,)(”96,, - x" ”2 _gm(”Zn _xn||2)

+2 Z M A HAmx* - A,x, || ”ka —x* H) + B,Ms3

m=1

=< ”xn —-x" ||2 -1~ B m(”zn _xn”Z) +2(1-B4) Z Ny Am
m=1

x |Amx® = Ay | | K= ¥ || + BuM3,

where M3 = sup,..o{2(Vf%n = WESuYns jq(Bu(V.fxn = 1Snyn) + Suyn — %))}
This in turn implies that

(1- ,Bn)gm(”Zn _xn”Z) < ”xn -x* ||2 - ||x,,+1 —x* ||2
F20= B) Y 1 DoA™ = At || K = 2| + B
m=1

= ”xn _xn+1||(||xn _x* || + ||xn+1 _x* H)

+2(1-8,) Z N A ||Amx* - Ax, || Hkn’” —x* ” + BMs.
m=1

In view of (ii), (iii), (17), and (19) we have
. 2\ _
nlggogm(nzn P ) =0.
By the properties of g, we get
lim |z, — x,[? = 0. (21)
n—0o0
On the other hand,

1S = Xull < N1Sp%n = Suyull + 1Suyn — %ull
<% = yull + ”Snyn — Xl
< %0 = 2ull + 120 = Yull + 1Sy — %4l

= % = zull + Bullxn — zull + 11S0yn — %, .
It follows from (21), (18), and (iii) that

lim ||S,x, — %, = 0. (22)
n— 00
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Next, we show that ||z, — Sx,|| — 0 as n — oo. For any bounded subset B of C, we observe
that

sup [|Sps1w — Spol| = Sup“ Yur1®@ + (L= Y1) Ty — (Vna) + (1= vn) an) H

weB

= |Yus1 = Vul sup lo| + (1- Vn+l) sup [| Ty — Tyo|
weB weB

+ [Vue1 — Vulsup | Tyl

weB

< |Vni1 — vulMsz +sup [| T - Thol,

weB

where M3 = sup,. {lloll, || T,oll}. By (v) and the fact that {T,} satisfies the AKTT-
condition, we have

00
Z sup ||Sn+lw - Snw” < 00,

=1 weB

that is, {S,} satisfies the AKTT-condition. Now we define the nonexpansive mapping S :
C — Cby Sx =1lim,_,~ S,x for allx € C. Since {y,} is bounded, there exists a subsequence
{yu;} of {,} such that y,,, — v as i — oo. It follows that

Sx = lim S, = lim [y,,ix +(1- y,,l,)T,,l.x] =vx+(1-v)Tx, VxeC.
That is F(S) = F(T). Hence F(S) = (2, F(T,) = (21 F(Sx). On the other hand we have

I — Sxull < 1% = Spxull + 11Spxn — Sxy |l

= 10 = Suxull + sup ISy - Swl.
welxn}

This implies by Lemma 2.8 and (22) that
lim [|x, — Sx,ll = 0. (23)

Now we define a mapping /#: C — C by
hx =Y n"Pcll - hmAm)x, VxeC,
m=1
where " =1lim,,_, o 7). From Lemma 2.9, / is nonexpansive such that
F(h) = () F(Pcl = kmAw)) = [ | VI(C, Ap) = Q.
m=1 m=1

Next, we define a mapping U : C — C by Ux = §Sx + (1 - 8)hx, where § € (0,1) is a constant.
Then by Lemma 2.2, U is a nonexpansive and

F(U)=F@S)NF(h) = F(T,)NQ=F=FT)NQ.

n=1
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Note that
oy — x| < 1% — zull + N2 — Bix |l

m r
Z UZ’PC(I - AmAm)xn - Z nmPC(I - )\mAm)xn

n=1 m=1

< xn = zall +

,
< on = zall + MY |0 = ™).

m=1

In view of restriction (ii), we find from (21) that
lim ||x, — hx,|| = 0. (24)
n—00

Setting x; = Qcltyfx; + (I — tuF)Ux,], it follows from Lemma 2.13 that {x,;} converges
strongly to a point x* € F(U) = F, in which x* is the unique solution of the variational
inequality (9). From (23) and (24), we have

[l — Uy || = H(S(xn = Sx,) + (1= 8)(xy = hxn)”

< 8ll%n = Sxull + (1 = 8)llxy — hexy || — 0.
Step 4. We show that
lim sup((yf - ;,LF)x*,jq(xn —x*)> =0,

where x* is a solution of the variational inequality (9). To show this, we can choose a

subsequence {%n,} of {x,} such that

limsup((yf — wF)x*,jq (%, — x*)) =jl_i)1£10((yf — WE)X" jg (%, —x7)).

n— 00

By reflexivity of a Banach space X and since {x,} is bounded, there exists a subsequence
{%u;} of {x,} which converges weakly to z. Without loss of generality, we can assume that
%y, — z. Since [|x, — Uxy|l - 0 by step 3, we obtain z = Uz and we have z € F(U). Since
Banach space X has a weakly sequentially continuous generalized duality mapping, we

obtain

tim sup((yf = wF)x",jg (xn = ")) = Hm ((rf = )"y (0, = 5°))

n—0oQ

=((yf - ub)x*,jg(z—x*)) < 0.

Step 5. Finally, we show that lim,_, « ||%, —x*|| = 0. Setting &, = B,y fxu + (I — BultF)SyYu,
Vn > 1. Then we can rewrite x,,1 = Qch,,. It follows from Lemmas 2.1 and 2.4 that
1 2]
= <QChn - hn;jq(xn+l _x*)> + <hn _x*1jq(xn+1 _x*))

= <hn _x*¢jq(xn+1 - x*))
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= Bulyftn — WX, g (%1 = %)) + (= BattE)(Sudn = 6%, g (%1 — %))
= Buly (fon —f&*), jg (Fne1 — &%) + Buly " — wFx",jg (X1 — x*))
+{( = BaltE) (Snyn = &%), jq (%ns1 — 7))
< By Ln = [t =57+ Bl = wFx g (501 = #7)
+ (W= B0 =2 Joom =
< Buy L =& |1 =% "7+ Buly " = EX" g (0.0 — )

+ (L= BuT) || = &* || | a1 — 2" ||qi1

(1 - (T - VL)ﬂn) ”xn - x* || ||xn+1 - x* ||q_1 + ﬂrl(yfx* - MFx*rjq (xn+1 - x*)>

IA

1 -1 -
(=t =y08) 21"+ C2 g =]
AV = B 5 =)
which implies that

* |4 1_(.’7—7/L),3n « |9
v =1 = o e
qPn

1y (q-1)(z - yL)Bx
< (1= (e =y L)) [ea ="

. qBn
1+(g-1)(t-yL)B,

+(yfr" — W™ g (%001 — %))

+ (yfx* — WFX*, jq (x,,+1 - x*))

Put a, = B.(t — yL) and b, = (1+(q—1)(r—;IL)ﬂy,)(r—yL) + (yfx* — uFx*, jo(®a — x%)). Applying
Lemma 2.3, we obtain x,, — x* as n — 00. This completes the proof. O

Remark 3.2 Theorem 3.1 improves and extends Theorem 2.1; see Cho and Kang [21].
Especially, our results extend the above results from Hilbert space to a more general g-
uniformly smooth Banach space.
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