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Abstract

In this paper, we introduce a new concept of probabilistic metric space, which is a
generalization of the Menger probabilistic metric space, and we investigate some
topological properties of this space and related examples. Also, we prove some fixed
point theorems, which are the probabilistic versions of Banach’s contraction principle.
Finally, we present an example to illustrate the main theorems.
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1 Introduction and preliminaries

Let R be the set of all real numbers, R* be the set of all nonnegative real numbers, A
denote the set of all probability distribution functions, i.e., A = {F : R U {—00, +00} —
[0,1] : F is left continuous and nondecreasing on R, F(—o0) = 0 and F(+00) = 1}.

Definition 1.1 ([1]) A mapping T : [0,1] x [0,1] — [0,1] is called a continuous t-norm if
T satisfies the following conditions:
(1) T is commutative and associative, i.e., T(a, b) = T'(b,a) and
T(a,T(b,c))=T(T(a,b),c), foralla,b,c e [0,1];
(2) T is continuous;
(3) T(a,1)=aforalla € [0,1];
(4) T(a,b) < T(c,d) whenevera <cand b <d forall a,b,c,d € [0,1].

From the definition of T it follows that T'(a, b) < min{a, b} for all a,b € [0,1].

Two simple examples of continuous ¢-norm are Ty(a, b) = min{a, b} and T,(a,b) = ab
for all a,b € [0,1].

In1942, Menger [2] developed the theory of metric spaces and proposed a generalization
of metric spaces called Menger probabilistic metric spaces (briefly, Menger PM-space).

Definition 1.2 A Menger PM-space is a triple (X, F, T), where X is a nonempty set, T is
a continuous ¢-norm and F is a mapping from X x X — D (F,,, denotes the value of F at
the pair (x, y)) satisfying the following conditions:

(PM-1) F,y(t)=1forallx,y € X and ¢ >0 if and only x = y;

(PM-2) F,,(t) = F, () for all x,y € X and ¢ > 0;

(PM-3) Fy (t +5) > T(Fyy(t),F,(s)) for all x,y,z € X and ¢,5 > 0.
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The idea of Menger was to use distribution functions instead of nonnegative real num-
bers as values of the metric. Since Menger, many authors have considered fixed point the-
ory in PM-spaces and its applications as a part of probabilistic analysis (see [1, 3-14]).

In 1963, Géhler [15] investigated the concept of 2-metric spaces and he claimed that a
2-metric is a natural generalization of an ordinary metric space (for more detailed results,
see the books [16,17]). But some authors pointed out that there are no relations between 2-
metric spaces and ordinary metric spaces [18]. Later, Dhage [19] introduced a new class of
generalized metrics called D-metric spaces. However, as pointed out in [20], the D-metric
is also not satisfactory.

Recently, Mustafa and Sims [21] introduced a new class of metric spaces called general-

ized metric spaces or G-metric spaces as follows.

Definition 1.3 ([21]) Let X be a nonempty set and G: X x X x X :— R* be a function
satisfying the following conditions:

(Gl) G(x,9,2) =0ifx=y=zforallx,y,z€ X;

(G2) 0<G(x,x,y) for all x,y € X with x # y;

(G3) Gx,x,9) <G(x,9,2) for all x,y,z € X with z #y;

(G4) G(x,9,2) =G(x,2,9) = G(y,z,x) = - -- forallx,7,z € X;

(G5) G(x,y,2) < G(x,a,a) + G(a,y,z) for all x,y,z,a € X.
Then G is called a generalized metric or a G-metric on X and the pair (X, G) is a G-metric

space.

It was proved that the G-metric is a generalization of ordinary metric (see [21]). Recently,
some authors studied G-metric spaces and obtained fixed point theorems on G-metric
spaces [22—24]. Similar work can be found in [25-29].

It is well known that the notion of a PM-space corresponds to the situation that we may
know probabilities of possible values of the distance although we do not know exactly the
distance between two points. This idea leads us to seek a probabilistic version of G-metric
spaces defined by Mustafa and Sims [21].

Definition 1.4 A Menger probabilistic G-metric space (shortly, PGM-space) is a triple
(X, G*,T), where X is a nonempty set, T is a continuous ¢-norm and G* is a mapping
from X x X x X into D (G*

%92

denotes the value of G* at the point (x, y,z)) satisfying the

following conditions:

(PGM-1) G;,yyz(t) =1forallx,y,z€ Xand ¢t>0ifand onlyifx = y = z;
(PGM-2) G;M,(t) > Gj;]y,z(t) forall x,y € X with z #y and ¢ > 0;

(PGM-3) G:,y‘z(t) = G:,Z,y(t) = G;M(t) = ... (symmetry in all three variables);
(PGM-4) Gj;,y,z(t +5) > T(G}, (), GZ,y,z(t)) for all x,y,z,a € X and s,t > 0.

Remark 1.5 Golet introduced a concept of probabilistic 2-metric (or 2-Menger space)
[30] based on 2-metric [15] defined by Géhler. In the concept of probabilistic 2-metric,
a 2-t-norm is used. Our definition of a Menger probabilistic G-metric space is different
from the one of Golet. The metric of Golet is not continuous in two arguments although it
is continuous in any one of its three arguments. But G* is continuous in any two arguments

as shown in Theorem 2.5.
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Example 1.6 Let H denote the specific distribution function defined by

0, t<0,
H(t) =
1, t>0,

and D be a distribution function defined by

0, t<0,
D(t) =
1-e*% t>0.

For any ¢ > 0, define a function G*: X x X x X — R* by

H(t), X=y=z2,
G0 = (®) y

D( m), otherwise,

where G isa G-metric as in Definition 1.3. Set 7' = min. Then G* is a probabilistic G-metric.

Proof Itis easy to see that G* satisfies (PGM-1)-(PGM-3). Next we show G*(x,y,z)(s +t) >
T(G*(x,a,a)(s), G*(a,y,y)(¢)) for all x,y,z,a € X and all 5,¢ > 0. In fact, we only need show
that D satisfies

D t+s = minl D s D t (11)
(G(x,y,z))—mm{ (G(aaw))’ <D<a,y,z>>}' '

Since G(x,7,2) < G(x,a,a) + G(a,y,z), we have

s+t - s+t
G(x,v,2) ~ Gx,a,a) + Ga,y,2)

1.2)

Furthermore, we have

s t - s+t
max ,
G(x,a,a) G(a,y,2)) — Gx,a,a) + G(a,y,z)

= i S t (1.3)
- mm{ Gx,a,a)’ G(a,y,z) }’ ’

which, from (1.2) and (1.3), shows that

s+t - S t
——— >min , .
G(x,5,2) ~ G(x,a,a)” Gla,y,z)
This implies (1.1) since D is nondecreasing. O

Example 1.7 Let (X, F, T) be a PM-space. Define a function G* : X x X x X — R* by

G,,.(t) = min{Fx,y(t)’Fy,z(t), Fx,z(t)}

x,9,2

forall x,7,z,€ X and ¢ > 0. Then G* is a probabilistic G-metric.
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Proof 1t is obvious that G* satisfies (PGM-1), (PGM-2), and (PGM-3). To prove that G*
satisfies (PGM-4), we need to show that, for all x,7,z,a € X and all s,£ > 0,

GLyo(s +0) = T(Glyo9), G2 (0)), (1.4)

min{Fx,y(s +1),Fy (s +1), Fro(s + t)}

> T (Fra(s), min{Foy (£), Faz(2), Fy(2)}). (1.5)
Now, from
(Fra(), Fay(2))
(Fx,a (s), min{Fa,y(t)» F,.(2), Fy,z(t)}),
(Fx,u(s)» Fa,z(t))
(Fx,u(s)r min{Fa,y(t)’ F,.(2), Fy,z(t) })
and

Fy (s+1) = F)(t)

= min{Fa,y(t)»Fa,z(t)»Fy,z(t)}

> T(Faals), min{Foy(0), For(t), Fyz(8)}),

we conclude that (1.5), i.e., (1.4) holds. Therefore, G* satisfies (PGM-4) and hence G* is a
probabilistic G-metric. O

Example 1.8 Let (X, F, T)r) be a PM-space. Define a function G*: X x X x X — R* by

G, () = min{F,,(t/3),F)(t/3), Fy(t/3)}

X,9,2
for all %,y,z,€ X and ¢ > 0. Then (X, G*, Ty) is a PGM-space.

Proof In fact, the proofs of (PGM-1)-(PGM-3) are immediate. Now, we show that G* sat-
isfies (PGM-4). It follows that

GE (t+5s)

X,9,2

t t
ol () (12) ()

A AT
I i A R s s vt
=min{G},,(t),G,.(s)}.

Thus (X, G, Ty) is a PGM-space. (]
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The following remark shows that the PGM-space is a generalization of the Menger PM-
space.

Remark 1.9 For any function G* : X x X x X — R", the function F: X x X — R* defined
by

F,y(¢) = min{ (CHN (5 G;xx(t)}
is a probabilistic metric. It is easy to see that F satisfies the conditions (PM-1) and (PM-2).
Next, we show F satisfies (PM-3). Indeed, for any s,£ > 0 and «,y,z € X, we have

Fiy(s+1) = m1n{G;yy(s +1), nyx(s + t)},
T (Fy(s), F.y(8)) = T(min{ G, ,(s), G;(s)}, min{ G;,,(0,G; (¢ ).
It follows from (PGM-4) that

mln{G* (s+1), yxx(s + t)}

XYy
> min{T(G},,(s), G5, (1), T(G},..(8), GL..(9)) }.

Since

G;..(8) > mln{Gx“( ) Gy (s )} G;‘M(t) mm{G;‘”( ), G;ZZ( )}
and
yzz(t) z mln{G:yy(t) G;zz(t)}’ zxx(s) z mln{G;zz(S) G:xx(s)}’

it follows from (PGM-4) that
Gj:”(s+t) > T(G;ZZ( ) Gjyy( ))

> T(min{G},,(s), G}, ()}, min{ G, (2), G;Zz(t)})

X.2,2 Yy

= T(Fz,x(s)’Fz'y(t))

and

Gy (s+1) > T( G;..(0), G,x(9)

> T(min{G}, (2), G’;”(t)} min{G}__(s), G, .(5)})

zyy

T (E;y(t), Fz(5)).

Therefore, we have
Fey(s+t) =min{Gy (s +1), G, (s + 1)} = T(Fr(s), Fuy ().

This shows that F satisfies (PM-3).
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2 Topology, convergence, and completeness
In this section, we first introduce the concept of neighborhoods in the PGM-spaces. For
the concept of neighborhoods in PM-spaces, we refer the readers to [1, 3].

Definition 2.1 Let (X,G*, T) be a PGM-space and x( be any point in X. For any € > 0
and § with 0 < § <1, an (¢, 8)-neighborhood of x is the set of all points y in X for which
(¢)>1-4and G* (€) >1-35. We write

xO)’J’ J%0,%0

Ny, (e, 8)—{yeX (€)>1-4,G:

X0 %0

(e)>1—8}.

xOJ’y

This means that N, (€, 8) is the set of all points y in X for which the probability of the
distance from x; to y being less than € is greater than 1 —§.

Lemma 2.2 If€; < ey and 8; < &, then Ny (e1,81) C Ny, (€2,85).
(€1) >1-46; and G*

Proof Suppose that z € Ny, (€1,61), so G (e1) >1—6;. Since F is

%0,2,2 200,50
monotone, we have
Groe(€2) =Gy L (61) >1-812>1-8
and
G oo (€2) = Gy, (@) =1-81 >1-6,.
Therefore, by the definition, z € Ny, (€3, 82). This completes the proof. O

Theorem 2.3 Let (X, G*, T) be a Menger PGM-space. Then (X, G*, T) is a Hausdor{f space
in the topology induced by the family {N,, (€, 8)} of (¢, 8)-neighborhoods.

Proof We show that the following four properties are satisfied:

(A) For any x € X, there exists at least one neighborhood, N, of xy and every
neighborhood of xy contains xy.

(B) If N}, and N7, are neighborhoods of xo, then there exists a neighborhood of xo, N,
such that N} C N} NN

(C) If Ny, is a neighborhood of %9 and y € N, then there exists a neighborhood of y,
Ny, such that N, C Ny, .

(D) If xo #y, then there exist disjoint neighborhoods, N, and N,, such that xo € N,
and y € N,

Now, we prove that (A)-(D) hold.

(A) Forany e >0 and 0 <8 <1, x9 € Ny, (€, ) since (CHN (€) =1forany € > 0.

(B) For any €1,€; >0 and 0 < 8,8, < 1, let

N;O (€1,81) = {)’ €X: (€1)>1-6y, G;xo o (e)>1- 51}

xO)’J’

and

N2 (€2,8) = {yeX: (€2)>1-8, G}, . (€2) >1 -5y}

xOJ’J’
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be the neighborhoods of xy. Consider

N3 ={yeX:Gj,, (minfe;, €}) >1-min{5;,5,},

and G;‘xo o (min{el,ez}) >1- min{81,82}}.
Clearly, xg € N;j’o and, since min{e;, €2} < €; and min{d;,8,} < &;, by Lemma 2.2, Nfo C
N;O (€1,81) and Nﬁo C Nfo (€3,82), 50

N3 C N, (€1,8) NN, (€2,8).

(C) Let Ny, = {z€ X : G

X0,2,2

(1) >1-61,G;

Z,%0,%0 (

€1) > 1 - 8;} be the neighborhood of x,.
Since y € Ny,

G* (61) >1-— 51, Gt (61) >1-— 31

0.0y VX0:%0

Now, Gj;o’y’y is left-continuous at €, so there exist €g < €1 and 8y < §; such that
xoyy(6°)>1 80>1 (31, yx0x0(60)>1 80>1 81
LetN, ={zeX: y“(ez) >1-38,, Gjyy(eg) >1-38,}, where 0 < €5 < €1 — €g and 6, is chosen
such that

T(1—80,1—82)>1—81.

Such a §, exists since T is continuous, T'(a,1) =a foralla € [0,1] and 1 -8y >1 - §;.
Now, suppose that s € N, so that

G;]s,s(éz) >1-— 82, G;y,y(éz) >1-— 52.

Then, since G* is monotone, it follows from (PGM-4) that

(e) = T(G}, ,,(€), G

oy rss(€1—€0)) = (G, (€), Gy (€2))

> T(1—50,1—52)>1—51.

xoss

Similarly, we also have G* (€1) >1—6;. This shows s € N, and hence N, C N,,.

$,%0,X0

(D) Let y # xo. Then there exist € > 0 and a3, a; with 0 < 43,43 <1 such that ngo yy(e) =m
and G* (€) = ay. Let

%050
Ny ={2: G}, (€/2) > b, G}, . (€/2) > by}
and
N, ={z: G}, (€/2) > by, G}, (€/2) > by},

where b; and b, are chosen such that 0 < by, by < 1, T(by, b,) > a, where a = max{aj,a,}.
Such b; and b, exist since T is continuous, monotone, and 7'(1,1) = 1.
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Now, suppose that there exists a point s € Ny, N N, such that

Gry.ss(€/2) > by, Gy oo (€12) > b1, Gy 5(€/2) > by, G;,,(€/2) > by.

Then, by (PGM-4), we have

am =Gy, (€) > T(Gy (((€/2), Gy, (€/2)) = T(by, by) >a > ay
and
2= G (€) = T( Gy 5(€/2), Gy o (€/2)) = T(by, by) >a > as,

which are contradictions. Therefore, N, and N, are disjoint. This completes the proof. []
Next, we give the definition of convergence of sequences in PGM-spaces.

Definition 2.4
(1) A sequence {x,} in a PGM-space (X, G*, T) is said to be convergent to a point x € X
(write x, — «x) if, for any € > 0 and 0 < § < 1, there exists a positive integer M, s such
that x,, € N, (€, 5) whenever n > M.
(2) A sequence {x,} in a PGM-space (X, G*, T) is called a Cauchy sequence if, for any
€ >0and 0 <8 <1, there exists a positive integer Me, such that Gy . . (€)>1-4
whenever m,n,[ > M, ;.
(3) A PGM-space (X, G*, T) is said to be complete if every Cauchy sequence in X

converges to a point in X.

Theorem 2.5 Let (X, G*,

and %,y,z € X. If x, — %, y, — y and z, — z as n — oo, then, forany t >0, Gy = (¢) —>

T) be a PGM-space. Let {x,}, {y.} and {z,} be sequences in X

xyz(t) as n— oo.

Proof For any ¢ > 0, there exists § > 0 such that ¢ > 2. Then, by (PGM-4), we have

an’rI Zrz(t) == G;rlyn Zn(t_ 8)
> T(G;, ..(8/3), Gy, . (¢ —48/3))
> T(G}, ,..(8/3), T(G}, ,,(8/3), G, (£~ 58/3)))

> T(G;, ,..(8/3), (G}, , (8/3), T(G},,, (8/3), Gy, (£ - 25))))

and
G;ckyz( ) — xyz(t 8)
> T(G},, ., (8/3),G} yz(t—48/3))
> T(G; ., (813), (G}, (8/3), G}, . (t—58/3)))
> T(G; ., (8/3), T(G}, . (8/3),T(G},, .. (8/3),Gy . (£—29)))).

Page 8 of 15
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Letting n — oo in the above two inequalities and noting that T is continuous, we have

lim G (1) > G

n—oo Xm¥mZn XY,z

(£-26)

and

XnYnZn

% . %
Gy () = nlLrglo G (£-28).
Letting § — 0 in above two inequalities, since G* is left-continuous, we conclude that

lim G @) = G;M(t)

n—oo Xm¥mzZn

for any ¢ > 0. This completes the proof. O

3 Fixed point theorems

In [31], Sehgal extended the notion of a Banach contraction mapping to the setting of
Menger PM-spaces. Later on, Sehgal and Bharucha-Raid [32] proved a fixed point theorem
for a mapping under the contractive condition in a complete Menger PM-space. Before
proving our fixed point theorems, we first introduce a new concept of contraction in PGM-

spaces, which is a corresponding version of Sehgal’s contraction in PM-spaces.

Definition 3.1 Let (X, G*, T) be a PGM-space. A mapping f : X — X is said to be contrac-
tive if there exists a constant A € (0,1) such that

i fe(8) = Gy o (E) 3.1)
forallx,y,z€ X and ¢ > 0.
The mapping f satisfying the condition (3.1) is called a A-contraction.

Let T be a given ¢t-norm. Then (by associativity) a family of mappings 7" : [0,1] — [0,1]
for each n > 1 is defined as follows:

THe) = T (¢, 8), T () = T (¢, T'(2)), ()= T (6, T"(2)),
for any ¢ € [0,1].
Definition 3.2 ([33]) A ¢t-norm T is said to be of Hadzi¢-type if the family of functions
{T"(t)}:2, is equicontinuous at ¢ =1, that is, for any € € (0,1), there exists § € (0,1) such
that

t>1-8§ = T'(t)>1-¢€
for each n > 1.

The ¢t-norm T = min is a trivial example of £-norm of Hadzi¢-type.


http://www.fixedpointtheoryandapplications.com/content/2014/1/91

Zhou et al. Fixed Point Theory and Applications 2014, 2014:91 Page 10 of 15
http://www.fixedpointtheoryandapplications.com/content/2014/1/91

Lemma 3.3 Let (X,G*, T) be a Menger PGM-space with T of HadZi¢-type and {x,} be a
sequence in X. Suppose that there exists A € (0,1) satisfying

G; (t) > G; (t/2)

XnXn+1%n+1 n-1%nXn

foranyn>1andt>0. Then {x,} is a Cauchy sequence in X.

Proof Since Gy, . (t)>G} . . (¢/2), by induction, we have
G;nvxnﬂxxnﬂ (t) = G:valxxl (t/kn)’
Since X is a Menger PGM-space, we have G} . . (¢/A") — 1as n— 00, so
. " B
nli)ngo Gxn:xn+lvxn+1 (t) =1 (32)

forany ¢ > 0.
Now, let # > 1 and ¢ > 0. We show, by induction, that, for any k > 0,

G:van+k’xn+k (t) Z Tk (G;nvxnﬂxxnﬂ (t - )"t)) (33)
For k = 0, since T(a, b) is a real number, 7°(a, b) = 1 for all 4, b € [0,1]. Hence, Gy, () =
1=T%G: )(£ — 1t), which implies that (3.3) holds for k = 0. Assume that (3.3) holds

for some k > 1. Then, since T is monotone, it follows from (PGM-4) that

nXn+1:%n+1

G;Ckn'xn+k+11xn+k+l 0 = G;n:xw+k+lvxn+k+1 (¢ =2t +At)
z T(G:nvxnﬂvxrwl (t=20), G:n+1vxn+k+lvxn+k+1 ()‘t))
z T(G;n,xnu,xml (t - At), G;Cknvxmk,xmk (t))
z T(G:n:xn+lvxn+l (=20, TF (G:nvxn+1»xn+1 (- )‘t)))
=T (G:nrxnﬂ’xnﬂ (- )‘t))’

so we have the conclusion.
Now, we show that {x,} is a Cauchy sequence in X, i.e., lim; /0o G;Cknyxm:xl(t) =1 for any
t > 0. To this end, we first prove that lim,, ;,—, oo G;n,xm,xm(t) =1foranyt>0.Lett>0 and

€ > 0 be given. By hypothesis, 7" : n > 1 is equicontinuous at 1 and 7"(1) = 1, so there
exists § > 0 such that, foranya € (1-6,1],

T"(a)>1-¢€ (3.4)

for all # > 1. From (3.2), it follows that lim,,_, (CHN, (t — At) = 1. Hence there exists
no € Nsuchthat Gy . . (¢—At) € (1-4,1] forany n > no. Hence, by (3.3) and (3.4), we

conclude that G (t) >1—€ for any k > 0. This shows lim,,;;— oo G (t) =1 for

XXtk Xn+k XnsXms>Xm
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any ¢ > 0. By (GPM-4), we have

G;cky,xmxl( ) = ( xy,xnxm(t/2) G;ck xnxl(t/z))’

t/2) > T(G: (t/4), Gy . . (t/4)),

xnxnxm XnXm¥m
x Xn xl(t/z) z T(G;nxlxl(t/él') G: xlxl(t/4))'

Therefore, by the continuity of T, we conclude that

lim G =1

XX,
mml—oo XM

for any ¢ > 0. This shows that the sequence {x,} is a Cauchy sequence in X. This completes
the proof. d

From Example 1.6 and Lemma 3.3 we get the following corollary.

Corollary 3.4 ([33]) Let (X,F,T) be a PM-space with T of Hadzi¢-type and {x,} C X be a
sequence. If there exists a constant A € (0,1) such that

Fxn,xml (t) > Fxnfl:xn (t/)\,), n> 1, t> O,
then {x,} is a Cauchy sequence.

Proof Define G xyz(t) min{Fy,(£), F).(t), Fy.(t)} forallx,y,z € X and all £ > 0. Example 1.6

shows that (X, G*, T') is a PGM-space. Since Gxnx g 8 = Fy, iy () and Gy (E/X) =
Fr100(E10), Frpy (8) = Fa, x, (¢/2) implies Gy . () > Gy . . (¢/A) forall m > 1

and ¢ > 0. By Lemma 3.3 we conclude that {x,,} is a Cauchy sequence in the sense of PGM-
space (X, G*, T). That is, for every € > 0 and 0 < § < 1, there exists a positive integer M s
such that G* (€) >1 -6 for all m,n,I > M, 5. By the definition of G*, we have

KKy K]

min{Fy, ,, (€), Fxyp (€), Fap)(€)} >1 =8, m,l,n > Mes.
This shows that {x,} is a Cauchy sequence in the sense of PM-space (X, F, T). O

Theorem 3.5 Let (X, G*, T) be a complete Menger PGM-space with T of HadZi¢-type. Let
A €(0,1) and f : X — X be a ,-contraction. Then, for any xo € X, the sequence {f"xo}
converges to a unique fixed point of T .

Proof Take an arbitrary point x¢ in X. Construct a sequence {x,} by x,,; = f"xo for all
n > 0. By (3.1), for any ¢ > 0, we have

%

Gxn,xn-v-lvxnﬂ (t) = G}kxn—lfxnfxn (t)
>@G: (t/A).

Xn—1%n%n

Lemma 3.3 shows that {x,} is a Cauchy sequence in X. Since X is complete, there exists a
point x € X such that x, — x as n — oco. By (3.1), it follows that

Gl fin(©) = Gl o (E10).
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Letting n — o0, since x,, — x and fx,, — x as n — 00, we have

G}kx,x,x(t) =1

for any ¢ > 0. Hence x = fx.
Next, suppose that y is another fixed point of f. Then, by (3.1), we have

G:,y'y(t) = G;xfyfy(t) z G;M(t/ Nz z G:»J’:J’

(t/27).
Letting n — o0, since X is a Menger PGM-space, G, (t/A") — 1 as n — 00, s0
G,y =1

for any ¢ > 0, which implies that x = y. Therefore, f has a unique fixed point in X. This
completes the proof. d

Theorem 3.6 Let (X, G*, T) be a complete Menger PGM-space with T of HadZi¢-type. Let
f: X — X be a mapping satisfying

* 1 * % *
Ghopfe(ME) = g[Gx D)+ G () + Gy, fz(t)] (3.5)

forall x,y,z € X, where A € (0,1). Then, for any xo € X, the sequence {f"x¢} converges to a
unique fixed point of f.

Proof Take an arbitrary point x, in X. Construct a sequence {x,} by x,.1 = f"xo for all
n>0.By (3.5), for any ¢ > 0, we have

G:nvxmlvxnﬂ (}\'t) = G}Fxn—lfxnfxn (}\'t)

1
= g [G:”—l’fxn—lrfxn—l (t) + ZG;nfxnfxn (t)]
=z 1[G* (t) +2G; (A0)]
-3 X1 Xn-1f%n-1 XnofXn fxn
1
- g [G;nfl'x”’x” (t) + 2G:nvxn+1:xn+l ()\'t)]
This shows that
G;‘knvxnﬂsxnﬂ (t) z G;n,l,xn,xn (t/)")

Lemma 3.3 shows that {x,} is a Cauchy sequence in X. Since X is complete, there exists a
point x € X such that x, — x as n — oco. By (3.5), it follows that

1
) Z 3 (2G5 (tIM) + G, fo 5, (E13)].

Letting n — o0, since x, — x and fx, — x as n — 00, we have, for any £ > 0,

1 1
e () = g[ZG;; (1) + G (t/IN)] = 3 [2G; () + Gy (/0]
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G}kxfx,x(t) > G;,x,x(t/)‘) =1.

Hence x = Tx.
Next, suppose that y is another fixed point of f. Then, by (3.5), we have, for any y > 0,

G:,y,y(t) = G}Fxfyfy(t)

1 k
> g[Gj; e (EIA) +2G) g o (E10)]

=1.

This shows that x = y. Therefore, f has a unique fixed point in X. This completes the
proof. O

Finally, we give the following example to illustrate Theorem 3.5 and Theorem 3.6.

Example 3.7 Set X =[0,00) and T'(a, b) = min{a, b} for all a,b € [0,1]. Define a function
G*: X3 x [0,00) — [0, 00) by

t

G (t)=———
"’y’z() t+Gx,y,2)

forallx,y,z € X, where G(x,y,z) = [x—y| + |y—z| + |z—x|. Then G is a G-metric (see [24]). It
is easy to check that G* satisfies (PGM-1)-(PGM-3). Since G(x,y,2) < G(x,a,a) + G(a,y,2)
for all x,7,z,a € X, we have

t+s t+s

>
s+t+Gx,y,2) ~ s+t+ G a,a)+Gla,y,z)

> min 5 s t .
- s+Gx,a,a) t+G(a,y,z)

This shows that G* satisfies (PGM-4). Hence (X, G*, min) is a PGM-space.
(1) Let & € (0,1). Define a mapping f : X — X by fx = Ax for all x € X. For any ¢ > 0, we
have

t
G} t) =
e Y (e iy e

and

t/n
tha+ (x=yl+ly-zl+lz—xl)

Gy (t/A) =

Therefore, we conclude that f is a A-contraction and f has a fixed point in X by Theo-
rem 3.5. In fact, the fixed point is x = 0.

(2) Let A € (0,1). Define a mapping f : X — X by fx =1 for all x € X. For any ¢ > 0 and all
x,¥,z € X, since

G}‘xfyfz(t) =Gy () =1
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and

1
g[G;; M) + G s (M) + Gy (R0 < 1,

we conclude that

1
Gropfe8) = 3 [G; (M) + G (M) + Gl g, fz(kt)]

and hence f has a fixed point in X by Theorem 3.6. In fact, the fixed pointis x = 1.
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