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1 Introduction
Let K be a nonempty subset of a real Banach space E and let J: E — 2% is the normalized
duality mapping defined by

J@) = {f € E*: (. f) = IxllIIf s Il = f 11}, Vx €,

where E* denotes the dual space of E and (-, -) denotes the generalized duality pairing.

It is well known that if E* is strictly convex, then J is single valued.

In the sequel, we shall denote the single valued normalized duality mapping by j.

Let K be a nonempty subset of E. A mapping T: K — K is said to be L-Lipschitzian if
there exists a constant L > 0 such that for all x,y € K, we have || Tx — Ty|| < L|lx — y||. It is
said to be nonexpansive if | Tx — Ty|| < |lx — y||, for all x,y € K. T is called asymptotically
nonexpansive [1] if there exists a sequence {/,} C [1,00) with lim,_ 4, = 1 such that
| T"x — T"y|| < hy,llx — yl|, for all integers n > 1 and all x,y € K.

A mapping T is said to be pseudo-contractive 2, 3], if there exists j(x — y) € J(x —y) such
that (Tx — Ty,j(x — y)) < ||lx — y||?, for all x,y € K. T is called strongly pseudo-contractive, if
there exists a constant 8 € (0,1), j(x —y) € J(x — y) such that (Tx — Ty, j(x —y)) < Bllx—y|?,
for all x,y € K. It is said to be asymptotically pseudo-contractive [4] if there exists a se-
quence {/,} C [1,00) with lim,,_,» , =1 and j(x — y) € J(x — y) such that

(T"x = T"y,j(x - y)) < hallx =yl Va,y € K,Vn>1. (1.1)
It follows from Kato [5] that

lx =yl < lx =y + r[ (B = T")ac = (ud = T")y]

, VYx,yeK,Vn>1,r>0. (1.2)
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We use F(T) to denote the set of fixed points of T; that is, F(T) = {x € K : x = Tx}.
It follows from the definition that if T is asymptotically nonexpansive, then for all j(x —

y)eJlx—-y),
(T"x% = T"y,j(x - p)) = llx = yIl | T"% = T"|| < hullx - 1>

Hence every asymptotically nonexpansive mapping is asymptotically pseudo-contrac-
tive.

It can be observed from the definition that an asymptotically nonexpansive mapping is
uniformly L-Lipschitzian, where L = sup, ., {/,}.

Now consider an example of non-Lipschitzian mapping due to Rhoades [6]. Define a
mapping T': [0,1] — [0,1] by the formula Tx = {1 — x5 }%, for x € [0,1]. Schu [4] used this
example to show that the class of asymptotically nonexpansive mappings is a subclass of
the class of pseudo-contractive mappings. Since T is not Lipschitzian, it cannot be asymp-
totically nonexpansive. Also 72 is the identity mapping and 7T is monotonically decreasing,
and it follows that

|x—y||T"x— T”y| =|lx—y* forallm=2mmeN
and

(=) (T"x = T"y) = (x - y)(Tx - Ty)
<0

< |x—y|2 foralln=2m—-1,m e N.

Hence T is asymptotically pseudo-contractive mapping with constant sequence {1}.

The iterative approximation problems for a nonexpansive mapping, an asymptotically
nonexpansive mapping, and an asymptotically pseudo-contractive mapping were studied
extensively by Browder [7], Kirk [8], Goebel and Kirk [1], Schu [4], Xu [9, 10], Liu [11] in
the setting of Hilbert space or uniformly convex Banach space.

In 2001, Xu and Ori [12] introduced the following implicit iteration process for a finite
family of nonexpansive self-mappings in Hilbert space:

xo € K arbitrary, 1.3)
Xy =0pXy_1 + (1 - an)Tnxn' n= L, .

where {o,,} be a sequence in (0,1) and T}, = T} mod n- They proved in [12] that the sequence
{x,} converges weakly to a common fixed point of T),, n=1,2,...,N.

Later on Osilike and Akuchu [13], and Chen et al. [14] extended the iteration process
(1.3) to a finite family of asymptotically pseudo-contractive mapping and a finite family of
continuous pseudo-contractive self-mapping, respectively. Zhou and Chang [15] studied
the convergence of a modified implicit iteration process to the common fixed point of a
finite family of asymptotically nonexpansive mappings. Then Su and Li [16], and Su and
Qin [17] introduced the composite implicit iteration process and the general iteration al-

gorithm, respectively, which properly include the implicit iteration process. Recently, Beg


http://www.fixedpointtheoryandapplications.com/content/2014/1/90

Thakur et al. Fixed Point Theory and Applications 2014, 2014:90 Page 3 of 15
http://www.fixedpointtheoryandapplications.com/content/2014/1/90

and Thakur [18] introduced a modified general composite implicit iteration process for a
finite family of random asymptotically nonexpansive mapping and proved strong conver-
gence theorems.

The purpose of this paper is to consider a finite family {7;}Y, of asymptotically pseudo-
contractive mappings and to establish convergence results in Banach spaces based on the
modified general composite implicit iteration:

For xy € K, construct a sequence {x,} by

k(n)

Xp = Xy + (1= an)Ti(n) Yn»

‘o " (1.4)

Vi = Tp + SpX_1 + by Tl.(n’)' Xy + Wy Ti(;)')xn,l
for each n > 1, which can be written as n = (k(n) — 1)N + i(n), where i(n) =1,2,...,N and
k(n) > 11is a positive integer, with k(n) — oo as n — oo. The sequences {«,}, {r,}, {s4}, {£4}

and {w,} are in (0,1) such thatr, +s,, + £, + w, =1 forall n > 1.

2 Preliminaries
In what follows we shall use the following results.

Lemma 2.1 [19] Let E be a Banach space, K be a nonempty closed convex subset of E,
and T: K — K be a continuous and strong pseudo-contraction. Then T has a unique fixed
point.

Lemma 2.2 [20] Let {a,}, {b,}, and {c,} be three nonnegative sequences satisfying the fol-
lowing condition:

ann <1 +by)a, +c, foralln=> ny,

where ny is some nonnegative integer, Y .- by, <00 andy - ¢, < 00.
Then
(1) lim,,_, o0 a,, exists;
(ii) if, in addition, there exists a subsequence {a,,} C {a,} such that a,,, — 0, then

a, — 0asn— oo.

Lemma 2.3 [21] Let E be a uniformly convex Banach space and let a, b be two constants
with 0 < a < b < 1. Suppose that {t,} C [a,b] is a real sequence and {x,}, {y,} are two se-
quences in E. Then the conditions

limsup ||x,|| <d, limsup ||y, <d and lim ||tnx,, + A=ty ” =d

n—0o0 n—00

imply that lim,,_, » ||x, — yu|| = 0, where d > 0 is some constant.

Lemma 2.4 [22] Let E be a reflexive smooth Banach space with a weakly sequential con-
tinuous duality mapping J. Let K be a nonempty bounded and closed convex subset of E
and T: K — K be a uniformly L-Lipschitzian and asymptotical pseudo-contraction. Then
I - T is demiclosed at zero, where I is the identical mapping.

We shall denote weak convergence by — and strong convergence by —.
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A Banach space E is said to satisfy Opial’s condition if for any sequence {x,} € E, x, — x

as n — oo implies

limsup ||x, — x| < limsup ||x, —y|l, VyeEwithx#y.
n—00 n—oo
We know that a Banach space with a sequentially continuous duality mapping satisfies
Opial’s condition (for details, see [23]).

3 The main results

Throughout this section, E is a uniformly convex Banach space, K a nonempty closed
convex subset of E. N denotes the set of natural numbers and I = {1,2,...,N}, the set of
the first N natural numbers. T; (i € I) are N uniformly Lipschitzian asymptotically pseudo-
contractive self-mappings on K. Let F =", F(T;) # 9.

Since T; (i € I) are uniformly Lipschitzian, there exist constants L; > 0 such that || 7]'x —
T!'y|l < Lillx —y|l, for all x,y € K, n € Nand i € I. Also, since T; (i € I) are asymptotically
pseudo-contractive; therefore there exist sequences {hg)} such that (T7'x — Ty, j(x — y)) <
1% - y|| for all x,y € K and i € 1.

Take L = max;¢;(L;) and &, = max,'d(hg)).

Before presenting the main results, we first show that the proposed iteration (1.4) is well
defined.

Let T be uniformly Lipschitzian asymptotically pseudo-contractive mapping. For every

L+L?
L+12+1’

fixed u € K and « € ( 1), define a mapping S,,: K — K by the formula

Six=au+(1-a)T"a,
a=rx+su+tT"x +wl"ufor allx € K, (3.1)
where a,7,s,t,w € (0,1), with (1 —)(L + L?) < 1.
Then, for all x,y € K, j(x — y) € J(x — y), we have
Spy=au+(1-a)T"bh,

b=ry+su+tT"y+wl"uforallx € K. (3.2)

Now

(T"a-T"b,j(x~y) = |T"a~-T"b||x -y
<Llla-Dblllx -yl
= L] r(x—y) + £(T"x = T") ] I - |
<L(rlx=yll +Lix-yll)llx -yl
= (Lr+tL?)|lx - y|?

<(L+L%)lx-ylI?
SO

<S,,x =S, jx —y)) =(1- a)(T"a - T"b,j(x —y))
<@-a)(L+L%) -yl
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Since (1 —a)(L +L?) € (0,1), S,, is strongly pseudo-contractive, which is also continuous,
by Lemma 2.1, S, has a unique fixed point x* € K, i.e.

Sx*=au+(1-a)T"a,

a=rx"+su+tT"x* + wI'"u for allx € K. (3.3)

Thus the implicit iteration (1.4) is defined in K for a finite family {7;} of uniformly

Lipschitzian asymptotically pseudo-contractive self-mappings on K, provided ¢, € («,1),

L+L?

T forall n € N, L = max;¢;(L;).

where o« =

Lemma 3.1 Let E, K, and T; (i € I) be as defined above and let {x,} be the sequence de-
fined by (1.4), where {a,} is a sequence of real numbers such that 0 < ¢ <o, < 8 < 1 for

o= Lﬁ;éil and B is some constant and satisfying the conditions > e, (1 —a,) < 00 and
lim,_, i’f;i =0. Let b > 0 be a real number such that t,, + w,, < b/L < 1. Then

(i) lim,—eo %, — p| exists, for all p € F,
(i) limy— o0 d(x,, F) exists, where d(x,, F) = infpeF 1%, — pll,
(iii) 1im,_ oo ||%n — Tix,| = 0, VI € 1.

Proof Let p € F. Using (1.4), we have

% = pI* = (xn = P, j@%n — p))
< A1 = Pojn = P)) + U= )Ty = Ty % j 6 — )
+ (L= atn)hiny len = pII°
= oy ll%no1 = pllllen = pll + (1= )Ll yn — xull 1%, = plI
+ (1= )l = plI>. (3.4)

Using (1.4), we obtain

ki ki
1Yn = %ull = Hsn(xn—l — %) + tn(Ti(E,’;)xn - xn) + Wn(Ti(f,,y)’)xn—l - xn) ”
< $ull®na =PIl + Sullxn — pll + L, — pll + tallxn = pl|

+ WuL||%y-1 — pll + wallx, — pl. (3.5)
Substituting (3.5) in (3.4), we get

%0 = PI* < (0w + (1 = )L (s + WL)) %01 — plll|%n —
+ (1= 0)[ (0 + tn + Wy + Ly L)L + By |12 — pII>
< (ot + (1= )@ + L)L) |1 — pllllx -
+ (1= an)[(1 + L)L + by | — P
< (otw + A= 0x) A + L)L) %01 — pllll%4 — p|
+[@ = )X+ L)L+ (1= oty + pin) |0 — oI, (3.6)

where i) = hi(my — 1 for all n > 1, by condition Y, (hx(s) — 1) < 00, we have Y o2tk <
0.
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Therefore, we have

(@, + (1 -0a,)Q+L)L)
Oy — Kk(n) — (1 - an)(l + L)L

[ ,uk(,,) + 2(1 — Ol,,)(l + L)L
<|[1+
oy — iy — (L=, )1+ L)L

- [1 N Mk(n) + 21 -a,) A+ L)L
- 1-(1 -y + iy + =o)L+ L)L)

lxn = pll < %1 = pll

]len_l -2l

} [%n-1 =PIl 3.7)

hk(n)fl
1-ay

Since lim,,_, o =1lim,,_ o 222 = 0, there exists a M such that 'fk% <M.
—Un

1-ay
Now, we consider the second term on the right side of (3.7). We have

(L=t + prmy + A=) A+ L)L) < 1 —a,)[1+ M+ 1+ L)L].

By condition ) 7, (1 - ) < 00, we have lim,,_, o (1 — a,;) = 0, then there exists a natural
number Nj such that if #n > Nj, then

1-(1=apy+ proy + A=)+ L)L) >

N =

Therefore, it follows from (3.7) that

%, - pIl < [1 + 2{Mk(n) +2(1 =) (1 + L)L}] %51 - pll

=1+ 0p)ll%-1 - pl, (3.8)

where 0, = 2{ () + 2(1 — ;)1 + L)L}.
Taking the infimum over p € F, we have

A%, F) < 1+ 0)d (-1, F). (3.9)

Since Y 71 pim <00 and > oo, (1 - a,) < 00, we have

00
E 0, < OQ.
n=1

Thus, by Lemma 2.2, lim,,_, « [|*, — p|l and lim,,_, o d(x,, F) exist.
Without loss of generality, we assume

lim |x, - p| = d". (3.10)

Hn -1
Set Vi) = 'Z(k”()n) , and from (1.2), we have

~On k() k(n)
) e (R ) S R |
l-« k k k
=Pty *[on (en1 = iy %) + (L= ) (T = T )]
n

Page 6 of 15
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1- oy hk(n) -1 k(1)
() - )1zisn, -l

1-a, (1-a,)?

(%1 — Tilzg)')xn) +

l-«o
(o ol il

k(r) k(n)
(Ti(n) In = Ty xn)

Xn—Pp+

1 l—a,, k(n)
= | —pr @ —x)| + (W)Vk(n) | Ty %0 — ||
1 -a,)?
+ 7nL”yn _xn”
20,
1 1 1—0[,, k()
< |36 -2+ Jna-p| ¢ (2 Y| 78
1-a,)?
+ TML”yn_xn”'
(7%

Thus

1 1
liminf ||x, — p|| < liminf||=(x, —p) + =(x,_1 — p) ”
n—00 n—00 2 2

+1lim inf( 1-a, ) Vi(n) || Z{EL}’)‘)xn -p H

n— 00 20,

(1-ay)

2
+ liminf Ly — x4l
n— 00

n

hk(,,)—l
()
have lim,,_, o, (1 — @,;) = 0 and using (3.10), we have

Since vi(n) = € (0,1), we have lim,_, 5 vk = 0 and from > oo, (1 - a,) < 00, we

liminf
n— 00

1 1
E(x" -p)+ E(xn—l -p) ” >d. (3.11)
On the other hand, we obtain

lim sup

n—0o0

1 1 . 1 1
E(xn -p)+ 5(xn1-p) H <lim SUP[E I =PIl + S 111 —pll} =d', (312

2 n—0o0

from (3.11) and (3.12), we have

1 1
lim | = (x, — —(%p—p)| =d.
nggouz(x p)+ 5 W p)”
It follows from Lemma 2.3 that

lim ||x, —x,_1]| = 0. (3.13)

Thus, for any i € I, we have

lim ||x, — x| = 0. (3.14)
n— 00
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Since 0 < @ < o, < B <1 and from (1.4) and (3.13), we get

. k(n) . oy
i o = Ty = N 2=l = 2
1
< —— lim ||%, — %1]| = O. (3.15)
— n—00

On the other hand, from (3.13) and (3.15)

lim [, = Tyl < Hm e =l + lim [, = T35, = 0. (3.16)
Now,

700 5 = 0| = Wt = it I T 9 =t |+ | T = T |

< U+ D)% = Lol + | Tor v = et | + LIy = %aca - (317)
Again, by using (1.4), we obtain

k k
1y = nt Il < [t + Sutums + b Ty X + Wy T Kt = 2 |

< | Ty %0 = ]| + W | Ty %01 = | + (i + s + W) [ = K |

< (tut+w)| Tﬁiy)’)xn = | + (r + i+ Wi+ WL | — %1 |l (3.18)
Substituting (3.18) into (3.17), we get

” TZE,(;;)xn —Xn || = (1 + L)”xn —Xn-1 ” + || T,]E;;’)_yn —Xn-1 || + L(tn + Wn) H leg)l)xn —Xn H

+ L(ry + ty + wy + w L)%, — %11

Since t, + w, < b/L <1, the above inequality gives

1-o| Tilz}(:)’)x,, = || < [L+ LA+ 7 + b+ Wy + wuL) 60 — 01 || + || Tﬁfq’;)yn — Xt |-
Then from (3.13), (3.16), and the above inequality, we have

: k(n)

Tim | T, — | = 0. (3.19)
From (3.13), (3.18), and (3.19), we get

tim ly, = %11l = 0. (3.20)

n—0o0
On the other hand, from (3.13) and (3.20) we have

lim ||y, — x|l < lim [y, =%l + Gm {2, 1 — x| = 0. (3.21)
n—00 n—0o0 n—oo

Since for any positive integer n > N, we can write n = (k(n) - 1)N + i(n), i(n) € I.


http://www.fixedpointtheoryandapplications.com/content/2014/1/90

Thakur et al. Fixed Point Theory and Applications 2014, 2014:90 Page 9 of 15
http://www.fixedpointtheoryandapplications.com/content/2014/1/90

Let A, = | TZES;)yn —%,_1||, then from (3.16), we have A, — 0. Also,

”xn—l - Tnxn” =< ”xn—l yn || + || l];f,,r)l)yn Tnxn ||

= A+ | T "y,, — T < An + L] TED Ny, — |
< Ay + L{| T30 " yn - T, ff;“)len_N ||
| TR = TE e
+| Ti(n—]:])yﬂ—N — X(rN)- || + 1¥ron-1 — %l - (3.22)

Since for each n > N, n = (n — N) (mod N) and n = (k(n) — 1)N + i(n), n — N = ((k(n) -
1)-1)N +i(n) = (k(mn—=N)-1)N +i(n—N), i.e.

k(n—N)=k(n)—1 and i(n-N)=i(n).
Therefore from (3.22), we have

%1 = Tuull < An+ L{ H T'k(n)_lyn - T'k(n)_lxn—N H

Vl

”Tzknnl\lf\ix” N~ T (n—N) y” N”

+ T,n N) N yn — XNyt || + 1% i=n)-1 = %l }
< Ay + L{LIyn = %u-n || + LlI%n-n = Yn-n |l
+ AN + 1% u=n)-1 = %l }
< A+ L (Ilyn = %l + 160 = X | + 10 = yu-n1l)

+ L(-An—N + % (u-n)-1 — xn”) (3.23)
From (3.14), (3.21), and A,, — 0, we have
M (%1 — Tuxnll = O. (3.24)
H—0Q
It follows from (3.13) and (3.24) that
lim |x, — Ty, < lim {”xn =%l + %1 = Tnxn”} =0. (3.25)
n—0o0 n—0o0
Consequently, for any i € I, from (3.14), (3.25), we obtain

”xn - Tn+ixn” = ”xn _xnﬂ'” + ||x}’l+i - Tn+ixn+i” + ” Tn+ixn+i - Tnﬂ'xn”
< (M + D)%y = Xpaill + %04 = Trsiknaill = 0,
as n — o0o. This implies that the sequence
N

o0
{2 = Towimall} 2, — 0, asn— oo
i=1
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Since foreach!=1,2,...,N, {||x, — Tyx,||} is a subsequence of Ufil{Hxn —T,ix, ||}, there-
fore, we have

lim (%, — Tix,|| =0, Viel (3.26)
n—00
This completes the proof. d

3.1 Strong convergence theorems

First, we prove necessary and sufficient conditions for the strong convergence of the modi-
fied general composite implicit iteration process to a common fixed point of a finite family
of asymptotically pseudo-contractive mappings.

Theorem 3.1 Let E, K, and T; (i € I) be as defined above and {a,} be a sequence of real
numbers as in Lemma 3.1. Then the sequence {x,} generated by (1.4) converges strongly to
a member of F if and only if liminf,_, o d(x,, F) = 0.

Proof The necessity of the condition is obvious. Thus, we will only prove the sufficiency.
Let liminf,_, o, d(x,, F) = 0. Then from (ii) in Lemma 3.1, we have lim,,_, o, d(x,, F) = 0.
Next, we show that {x,} is a Cauchy sequence in K. For any given ¢ > 0, since

lim,,_, o d(x,,, F) = 0, there exists a natural number #; such that d(x,,, ) < ¢/4 whenn > n;.
Since lim,,_, o, ||x, — p|| exists for all p € F, we have ||x, — p|| < M, for all # > 1 and some

positive number M’.

Furthermore ) - 0, < oo implies that there exists a positive integer 7, such that

Z;fn oj < e/4M' for all n > n,. Let N' = max{my, n,}. It follows from (3.8) that

%, = pll < %51 = pll + Mo,
Now, for all n,m > N’ and for all p € F, we have
locr = 2l < N0 = pIl + 1% = Pl

n m
<lan —pl+M " o+ llan —pll+ M Y o
j=N"+1 j=N"+1

(0]
<2l —pll +2M') o
j=N'

Taking the infimum over all p € F, we obtain

oo
1% = x| < Zd(xN/,}') + ZM/ZO'/ <e.
j=N'

This implies that {x,} is a Cauchy sequence. Since E is complete, therefore {x,} is conver-
gent.

Suppose lim,,_, o %, = g.

Since K is closed, we get g € K|, then {x,,} converges strongly to g.

It remains to show that g € F.
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Notice that
|d(q’]:)_d(xm]:)| <llg-xll, VneN,

since lim,,_, o %, = g and lim,,_, o, d(x,,, F) = 0, we obtain g € F.
This completes the proof. d

Corollary 3.1 Suppose that the conditions are the same as in Theorem 3.1. Then the se-
quence {x,} generated by (1.4) converges strongly to u € F if and only if {x,} has a subse-

quence {x,,} which converges strongly to u € F.

A mapping T: K — K with F(T) # ¢ is said to satisfy condition (A) [24] on K if there
exists a nondecreasing function f: [0,00) — [0, 00), with f(0) =0 and f(r) > r, for all r €
(0,00), such that for all x € K,

= Tl = £ (d(x, F(T)))-
A family {T;}Y, of N self-mappings of K with F = (,_; F(T;) # ¥ is said to satisfy

(1) condition (B) on K [25] if there is a nondecreasing function f: [0, 00) — [0, c0) with
f(0) =0 and f(r) > r for all » € (0, 00) such that for all x € K such that

iel

max {[lx = Tixll} = f (d(, )5

(2) condition (C) on K [26] if there is a nondecreasing function f: [0, 00) — [0, c0) with
£(0) =0 and f(r) > r for all » € (0, 00) such that for all x € K such that

{lIlx - Tixll} = f(d(x, F))

for at least one T}, [ =1,2,...,N or, in other words, at least one of the T}’s satisfies
condition (A).

Condition (B) reduces to condition (A) when all but one of the T}’s are identities. Also
condition (B) and condition (C) are equivalent (see [26]).

Senter and Dotson [24] established a relation between condition (A) and demicompact-
ness that the condition (A) is weaker than demicompactness for a nonexpansive mapping
T defined on a bounded set. Every compact operator is demicompact. Since every com-
pletely continuous mapping 7': K — K is continuous and demicompact, it satisfies con-
dition (A).

Therefore in the next result, instead of complete continuity of mappings 71, Ts, ..., T,

we use condition (C).

Theorem 3.2 Let E and K be as defined above, T; (i € I) be N asymptotically pseudo-
contractive mappings as defined above and satisfying condition (C) and {a,,} be a sequence
of real numbers as in Lemma 3.1. Then the sequence {x,} generated by (1.4) converges

strongly to a member of F.

Proof By Lemma 3.1, we see that lim,_,  [|%, — p|l and lim,,_, o d(x,, F) exist.
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Let one of the T7s, say T}, [ € I, satisfy condition (A).

By Lemma 3.1, we have lim, . ||%, — Tix,|| = 0. Therefore we have lim,_, o f(d(xy,
F)) = 0. By the nature of f and the fact that lim,,_, o d(x,,, F) exists, we have lim,,_, o d(x,,,
F) = 0. By Theorem 3.1, we find that {x,} converges strongly to a common fixed point
in F.

This completes the proof. O

A mapping T: K — K is said to be semicompact, if the sequence {x,} in K such that
Il — Tx,|| — 0, as n — o0, has a convergent subsequence.

Theorem 3.3 Let E and K be as defined above, and let T; (i € I) be N asymptotically
pseudo-contractive mappings as defined above such that one of the mappings in {T:}Y,
is semicompact, and let {o,} be a sequence of real numbers as in Lemma 3.1. Then the
sequence {x,} generated by (1.4) converges strongly to a member of F.

Proof Without loss of generality, we may assume that 7 is semicompact for some fixed
€ {1,2,...,N}. Then by Lemma 3.1, we have lim,_, « ||x, — Tsx,|| = 0. So by definition
of semicompactness, there exists a subsequence {2} of {x,} such that {%x;} converges

strongly to x* € K. Now again by Lemma 3.1, we have

lim [lx,; — Ty |l = 0
1j—00 U U

for all / € I. By continuity of T}, we have Tlx,,/. — Tix* foralll el

Thus lim;_, % — Tixw; || = llx* = Tix*|| = 0 for all [ € I. This implies that x* € F. Also,
liminf,_, o d(x,, F) = 0. By Theorem 3.1, we find that {x,} converges strongly to a common
fixed point in F. O

3.2 Weak convergence theorem

Theorem 3.4 Let E be a uniformly convex and smooth Banach space which admits a
weakly sequentially continuous duality mapping, and let K and T; (i € I) be as defined
above and {a,} be a sequence of real numbers as in Lemma 3.1. Then the sequence {x,}
generated by (1.4) converges weakly to a member of F.

Proof Since {x,} is a bounded sequence in K, there exists a subsequence {x,, } C {x,} such
that {x,, } converges weakly to g € K. Hence from Lemma 3.1, we have

lim %, — Tixy | =0, Viel
n—00

By Lemma 2.4, we find that (I — T}) is demiclosed at zero, i.e. (I - T;)q = 0, so that g €
F(T;). By the arbitrariness of [ € I, we know that g € F =), F(T1).

Next we prove that {x,} converges weakly to g.

If {x,} has another subsequence {x,,} which converges weakly to 1 # g, then we must
have ¢; € F, and since lim,,_, « ||[%, — ¢1 || exists and since the Banach space E has a weakly
sequentially duality mapping, it satisfies Opial’s condition, and it follows from a standard
argument that ¢; = g. Thus {x,} converges weakly to g € F. g

Remark 3.1 Our results improve and generalize the corresponding results of Browder [7],
Kirk [8], Goebel and Kirk [1], Schu [4], Xu [9, 10], Liu [11], Zhou and Chang [15], Osilike
[27], Osilike and Akuchu [13], Su and Li [16], Su and Qin [17], and many others.
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Let K be a nonempty subset of a real Banach space E. Let D be a nonempty bounded
subset of K. The set-measure of noncompactness of D, y (D), is defined as

y(D) = inf{d > 0 : D can be covered by a finite number of sets of diameter < d}.
The ball-measure of compactness of D, x (D), is defined as

x (D) = inf{r > 0 : D can be covered by a finite family of balls with centers in E

and radius r}.

A bounded continuous mapping T: K — E is called

(1) k-set-contractive if y (T(D)) < ky (D), for each bounded subset D of K and some
constant k > 0;

(2) k-set-condensing if ¥ (T'(D)) < y (D), for each bounded subset D of K with y (D) > 0;

(3) k-ball-contractive if x (T (D)) < kx (D), for each bounded subset D of K and some
constant k > 0;

(4) k-ball-condensing if x (T'(D)) < x (D), for each bounded subset D of K with x (D) > 0.

A mapping T: K — E is called

(5) compact if cl(T(A)) is compact whenever A C K is bounded;

(6) completely continuous if it maps weakly convergence sequences into strongly
convergent sequences;

(7) a generalized contraction if for each x € K there exists k(x) < 1 such that
1T - Tyl < k(®)llx -]l for all y € K;

(8) amapping T: E — E is called uniformly strictly contractive (relative to E) if for each
x € E there exists k(x) < 1 such that || Tx — Ty|| < k(x)|x — y|| for all y € K. Every
k-set-contractive mapping with k <1 is set-condensing and also every compact
mapping is set-condensing.

Let K be a nonempty closed bounded subset of E and T': K — E a continuous mapping.

Then

(a) T is strictly semicontractive if there exists a continuous mapping V: E x E — E
with T'(x) = V(x,x) for x € E such that for each x € E, V(-,x) is a k-contraction with
k <1and V(x,-) is compact;

(b) T is of strictly semicontractive type if there exists a continuous mapping
V: K x K — E with T(x) = V(x,x), for x € K such that for each x € K, V(-,x) is a
k-contraction with some k < 1 independent of x and x — V(-,x) is compact from K
into the space of continuous mapping of K into E with the uniform metric;

(c) T is of strongly semicontractive type relative to X if there exists a mapping
V: E x K — E with T'(x) = V(x,x), for x € K such that x € K, V(-,%) is uniformly
strictly contractive on K relative to E and V(x, -) is a completely continuous from K
to E, uniformly for x € K.

For details refer to [28—30].

Let K be a nonempty closed convex bounded subset of a uniformly convex Banach
space E. Suppose T: K — K. Then T is semicompact if T satisfies any one of the following
conditions [25, Proposition 3.4]:

(i) T is either set-condensing or ball-condensing (or compact);

(ii) T is a generalized contraction;
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(iii) T is uniformly strictly contractive;
(iv

)
v)

(vi) T is of strongly semicontractive type.

T is strictly semicontractive;
T is of strictly semicontractive type;

Remark 3.2 In view of the above, it is possible to replace the semicompactness assump-

tion in Theorem 3.3 with any of the contractive assumptions (i)-(vi).

We now give an example of asymptotically pseudo-contractive mapping with nonempty
fixed point set.

Example 3.1 [31] Let E =R = (—00, 00) with usual norm and K = [0,1] and define T : K —

K by

0 ifx=0,

T % ifx=1,

X =

1 e 1 101 1

X = 3+l if 3+l =x< §(3n+1 + 31/
1 el 1 1 1
3 — X 1f§(3n+1+3_n)5x<3_n

for all » > 0. Then F(T) = {0} and for any x € K, there exists j(x — 0) € J(x — 0) satisfying
1
(T"x - T"0,j(x - 0)) = T"x - x < gllxll2 < Jlxl)?

for all » > 1. That is, T is an asymptotically pseudo-contractive mapping with sequence
{kn} = 1.
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