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Abstract

The purpose of this paper is to introduce a new iteration by the combination of the
viscosity approximation with Meir-Keeler contractions and proximal point algorithm
for finding common zeros of a finite family of accretive operators in a Banach space
with a uniformly Gateaux differentiable norm. The results of this paper improve and
extend corresponding well-known results by many others.
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1 Introduction
Let E be a real Banach space and let J be the normalized duality mapping from E into 25"
given by

J@) = {f € E*: (x.f) = IxI* = IfI*}, Vxe€E,
where E* denotes the dual space of E and (-, -) denotes the generalized duality pairing. It
is well known that if E* is strictly convex then J is single-valued. In the sequel, we denote

the single-valued normalized duality mapping by j. For an operator A : E — 2F, we define

its domain, range, and graph as follows:

D) ={xe E:Ax # 0},
R(A) = | J{Az:ze D))},
and
G(T) = {(x,y) €EXE:xeD(A),y eAx},
respectively. The inverse A~! of A is defined by
xe€Aly, ifandonlyif yeAx.
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An operator A is said to be accretive if, for each x,y € D(A), there exists j(x —y) € J(x—y)
such that

(u=vjx-y)=0,

for all u € Ax and v € Ay. We denote by I the identity operator on E. An accretive operator
A is said to be maximal accretive if there is no proper accretive extension of A and A is
said to be m-accretive if R(I + LA) = E, for all A > 0. If A is m-accretive, then it is maximal,
but generally, the converse is not true. If A is accretive, then we can define, for each 1 > 0,
a nonexpansive single-valued mapping /i : R( + LA) — D(A) by

J= (T +2A)7n

It is called the resolvent of A which is denoted by JA when A =1.
Let A : E — 2F be an m-accretive operator. It is well known that many problems in non-
linear analysis and optimization can be formulated as the problem: Find x € E such that

0 € Ax).

One popular method of solving the equation 0 € A(x), where A is a maximal mono-
tone operator in a Hilbert space H, is the proximal point algorithm. The proximal point
algorithm generates, for any starting point xy = x € E, a sequence {x,} by the rule

Xn+l =]rAn (xn)r (11)

for all n € N, where {r,} is a regularization sequence of positive real numbers, ];: =+
r,A)7! is the resolvent of A, and N is the set of all natural numbers. Some of them deal
with the weak convergence theorem of the sequence {x,} generated by (1.1) and others
proved strong convergence theorems by imposing assumptions on A.

Note that algorithm (1.1) can be rewritten as

Knil —Xp + rnA(erl) 50, (12)

for all n € N. This algorithm was first introduced by Martinet [1]. If ¢ : H — R U {oo} is
proper lower semicontinuous convex function, then the algorithm reduces to

. 1
Kypsl = argmm{l//(y) + — %, —y||2},

yeH 2ry

for all n € N. Moreover, Rockafellar [2] has given a more practical method which is an
inexact variant of the method:

Xy + €y 3 X1 + rnAxn+lr (13)

for all n € N, where {e,} is regarded as an error sequence and {r,} is a sequence of positive
regularization parameters. Note that the algorithm (1.3) can be rewritten as

Xn+l =];i (xn + en)y (14)
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for all » € N. This method is called inexact proximal point algorithm. It was shown in
Rockafellar [2] that if e, — 0 quickly enough such that Y 7, |le,|| < 0o, then x, —~ z € H
with 0 € Az.

Further, Rockafellar [2] posed the open question of whether the sequence generated by
(1.1) converges strongly or not. In 1991, Giiler [3] gave an example showing that Rockafel-
lar’s proximal point algorithm does not converge strongly.

An example of the authors, Bauschke et al. [4] also showed that the proximal algorithm
only converges weakly but not strongly.

When A is maximal monotone in a Hilbert space H, Lehdili and Moudafi [5] obtained
the convergence of the sequence {x,} generated by the algorithm

Xn+l = ];:n (xn): (15)

where A, =l + A, ;0 > 0 is viewed as a Tikhonov regularization of A. Next, in 2006, Xu
[6] and in 2009, Song and Yang [7] used the technique of nonexpansive mappings to get
convergence theorems for {x,} defined by the perturbed version of algorithm (1.4) in the

form

Xyl = ],‘f:' (t,,u + (1 —t,)x, + en). (1.6)
Note that algorithm (1.6) can be rewritten as

riAXpe1) + X1 D L+ (1 —t,)x, +e,, n>0. 1.7)

In [8], Tuyen was studied an extension the results of Xu [6], when A is an m-accretive op-
erator in a uniformly smooth Banach space E which has a weakly sequentially continuous
normalized duality mapping j from E to E* (cf. [9]). At that time, in [10], Sahu and Yao also
extended the results of Xu [6] for the zero of an accretive operator in a Banach space which
has a uniformly Gateaux differentiable norm by combining the prox-Tikhonov method and
the viscosity approximation method. They introduced the iterative method to define the
sequence {x,} as follows:

Bt = I (1= @), + aaf (), (1.8)
for all n € N, where A is an accretive operator such that S = A0 # @ and D(A) c C C
(N0 RU +tA), and f is a contractive mapping on C.
Zegeye and Shahzed [11] studied the convergence problem of finding a common zero
of a finite family of m-accretive operators (cf [12, 13]). More precisely, they proved the
following result.

Theorem 1.1 [11] Let E be a strictly convex and reflexive Banach space with a uniformly
Gdteaux differentiable norm, K be a nonempty, closed, and convex subset of E and A, :
K — E be an m-accretive operator, for each i =1,2,...,N with

N
(A0 #.

i=1
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For any u,xy € K, let {x,} be a sequence in K generated by the algorithm:
X1 =t + (1 — oy)SN (%), VH >0, (1.9)

where Sy = aol + aJ™ + a)J4? + -+ anJ W with JA = (I + A for 0 <a; <1, i =
0,1,2,...,N, Zf‘\:[o a; =1, and {a,} is a real sequence which satisfies the following condi-
tions:

(1) limysooay =0, > o) oty = 00,

(il) D02 loty — a1 | < 00 or limy,_ oo “”%":’"‘1' =0.
If every nonempty, bounded, closed, and convex subset of E has the fixed point property for
nonexpansive mapping, then {x,} converges strongly to a common solution of the equations
Aix)=0fori=1,2,...,N.

Motivated by Xu [6] and Zegeye and Shahzed [11], Tuyen [14] introduced an iterative
algorithm as follows:

{xo <G (1.10)
Xn+l = SN(ar(f(xn) + (1 - an)xn): Vn > O,

where Sy := aol + a4 +axJ42 +- - - +anJAN with ag, a1, . .., ay in (0,1) such that Zfio a; =1
and {a,} C (0,1) is a real sequence of positive numbers. The result of Tuyen [14] is given
by the following.

Theorem 1.2 [14] Let E be a strictly convex and reflexive Banach space which has a weakly
continuous duality mapping J, with gauge ¢. Let C be a nonempty, closed, and convex
subset of E and f be a contraction mapping of C into itself with the contractive coefficient
c€(0,1). Let A; : C — E be an m-accretive operator, for each i =1,2,...,N with

N
(A0 #0.

i=1

Let J4% = (I + A)™ for i =1,2,...,N. For any xo € C, let {x,,} be a sequence generated by
algorithm (1.10). If the sequence {a,} satisfies the following conditions:

(i) limysoo 0ty =0, > o) oty = 00,

(il) D07, loty — ep1| < 00 or limy, oo “’%‘z”f” =0,

then {x,} converges strongly to a common solution of the equations A;(x) = 0 for i =
1,2,...,N.

In this paper, we combine the proximal point method [9] and the viscosity approxima-
tion method [15] with Meir-Keeler contractions to get strong convergence theorems for
the problem of finding a common zero of a finite family of accretive operators in Banach
spaces. We also give some applications of our results for the convex minimization problem
and the variational inequality problem in Hilbert spaces.

2 Preliminaries
Let E be a real Banach space and M C E. We denote by F(T) the set of all fixed points of
the mapping T: M — M.
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Recall that a mapping ¢ : (X, d) — (X, d) from the metric space (X, d) into itself is said to
be a Meir-Keeler contraction, if, for every ¢ > 0, there exists § > 0 such that d(x,y) <& +§

implies
d(¢x, ¢y) <€,

for all x,y € X. We know that if (X, d) is a complete metric space, then ¢ has a unique fixed
point [16]. In the sequel, we always use X, to denote the collection of all Meir-Keeler
contractions on M and Sg to denote the unit sphere Sg = {x € E : ||x|| = 1}. A Banach space
E is said to be strictly convex if x,y € Sg with x # y, and, for all £ € (0,1),

||(1 —bx+ tyH <1

A Banach space E is said to be smooth provided the limit

X+ tyl| — [|x
iy 16+ 271 = D]
t—0 t

exists for each x and y in Sg. In this case, the norm of E is said to be Gateaux differentiable.
It is said to be uniformly Gateaux differentiable if for each y € Sg, this limit is attained
uniformly for x € Sg. It is well known that every uniformly smooth Banach space has a
uniformly Gateaux differentiable norm.

A closed convex subset C of a Banach space E is said to have the fixed point property
for nonexpansive mappings if every nonexpansive mapping of a nonempty, closed, and
convex subset M of C into itself has a fixed point in M.

A subset C of a Banach space E is called a retract of E if there is a continuous mapping
P from E onto C such that Px = x, for all x € C. We call such P a retraction of E onto C.
It follows that if P is a retraction, then Py =y, for all y in the range of P. A retraction P is
said to be sunny if P(Px + t(x — Px)) = Px, for all x € E and ¢ > 0. If a sunny retraction P is
also nonexpansive, then C is said to be a sunny nonexpansive retract of E.

An accretive operator A defined on a Banach space E is said to satisfy the range condition
if D(A) C R(I + AA), for all A > 0, where D(A) denotes the closure of the domain of A. We
know that for an accretive operator A which satisfies the range condition, A0 = F(J!),
forall 2 > 0.

Let f be a continuous linear functional on /. We use f,,(x,:,,) to denote

f(xm+1;xm+2y o Xmins e .),

for m=0,1,2,.... A continuous linear functional f on [, is called a Banach limit if ||f|| =
f(e) =1and f,(x,) = f(x4:1) for each x = (x1,%5,...) in [». Fix any Banach limit and denote
it by LIM. Note that | LIM|| =1, and, for all {x,} € /.,

liminfx, < LIM,x, <limsupx,. (2.1)
n— 00 — 00

The following lemmas play crucial roles for the proof of main theorems in this paper.
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Lemma 2.1 [17] Let ¢ be a Meir-Keeler contraction on a convex subset C of a Banach
space E. Then for each ¢ > 0, there exists r € (0,1) such that, for all x,y € C, |x —y|| > ¢
implies

lpx — oyl <rllx—yll. (2.2)

Remark 2.2 From Lemma 2.1, for each ¢ > 0, there exists r € (0,1) such that

llpx — pyll < max{e,rllx -y}, (2.3)
forallx,y € C.

Lemma 2.3 [17] Let C be a convex subset of a Banach space E. Let T be a nonexpansive
mapping on C and ¢ be a Meir-Keeler contraction on C. Then, for each t € (0,1), a mapping
x> (1-1)Tx + tox is also a Meir-Keeler contraction on C.

Lemma 2.4 [18] Let C be a convex subset of a smooth Banach space E, D a nonempty subset
of C, and P a retraction from C onto D. Then the following statements are equivalent:
(i) P is sunny nonexpansive.
(i) (x—Px,j(z—Px)) <0, forallxe C,zeD.
(iii) {x —y,j(Px — Py)) > ||Px — Py||?, for all x,y € C.

We can easily prove the following lemma from Lemma 1 in [19].

Lemma 2.5 [19] Let E be a Banach space with a uniformly Gdteaux differentiable norm,
C a nonempty, closed, and convex subset of E and {x,} a bounded sequence in E. Let LIM
be a Banach limit and y € C such that

LIM,||x, - y|I* = inf LIMp % - x|,
Xe
Then LIM, (x — y,j(x, —¥)) <0, forall x € C.

Lemma 2.6 [20] Let {a,}, {b,}, {0,} be sequences of positive numbers satisfying the in-
equality:

anq <1 -bya,+0, b,<l
If Y00 by = +00 and lim,,_, o0 6,,/b,, = 0, then lim,,_. oo a,, = 0.

Lemma 2.7 [21] Let E be a Banach space with a uniformly Gdteaux differentiable norm
and let C be a nonempty, closed, and convex subset of E with fixed point property for nonex-
pansive self-mappings. Let A : D(A) C E — 2F be an accretive operator such that A0 #
and D(A) C (.o RU + tA). Then A70 is a sunny nonexpansive retract of C.

Lemma 2.8 [11] Let C be a nonempty, closed, and convex subset of a strictly convex Ba-
nach space E. Let A; : C — E be an m-accretive operator for each i = 1,2,...,N with
ﬂfilN(Ai) #@. Let ag,ai,...,an be real numbers in (0,1) such that Zﬁo a; =1 and let
Sy = aol + aJt + ayJ4 + - + anJAN, where JAi := (I + A;)™". Then Sy is a nonexpansive
mapping and F(Sy) = ﬂf\ilN(Ai).
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3 Main results
Now, we are in a position to introduce and prove the main theorems.

Propositon 3.1 Let E be a reflexive Banach space with a uniformly Gdteaux differen-
tiable norm and let C be a closed convex subset of E which has the fixed point property
for nonexpansive mappings. Let T be a nonexpansive mapping on C. Then for each ¢ € ¢
and every t € (0,1), there exists a unique fixed point v, € C of the Meir-Keeler contraction
Cov > tove + (1 — t)Tvy, such that {v,} converges strongly to x* € F(T) as t — 0 which
solves the variational inequality:

(x* —ga*,j(x* —x)) <0, (3.1)
forall x € F(T).

Proof By Lemma 2.3, the mapping C 3 v+ t¢v + (1 — t)Tv is a Meir-Keeler contraction
on C. So, there is a unique v, € C which satisfies

Ve = t¢Vt + (1 - t) TVt.

Now we show that {v;} is bounded. Indeed, take a p € F(T) and a number ¢ > 0.
Case 1. Let ||v; — p|| < &. Then we can see easily that {v;} is bounded.
Case 2. Let ||v; — p|| > ¢. Then, by Lemma 2.4, there exists r € (0,1) such that

love —dpll < rlve - pll.

So, we have

Ive - pll = |[tdve + (L - ) Tv, — p|
<tlpv: - ¢pll +tlgp —pll + (1= D)|lv; - pll
<rtlve—pll +tlgp —pll + A=) v: - pll.

Therefore,

H¢p—pﬂ

llve =pll = ——

Hence, we conclude that {v;} is bounded and {¢v,}, {Tv;} are also bounded.
By the boundedness of {v;}, {¢v;}, and {Tv,}, we have

[[ve = Tve|| = tl|l@pvs — Tve|| > 0 ast— 0.
Assume ¢, — 0. Set v, := v, and define ¢ : C — R* by
(%) = LIMy| v, — %11,
for all x € C and let

M={yeCigl) = info(x)].
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Since E is reflexive, ¢(x) — 00 as ||x|| — 00, and ¢ is a continuous convex function, from
Barbu and Precupanu [22], we know that M is a nonempty subset of C. By Takahashi [23],
we see that M is also closed, convex, and bounded.

For allx € M, from ||v,, — Tv,|| =0 as n — o0, we have

¢(Tx) = LIMy||v, — Tx||*
< LIMy (I1v = Ty | + | v, — Te])*
< LIM,|| Tv, — Tx||*
< LIM, | vy — x||?

=p(x).

So, M is invariant under T, i.e., T(M) C M. By assumption, we have M N F(T) # (. Let
x* € MNF(T). By Lemma 2.7, we obtain

LIM(x — x*,j(va — 5*)) < 0, (3.2)
for all x € C. In particular,

LIM,,(¢px* — &%, j(v, — %)) < 0. (3.3)

Suppose that LIM,||v, — x*||?> > £ > 0. By (2.1),
limsup||vn —x* ||2 >e.
00

So, there exists a subsequence {v,, } of {v,} such that, for all k > 1,

[V =" = 0,
where &y € (0, 4/¢). By Lemma 2.3, there is ry € (0,1) such that

|6 = || < vy =27
From

(Tv,,k - V,,k,j(v,,k —x*)) <0,
for all kK > 1, we have

||V”‘k - ”2 = t<¢v”’k —x*,j(vnk —x*)) +(1- t)(Tv,,k _x*’j(V”k —x*))

’

< t(¢v,,k —x*,j(v,,k —x*)) +(1-1¢) ”v,,k —x|?
which implies that

”V"k -x" H2 = (¢Vnk _x*’j(V”k —x*))

=< (@v =) (v = 2%)) + (g =" (v = 2)),
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forallx € C. So, from (3.2), we get

LIM, vy, — " ’< LIMy(vi, = %,j (v, = %%)) + LIM(px — 5%, j (v, — 5*))

< LIM || vy, — || ”Vnk - x* “’
for all x € C. In particular,

LIM v = | < LIM, | $vs — ¢ [ v —°]

2

’

< roLIM, | vy, - x*

which is a contradiction. Hence, LIM,||v, —x*|| = 0 and there exists a subsequence {v,, }
of {v,} such that v,, — x* as k — oo.

Assume that {v,,} is another subsequence of {v,} such that v,, — y* with y* #x*. It is
easy to see that y* € F(T). By Lemma 2.3, there exists r; € (0,1) such that

| — ¢y || < raf|x* 7] (3.4)
Observe that
(Vi = @V j (v = 5°)) = (6" = ™, (x* — 57) )|
< |{vn = @y j(vi = %)) = (" = ¢, j (v = 57))|
+ " = o™ (v = 7)) = (" = g ("~ 7))
< (v = v = (" = ") [ v = 5| + (" = @™, (v = ) =i (+" = 57))

for all n € N. Since v,,, — x* and j is norm to weak* uniformly continuous, we obtain
(x* - qu*,j(x* —y*)) <0.
Similarly, we have

" -y, i(y —=")) <.

Adding the above two inequalities yields
(x* _y* _ ((]59(?* _ ¢y*),](x* _y*)) S 0,

and combining with (3.4) implies that

[ =571 = " =57].
which is a contradiction. Hence {v,,} converges strongly to x*.

Now, we prove that the net {v;} converges strongly to x* as t — 0. We assume that there
is another subsequence {s,} with s, € (0,1), for all » and 5, — 0 as n — oo such that
vy, — 2* as n — 00. Then we have z* € F(T). For each t and z € F(T'), we have

1—
(ve = v j(ve - 2)) = Tt<TVt —vuj(vi —2)) < 0.
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So, we obtain

(Ver = BV, (ve, = 2)) <0
and similarly, we have

(Ve = Vs (vs, — %)) <0,
which implies that

(5" - ga,j(a" = 2%)) < 0
and

(" - ¢z, j(z" —a")) < 0.

Thus, we have x* = z*. Therefore, {v,} converges strongly to x* and it is easy to see that x*
solves the variational inequality

(x* — pa*,j(x* —x)) <0,
for all x € F(T). This completes the proof. d

Remark 3.2 Let Q be a sunny nonexpansive retraction from C onto F(T). By the unique-
ness of Q, inequality (3.1) and Lemma 2.4, we obtain Q¢x* = x*.

Proposition 3.3 Let C be a closed convex subset of a reflexive Banach space E with a
uniformly Gateaux differentiable norm and let T be a nonexpansive mapping on C with
F(T) # (. Assume {x,} is a bounded sequence such that x, — Tx, — 0 as n — oo. Let
x; =ty + (1 — £)Txy, for all t € (0,1), where ¢ € L. Assume that x* = lim;_, ¢ x; exists.
Then we have

lim sup<(¢ - I)x*,j(x,, —x*)) <0. (3.5)

n—o0

Proof Set M = sup{||x,, — x| : t € (0,1),n > 0}. Then we have

[l _xn”z = t(d’xt X (e — > (1-1 <Txt X J (e — xn))
= t(¢xt X, (20 — ))
+ (1= )T = 0, (x0 — %)

= t(¢xt — %, j (% _xn)> +t]lxe _xn”z

+(1- t)(Txt Tx,,,j(xt—x,,))

+ (L= &)l = % l|* + Ml|%s — T,

which implies that

‘ M
(Boxe — 20, j (20 — ) < — lln = Tl
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Fix ¢ and letting n — oo yields

limsup((¢ — D", j(x, —x*)) < 0.

n— 00

This completes the proof. d

Now, let E be a reflexive and strictly convex Banach space with a uniformly Gateaux dif-
ferentiable norm and C a closed convex subset of E which has the fixed point property for
nonexpansive mappings. Let A; : E — 2E be an accretive operator, for each i =1,2,...,N
such that

N
S=[Ar'0#0
i=1
and
D(A) C CC[ R +rA),
r>0
foralli=1,2,...,N.

For each ¢ € X, we study the strong convergence of the sequence {z,} defined by

Z()EC,

(3.6)
Zne1 = SN0z, + (1 - ay)z,), Yn >0,

where Sy := aol + ayJ4 + aJ42 + - - + anJ4N with ag,ay, ..., ax are real numbers in (0,1)
such that Zfio a; =1 and {o,} C (0,1) is a real sequence of positive numbers, under the
conditions:

(C1) limy ooy =0, Y 00ty = 00,

(C2) >0, loty — 1] < 00 or limy,, o % =0.

Then we have the following theorem.

Theorem 3.4 [fthe sequence {«,} satisfies the conditions (C1)-(C2), then the sequence {x,}
generated by

Xn+l = SN(anM + (1 - an)xn)) Vn > 0: (37)

converges strongly to Qu, where u € C and Q is a sunny nonexpansive retraction from C
onto S.

Proof By Lemma 2.8, we have F(Sy) = ﬂﬁ\ilAi‘IO Z . Now, for each p € F(Sy), we have

”xn+1 —P” = ”SN(O{nu + (1 - O5;1)95;1) - SN(p)”
<@ -anlxs —pll +aullu-pl

< max{||x, - pll, lu - pl }

< max{ %o - pll, llu - pl}. (3.8)
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Hence {x,} is bounded. Suppose that max{sup ||x,]|, ||#]} < K. It follows that

|41 = Sn @) | = || Sn (ctnf () + (1 = t)) = S (x) |

=ay “f(xn) —Xn H — 0, asn— oo. (3.9)
From (1.10), we get

”xn+1 —Xn ” = HSN (anu + (1 - an)xn) - SN (an—lu + (1 - Oln—l)xn—l) H

<A —a) %y — xuall + 0tn By

where 8, = 21(%.
We consider two cases of condition (C2).
First, suppose that ) -, |, — 1] < 00. Then

%6s1 = Xnll < (1 = 0ta) %0 — X | + 0y

where o, = 2K|a;,, — «,,_1|. So, we have ZZZI 0, < 00.
Second, suppose that lim,,_, » % = 0. Then

1%6ne1 = %nll < (1 = 0t) %0 — Xpa | + 0y

where o, = «,,8,.. So, we have o, = o(«,,).

For any case, we have ||x,,1 —x,| — 0 as n — 00, from Lemma 2.6. By (3.9) we obtain
%0 = Snnll < 1%ne1 = Xnll + 1601 — Snxull = 0 as m — oo. (3.10)
Let y, = ayu + (1 — ay)x,,. Then we have
17n = %nll = ctnllte = xu|| = 0 as n— oo,
it follows that

”yn - SNyn” < yn —xull + 12, — Snxull + ISnxn — SNyn”

= 2[|yn = %ull + lln — Sny%xull = 0 asn— oo.

For each t € (0,1), let x; = tu + (1 — £)Snx:. Apply Proposition 3.1 with ¢x = u, for all x € C,
we know that {x,;} converges strongly to x* € F(Sy), satisfying Qu = x*. It follows from
Proposition 3.3 that

limsup(x — x*,j(y, — x*)) < 0.

n—00

Observe that

o — x* ||2 = (otntt + (1= o), — %, j(yn — x¥))

= (W=t [ =67l =67 + ctnfie =", (3 = 7))

=

(1-a,) (”

) (= [+ =) =52



Kim and Tuyen Fixed Point Theory and Applications (2015) 2015:9 Page 13 of 17

Hence, we have
o= = Q=) 5"+ 2 ),
Next, we have
|1 = 2> < (1= ) 200 — 2| + 20 (10 — &%, j (3 — 2%)). (3.11)

From Lemma 2.6, we have the desired result. That is, the sequence {x,} converges strongly
to Qu = x*. This completes the proof. 0

The following is a strong convergence theorem for the sequence {z,} in (3.6).

Theorem 3.5 Ifthe sequence {«,} satisfies the conditions (C1)-(C2), then the sequence {z,}
generated by (3.6) converges strongly to x* € S, which satisfies Qpx* = x*, where Q is a sunny

nonexpansive retraction from C onto S.

Proof Let x* be a unique fixed point of Q¢, that is, Qpx™* = x*. Let {x,} be a sequence
defined by

Kpsl = SN(anqﬁx* +(1- otn)xn), forall m > 0.

By Theorem 3.4, x, — Q¢x* = x* as n — oo.

Now, we prove that ||z, — x,|| = 0 as # — oco. Assume that

limsup ||z, — %, > 0.
n—00

Then we choose ¢ with ¢ € (0,limsup,,_, . ||z, — %, ||). By Lemma 2.3, there exists r € (0,1)
satisfying (2.2). We also choose #; € N such that

7%, —x*||
—_— <
1-r

’

for all n > n;. We divide this into the following two cases:
(i) There exists ny € N satisfying ny > m; and ||z, — %, || < €.
(ii) |lzy — x4l > &, for all n > n;.

In the case of (i), we have

”Zn2+1 _xn2+1|| =< (1 - anz)Hznz —Xny Il + Ay ”({bznz - ¢x* ”

e}

rllxn — x|l
< maX{(l =y + 7y ) |2y =y || + 0ty (1= 1) ——"—,

< (1= duy) |2y = %, || + 0, max{r|z,, —x*

(I =0ty 1Ziy = Xy || + %8}

<eé.
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By induction, we can show that ||z, — x,|| <e¢, for all # > n,. This is a contradiction to
the fact that ¢ < limsup,,_, o |z, — %yl
In the case of (ii), for each n > n;, we have

1Zne1 = %nall < (L= )l zn = xull + ety Hd’zn - px* ”
<A —an)llzn = xull + cullpzn — Pxnll + ||¢xn - px* ”
< [1= el = N)]llzn — 2l + etu | s — ™.

So, by Lemma 2.1, we get lim,, ||z, — x,|| = 0. This is a contradiction. Therefore
lim,,— o ||z, — %] = 0. Thus we obtain

lim ||z,, - x* || < lim ||z, —x,|| + lim ||x,, - x* || =0.
N—> 00 n— 00 n— 00
Hence {z,} convergence strongly to Q¢x* = x*. This completes the proof. O

Corollary 3.6 Let E be a reflexive and strictly convex Banach space with a uniformly
Gdteaux differentiable norm and let C be a closed convex subset of E which has the fixed
point property for nonexpansive mappings. Let A; : E — 2F be an m-accretive operator, for
eachi=1,2,...,N such that

N
S=[A7'0#0.

i=1
For each ¢ € X¢, let {z,} be a sequence generated by (3.6). If the sequence {a,} satisfies

the conditions (C1)-(C2), then the sequence {z,} converges strongly to x* € S which satisfies
Qox* = x*, where Q is a sunny nonexpansive retraction from C onto S.

Proof Since for each i =1,2,...,N, A; is an m-accretive operator, the condition D(A4;) C
C C),.o RU +rA)) is satisfied, for all i =1,2,..., N. By the assumption and Theorem 3.5,
we have z, — x* as n — oo which satisfies Q¢x* = x*. This completes the proof. d

r>0

Remark 3.7 Corollary 3.6 is a generalization of the results of Tuyen [14], Zegeye and
Shahzad [11] and Jung [24].

Remark 3.8 If we take r = 1, then we may take S; := JA = (I +A)™" and strict convexity of
E and the real constants g, i = 0,1, may not be needed.

Corollary 3.9 Let E be a reflexive and strictly convex Banach space with a uniformly
Gateaux differentiable norm and let C be a closed convex subset of E which has the fixed
point property for nonexpansive mappings. Let A : E — 2F be an m-accretive operator such
that S = A™10 #@. For each ¢ € 2, let {z,,} be a sequence defined by

Z()EC,

Zuit = JA @z + (1 - 0)20), (3.12)

for all n > 0. If the sequence {w,} satisfies the conditions (C1)-(C2), then the sequence {z,}
converges strongly to x* € S which satisfies Qpx* = x*, where Q is a sunny nonexpansive
retraction from C onto S.
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Remark 3.10 Corollary 3.9 is a generalization of the results of Tuyen in [8].

4 Applications
In this section, we give some applications in the framework of Hilbert spaces. We first

apply Corollary 3.9 to the convex minimization problem.

Theorem 4.1 Let H be a Hilbert space and let f : H — (—00,00] be a proper lower semi-
continuous convex function such that (3f)™0 # ¥ for a subdifferential mapping df of f. Let
{x,.} be a sequence defined as follows:

X0 € H,
Yn = A Px, + (1 - an)xn: (4-1)

: 1
Xntl = argmlnzeH{f(z) + 2 ”Z —J’n||2}»

for all n > 0, where {«,} is a sequence positive real numbers and ¢ € Xy. If the sequence

{a,,} satisfies the conditions (C1)-(C2), then the sequence {x,} converges strongly to x* in

(ah)10.

Proof By the Rockafellar theorem [25] (cf [26]), the subdifferential mapping df is maximal

monotone in H. So,

. 1

X1 = argmm{f(Z) +=z _yn”Z}
zeH 2

is equivalent to df (x,+1) + %441 2 y». Using Corollary 3.9, {x,} converges strongly to an

element x* in (9f)0. This completes the proof. d

We next apply Proposition 3.3 to the variational inequality problem. Let C be a
nonempty, closed, and convex subset of a Hilbert space H and let A : C — H be a single-
valued monotone operator which is hemicontinuous. Then a point u# € C is said to be a

solution of the variational inequality for A if
(y - u,Au) > 0, (4.2)

for all y € C. We denote by VI(C,A) the set of all solutions of the variational inequality
(4.2) for A. We also denote by N¢(x) the normal cone for C at a point x € C, that is,

Nc(x) = {zeH: (y—x,2z) <0,forally e C}.

Theorem 4.2 Let C be a nonempty, closed, and convex subset of a Hilbert space H and
let A: C — H be a single-valued monotone operator and hemicontinuous such that
VI(C,A) # 0. Let {x,} be a sequence defined as follows:

X0 € H,
Yn = Apxy + (1 - ap)xn, (43)
xXpn1 = VI(C,LA+1-yy,),
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forall n> 0, where {«,} is a sequence of positive real numbers and ¢ € Xy. If the sequence
{a,} satisfies the conditions (C1)-(C2), then the sequence {x,} converges strongly to x* in
VI(C,A).

Proof Define a mapping T C H x H by

Ax+Nc(x), x€C,
78 xé¢C.

By the Rockafellar theorem [27], we know that T is maximal monotone and T7!0 =
VI(C,A).
Note that

X1 = VI(C,A+1-y,)
if and only if

0 = %11, A%pa1 + X1 = Yu) = 0,
for all y € C, that s,

—AXps1 = Xns1 + Y € Ne(@pa)-
This implies that

Xna1 =TT (nn + (1= 0t)xy).

Using Corollary 3.9, {x,} converges strongly to an element x* in VI(C, A). This completes
the proof. O
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