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1 Introduction

Throughout this paper, let N and R be the sets of positive integers and real numbers,
respectively. Let H be a real Hilbert space with the inner product (-,-) and norm || - ||. Let
C be a nonempty, closed, and convex subset of H. We introduce some operators which
will be used in this paper.

A mapping f : C — C is a contraction if there exists k € (0,1) such that ||f(x) — f(y)|| <
k|lx - y| for all x,y € C. A nonlinear operator T : C — C is called nonexpansive if || 7x —
Ty|| < |lx—y| forallx,y € C. The set of fixed points of T is denoted by Fix(7'). A nonlinear
mapping A : H — H is called monotone if (x — y,Ax — Ay) > 0 for all x,y € H.

Firstly, consider the following constrained convex minimization problem:
ming(x), (1.1)
xeC

where g : C — R is a real-valued convex function. Assume that the constrained convex
minimization problem (1.1) is solvable, and let U denote the solution set of (1.1). The

gradient-projection algorithm (GPA) generates a sequence {x,}c, according to the re-
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cursive formula
Xn+l = PC(I - lgan)xm Vn >0, (12)

where the parameters f, are real positive numbers, and Pc is the metric projection from
H onto C. It is well known that the convergence of the algorithms (1.2) depends on the
behavior of the gradient Vg. If the gradient Vg is only assumed to be inverse strongly
monotone, then the sequence {x,,} defined by the algorithm (1.2) can only converge weakly
to a minimizer of (1.1). If the gradient Vg is Lipschitz continuous and strongly monotone,
then the sequence generated by (1.2) can converge strongly to a minimizer of (1.1) provided
the parameters f,, satisfy appropriate conditions.

As we all know, Xu [1] gave an averaged mapping approach to the gradient-projection
method, and he constructed a counterexample which shows that the sequence generated
by the gradient-projection method does not converge strongly in the infinite-dimensional
space. Moreover, he presented two modifications of the gradient-projection method which
are shown to have strong convergence.

In 2011, motivated by Xu, Ceng et al. [2] proposed the following iterative algorithm:
Xntl = PC[ean(xn) + (I — 0, uF) Tn(xn)], n=>0, (1.3)

where f : C — H is an [-Lipschitzian mapping with a constant / > 0, and F: C — H is
a k-Lipschitzian and n-strongly monotone operator with constants k,n > 0. Let 0 < pt <
2n/k?, 0 <yl<t,and T =1 - /1 - u(2n — uk?). Let T, and 6, satisfy 6, = %, Pc(I -
AnVg) =0, + (1-06,)T,. Under suitable conditions, it is proved that the sequence {x,}7°,
generated by (1.3) converges strongly to a minimizer x* of (1.1). There are also many other
methods for solving constrained convex minimization problems, such as extragradient-
projection method (see [3]) and so on.

However, we all know that the minimization problem (1.1) has more than one solution
under some conditions, so regularization is needed in finding the unique solution of the
minimization problem (1.1). Now, we consider the following regularized minimization
problem:

. . @ 2
glelgga(x) =g(x) + 5 llell*,

where « > 0 is the regularization parameter, g is a convex function with a 1/L-ism contin-
uous gradient Vg. Then the RGPA generates a sequence {x,} -, by the following recursive
formula:

Xp+l = PC(I - ,ngan )xn = PC[xn - ,B(Vg + anl)(xn)]¢ (14')

where the parameter «, > 0, 8 is a constant with 0 < 8 < 2/L, and P¢ is the metric pro-
jection from H onto C. We all know that the sequence {x,}°, generated by algorithm
(1.4) converges weakly to a minimizer of (1.1) in the setting of infinite-dimensional spaces
(see [4]). In 2013, however, Ceng et al. [5] established a strong convergence result via an
implicit hybrid method with regularization for solving constrained convex minimization
problems and fixed point problems in Hilbert spaces. This method is based on the RGPA.
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Secondly, consider the problem of zero points of maximal monotone operator:
B'0={xe€H:0€Bx}, (15)

where B is a mapping of H into 2/, the effective domain of B is denoted by dom B or
D(B), that is,dom B = {x € H : Bx # }}. A multi-valued mapping B is said to be a monotone
operator on H if (x—y,u—v) > 0 for all x,y € dom B, u € Bx, v € By. A monotone operator
Bon H is said to be maximal if its graph is not properly contained in the graph of any other
monotone operator on H. For a maximal monotone operator B on H and r > 0, we may
define a single-valued operator J, = (I + rB)™' : H — dom B, which is called the resolvent
of B for r. We denote by A, = %(1 —J;) the Yosida approximation of B for r > 0. We know
from [6] that

A,xeBJ,x, Vxe€H,r>0. (1.6)

Let B be a maximal monotone operator on H and define the set of zero points of B as
follows:

Bl0={xeH:0eBx}.

It is well known that B™10 = Fix(J,) for all r > 0 and the resolvent J, is firmly nonexpansive,

i.e.,
Ve =Jey* < (e =y Jrx = Jy), V€ H. (17)
Thirdly, consider the equilibrium problem (EP) which is to find z € C such that
F(z,y) >0, VyeC, (1.8)

where F is a bifunction of C x C into R, and R is the set of real numbers. We denote
the set of solutions of EP by EP(F). Given a mapping T : C — H, let F(x,y) = (Tx,y —
x) for all x,y € C, then z € EP(F) if and only if (Tz,y —z) > 0 forall y € C, i.e,, z is a
solution of the variational inequality. Numerous problems in physics, optimizations, and
economics reduce to finding a solution of (1.8). Some methods have been proposed to
solve the equilibrium problem; see, for instance, [7-11].

In 2000, Moudafi [12] introduced the viscosity approximation method for nonexpansive
mappings, extended in [13]. Let f be a contraction on H, starting with an arbitrary initial

xo € H, define a sequence {x,} recursively by
Xp+l = ar(f(xn) + (1 - an)Txm n= Ox (19)

we use Fix(T) to denote the set of fixed points of the mapping T, i.e., Fix(T) = {x e H : x =
Tx}.
For finding the common solution of EP(F) and a fixed point problem, Takahashi and

Takahashi [8] introduced the following iterative scheme by the viscosity approximation
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method in a Hilbert space: x; € H and

(1.10)
KXol = pf (%) + L — ) T(u,), VmeNl,

{F(u,,,y) + i(y— Up Uy — %) >0, VyeC,
where {a,} C (0,1) and {y,} C (0, 00) satisfy some appropriate conditions. Further, they
proved {x,} and {u,} converge strongly to z € Fix(T) N EP(F), where z = Prixr)nepr)f (2)-

In 2010, Zeng et al. [14] proved a strong convergence theorem for finding a common
element of the solution set EP of a generalized equilibrium problem and the set 7710 N
T-10 for two maximal monotone operators T and T defined on a Banach space X:xg € X
and

Xp+l = 1_[ X0, n=0,12,...,
HyNWy,

where H, = {z € C: ¢(z,K,,yn) < (@y + @y — 0,0)P(2,%0) + (1 — o)1 = @) (2,%0)},
W, ={z € C: (xy —zJxg — Jn) > 0}, Xy = J Hawhwo + (1 — au)(BuSxn + A = B)Trn%n),
Y =T H@nfxo + (L= &) (B Fn + (1= Bu)ITu%n)) and {at}, {Bu}, (&}, {Bu}, {ra} satisfy some
appropriate conditions. Then the sequence {x,} converges strongly to [[;-19n%-10ngp ¥0»
where [ ;-19n7-101gp is the generalized projection of X onto 7710 N 7-'0 N EP.

In 2012, Tian and Liu [15] introduced the following iterative method in a Hilbert space:

x1 € C and
{F(umy) + i(_y — U Uy —%4) >0, VyeC(, 1.11)

%1 = WS (un) + (I = 0, A) To(uy),  VmeN,

where F: C x C — R, u, = Qg,(*4), Pc(I — A, Vg) =6, +(1-6,)T,, 6, = Z_Q"L, and {1} C

(0,2/L), and {ay}, {ru}, {0}, satisfy appropriate conditions. Further, they proved that the

sequence {x,} converges strongly to a point g € U N EP(F), which solves the variational
inequality

(A-yf)g.q-2)<0, zeUNEP(F).

It is the first time that the equilibrium and constrained convex minimization problems
have been solved.
Defining a set-valued mapping Ar C H x H by

At = {ze H:F(x,y) > (y—x,2),Yye C}, VxeC(C,
g, Vx ¢ C,

we find from [16] that Af is a maximal monotone operator such that the domain is included
in C; see Lemma 2.5 in Section 2 for more details.

In this paper, motivated and inspired by the above results, we introduce a new iterative
algorithm: x; € C and

{ U, = ]rn (%), (1.12)

K1 = f (%) + L= ,)) T, (1), VneN
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for finding an element of U N B0, where F: C x C — R, T,, = PcI - BVg.,), Vg, =
Vg + iud, B €(0,2/L). Under appropriate conditions, it is proved that the sequence {x,}
generated by (1.12) converges strongly to a point ¢ € U N B0, which solves the variational
inequality

(I-f)g,q-2)<0, VzelUnNBlo.
(U-Naq-2)

Equivalently, g = Pyjnp-10f(q).
Finally, in Section 4, we apply the above algorithm to the split feasibility problem, and
we give concrete examples and the numerical result in Section 5.

2 Preliminaries
In this section we introduce some properties and lemmas which will be useful in the proofs
for the main results in the next section.

Throughout this paper, we always assume that C is a nonempty closed convex subset of a
real Hilbert space H. We denote the strong convergence of {x,} to x € C by x,, — x and the
weak convergence by x, — x. Let Fix(T) denote the set of fixed points of the mapping T,
EP(F) denote the solution set of the equilibrium problem (1.8), and U denote the solution
set of (1.1). We find that, for any x, y € H, the following inequality holds in an inner product
space X:

llx+ylI* < IlxI* +2(p,x +9),  Vx,y€X. 2.1)

Firstly, we recall the metric (nearest point) projection from H onto C is the mapping
Pc : H— C which is defined as follows: given x € H, Pcx is the unique point in C with the

property

|lx — Pcx|| = inf ||x — y|| =: d(x, C).
yeC

Pc is characterized as follows.

Lemma 2.1 Given x € H and y € C. Then y = Pcx if and only if the following inequality
holds:

x—y,y—-2)>0, VzeC.

Secondly, we introduce the following lemma, which is about the resolvent of the maxi-

mal monotone operator.

Lemma 2.2 ([16, 17]; see also [18]) Let H be a real Hilbert space and let B be a maximal
monotone operator on H. For r > 0 and x € H, define the resolvent J,x. Then the following
holds:

s—t 2
T (]sx _]txr]sx - x) > ”]sx _]tx”
orall s,t >0 and x € H. In particular,
b

T2 = Jexll < (Is = £1/s) lx — Jx|

foralls,t>0andx<c H.
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Thirdly, for solving the equilibrium problem for a bifunction F: C x C — R, let us as-
sume that F satisfies the following conditions:

(A1) F(x,x)=0forallx € C;

(A2) Fismonotone,ie., F(x,y) + F(y,x) <0 forallx,y € C;

(A3) foreachx,y,ze C,limgo F(tz + (1 -t)x,y) < F(x,9);

(A4) for each x € C, y — F(x,y) is convex and lower semicontinuous.
Then we have the following lemma, which appears implicitly in Blum and Oettli [19].

Lemma 2.3 ([19]) Let F be a bifunction of C x C into R satisfying (Al)-(A4). Let r > 0 and
x € H. Then there exists z € C such that

1
F(z,y)+-(y-zz-x)>0, VyeC.
r

The following lemma was also given in Combettes and Hirstoaga [11].

Lemma 2.4 ([11]) Assume that F : C x C — R satisfies (Al)-(A4). For r >0 and x € H,
define a mapping J. : H — C as follows:

1
J(x) = {ze C:F(z,y) + ;(y—z,z—x) zO,VyeC}

for all x € H. Then the following hold:
(1) J is single-valued,;
(2) J» is a firmly nonexpansive mapping, i.e., for all x,y € H,

% = JylI> < e = Ty, — 9);

(3) Fix(J;) = EP(F);
(4) EP(F) is closed and convex.

We call such J, the resolvent of F for r > 0. Using Lemma 2.3 and Lemma 2.4, Takahashi

obtained the following lemma. See [20] for a more general result.

Lemma 2.5 ([16]) Let H be a Hilbert space and let C be a nonempty, closed, and convex
subset of H. Let F : C x C — R satisfy (A1)-(A4). Let Ar be a set-valued mapping of H into
itself defined by

B {ze H:F(x,y) > (y—x,2),Yye C}, VxeC(C,

Apx
@, Vx ¢ C.

Then EP(F) = A7'0 and A is a maximal monotone operator with domAr C C. Further-
more, for any x € H and r > 0, the resolvent ], of F coincides with the resolvent of Ar, i.e.,

Jox = +rAp) .

Besides, the following two lemmas are extremely important in the proof of the theo-

rems.
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Lemma 2.6 ([1]) Assume that {a,}.°, is a sequence of nonnegative real numbers such that
ne1 < (1= V)@n + Vubp + Buy n>0,

where {y, )02, and {B,}52, are sequences in (0,1) and {8,}32, is a sequence in R such that
(i) Zzio Vn = 005
(i) either imsup,,_, .8, <0 0r Y oo Vuldul < 00;
(i) Y02y Bu < 0.

Then lim,,_, o a, = 0.
The so-called demiclosed principle for nonexpansive mappings will often be used.

Lemma 2.7 (Demiclosed principle [21]) Let T : C — C be a nonexpansive mapping with
F(T) # 0. If {x,}32, is a sequence in C weakly converging to x and if {(I — T)x,}52, converges
strongly to y, then (I — T)x = y. In particular, ify = 0, then x € F(T).

Lemma 2.8 ([22]) Let C be a nonempty, closed, and convex subset of H and let ic be the
indicator function of C, then ic is a proper lower semicontinuous convex function on H and
the subdifferential dic of ic is a maximal monotone operator. Define J,x = (I + Mdic)\x, for
all x € H. We see that, foranyx € H and u € C, u = J,x < u = Pcx.

3 Main results
In this section, we will give our main results of this paper. Let B be a maximal monotone
operator on H such that the domain of B is included in C, and define the set of zero points

of B as follows:
Bl0={xeH:0eBx}.

We always denote Fix(7) as the fixed point set of the nonexpansive mapping 7', denote
U as the solution set of the constrained convex minimization problem (1.1), and denote
EP(F) as the solution set of the equilibrium problem (1.8).

Let f be a contraction on C with the constant k € (0,1). Suppose that Vg is 1/L-ism
continuous. Let J,, be a sequence of mappings defined as in Lemma 2.4. Consider the

mapping G, on C defined by
Gu(x) =0, f(0) + 1 - )T, ), (%), VxeC,meN,

where Pc(I - BVg,,) = T,,, Vg, = Vg + A1, A, C(0,2/B - L), B €(0,2/L), {a,,} C (0,1).
It is easy to prove that Vg, , is ﬁ—ism, T, is nonexpansive. It is easy to see that G, is a

contraction. Indeed, by Lemma 2.4, we have, for each x,y € C,

1G.(x) = G| = | (ctnf &) = nf @) + A = ) (T3, T, %) = T T, ) ||
< agkllx =yl + (1 —ay)llx -yl

= (1- a1 -K)lx =yl
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Since 0 < 1 — (1 — k) < 1, it follows that G, is a contraction. Therefore, by the Banach
contraction principle, G,, has a unique fixed point x/; € C such that

x{l = oznf(xf:l) + (1 - an)Th,Jr, (x{l)

For simplicity, we will write x,, for x/:, provided no confusion occurs. Then we prove the
convergence of {x,}, while we claim the existence of the g € U N B™10, which solves the

variational inequality
(U-frgp-q)=0, ¥YpeUnBo. (3.1)

Equivalently, g = Py;np-10f(q).

Theorem 3.1 Let H be a real Hilbert space and let C be a nonempty closed convex subset
of H. Let B be a maximal monotone operator on H such that the domain of B is included
in C. Let J, = (I + rB)™ be the resolvent of B for r > 0. Let g be a real-valued convex function
of C into R, and the gradient Vg be a 1/L-ism with L > 0. Let f be a contraction with the
constant k € (0,1). Assume that U N B0 # (. Let the sequences {u,} and {x,} be generated

by

Uy = ]rn (xn)¢

(3.2)
Xn = ar(f(xn) + (1 - O[,,)T)m (”n)r VneNl,

where T, = Pc(I — BVg.,), Vg, = Vg + Aud, B € (0,2/L). Let {r,}, {on}, {1n} satisfy the
following conditions:
(i) {r.} C(0,00), liminf,_, o 1, > 0;
(i) {an} C(0,1), lim,_ o0 0ty = 0;
(iii) {r,} C(0,2/B —L), A, = o(cxy,).
Then the sequence {x,} converges strongly to a point q € U N B0, which solves the varia-

tional inequality (3.1).

Proof 1t is well known that x € C solves the minimization problem (1.1) if and only if for
each fixed 0 < B < 2/L, x solves the fixed point equation

%=Pc(I - BVg)i = TA.
It is clear that x = T, i.e., x € U = Fix(T).

First, we claim that {x,} is bounded. Indeed, pick any p € U N B0, since u, = J,, (x,),
and p = J,, (p), we know that, for any n € N,

llzen — pll = “]ry,(xn) ~Jr,(P) ” < llxn —pll. (3.3)
Thus, we derive that

lln = pIl = ”anf(xn) + (1 —a,) T, (uy) —P”
< onf () = anf @) | + ||t (p) — ctnp|| + (1 = @) | To, () = To, () |
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+(1-a,)| T, () - TO)|
< @k, = pll + @ | (1 = p|| + A = o)l —pll
+(1-an)| T3, () - TW) |
< (1= (1= K)llxn = pll + o | (I = || + A = )| T, (0) - T(®)|.

It follows that

I — pllfﬂHl N[+ —HTM -7 (34)

For x € C, note that
Pc(I-BVg,)x=Tx
and
Pc(I - BVg)x = Tx.
Then we get

I T5,% = Tx|| = |Pc( - BV, )x — Pc(I - BVg)x|

< uBllxll. 3.5)

It follows from (3.4) and (3.5) that

an),B

[ p||<—ul -Ap| + 1 T

R
“1-k np'

Since A, = o(a,,), there exists a real number M > 0 such that 2—’; <M, and

n)
o6 ~ pllsﬁll(l ~Fp| + B2l
_-Hpl+ - aannpn
1-k

Hence {x,} is bounded and we also find that {u,} is bounded.
Next, we show that ||x, — #,| — 0. Indeed, for any p € U N B~'0, by Lemma 2.4, we have

]r,,, (xn) _]ry, (P) “2

S (xn _p’Mn _P>

lun - plI* = |

1
= E(”xn =PI+ Nty = pIP = Nty = 2]).
This implies that

4 — pI* < 1% — pI* = Ntk — %112 (3.6)
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Then from (3.5), (3.6), and (2.1), we derive that

s = P11 = [otuf Gen) + (L = ) T, (1) - ||
= ef () = ctup + (1 = @,)(T,, 1) - )|
< (1= 0| T, 1) = T, () + T, () = T@) | + 200,{f (5) - %0 — )
< (=@ (lun - pI* + 2lun — pll - | T2, () - T@)| + | T2, () - T®)[)
+ 20, |[f () = p|| - 1% =
< (1= ) (I = PI% = N1t = %al® + 2010 — pIl - 2 BlIp ] + 2282211

+ 20, (kllxn = pll + | (T =1)p]) - % = plI.
Hence, we obtain

(1 - an)”un _xn”2 = (20(,,]( - an)”xn —P”Z + 2(1 - an))\n,B”un —P” : ||P||

+ (L= o)A 2Bl + 20, | L~ Fp] - %0 — pII-

Since both {x,} and {«,} are bounded and «,, — 0, A,, — 0, it follows that ||, —x,|| — O.
Then we show that |x, — T;,,(x,,)|| = 0. Indeed,
”xn - T)Ln(xn)” = “xn = Ty, () + Ty, () — T)Ln(xn)”
= ||xn =T, (un) “ + || T;,(un) = Ty, (xn)H
< Hanf(xn) + (1 - an)TAn (un) - T)»n (un) ” + ”un _xn”

=y “f(xn) - T)»n(un)” + [ty — %]l

Since o, — 0 and ||, — x,,|| — 0, we obtain ||x, — T}, (x,)| — 0.

Thus,
”un - T, (un)” = ”un —Xn + %0 — To, (%) + Ti, (%) = T, (un)”
=< ”un _xn” + ”xn - Tkn(xn)|| + || Tkn(xn) - TA,,(”n)”
< oty — xull + ”xn - Tk,,("n)“ + [|%n — |
and

”xn - TAn (un)H =< ”un _xn” + H Tkn (un) — Uy

’

we have ||u,, — T5,,(u,)|| = 0 and ||x, — T3, (u,,)|| — O.
Since {u,} is bounded, without loss of generality, we can assume that u,, — g. Next, we
show that g € L/ N B~10.
By (3.5), we have
”M,, - T(un) || = ”un - TA,, (un) || + || TAn (un) - T(un)”

< |t = T, ) || + 2Bl

Since ||u, — T3, (u,)|| — 0 and X, — 0, we have |u, — T(u,)|| — 0.
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So, by Lemma 2.7, we get g € Fix(T) = U

Next, we show that g € B™10. Since u, = Jr, (%), B is a maximal monotone operator, we
have from (1.6) A,nix,,i € B],nixni, where A, is the Yosida approximation of B for r > 0.
Furthermore, we have, for any (u,v) € B,

Xy

J> >0,
T,

Since liminf, o 7, >0, u,, — q and &, — u,, — 0, we have
7 7

i

<u—um,v—

(u-gq,v) = 0.

Since B is a maximal monotone operator, we have 0 € Bg and hence g € B™10. Thus we
have g € U N B10.
On the other hand, we note that

—-q= ar(f(xn) + (1 - an)Tkn(un) -q
= of (%) — af (@) + f (q) — g + (1 = ) (T, () — q).

Hence, we obtain from (3.3) and (3.5)

%2 — qll* = an((f = D260 — q)
+{n(F®n) = £(@)) + (1= ) (T3, () = T(@)), %0 — q)
< a,((f - Dg, % — q)
+ (ks = qll + (L= o) | T, () = T5,,(q) + T, (@) = T(@) ) - x5 — gl
< au{(f = g, %4 — q) + aukllx, — gl
+(L=ap)llun =gl - 1%, = qll + L = o) 2uBliqll - 120 = gl
< a((f =Dy — q) + (1 — oty + k) |, — g1

+(1- an))tn,B”q” -y = qll.

It follows that
a2 < ((f_l)qrxn_q) (1_an))\nﬂ||q” : ||xn_q||
R e
In particular,
(1 - an) A i 1
[l — qlI> < Tkﬁ . a—nllqll Nxw, —qll + —((f 1)q, %y, — q). (3.7)

Since x,, — g and A,, = o(a,,), it follows from (3.7) that x,,, — g as i — oo.
Next, we show that g solves the variational inequality (3.1).
Observe that

X = pf (%) + (L — ) Ty, ()

= otpf () + (1 — ) T, Ty, (%)
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Hence, we conclude that
1
v _f)(xn) = _C\!_([ - Tkn]rn)(xn) - Tkn]ry, (%) + %,

Since T},J,, is nonexpansive, we find that I — T} /.., is monotone. Note that, for any given
zeUNB™0,

(=) )xn —2) = —ai((z T ) 6) = (L = T )20 — 2)
- L((1 = T3,Jr)% %0 — 2) = (T, (th) = Xy 20 — 2)

n

1

A

(I = T, )20 %0 — 2) = (T, (th) = Xy 0 — 2)

n

1
=— |z = T5,@|| - 1% — 2ll + || T, () = % | - 112 — 2l
n
An
< ZLBllzll - tn =zl + | T, th) = %) - e = 21l
oy

Now, replacing # with #; in the above inequality, and letting i — o0, since X, = o(w,),
| T3, (#,) — x| — O, we have

(U= q~2) = lim (I =i, %, ~ 2) < O.

From the arbitrariness of z € U N B710, it follows that ¢ € U N B710 is a solution of the
variational inequality (3.1). Further, by the uniqueness of the solution of the variational
inequality (3.1), we conclude that x, — g as n — oc.

The variational inequality (3.1) can be rewritten as

f@-q9-2)=0, vzeunBo.
By Lemma 2.1, it is equivalent to the following fixed point equation:

Pung1of (@) = 4.
This completes the proof. g

Theorem 3.2 Let H be a real Hilbert space and let C be a nonempty closed convex subset
of H. Let B be a maximal monotone operator on H such that the domain of B is included
in C. Let J, = (I + rB)™ be the resolvent of B for r > 0. Let g be a real-valued convex function
of Cinto R, and the gradient Vg be a 1/L-ism with L > 0. Let f be a contraction with the
constant k € (0,1). Assume that U N B0 # (. Let the sequences {u,} and {x,} be generated
byx, € Cand

{ Uy :]rn(xn)’ (38)

X1 = Af ) + L= a) o, (1), VmeN,

where T, = Pc(I — BVg.,), Vg, = Vg + Aul, B € (0,2/L). Let {r,}, {ou}, {1n} satisfy the
following conditions:
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(C1) {ry} C(0,00), liminf, oo 7y >0, Y oo |7ys1 — 1l < 00;
(C2) {an} C(0,1), limy 00, =0, Y o) @ty =00, D ooy |tye1 — oty | < 00;
(C3) {hn} C(0,2/B = L), hon = 0(ctn), 3521 st = hl < 00
Then the sequence {x,} converges strongly to a point q € U N B0, which solves the varia-

tional inequality (3.1).

Proof 1t is clear that & € C solves the minimization problem (1.1) if and only if for each

fixed 0 < 8 < 2/L, & solves the fixed point equation
%=Pc(I - BVg)i = T,
and x = T%, i.e., x € U = Fix(T).

Now, we first show that {x,,} is bounded. Indeed, pick any p € U N B0, since u, = J,, (x,),
by Lemma 2.4, we know that

”Mn —19” = |]rn(xn)_]rn(p) ” =< ”xn —19” (39)

Thus, we derive from (3.5) that

[%ne1 =2l = |Jof (%) + A = 0t) T, () — |

= |- an) (T3, () - ) + o (@) - p) |

< A -a)||To, () = T, () + T, (p) - T(P)||
+ o |f @) -f (o) +/ (o) - |

< U= (luy - pl + | T, () - T®)])
+ (Kl = pll + [f ) - p|)

< =) (I%n = pll + 1uBllpl)
+ a, (kllx, = pll + [[f () - )

< (1-a,1-K))llx, - pll

i DN S |lf<p>—p||]-

*“”(l‘k)[ wa—k P r

Since A, = o(w,), there exists a real number E > 0 such that 2—2 < E. Thus,

EBlpll + IIf (p) - pl
1-k )

[%ne1 =PIl < (1= @@= K)) % — pll + n(1 - k)
By induction, we have
1
lx, = pll < maxq [lx1 - pll, ﬁ(EﬁIIPII +|f)-pl); n=1

Hence, {x,} is bounded. From (3.9), we also find that {u,} is bounded.

Next, we show that ||x,,,; —x,] — O.
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Indeed, since Vg is 1/L-ism, Pc(I — Vg, ) = T, is nonexpansive, we derive that

| Ts, () = Toyy ()| = | Pl = BV G, tbns — Pel = BV g, )tk |
< |0 - BVg,)un1— T - BV, )thn |
= :3 || Vg(un—l) + )\n—lun—l - vg(un—l) - )\nun—l ||

= ,Bp‘n - )”n—1|||un—l||~

Thus, we get

s =%l = [ (otf @) + (U = 0t) T, (24)) = (et-rf Gor)

+ (1= ap1) T,y () |

< [ otuf () = etf (o) |
+ ot ouct) = et f () |
+ | @ = ) (T, () = T, (0)) |
+ @ =0 T, (t41) = (1 = ) T, (100m1) |
+ ]| =) T,y (1) = (= 00 1) T,y ()|

< otk 106 = %t || + oty — tnea | - [[f () |
+ (U= a)lltn — iy || + (= o) | T, (tcr) = T,y () |
+ loty = et - || Ty () |

< k|6 = X | + (1= ) [ty = i |
+ (1= ) Blin = Aot | - |t |
+ Lot = et | ([f Gont) | + | T2y () )

< k|6 = o] + (1= ) [ty = i |

+M1(|)\n_)‘«n—1| + |an_an—l|) (310)
for some appropriate constant M; > 0 such that

My > max{B|lu,-1l,

lf(xn—l) || + || T}un,l (un—l) H }r Vn = 1.
Since u,.1 = J,,, (®nn1) and u,, = J,, (x,,), we have from Lemma 2.2

le£41 — tnll = ||]rn+1xn+1 _]r,,xn”

= ||]r,,+1xn+l _]rmlxn” + ”]rmlxn _]r,,,xn”
|rn+1 - rnl

< % —xull + ——— ”]rmlxn — %Xl
Tn+l

Since liminf,_, » 1, > 0, without loss of generality, we may assume that there exists a real
number a such thatr, >a >0 forall » € N,
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Thus, we have

|rn+1 - rn|
i1 — thnll < %1 — %0l + T ”]rmlxn — %l

= ||xn+1 _xn” + |rn+1 —n |M2: (311)
where M, = sup{% /5,1 %1 — %l : € N}. From (3.10) and (3.11), we obtain

%1 = xull < etuklln — 201l + (L= ap) |ty — thya |
+ My (12 = Ao | + laty — ctuq])
< aukl|xy — Kt ll + (1= o) (160 = Fnet | + 170 = Puct | M)
+ My (1hg = Mg | + loy — i)
< (1- ,( = R)) 1%y = K l| + Ma|ry = 100
+ My (JAn = Ant| + oty — 1)
< (1= (1= 1)) Il = 21

+M3(|rn = Fpal + Ay = A | + oy, = O[n—l|),
where M3 = max{M;, M,}. Hence by Lemma 2.6, we have
lim ||%,41 — %, = 0. (3.12)
n—00
Then, from (3.11), (3.12), and |r,41 — 1| — 0, we have
lim ||2t,41 — Uyl = 0. (3.13)
n—00
For any p € U N B710, in the same way as in the proof of Theorem 3.1, we have
s = pI* < 126 = PII* = Nl = x> (3.14)

Then, from (3.5) and (3.14), by the same argument as in the proof of Theorem 3.1, we
derive that
st =212 = (1= @) (T, (1) = p) + e (f &) - p) |
< || T3, ) - T2, ) + T, (0) - T) |
+ 20, T3, () = || - [f @) = B + a2 =
< loew = pI* = lln = %> + 20|20 = pll - 1uBlpll + 2581211
+ 0 (2l — Il + 2Bl - [f ) — | + | f )~ p])

and hence

1% = > < 196 =PI = %1 = PI* + 28Aullt — pll - Ip]l + 2282111
+ @ (2l = pll + Brullpl) - |[F o) = p| + [f ) = 2]7)
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< a1 = 2l (120 — pIl + i1 - plI)
+ 282l = pll - o]l + 2282111
+ @ (2(lun = pll + Brallpl) - [F @) = p|| + [f @) - p||).

Since both {x,}, {f(x,)} and {«,} are bounded, «,, — 0, A, — 0, and |x,;; — %, || = 0, we

have
lim ||, — uy,l|| = 0. (3.15)
n—00

Next, we derive that

”xn =T, (x4) ” = “xn = X1+ Xni1 — Do, () + T, () = T, (x0) ”
< Notn = Fra | + |1 = T, @) | + || T () = T () |

< % = xpall + ot Hf(xn) - Ty, (un) ” + [l — x4l
From (3.12), (3.15), and o, — 0, we have
”xn - Txn(x,,)” — 0.

It follows that ||u, — T, (u,)| — 0.
Now we show that

limsup(x, — g, ~(I - f)q) <0,

n—00

where g € U N B7!0 is a unique solution of the variational inequality (3.1).
Indeed, take a subsequence {x,, } of {x,} such that

limsup(x, - g,~(I =f)g) = lim {x, —g,~(I - f)q). (3.16)

n—0o0

Since {x,} is bounded, without loss of generality, we may assume that x,, — X.
By the same argument as in the proof of Theorem 3.1, we have ¥ € U N B~10.
Since g = Py;np-10f (q), it follows that

limsup<([ —f)q,q—xn) = <(1 —f)q,q—fc) <0. (3.17)

n—00

Finally, we show that x,, — 4.

In fact,

X1 = q = f (%) + 1 =) T3, () — q
= o (f (%) = £ (@) + @u(f (@) — q)
+ (1= a,)(To, () - T3, (9))
+(1-,)(Th,(q) - T(q)).
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So, from (3.5) and (3.9), we derive

[%m1 = qll> = @ = ot){(To, () = T2, (@) + (T2, (@) — T(@)) %1 — q)
+ lf %n) = (@) Xns1 = G) + @~ =), %1 — q)
< A=) (llun — qll + 2uBlIgll) %01 — gl
+ ok lln — gl - [%ns1 = qll + €~ = £) g, %1 — q)
<@ =an)llxn =gl - 1% = qll + 1 = a)AnBliqll - %ns1 - 4l
+ k|6, — gl - [%ns1 — gl + €~ = £) g, X1 — q)
< (1=, =)lxn =gl - %1 — qll + 2uBligll - %001 — gl

+ an(_(l _f)q! Xnil — q)

1
<(l-a,(- k))g(llxn —ql* + 1xn1 —ql1%)

An
tay [(—(1 1) %1 — q) + a—ﬁllqll 1 — qll]

It follows that
1-a,1-k)
_gl2 <« " _ 4l12
vt =41 = 3 g 1 =4
20, i 1

An
(_(1 _f)qrxrul - Q) + a—f5||61|| K — 61||

" 1+a,0-k)[
< (1-a,1-K)llx, -4l

A
(-~ =)q,%ni1 — q) + a—”ﬁllqll N1 — 4l

20,
+7
l+a,0-k)[

since {x,} is bounded, we can take a constant M > 0 such that
M= |lxp1—qll, n=1
Then we obtain
%1 = gl < (1= (1 = K)) 126 = q1I> + S, (3.18)
where 8, = 725 (= =), %01 — @) + 2 BllgIM].
By (3.17) and X, = o(«,), we get limsup,,_, .. 6, < 0. Now applying Lemma 2.6 to (3.18)
one concludes that x, — g as n — co. The variational inequality (3.1) can be rewritten as
f@)-q.9-2)=0, YzeunB™o.
By Lemma 2.1, it is equivalent to the following fixed point equation:

Pyng1of(9) = 4.

This completes the proof. O

Page 17 of 23
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4 Applications
In this section, we will give some applications, which are useful in nonlinear analysis and

optimization.

Theorem 4.1 Let H be a real Hilbert space and let C be a nonempty closed convex subset
of H. Let F be a bifunction of C x C into R satisfying (A1)-(A4). Let ], be the resolvent of F for
r> 0. Let g be a real-valued convex function of C into R, and the gradient Vg be a 1/L-ism
with L > 0. Let f be a contraction with the constant k € (0,1). Assume that U N EP(F) # (.
Let the sequences {u,} and {x,} be generated by x, € C and
{F(u,,,y)+i(y—un,u,,—xn)ZO, Vy e C, 1)

KXne1 = f (%) + L= ) T, (1), VmeN,

where Ty, = Pc(I — BVg.,), Vg, = Vg + Aul, B € (0,2/L). Let {r,}, {on}, {1y} satisfy the
conditions (C1)-(C3). Then the sequence {x,} converges strongly to a point g € U N EP(F),
where q= PumEP(Flf(q).

Proof For a bifunction F of C x C into R satisfying (A1)-(A4), we can define a maximal
monotone operator A with domAr C C.Put B = Ar in Theorem 3.2. Then by Lemma 2.5,
we have u,, =/, (x,,). Thus we obtain the desired result by Theorem 3.2. O

On the other hand, based on Theorem 3.2 and Theorem 4.1, we will give another two
applications of it. In 1994, Censor and Elfving [23] introduced the split feasibility problem
(SEP). Then various algorithms were introduced by some authors to solve it (see [24] and
[25-29]). Recently, many authors have paid attention to the SFP due to its application in
signal processing and image reconstructions (see [4, 30, 31]).

Let C and Q be nonempty, closed, and convex subset of real Hilbert spaces H; and H,,
respectively. Then the SFP under consideration in this paper can mathematically be for-
mulated as finding a point x satisfying the following property:

xe€C and AxeQ, (4.2)

where A : Hy — H, is a bounded linear operator. It is clear that x* is a solution to the split
feasibility problem (4.2) if and only if x* € C and Ax* — PoAx* = 0. We define the proximity

function g by
1 2
glx) = 3 |Ax — PoAx||”.

Then consider the constrained convex minimization problem

. .1 2
I;leélg(x) = min 5 |Ax — PoAx||”. (4.3)
Then x* solves the SFP (4.2) if and only if x* solves the minimization problem (4.3) with
the minimum equal to 0.

In particular, the so-called CQ algorithm was introduced by Byrne [24]. Take the initial
guess xo € H; arbitrarily, and define {x,} recursively as follows:

%ns1 = Pc(I = BA*(I = PQ)A)xy, n>0, (4.4)
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where 0 < 8 < 2/||A||? and P¢ denotes the projector onto C. Then the sequence {x,} gen-
erated by (4.4) converges weakly to a solution of the SFP.

Let B be a maximal monotone operator on Hilbert space H. Let J, = (I + rB)™! be the
resolvent of B for r > 0. In order to obtain a strong convergence iterative sequence to solve
the SFP, we propose a new algorithm as follows: x; € C,

U, = ]rn (xn)¢

(4.5)
K = 0 (%) + 1 — )T}, (), VmeEN,

where f : C — C is a contraction with the constant k € (0,1), and {T},} satisfy Pc(l —
B(A*(I = Pq)A + A,D)) = T, for all n, and B € (0,2/||A[|*). We can show that the sequence
{x,} generated by (4.5) converges strongly to a solution of the SFP (4.2) if the sequence
{a,} € (0,1) and the sequence {A,} of parameters satisfy appropriate conditions. Applying
Theorem 3.2, we obtain the following result.

Theorem 4.2 Assume that the split feasibility problem (4.2) is consistent. Let the sequence
{x.} be generated by (4.5). Here the sequences {r,} and {«,} C (0,1), and the sequence {A,}
satisfy the conditions (C1)-(C3). Then the sequence {x,} converges strongly to a point q €
W N B0, where W denotes the solution set of SEP (4.2).

Proof By the definition of the proximity function g, we have
Vg(x) = A*(I — Pg)Ax,
since P is 1/2-averaged mapping, then I — P, is 1-ism, for Vx,y € C, we obtain

(Vex) - Ve(),x—y) - 1/1A]% - | Ve(x) - Vo) |
= (A*(I —Po)Ax — A*(I - Po)Ay,x — y)
—1/||A|]? - ||A*(I - Po)Ax — A*(I - Po)Ay|*
= (A*[(I - PQ)Ax — (I - Po)Ay], x - y)
—1/JJA|% - |A*[( - Po)Ax — (I - Po)Ay] |
= (I - Po)Ax — (I - Po)Ay, Ax — Ay)
~UJ|A|? - |A*[( - Po)Ax — (I - Po)Ay] ||*
> | (1 - Po)Ax — (I - Po)Ay|*
~ [t - Po)ax - (1 - Po)ay |
=0.
So, Vg is 1/||A||?-ism.
Set g, (x) = g(x) + %” [lx]|2, consequently,
Vg, &) = Vg(x) + Al (x)

= A*(I = P)Ax + A,x.
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Then the iterative scheme (4.5) is equivalent to

Uy =]rn(xn),
X1 = Apf ) + L= ay) o, (1), VneN,

where {T;,,} satisfy Pc(I — B(A*(I — PQ)A + A,0)) = T3, forall n,and B € (0,2/||A|?). O

However, in order to obtain a strong convergence iterative sequence to solve the SFP, we
propose another new algorithm as follows: x; € C,

iF(un’y) + é(y_unxun _xn) Z)O) vye C’ (4‘.6)

Xn+l = ar(f(xn) +(1-ay T}, (un vneN,

where f : C — C is a contraction with the constant k € (0,1), and {T},} satisfy Pc(l —
B(A*(I = PQ)A + A,Q)) = T, for all n, and B € (0,2/||A||*). We can show that the sequence
{x,} generated by (4.6) converges strongly to a solution of the SFP (4.2) if the sequence
{a,} € (0,1) and the sequence {A,} of parameters satisfy appropriate conditions. Applying
Theorem 3.2, we obtain the following result.

Theorem 4.3 Assume that the split feasibility problem (4.1) is consistent. Let the sequence
{x.} be generated by (4.4). Here the sequences {r,} and {a,} C (0,1), the sequence {A,}
satisfies the conditions (C1)-(C3). Then the sequence {x,} converges strongly to a point
q € W NEP(F), where W denotes the solution set of SFP (4.2).

Proof For a bifunction F of C x C into R satisfying (Al)-(A4), we can define a maximal
monotone operator A with domAr C C.Put F = Ar in Theorem 3.2. Then by Lemma 2.5,
we have u, = J,, (x,). Thus we obtain the desired result by Theorem 3.2 and Theorem 4.2.

d

5 Numerical results
In this section, we present the following concrete examples to judge the numerical per-
formance of our algorithm. By using the algorithm in Theorem 4.2 and Theorem 3.2, we
illustrate its realization, effectiveness, and convergence in solving a system of linear equa-
tions and a constrained convex minimization problem.

The first example is the 4 x 4 system of linear equations, which use the algorithm in
Theorem 4.2.

Example 1 In Theorem 4.2, we assume that H; = H, = R*, Take f = %I , where I denotes

the 4 x 4 identity matrix. Given the parameters o, = ﬁ, Ay = ﬁ for every n > 0.
B = ﬁ. Take
-1 2 -1
2 -2 3 -3
A= , (5.1)
1 1 1 O
1 -1 4 3
-2
-10
b= . 5.2
p (5.2)
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Table 1 Numerical results as regards Example 1

x3 x3 E,
0 1.0000  1.0000 0000  1.0000  3.74E+00

1
100 06070 20706 17816 39672  1.03E+00
1,000 1.0094 28884 1949 40123  1.23E-01
1
1

n x) X2

5,000 1.0353 29643 9702 40133  5.99E-02
10,000 1.0307 29769 9774 40109  4.59E-02

The SEP can be formulated as the problem of finding a point x* with the property
x*eC and Ax*eQ,

where C = H;, Q = {b} C H,. That is, x* is the solution of the system of linear equations
Ax =b, and

(5.3)

BN W o~

Then by Theorem 4.2 and Lemma 2.8, the sequence {x,} is generated by

1 n+1 1 A A 1 A 1
Kpsl = Xy + Ky — —— Xy + —— - % .
T am 2" n+ 2\ 100 "7 100 100(m +2)2™"

As n — 00, we have {x,} — x* = (1,3,2,4)7.
From Table 1, we can easily see that with iterative number increasing, x,, approaches the
exact solution x* and the errors gradually approach zero.

The second example is also the constrained convex minimization problem, which uses
the algorithm in Theorem 3.2.

Example 2 In Theorem 3.2, we assume that H = R and C = [0,2]. Take f = il, where

I denotes the unit function. Given the parameters «,, = ﬁ, = ﬁ for every n > 0.
B= % Consider the problem (1.1) and take the function
W)=, VxeC (5.4)
x)=—, Vx . .
g er
The problem (1.1) can be written as
—x
min —. (5.5)
x€[0,2] e*

It is easy to see that Vg is 1/2-ism, that is, L = 2. In order to solve the problem (5.5), we
can find a point x* € [0, 2], such that g(x) reaches the minimum at x*, and x* = 1.
Then by Theorem 3.2 and Lemma 2.8, the sequence {x,} is generated by

1 n+1P 1/ x, 1 1
K1 = Xn + Xp— = | ———+ ———=x. ) |-
M am+ )" me 2 A\ T2 \em T e T (mr 22

As n — 0o, we have {x,} — x*.
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Table 2 Numerical results as regards Example 2

n Xn E,

0 05000 5.00E-01

10 07301  2.70E-01
50 09250  7.50E-02
500  0.9919  809E-03
5000 09992  8.15E-04

From Table 2, we easily see that by using the regularization method and with iterative
number increasing, x,, approaches to x* and the errors gradually approach to zero.

From the computer programming’s point of view, the above algorithms in the concrete
examples are easier to implement in this paper.

6 Conclusion

In a real Hilbert space, methods for solving the equilibrium problem and constrained con-
vex minimization problem have been extensively studied, respectively. Recently, Tian and
Liu were first to propose composite iterative algorithms for finding a common solution of
an equilibrium and a constrained convex minimization problem. However, in this paper,
we use the regularized gradient-projection algorithm to find the unique solution of the
problems of constrained convex minimization problem and the zero points of maximal
monotone operator, which also solves a certain variational inequality. In particular, un-
der suitable conditions, the zero points of a maximal monotone operator problem can be
transformed into the equilibrium problem. Then new strong convergence theorems and
applications are obtained, which also solve a certain variational inequality. Finally, we ap-
ply this algorithm to the split feasibility problem and the constrained convex minimization
problem, and we illustrate the effectiveness, realization, and convergence of our algorithm
by giving concrete examples and numerical results.

Competing interests
The author declare that they have no competing interests.

Authors’ contributions
All the authors read and approved the final manuscript.

Acknowledgements
The authors thank the referees for their helping comments, which notably improved the presentation of this paper. This
work was supported by the Foundation of Tianjin Key Laboratory for Advanced Signal Processing.

Received: 19 September 2014 Accepted: 2 January 2015 Published online: 01 February 2015

References

1. Xu, HK: Averaged mappings and the gradient-projection algorithm. J. Optim. Theory Appl. 150, 360-378 (2011)

2. Ceng, LC, Ansari, QH, Yao, JC: Some iterative methods for finding fixed points and for solving constrained convex
minimization problems. Nonlinear Anal. 74, 5286-5302 (2011)

3. Ceng, LC, Ansari, QH, Yao, JC: Extragradient-projection method for solving constrained convex minimization
problems. Numer. Algebra Control Optim. 1(3), 341-359 (2011)

4. Xu, HK: Iterative methods for the split feasibility problem in infinite-dimensional Hilbert spaces. Inverse Probl. 26,
105018 (2010)

5. Ceng, LC, Ansari, QH, Wen, CF: Multi-step implicit iterative methods with regularization for minimization problems
and fixed point problems. J. Inequal. Appl. 2013, Article ID 240 (2013)

6. Takahashi, W: Convex Analysis and Approximation of Fixed Points. Yokohama Publishers, Yokohama (2000)

7. Flam, SD, Antipin, AS: Equilibrium programming using proximal-like algorithms. Math. Program. 78, 29-41 (1997)

8. Takahashi, S, Takahashi, W: Viscosity approximation methods for equilibrium problems and fixed point problems in
Hilbert spaces. J. Math. Anal. Appl. 331, 506-515 (2007)

9. He, HM, Liu, SY, Cho, YJ: An explicit method for systems of equilibrium problems and fixed points of infinite family of
nonexpansive mappings. J. Comput. Appl. Math. 235, 4128-4139 (2011)



Tian and Jiao Fixed Point Theory and Applications (2015) 2015:11 Page 23 of 23

11.
12.
13.

18.
19.

20.

21.
22.

23.

24.

25.

26.
27.

28.
29.
30.

31.

. Qin, XL, Cho, YJ, Kang, SM: Convergence analysis on hybrid projection algorithms for equilibrium problems and

variational inequality problems. Math. Model. Anal. 14, 335-351 (2009)

Combettes, PL, Hirstoaga, SA: Equilibrium programming in Hilbert spaces. J. Nonlinear Convex Anal. 6, 117-136 (2005)
Moudafi, A: Viscosity approximation method for fixed-points problems. J. Math. Anal. Appl. 241, 46-55 (2000)

Marino, G, Xu, HK: A general method for nonexpansive mappings in Hilbert space. J. Math. Anal. Appl. 318, 43-52
(2006)

. Zeng, LC, Ansari, QH, Shyu, DS, Yao, JC: Strong and weak convergence theorems for common solutions of

generalized equilibrium problems and zeros of maximal monotone operators. Fixed Point Theory Appl. 2010, Article
ID 590278 (2010)

. Tian, M, Liu, L: General iterative methods for equilibrium and constrained convex minimization problem.

Optimization 63(9), 1367-1385 (2014)

Takahashi, S, Takahashi, W, Toyoda, M: Strong convergence theorems for maximal monotone operators with
nonlinear mappings in Hilbert spaces. J. Optim. Theory Appl. 147, 27-41 (2010)

Eshita, K, Takahashi, W: Approximating zero points of accretive operators in general Banach spaces. JP J. Fixed Point
Theory Appl. 2, 105-116 (2007)

Takahashi, W: Nonlinear Functional Analysis. Yokohama Publishers, Yokohama (2000)

Blum, E, Oettli, W: From optimization and variational inequalities to a equilibrium problems. Math. Stud. 63, 123-145
(1994)

Aoyama, K, Kimura, Y, Takahashi, W: Maximal monotone operators and maximal monotone functions for equilibrium
problems. J. Convex Anal. 15, 395-409 (2008)

Hundal, H: An alternating projection that does not converge in norm. Nonlinear Anal. 57,35-61 (2004)

Lin, LJ, Takahashi, W: A general iterative method for hierarchical variational inequality problems in Hilbert spaces and
applications. Positivity 16, 429-453 (2012)

Censor, Y, Elfving, T: A multiprojection algorithm using Bregman projections in a product space. Numer. Algorithms 8,
221-239 (1994)

Byrne, C: A unified treatment of some iterative algorithms in signal processing and image reconstruction. Inverse
Probl. 20, 103-120 (2004)

Byrne, C: Iterative oblique projection onto convex sets and the split feasibility problem. Inverse Probl. 18(2), 441-453
(2002)

Qu, B, Xiu, N: A note on the CQ algorithm for the split feasibility problem. Inverse Probl. 21(5), 1655-1662 (2005)

Xu, HK: A variable Krasnosel'skii-Mann algorithm and the multiple-set split feasibility problem. Inverse Probl. 22(6),
2021-2034 (2006)

Yang, Q: The relaxed CQ algorithm solving the split feasibility problem. Inverse Probl. 20(4), 1261-1266 (2004)

Yang, Q, Zhao, J: Generalized KM theorems and their applications. Inverse Probl. 22(3), 833-844 (2006)

Lopez, G, Martin-Marquez, V, Wang, FH, Xu, HK: Solving the split feasibility problem without prior knowledge of
matrix norms. Inverse Probl. 28, 085004 (2012)

Zhao, JL, Zhang, YJ, Yang, QZ: Mcdified projection methods for the split feasibility problem and the multiple-set split
feasibility problem. Appl. Math. Comput. 219, 1644-1653 (2012)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Regularized gradient-projection methods for the constrained convex minimization problem and the zero points of maximal monotone operator
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Main results
	Applications
	Numerical results
	Conclusion
	Competing interests
	Authors' contributions
	Acknowledgements
	References


