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Abstract

We first introduce the concept of a triangular 2-ce-n-admissible mapping which
extends the notion of a-admissible mapping with respect to 7 to 2-metric spaces.
Next, we introduce the concepts of modified weak and modified rational
o-yr-contractions and establish the existence and uniqueness of fixed points for such
mappings in complete 2-metric spaces. As an application of the obtained results, we
prove some fixed point results in partially ordered 2-metric spaces. The presented
theorems generalize and improve certain existing results in the literature and provide
main results in Dung and Hang (Fixed Point Theory Appl. 2013:161, 2013) as
corollaries. Moreover, some examples and an application to integral equations are
provided to illustrate the usability of the obtained results.
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1 Introduction and preliminaries
There exist many generalizations of the concept of metric spaces in the literature (d(x, y) €
R;; d(x,y) € K, K a cone in an ordered Banach space; 2-metric spaces; probabilistic metric
spaces; G-metric spaces efc.; see, for example, [1-9]). The notion of 2-metric was intro-
duced by Géhler in [10]. Note that a 2-metric is not a continuous function of its variables,
whereas an ordinary metric is. This led Dhage to introduce the notion of D-metric in [11].
In [12, 13] Mustafa and Sims introduced the notion of G-metric to overcome flaws of a
D-metric. After that, many fixed point theorems on G-metric spaces have been proved
(see [14] and the references therein). The authors in [15] and [16] noticed that in several
situations fixed point results in G-metric spaces can be in fact deduced from fixed point
theorems in metric or quasi-metric spaces. It has also been shown by various authors that
in several cases the fixed point results in cone metric spaces can be obtained by reduc-
ing them to their standard metric counterparts; for example, see [17-19]. It is worth to
note that in the above generalizations, a 2-metric space was not known to be topologically
equivalent to an ordinary metric.

We recollect some essential notations, required definitions and primary results coherent
with the literature.
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Definition 1.1 [10] Let X be a non-empty set and let d : X x X x X — R* be a mapping
satisfying the following assertions:
(d1) For every pair of distinct points x,y € X, there exists a point z € X such that
dx,y,2z) #0;
(d2) If at least two of three points ¥, y, z are the same, then d(x,y,z) = 0;
(d3) The symmetry:

dx,y,2z) =dx,z,y) =d(y,x,2) =d(y,z,x) = d(z,x,y) = d(z,,x)

forallx,y,z € X;
(d4) The rectangle inequality: d(x,y,z) <d(x,y,t) + d(y,z,t) + d(z, %, t) for all
x,9,2,t €X.
Then d is called a 2-metric on X and (X, d) is called a 2-metric space which will be some-

times denoted by X if there is no confusion. Every member x € X is called a point in X.

Definition 1.2 [10] Let (X, d) be a 2-metric space and a,b € X, r > 0. The set
Bla,b,r) = {x eX:d(a,b,x) < r}

is called a 2-ball centered at @ and b with radius r. The topology generated by the collection
of all 2-balls as a subbase is called a 2-metric topology on X.

Definition 1.3 [20] Let {x,} be a sequence in a 2-metric space (X, d).
« {x,} is said to be convergent to x in (X, d), written lim,,_, 5 x,, = %, if for all a € X,
lim,,_, o0 d(x,, %, a) = 0;
+ {x,} is said to be Cauchy in X if for all @ € X, limy, ,—, 00 d(%1, X1, @) = 0, that is, for
each ¢ > 0, there exists #nq such that d(x,,x,,,a) < € for all n,m > ng and a € X;

+ (X,d) is said to be complete if every Cauchy sequence is a convergent sequence.

Definition 1.4 [20] A 2-metric space (X, d) is said to be compact if every sequence in X

has a convergent subsequence.
Lemma 1.1 [20] Every 2-metric space is a T1-space.

Lemma 1.2 [20] lim,_, o %, = % in a 2-metric space (X, d) if and only if lim,_, oo %, = x in
the 2-metric topological space X.

Lemma 1.3 [20] If T : X — Y is a continuous map from a 2-metric space X to a 2-metric

space Y, then lim,_, oo X, = x in X implies lim,_, o Tx, = Tx in Y.

It is straightforward from Definitions 1.1-1.3 that every 2-metric is non-negative and
every 2-metric space contains at least three distinct points. A 2-metric d(x, y, z) is sequen-
tially continuous in one argument; moreover, if a 2-metric d(x, y,z) is sequentially contin-
uous in two arguments, then it is sequentially continuous in all three arguments (see [21]).
A convergent sequence in a 2-metric space need not be a Cauchy sequence (see [21]). In a

2-metric space (X, d) every convergent sequence is a Cauchy sequence if 4 is continuous
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(see [21]). There exists a 2-metric space (X, d) such that every convergent sequence is a
Cauchy sequence but d is not continuous (see [21]).
Chatterjea in [22] introduced the notion of C-contraction as follows.

Definition 1.5 Let (X, d) be a metric space and T : X — X be a map. Then T is called a
C-contraction if there exists a € [0,1) such that for all x,y € X,

d(Tx, Ty) < g[d(x, Ty) +d(y, Tx).
This notion was generalized to a weak C-contraction by Choudhury in [23].

Definition 1.6 Let (X,d) be a metric space and T : X — X be a map. Then T is called a
weak C-contraction if there exists ¥ : [0,00)% — [0, 00) which is continuous, and ¥ (s, £) =
0 if and only if s = £ = 0 such that

d(Tx, Ty) < %[d(x, Ty) + d(y, Tx)] -y (d(x, Ty),d(y, Tx))
forall x,y € X.

Samet et al. [24] defined the notion of «-admissible mappings as follows.

Definition 1.7 Let T be a self-mapping on X and « : X x X — [0, +00) be a function. We
say that T is an «-admissible mapping if

xyeX, axy)>1 = o(lx,Ty)>1

In [24] the authors considered the family W of non-decreasing functions v : [0, +00) —
[0, +00) such that ), ¥"(t) < +oo for each ¢ > 0, where " is the nth iterate of ¥, and
they gave the following theorem.

Theorem 1.1 Let (X, d) be a complete metric space and T be an o-admissible mapping.

Assume that
a(x,9)d(Tx, Ty) < ¥ (d(x,)) (L1)

forall x,y € X, where € W. Also, suppose that the following assertions hold:
(i) there exists xg € X such that o(xg, Txo) > 1;
(ii) either T is continuous or for any sequence {x,} in X with a(x,, x,41) > 1 for all
n € NU{0} and x, — x as n — +00, we have a(x,,x) > 1 for all n e NU {0}.
Then T has a fixed point.

Salimi et al. [25] modified and generalized the notions of «-y-contractive and «-

admissible mappings as follows.

Definition 1.8 [25] Let T be a self-mapping on X and o, : X x X — [0,+00) be two
functions. We say that T is an «-admissible mapping with respect to n if

xyeX, axy)=nky) = o(lx, Ty) > n(Ix, Ty).
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Note that if we take n(x,y) = 1, then this definition reduces to Definition 1.7. Also, if we
take a(x, y) = 1, then we say that 7 is an n-subadmissible mapping.

The following result properly contains Theorem 1.1 and Theorems 2.3 and 2.4 of [26].

Theorem 1.2 [25] Let (X,d) be a complete metric space and T be an a-admissible map-
ping. Assume that

xyeX, axy=>1 — d(Tx,Ty)gw(M(x,y)), (1.2)

where W € WV and

M(x,y) = max{d(x,y), d(x, Tx) + d(y, Ty) d(x, Ty) + d(y, Tx) }

2 ’ 2

Also, suppose that the following assertions hold:
(i) there exists xy € X such that a(xg, Txg) > 1;
(ii) either T is continuous or for any sequence {x,} in X with a(x,,x,41) > 1 for all
n € NU{0} and x, — x as n — +00, we have a(x,,x) > 1 for all n e NU {0}.
Then T has a fixed point.

Recently Karapinar et al. [27] introduced the notion of triangular «-admissible mapping
as follows.

Definition 1.9 [27] Let T: X — X and o : X x X — (—00, +00). We say that 7 is a trian-
gular ¢-admissible mapping if

(T1) a(x,y) >1implies a(Tx, Ty) > 1, x,y € X,

(T2) {4e9Z ) implies ar(x,y) > 1.

Motivated by the above-mentioned developments, we first introduce the concepts of
2-a-n-admissible mappings and weak and rational «-n-y -contractions and establish the
existence and uniqueness of fixed points for such mappings in complete 2-metric spaces.
As an application of obtained results, we prove some fixed point theorems in partially
ordered 2-metric spaces. The presented theorems generalize and improve many existing
results in the literature. Moreover, some examples and an application to integral equations
are provided to illustrate the usability of the proved results.

2 Fixed point results for weak o-17-C-contraction mappings
Motivated by Karapinar et al. [27] and Salimi et al. [25], we introduce the following notion.

Definition 2.1 Let (X,d) be a 2-metric space and 7: X — X and o,n: X X X X X —
[0, +00) be mappings. We say that T is a triangular 2-«-n-admissible mapping if for all
acX,

(T1) ax,y,a) > n(x,y,a) implies a(Tx, Ty, a) > n(Tx, Ty, a), x,y € X,

(T2) (3502 e implies a(x,,a) = n(xy,a).

If we take n(x,y,a) = 1, then we say that 7 is a triangular 2-a-admissible mapping. Also, if
we take o(x,y,a) = 1, then we say that T is a triangular 2-7- subadmissible mapping.


http://www.fixedpointtheoryandapplications.com/content/2014/1/6

Fathollahi et al. Fixed Point Theory and Applications 2014, 2014:6 Page 5 of 25
http://www.fixedpointtheoryandapplications.com/content/2014/1/6

Example 2.1 Let X =[0,00). Define T: X - Xand «,n: X x X x X — [0, +00) by Tx =

1

%

a’+2 ifx,yel0,1],

and x,y,a) =a’ +1.
0 otherwise n(ey.a)

alx,y,a) =

Then T is a triangular 2-a-n-admissible mapping.
Lemma 2.1 Let (X,d) be a2-metric spaceand T : X — X be a triangular 2-a-n-admissible

mapping. Assume that there exists xo € X such that o(xo, Txo,a) > n(xo, Txo,a) for all
a € X. Define the sequence {x,} by x, = T"x¢. Then

& (Xps X, @) = (KX, Xy ) for all m,n € N with m < n and forall a € X.

Proof Since there exists xy € X such that a(xg, Txo,a) > n(xg, Txo,a), then from (T1) we
deduce that

a (%1, %2, a) = o(Txo, T*x0,a) = 1(Txo, T*%0, ) = n(x1,%2, a).
By continuing this process, we get

(X, X1, @) > 1n(xy, x,41,a)  forall me NU {0}. (2.1)
Suppose that m < n. Since

{a(xm: K1y @) = N (K X1, @),

n
O (Xps1 Xm2) @) = N (Kpps1 X2s 4,

then from (T2) we have a/(x,,, X142, @) > 10Xy, Xppa2, @).
Again, since

ia(xm,xmu,a) > NKmr Kns2s 4),

QX125 Xma3s @) = N(Kine2s X3, 4),

then we deduce (X, %43, @) = 0 (X Xpe3, 4).
By continuing this process, we get o (%1, X1, @) > 1(%1, %, @) as required. O

Definition 2.2 Let (X,d) be a 2-metric space. Let o, : X x X x X — [0,00) and
T :X — X. We say that T is 2-o-n-continuous on (X, d) if

Xy —> X asn— 00,

o (X, Xpe1, @) > n(xy, %1,a) forallme Nanda € X = Tx, — Tx.

If we take n(x,y,a) = 1, then we say that T is a 2-o-continuous mapping. Also, if we take
a(x,y,a) =1, then we say that T is a 2-n-continuous mapping.
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Example 2.2 Let X = [0,00) and d(x,y,a) = min{|x — y|, |y — 4|, |x — a|}. Assume that T :
X — X and &, n: X3 — [0, +00) are defined by

~ x> ifx e[0,1],
" inx+2 if x € (1, 00),
1 ifx, 0,1],
awypay= |t ERIEOL e =1
0 otherwise

Clearly, T is not continuous, but T is 2-a-n-continuous on (X, d). Indeed, if x, — xasn —

oo and a(xy, %11, @) > 0(%, %ns1,a) = 1, then x, € [0,1] and so lim,,_, o T, = lim,, oo x% =
2

x* =Tx.

Denote with W the family of continuous functions ¢ : [0, 00)? — [0,00) such that
Y(s,£)=0ifand onlyifs=¢=0.

We introduce the following notions as a modification of the approach in [25].

Definition 2.3 Let (X, d) be a 2-metric spaceand T: X — X, o, n: X x X x X — [0, +00)
be three mappings.
+ We say that T is a weak or-n-C-contraction mapping if

xvyeX, alxya)=nlxya)
1
=  d(Tx, Ty,a) < 5 [d(x, Ty,a) + d(y, Tx, a)] - 1//(d(x, Ty,a),d(y, Tx, a))

(2.2)

for all @ € X, where ¢ € W.

+ We say that 7T is a modified weak «-C-contraction mapping if
xyeX, alxya)>1
1
=  d(Tx, Ty,a) < E[d(x, Ty,a) + d(y, Tx,a)] - 1/f(d(x, Ty,a),d(y, T, a))

for all @ € X, where ¢ € W.
+ We say that T is a modified weak n-C-contraction mapping if

xyeX, nxya) <l

= d(Ix, Ty,a) < = [d(x, Ty,a) + d(y, Tx,a)| - ¥ (d(x, Ty,a),d(y, Tx, a))

N =

for all 2 € X, where ¢ € V.
+ We say that T is a weak a-C-contraction mapping of type (I) if

ax,y,a)d(Ix, Ty,a) < %[d(x, Ty,a) + d(y, Tx, a)] - w(d(x, Ty,a),d(y, Tx, a))

for all x,y,a € X, where ¥ € W.
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+ We say that T is a weak n-C-contraction mapping of type (I) if

d(Tx, Ty,a) < d(x, Ty, a) + d(y, Tx, a)] - w(d(x, Ty,a),d(y, Tx, a))

n(x,y,a) [
2
for all x,y,a € X, where ¢ € W.
+ We say that T is a weak «-C-contraction mapping of type (II) if
(a(x,y, ﬂ) " E)d(Tx,Ty,a) < (1 + Z)%[d(x,Ty,a)+d(y,Tx,a)]—w(d(x,Ty,a),d(y,Tx,a))
for all x,y,a € X, where ¢ € W and £ > 0.
+ We say that T is a weak n-C-contraction mapping of type (II) if

(1 + Z)d(Tx,Ty,u) < (n(x y Il) n z)%[d(x,T)’,a)+d(y,Tx,a)]—w(d(x,Ty,a),d(y,Tx,a))

forallx,y,aeX,€>0and ¢ € V.
Now we are ready to state and prove our first main result of this section.

Theorem 2.1 Let (X,d) be a complete 2-metric space. Assume that T : X — X is a weak
a-n-C-contraction mapping satisfying the following assertions:
(i) T is a triangular 2-a-n-admissible mapping;

(ii) there exists xo in X such that a(xo, Txo,a) > n(xo, Txo, a) for all a € X;

(iii) T is continuous or 2-a-n-continuous; or

(iv) if {x,} is a sequence in X such that «(xy,, xXy41,a) > W%y, X441, a) for all a € X and

X, — x as n — 0o, then a(x,,x,a) > n(x,,x,a) foralln e Nand all a € X.

Then T has a fixed point.

Proof Letx € X such that a(xg, Txo, a) > n(xo, Txo, a) for all a € X. Define a sequence {x,,}
by x, = T"x for all n € N. Now, since T is a triangular 2-«-n-admissible mapping, so by
Lemma 2.1 we have

(X5 X0y ) = (X, X, @) for all m, n € N with m < nand for alla € X. (2.3)

From (2.2) we deduce

d(xn+lr Xns LZ) = d(Txn: Txn—b “)

1
S E [d(xnr Txn—l; d) + d(xn—l» Txm (1)] - ‘/’(d(xn; Txn—l’ a)! d(xn—l; Txn; 61))
1
= 5 [d(xn; X ﬂ) + d(xn—ly Xn+lr ﬂ)] - 1# (d(xm X LZ), d(xn—hxnﬂr a))
1
= Ed(‘xn—l, Xn+lr ﬂ) - w (0’ d(xn—lr Xn+ls ﬂ))
1
= Ed(xn—l: K1) @) (2.4)

for all € X. By taking a = x,,_; in (2.4), we get d(x,,1, %, %,-1) <0, i.e.,

d(xn+lr X xn—l) =0, (25)

Page 7 of 25
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and so by (2.4) and (2.5) we have

1
d(xn+lr Xn» LZ) = gd(xn—l; Xn+1s ﬂ)
1
= E [d(xn—l; Xy @) + A(Xpy X1, @) + A(Xy_1, % xn+1)]
1
< E[d(xn—l;xma) + A Xn41,0) ], (2.6)
which implies
d(anrlrxnr 61) = d(xn—l) Xns ﬂ). (27)

Hence, the sequence {d(x,.1,%,,a)} is decreasing in R, and so it is convergent to r € R,,
i.e., limy,_, o d(x,41,%,,a) = r. Taking limit in (2.6) we get

1 1
r=<—- lim d(xn—l,anrlra) = —(l"+ I") =r
2 n—o0 2
and then
lim d(x,_1,%,41,a) = 2r. (2.8)
n— o0

By taking limit as # — oo in (2.4) and applying (2.8), we get
r< %(2;’) - (0,2r) <r.
This implies ¥ (0,2r) = 0, i.e., r = 0. Hence,
nli)nolo d(x,41,%4,a) = 0. (2.9)

If d(x,_1,%,,a) = 0, then by (2.7) we have d(x,,1,%,,a) = 0. Since d(xo,x1,%9) = 0, we have
d(x,, %n41,%0) = 0 for all # € N. Since d(x,,-1, %, %) = 0, we have

A%y X1, %) = 0 (2.10)
foralln > m—1.For 0 <n<m -1, noting that m — 1 > n + 1, from (2.10) we have
AXm-1,%m Xns1) = AXp-1, %, %) = 0,
which implies

d(xnr Xn+ls xm) =< d(xn,xnﬂr xm—l) + d(xwrl;xmr xm—l) + d(xm;xn) xm—l)

= d(Xn, Xn415 Xm-1)- (2.11)
Now, since d(x,, X141, %411) = 0, from (2.11) we get

d(xn)xnﬂyxm) =0 (212)
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for all 0 < n < m — 1. Hence, from (2.10) and (2.12) we have d(x,,%,.1,%,) = 0 for all

m,n € N. Now, for all i,j, k € N with i < j, we have d(x;_1, %, %;) = d(xj_l,x,»,xk) = 0. Hence,

d (i, %, x%) < doi, %7, %5-1) + A, 20, %51) + Ao, x4, 2%j-1)

= d(xiixj—lrxk) S o S d(xiixiixk) =0.
That is, for all i,j, k € N, we have
d(x;, %, %) = 0. (2.13)
We now show that {x,} is a Cauchy sequence. Suppose to the contrary that {x,} is not a
Cauchy sequence. Then there are ¢ > 0 and sequences {m(k)} and {n(k)} such that for all
positive integers k,
n(k) > m(k) > k, AXniy Xm), @) = € and  dXp)-1, Xm(k), @) < €. (2.14)

From (2.13) and (2.14) we deduce

€ < dXn(k)s Xm(k)» @)
< dXn(t), Xn()-1, @) + AXp()-1, Xm(k)> &) + A (k) X(k)> Xn(k)-1)
= d(X (k) Xn(k)-1, @) + A(Xnk)-1, Xmk)» @)

< d(x,,(k), Xn(k)-1 a) + €.

Taking limit as k — oc in the above inequality and applying (2.9), we get

lim d(%u), Xy, @) = UM d(X -1, Xm), @) = €. (2.15)
k—o00 k—o00
Also by (2.13) we get

AKXy Xnl)-1,8) < AKXy Xm()-1 @) + A Xpn(k)-1, Xn(k)-1, &) + AXm(i)» Xn(k)-1> Xm(k)-1)
= dXmk) Xm(k)-1> @) + AXpme)-1, Xn(k)-1, @)
< dEm(i)s X1, @) + AXm() -1, Xn(k)> @) + AKX (o)1, Xnh)» &)
+ A% pm(k)-1, Xnk)-1) Xn(k))

= dXmk)» Xm()-1> &) + AXm()-1 Fnk)» @) + A Xn(-1, Xnk)y @) (2.16)

and

AKX (-1 Fnk)r @) < AXm)=1, Xm(k)s &) + AXn(k)s Xy &) + A Xmi)=1, Xn(k)s Xm(k))

= d(Xmp)-1, Xm(t)» @) + AXn(k)s Xk, @) (2.17)
By taking limit as kK — oo in (2.16) and (2.17) and applying (2.9) and (2.15), we have

Hm d(®()-1, Xn(), @) = €. (2.18)

k—o00
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Now since n(k) > m(k), then by (2.3) we have

A (X()-15 Xn(k)—1> B) = N Xp()-15 Xn(k)—1, &)
for all a € X. So by (2.2) we get

€ < dXm(tys Xnk)» @) = A Txmp)-1, Thn()-1, @)
1
=3 [d@mi-1 Ton(i-1@) + A1, Tomip-1,a)]

— Y (d@Emi)-1> Ton(-1, @)s A1, Thm(i)-1,@))
1
= 5 [d(xm(k)—l, Xn(k)» a) + d(xn(k)—l, Xim(k)» ﬂ)]

= Y (dComi-1 %) @) A X1, Xm() @) ). (2.19)

Taking limit as kK — oo in (2.19) and applying (2.15), (2.18) and the continuity of v, we
deduce

€< %[e+e]—w(e,e)ze—lp(e,e)fe,

and so ¥ (€,€) = 0. That is, € = 0 which is a contradiction. Hence, {x,} is a Cauchy se-
quence. Now, since (X, d) is a complete 2-metric space, then there exists x* € X such that
lim,,_, o0 %, = x*. At first we assume that (iii) holds. That is, T is continuous. Then

x* = lim x,,; = lim Tx, = Tx".

n— 00 n—0oQ
That is, x* is a fixed point of 7. If T is 2-a-n-continuous on X, x,, — x* as n — oo and

o (X, Xpe1, @) > 1(xy, %441, @), then we have

Tx* = lim Tx, = lim x,,; =x".
n— 00

n—0o0

So x* is a fixed point of T'. Next we assume that (iv) holds. That is, «(x,,, x*, a) > n(x,,x*, a)
for all » € N and all a € X. Then by (2.2) we get

A(xpi1, 6", a) = d(Txy, Tx*,a)
=<

[d(x,,, Tx*, a) + d(x*, Tx,, a)] - 1//(d(x,,, Tx*, a),d(x*, Tx,, a))

N = o) =

[d(x,,, Tx*,a) + d(x*,xn+1,a)] - lp(d(x,,, Tx*,zz),d(x*,xn+1,a)).

Taking limit as # — oo in the above inequality, we get

d(x*, Tx*,a) < %[d(x*, Tx*,a) + d(x*,x*,a)| - ¥ (d(x*, Tx*, a),d(x*, x*, a))
< %d(x*, Tx*,a) - 1/f(d(x*, Tx*,a), 0)
< %d(x*, Tx*,a),

which implies d(x*, Tx*,a) = 0, i.e., x* = Tx™. O
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By taking n(x,,4) = 1 in Theorem 2.1, we have the following corollary.

Corollary 2.1 Let (X,d) be a complete 2-metric space. Assume that T : X — X is a modi-
fied weak a-C-contraction mapping satisfying the following assertions:
(i) T isa triangular 2-a-admissible mapping;

(ii) there exists xg in X such that a(x, Txo,a) > 1 for all a € X;

(iii) T is continuous or 2-o-continuous; or

(iv) if {x,} is a sequence in X such that «(xy, x,.1,a) > 1 for all a € X and x, — x as

n— 00, then a(x,,x,a) > 1 foralln e Nand all a € X.

Then T has a fixed point.

Example 2.3 Let X = [0, 00). We define a 2-metric d on X by
d(x,y,a) = min{}x -y, Iy - al, |x - al}.

Clearly, (X,d) is a complete 2-metric space. Define T : X — X, ¢ : [0, 00)? = [0,00) and
a:X xX xX— [0,00) by

3 ifx € [0,1],
Ty x3+(1.+x)x ?fxe(l,lO], w(s,t)zsi
Inx +sinx +1 ifx € [10,15), 4
+x+1 if x € [15, 00),
and
1 ifx, 0,1],
ot(x,y,a)= 1xy€[ ]

% otherwise.
Now, we prove that all the hypotheses of Corollary 2.1 (Theorem 2.1) are satisfied and
hence T has a fixed point.

Proof Letx,y,a € X, if a(x,y,a) > 1, then x,y € [0,1]. On the other hand, for all w € [0,1],
we have Tw < 1. Hence a(Tx, Ty, a) > 1 forall a € X. This implies that T is a 2-a-admissible
mapping. Clearly, «(0,70,a) > 1 for all a € X. Now, if {x,} is a sequence in X such that
o(x,,%,41,a) > 1forallm e NU {0} and a € X and x,, — x as n — +00, then {x,,} C [0,1]
and hence x € [0,1]. This implies that «(x,,,x,a) > 1foralln e NU {0} and all a € X.

Let a(x,y,a) > 1. Then x,y € [0,1] and hence,

d(Tx, Ty,a) =0 < [d(x, Ty,a) + d(y, Tx,a)]

N =

= %[d(x, Ty,a) +d(y, Tx,a)| - ¥ (d(x, Ty, a),d(y, Tx, a)).
That is,

alx,y,a)>1

=  d(Tx,Ty,a) < %[d(x, Ty,a) + d(y, Tx, a)] - 1/f(d(x, Ty, a),d(y, Tx, a))
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for all a € X. Hence, T is a modified weak o-C-contraction mapping. Then all the hy-
potheses of Corollary 2.1 (Theorem 2.1) are satisfied and hence T has a fixed point. [

By taking a(x,y,a) =1 in Theorem 2.1, we have the following corollary.

Corollary 2.2 Let (X, d) be a complete 2-metric space. Assume that T : X — X is a modi-
fied weak n-C-contraction mapping satisfying the following assertions:
(i) T is a triangular 2-n-subadmissible mapping;

(ii) there exists xg in X such that n(xy, Txo,a) <1 forall a € X;

(iii) T is continuous or 2-n-continuous; or

(iv) if {x,} is a sequence in X such that 1(xy, Xy1,a) <1 forall a € X and x,, — x as

n— 09, then n(x,,x,a) <1forallne Nandall a € X.

Then T has a fixed point.

Example 2.4 Let X, d be as in Example 2.3. Define 7: X — X, ¢ : [0, 00)2 — [0,00) and
n:X x X x X — [0,00) by

g ifx €[0,1],

x2+1 if x € (1,20], s+t
Ix=4 , . (1,20] Vs t)= —

a7 t3% ifx € [20,50),

x> +1 ifx €[50,00),
and

0 ifx,ye[0,1],

x,9,4) =
n(.5,4) 10 otherwise.

Now, we prove that all the hypotheses of Corollary 2.2 (Theorem 2.1) are satisfied and
hence T has a fixed point.

Proof Letx,y,a € X, if n(x,y,a) <1, then x,y € [0,1]. On the other hand, for all w € [0,1],
we have Tw < 1. Hence n(Tx, Ty,a) < 1forall a € X. This implies that T is a 2-n-admissible
mapping. Clearly, 7(0,70,a) <1foralla € X.

Now, if {x, } is a sequence in X such that n(x,, x,.1,4) < 1foralln e NU{0} and a € X and
X, — x as 1 — +00, then {x,} C [0,1] and hence x € [0,1]. This implies that n(x,,x,a) <1
forallm e NU {0} and all 2 € X.

If n(x,y,a) <1, then x,y € [0,1] and so

d(Tx, Ty,a) =0 < [d(x, Ty, a) + d(y, Tx,a)]

| W

= %[d(x, Ty,a) +d(y, Tx,a)| - ¥ (d(x, Ty, a), d(y, Tx, a)).
That is,

nx,ya) <1

=  d(Tx, Ty,a) < %[d(x, Ty,a) + d(y, Tx, a)] - 1//(d(x, Ty,a),d(y, Tx, a))
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foralla € X. Hence, T is a modified weak n-C-contraction mapping. Then all the hypothe-
ses of Corollary 2.2 (Theorem 2.1) are satisfied and hence T has a fixed point. O

Corollary 2.3 Let (X, d) be a complete 2-metric space. Assume that T : X — X is a weak .-
C-contraction mapping of type (1) or a weak a-C-contraction mapping of type (11) satisfying
the following assertions:
(i) T is a triangular 2-a-admissible mapping;

(ii) there exists xo in X such that a(xo, Txo,a) > 1 for all a € X;

(iii) T is continuous or 2-a-continuous; or

(iv) if {x,} is a sequence in X such that «(x,, x,.1,a) > 1 for all a € X and x, — x as

n— 09, then a(x,,x,a) > 1 foralln e Nand all a € X.

Then T has a fixed point.

Corollary 2.4 Let (X, d) be a complete 2-metric space. Assume that T : X — X is a weak
n-C-contraction mapping of type (1) or weak a-C-contraction mapping of type (11) satisfying
the following assertions:
(i) T isa triangular 2-n-admissible mapping;

(ii) there exists xq in X such that n(xy, Txg,a) <1 forall a € X;

(iii) T is continuous or 2-n-continuous; or

(iv) if {x4} is a sequence in X such that n(x,, xy.1,a) <1 forall a € X and x, — x as

n— oo, then n(x,,x,a) <1 foralln e Nand all a € X.

Then T has a fixed point.

(A) Forall x,y € X, where a(x,y,a) < n(x,y,a) and a(y,x,a) <n(y,x,a) forall a € X,
there exists z € X such that a(x, z,a) > n(x, z,a) or a(z,x,a) > n(z,x,a) and
a(y,z,a) > n(y,z,a) or a(z,y,a) > n(z,y,a) foralla € X.

Theorem 2.2 Adding condition (A) to the hypotheses of Theorem 2.1 (resp. Corollary 2.1,
2.2,2.3 and 2.4), we obtain the uniqueness of the fixed point of T .

Proof Assume that x* and y* are two fixed points of 7. We consider to following cases.
Case 1: Let a(x*,y*,a) > n(x*, y*,a) or a(y*,x*,a) > n(y*,x*,a) for all a € X. Then from
(2.2) we have

d(Tx*, Ty*,a) < =[d(x*, Ty*,a) + d(y*, Tx*,a) | - ¥ (d(x*, Ty*, a),d(y*, ", a))

N =

for all 2 € X. This implies
d(x*,y* a) <d(x*,y",a) -y (d(x*,y",a),d(x",y",a)) < d(x*,y",a).

That is, ¥ (d(x*, y*,a),d(x*,y*,a)) = 0 for all a € X. So, d(x*,y*,a) = 0 for all a € X. Hence,
x* =y
Case 2: Let a(x*,y*, a) < n(x*,y*,a) and a(y*,x*,a) < n(y*,x*,a) for all a € X. From (A)

there exists z € X such that

a(x,z,a) = n(x*,z,a) or a(zx",a)>n(zx",a)
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and

a(y'za) = n(yza) or a(zya)>n(zya).
Without loss of generality we can assume

a(x*2a) = n(xza) and a(y'za) > n(y'za).
Now, since T is a triangular 2-o-1-admissible mapping, then

a(Tx*, T(T"'2),a)

v

n(Tx*, T(T"'z), a),

a(Ty*, T(T" '2),a)

v

n(Ty*, T(T"'z),a)
for all n € NU 0 and all 4 € X. Then from (2.2) we get
d(Te, T(172),) < J[d(, T(T"'2),0) + d(T" 72" )]
-y (d(x*, T(T"'2),a),d(T" 'z, Tx*,a)),
which implies
(%', T"z,a) < %[d(x*, T"z,a) +d(x*, T"'z,a)] - v (d(x*, T"z,a),d(x", T" 'z, a))
< %[d(x*, T"za) +d(x*, T" 'z,a)), (2.20)

which implies d(x*,T"z,a) < d(x*,T"'z,a). Then there exists £ € R such that
lim,, oo d(x*, T"z,a) = £. By taking limit as n — oo in (2.20), we get

¢ <

+0) -y, 0)<¢

N =

and so ¥ (£, £) = 0. Therefore, £ = 0. That is, lim,_, o, 7"z = x*. Similarly, we can deduce

lim,_, o 7"z = y*. Then by Lemma 1.1 we get x* = y*. g

3 Fixed point results for rational contraction in 2-metric spaces
In this section, we prove certain fixed point theorems for a rational contraction mapping
via a triangular 2-«-n-admissible mapping.

Denote with ¥, the family of continuous functions ¢ : [0,00) — [0, 00) such that ¢(¢) =
0 ifand only if £ = 0.

Definition 3.1 Let (X, d) be a 2-metric spaceand T: X — X, a,n: X x X x X — [0, +00)
be three mappings.

+ We say that T is a modified rational o-n-¢-contraction mapping if

xyeX, alxya)>nxy a)

= d(Tx, Ty,a) < M(x,y,a) — o(M(x,y,a)) (3.1)
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for all 2 € X, where ¢ € ¥, and

d(x, Ty,a) + d(y, Tx, a)
2

’

M(x,y,a) = max{d(x,y,a),d(x, Tx,a),d(y, Ty, a),

d(x, Tx, a)d(y, Ty, a)
1+d(Tx, Ty, a)

+ We say that T is a modified rational «-¢-contraction mapping if
xyeX, axya)>1 = d(Ix Ty,a) < M(xy,a) - o(M(x,y,a))

for all a € X, where ¢ € W,,.
+ We say that T is a modified rational n-¢-contraction mapping if

xyeX, nxya)<l = d(Tx,Ty,a) < M(x,y,a) - 9(M(x,y,a))

for all a € X, where ¢ € W,,.
+ We say that T is a rational «-¢-contraction mapping if

ax,y,a)d(Ix, Ty,a) < M(x,y,a) — (p(M(x,y,a))

for all x,y,a € X, where ¢ € W,.
+ We say that T is a rational n-¢-contraction mapping if

d(Tx, Ty, a) < n(x,y,a)M(x, y,a) — o(M(x, y, a))
for all x,y,a € X, where ¢ € W,.

Theorem 3.1 Let (X, d) be a complete 2-metric space. Assumethat T : X — X is a modified
rational a-n-g-contraction mapping satisfying the following assertions:
(i) T is a triangular 2-o-n-admissible mapping;

(ii) there exists xo in X such that a(xo, Txo,a) > n(xo, Txo, a) for all a € X;

(iii) T is continuous or 2-a-n-continuous; or

(iv) if {x,} is a sequence in X such that a(xy,, xXy41,a) > 1%y, Xy41,a) for all a € X and

X, — x as n — 00, then a(x,,x,a) > n(x,,x,a) foralln e Nand all a € X.

Then T has a fixed point.

Proof Letx € X such that a(xg, Txo, a) > n(xo, Txo, a) for all a € X. Define a sequence {x,,}
by %, = T"x, for all n € N. Now, since T is a triangular 2-«-n-admissible mapping, so by
Lemma 2.1 we have

(X5 X0y &) = (X, X, @) for all m,n € N with m < nand for alla € X. (3.2)

From (3.1) we deduce

A1, %0, @) = A(To, Ttn_1,@) < M0, %1, @) — (M (% Xn-1, ), (3.3)
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where

M(x,,%,-1,a) = max{d(xn,x,,l, a),dx,, Tx,,a), d(x,-1, Tx_1, a),

d(xm Txn—l» 61), d(xn—lr Txnr (l) d(xn: Txn; a)d(xn—lr Txn—l; 61)
2 ’ 1+d(Tx,, Tx,_1,a)

max { d(xm Xn-1, ﬂ); d(xm Xn+ls 61), d(xn—ly Xn» 61),

d(xnr Xn» ﬂ) + d(xn—l: Xn+ls ﬂ) d(xn; Xn+ls ﬂ)d(xn—lr X ﬂ)
2 ’ 1+ d(anrl) Xns ﬂ)

AXp-1,%n41,4)
2

max { d(xnx Xn-1, a)r d(xnr Xn+ls LZ),

’

d(xnr Xn+ls a)d(xn—lr Xn» a)
1+ d(®ys1, %0, @)

A(Xy_1, %41, 4
= max{d(xm Xn-1, ﬂ), d(xnr Xn+ls ﬂ); %

’

(1 + d(xn: Xn+ls d))d(xn—l» Xns ﬂ)
1+ d(xn+1,xm a)

A(Xy-1, %041, 4)
= max{d(xn’xn—ly 6{), d(xnrxrl+1’ﬂ)’ % )

2

and so

d(xy_1, %041, a
M(xm Xn-1» a) = max{d(xm Xn-1» ﬂ), d(xm Xn+lr a); M }

2

By taking a = x,,_; in (3.3), we have
d(xn+1r X xn—l) < d(xn: Xn+ls xn—l) 4 (d(xn; Xn+ls xn—l))¢
and then ¢(d(x,,, %41, %,-1)) = 0, i.e., d(x,, %41, %,_1) = 0. Hence,

max{d(xnr Xn-1, f'l): d(xm Xn+ls 61)}

S M(‘xn! Xn-1» d)

=max { d(xn’ Xn-1» d)) d(xm Xn+ls a)r

d(xn—lr Xn+ls ﬂ)
2

< maX{d(xn,xnha),d(xmxmb a),
1
5 [d(‘x}’l—li X 6{) + d(xnr xn+lrﬂ) + d(x}'l—ly Xn» xn+l)] }

1
= max{d(xn’ Xn-1» 61), d(xm Xn+ls ﬂ)x E [d(xn—l) Xns ﬂ) + d(xm Xn+ls (l)] }
= max{d(xnr Xn-1» 61), d(xm Xn+ls (l)}.

Therefore, M(x,, %1, @) = max{d(x,, Xu—1, @), (X, Xn41, @) }.

Page 16 of 25
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If M(x,,%-1,a) = d(xy, X441, @), then from (3.3) we get
d(xnﬂr X (l) < d(xn: Xn+ls ﬂ) - @(d(xm Xn+ls (l))
Thus, ¢(d(*y,%441,4)) = 0, i.e., d(xy, %441,a) = 0 for all a € X. Hence by Definition 1.1(d1),
Xy = Xy1 = Ix, for all n € N. Then x = x,, is a fixed point of T. Now, if M(x,,x,_1,a) =
d(xy, %,-1,a), then from (3.3) we get

A1, Xny @) < A, %01, @) — 9 (d (X, %01, @) < d (K %01, ). (3.4)

So, the sequence {d(x,,1,x,,a)} is decreasing in R, and so it is convergent to r € R, i.e.,
lim,,, oo d(%y41, %4, a) = r. Taking limit in (3.4) we get

r<r-— w(r))

which implies r = 0. Hence,
lim d(x,41,%,,a) = 0. (3.5)
n—00

From (2.13) in Theorem 2.1 we have d(x;, xj,%;) = 0 for all i, j, k € N. We now show that {x,,}
is a Cauchy sequence. Suppose to the contrary that {x,} is not a Cauchy sequence. Then
there are ¢ > 0 and sequences {m(k)} and {n(k)} such that for all positive integers &,

n(k) > m(k) > k, AKXty Xy, a) = & and  d(Xu()-1, Xm(k), @) < €. (3.6)

As in the proof of Theorem 2.1, we get

lim d(®u), Xme, @) = UM d®y-1, Xm), @) = €; (3.7)
k— o0 k— 00

lim d(xm(k),l,xn(k),a) = €. (38)
k— o0

Now since n(k) > m(k), so by (3.2) we have
A (X(i)—15 Xn(k)—1» &) = N Xp()—15 Xn(k)—1, &)
for all 2 € X. So by (3.1) we get

AKX () Xniky» @) = A(Txmp)-1, Txn(t)-1, @)

< MEm()-1 %n(h)-1, @) — @ (M F)-15 Xn()-1, @) ) (3.9)

where

M (X ()-15 Xn(i)-1, &) = max{d(xm(k)—lzxn(k)—lr a), A Xm(-1, Thm(iy-1, @),

AKX )1, Thnii)-1, 4),

AXm)-1, Thn)-1, @) + X1, TXmp)-1, @)
2 7
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AKX m)-15 Thm(g)-1, B)AXn(t)-15 T n(k)-1, @) }
1+ d(Txm()-1, (-1, @)

= max { AKX mik)-1) Xnik)-1> &) A Xmik)-1, Xmik)» &)

AKX n()-1, Xn(k)» @),
AKX m(t)-15 %n(k)» @) + AXng)-1, Xm(k)» &)
5 ,
A (k)1 Xm(k) A)AXn(r) 1, Xn(r), @)
1+ d(xm(k),xn(k), a) }

Taking limit as kK — oo in (3.9) and applying (3.7) and (3.8), we deduce
€ < lim M(Xp(k)-1, %n()-1, @) — kli)ngow(M (-1, Fn(-1,4))

k— o0

where limy_, oo M(Xy(t)-1, %n(k)-1,4) = €. Then ¢(€) = 0, i.e., € = 0, which is a contradiction.
Hence, {x,} is a Cauchy sequence. Now, since (X,d) is a complete 2-metric space, then
there exists x* € X such that lim,,_, o, x,, = x*. At first we assume that (iii) holds. That is, T
is continuous or 2-a-n-continuous. Then

x* = lim x,,; = lim Tx, = Tx".
n— 00 n—0o0

That is, x* is a fixed point of 7. Next we assume that (iv) holds. That is, a(x,,x*,a) >
n(xy,x*,a) for all n € N and all @ € X. Then by (3.1) we get

d(x,,+1, Tx*,a) = d(Txy,, Tx*,a) < M(x,,,x*,a) - go(M(x,,,x*,a))

for all a € X, where ¢ € ¥, and

M(x,,,x*,a) = max{d(x,,,x*,oz),d(xn, Tx,,,a),d(x*, Tx*,a),

d(x,, Ix*,a) + d(x*, Tx,, a) d(x,, Tx,,a)d(x*, Tx*, a)
2 ’ 1+d(Tx,, Tx*, a)

= rnaX{d(xn,x*,a),d(xmxnu,a),d(x*, Tx",a),

d(xm Tx*, (l) + d(x*: Xn+ls ('l) d(xm Xn+ls a)d(x*, Tx*, (l)
2 ’ 1+ d(x,.1, Tx*, a)

Taking limit as # — oo in the above inequality, we deduce

d(x*, Tx*,a) < lim M(x,,,x*,a) — lim (p(M(x,,,x*,a)).

n—00 n—00

Since lim,,_, oo M(x,,, x*, a) = d(x*, Tx*, a), then ¢(d(x*, Tx*,a)) = 0, i.e., d(x*, Tx*,a) = O for
all 2 € X. Thus, x* = Tx*. O

Corollary 3.1 Let (X,d) be a complete 2-metric space. Assume that T : X — X is a modi-
fied rational a--contraction mapping satisfying the following assertions:
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(Q

(ii) there exists xg in X such that a(x, Txo,a) > 1 for all a € X;

T is a triangular 2-a-admissible mapping;

)
)
(iii) T is continuous or 2-o-continuous; or
(iv) if {x,} is a sequence in X such that a(x,, x,.1,a) > 1 forall a € X and x, — x as
n— oo, then a(x,,x,a) > 1 foralln e Nand all a € X.
Then T has a fixed point.

Example 3.1 Let X = [0, 00). We define a 2-metric d on X by
d(x,y,a) = min{a(x,y),a(y, a),o(x, a)},

where

max{u,v} ifuv,
o(u,v) =
0 ifu=v.
Clearly, (X,d) is a complete 2-metric space. Define T : X — X, ¢ : [0,00) — [0,00) and
a:X x X x X — [0,00) by

' if x € [0,1], ;
Tx=qcosx+2 ifxe(1,300], W(t)zi

2 +x+1 ifxe[300,00),
and

1 ifx,ye[0,1]]anda =0,

o(x,y,a) = .
% otherwise.

=

Now, we prove that all the hypotheses of Corollary 3.1 (Theorem 3.1) are satisfied and
hence T has a fixed point.

Proof As in the proof of Example 2.3 we can show that T is a 2-o-admissible mapping,
a(0,70,a) >1foralla € X and if {x,} is a sequence in X such that «(x,,x,1,a) > 1 for all
neNU{0}and 2 € X and x, — x as n — +00, then a(x,,x,a) > 1 for all # € NU {0} and
alla e X.

Let «(x,y,a) > 1. Then %,y € [0,1] and hence

d(Tx, Ty,a) = 0 < M(x,y,a) — <p(M(x,y,a)).
That is,
ay,a)>1 = d(Tx, Ty,a) < M(x,y,a) - o(M(x,y,a))

for all @ € X. Hence, T is a modified rational «-¢-contraction mapping. Then all the con-

ditions of Corollary 3.1 (Theorem 3.1) are satisfied and hence T has a fixed point. 0

By taking a(x,y,4) = 1 in Theorem 3.1, we have the following corollary.
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Corollary 3.2 Let (X, d) be a complete 2-metric space. Assume that T : X — X is a modi-
fied rational n-@-contraction mapping satisfying the following assertions:
(i) T is a triangular 2-n-admissible mapping;

(ii) there exists xg in X such that n(xy, Txg,a) <1 forall a € X;

(iii) T is continuous or 2-n-continuous; or

(iv) if {x4} is a sequence in X such that n(x,,x441,a) <1 foralla € X and x, — x as

n— 00, then n(x,,x,a) <1 foralln e Nandall a € X.

Then T has a fixed point.

Corollary 3.3 Let (X, d) be a complete 2-metric space. Assume that T : X — X is a rational
a-@-contraction mapping satisfying the following assertions:
(i) T is a triangular 2-a-admissible mapping;

(ii) there exists xo in X such that o(xo, Txo,a) > 1 for all a € X;

(iii) T is continuous or 2-a-continuous; or

(iv) if {x,} is a sequence in X such that «(x,, x,.1,a) > 1 forall a € X and x, — x as

n— 09, then a(x,,x,a) > 1 foralln e Nand all a € X.

Then T has a fixed point.

Corollary 3.4 Let (X, d) be a complete 2-metric space. Assume that T : X — X is a rational
n-@-contraction mapping satisfying the following assertions:
(i) T is a triangular 2-n-admissible mapping;

(ii) there exists xg in X such that n(xo, Txo,a) <1 forall a € X;

(iii) T is continuous or 2-n-continuous; or

(iv) if {x,} is a sequence in X such that 1(xy, Xy.1,a) <1 forall a € X and x, — x as

n— 00, then n(xy,x,a) <1 foralln e Nand all a € X.

Then T has a fixed point.

4 Fixed point results in partially ordered 2-metric spaces
Recently, there have been so many exciting developments in the field of existence of fixed
points in partially ordered sets. This approach was initiated by Ran and Reurings [28] and
they also provided some applications to matrix equations. Their results are a hybrid of the
two classical theorems: Banach’s fixed point theorem and Tarski’s fixed point theorem.
Agarwal et al. [29], Bhaskar and Lakshmikantham [30], Ciric et al. [31] and Hussain et al.
[32, 33] presented some new results for nonlinear contractions in partially ordered metric
spaces and noted that their theorems can be used to investigate a large class of problems.
In this section, as an application of obtained results we prove some fixed point results in
partially ordered 2-metric spaces. We also note that the recent fixed point results in [34]
can be deduced as simple corollaries.

Recall that if (X, <) is a partially ordered setand T : X — X issuch thatforx,y € X,x <y
implies Tx < Ty, then the mapping T is said to be non-decreasing.

Theorem 4.1 (Theorems 2.3 and 2.4 of [34]) Let (X,d, X) be a complete partially ordered
2-metric space. Assume that T : X — X is a mapping satisfying the following assertions:
(i) T is non-decreasing;
(ii) there exists xo in X such that xg < Txo;

(iii) T is continuous; or
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(iv) if {4} is a non-decreasing sequence in X such that x,, — x as n — oo, then x, < x
forallneN;
W)

d(Tx, Ty,a) < %[d(x, Ty,a) + d(y, Tx, a)] - 1//(d(x, Ty,a),d(y, Tx,a)) (4.1)

holds for all x,y,a € X withx <y or y < x, where € V.
Then T has a fixed point.

Proof Define the mapping o : X x X x X — R, by

1 ifx=y,
a(x,y,a) =
Gy, a) 0 otherwise.

Let «(x,y,a) > 1, then x < y. From (4.1) we get

d(Tx, Ty,a) < %[d(x, Ty,a) +d(y, Tx, a)| - ¥ (d(x, Ty, a), d(y, Tx, a)).

Again let x,7,a € X such that a(x,y,a) > 1. This implies that x < y. As the mapping 7 is
non-decreasing, we deduce that Tx < Ty and hence o(Tx, Ty,a) > 1 for all a € X. Also,
let a(x,z,a) > 1 and «(z,y,a) > 1, then x < z and z < y. So from transitivity we have
x <y. Thatis, a(x,y,a) > 1 for alla € X. Thus T is a triangular 2-o-admissible mapping.
The condition (ii) ensures that there exists xy € X such that xy < Txq. This implies that
a(xg, Txg,a) > 1for alla € X. Let {x,} be a sequence in X such that «(x,, x,.1,a) > 1 for all
acXandall # e Nand x,, — x as n — 00. So, x, < x,,,1 for all # € N. Then from (iv) we
have x,, < x for all # € N. That is, a(x,,x,a) > 1 for all # € N and all a2 € X. Therefore, all
the conditions of Corollary 2.1 are satisfied, so T has a fixed point in X. O

(B) For all x,y € X which are not comparable, there exists z € X that is comparable to x
and y.

Theorem 4.2 (Theorem 2.5 of [34]) Adding condition (B) to the hypotheses of Theo-
rem 4.1, we obtain the uniqueness of the fixed point of T.

Proof Define the mapping  : X x X x X — R, asin the proof of Theorem 4.1. Let x,y € X,
where a(x,y,a) <1 and a(y,x,a) <1 for all a € X. That is, x and y are not comparable.
Hence, by condition (B) there exists z € X that is comparable tox and y, i.e., z <xorx <z
and z <y or y < x. That is, a(z,x,a) > 1 or a(x,z,a) > 1 and a(z,y,4) > 1 or a(y,z,a) > 1
for all 2 € X. Then the conditions of Theorem 2.2 hold and the fixed point of T is unique.

O

Theorem 4.3 Let (X,d, X) be a complete partially ordered 2-metric space. Assume that
T : X — X is a mapping satisfying the following assertions:
(i) T is non-decreasing;
(ii) there exists xo in X such that xg < Txo;
(iii) T is continuous; or
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(iv) if {4} is a non-decreasing sequence in X such that x,, — x as n — oo, then x, < x
forallneN;
(v) T is an ordered modified rational ¢-contraction mapping, that is,

d(Tx, Ty,a) < M(x,y,a) — o (M(x,y, a)) (4.2)

holds for all x,y,a € X with x <y ory < x, where ¢ € ¥, and

d(x, Ty, d(y, Tx,
M(x,y,a)=max{d(x,y,a),d(x,Tx,a),d(y,Ty,a), G ya); b xa),

d(x, Tx,a)d(y, Ty, a)
1+d(Tx, Ty, a)

Then T has a fixed point.
Proof Define the mapping o : X x X x X — R, by

1 ifx=y,
a(x,y,a) =
Gy, a) 0 otherwise.

Let «(x,y,a) > 1, then x < y. From (4.2) we get
d( Txl T% ﬂ) E M(x)y) ﬂ) - ¢(M(x;y, ﬂ))

Again let x,y,a € X such that a(x,y,4) > 1. This implies that x < y. As the mapping T is
non-decreasing, we deduce that Tx < Ty and hence «(Tx, Ty,a) > 1 for all a € X. Also,
let ¢(x,z,a) > 1 and «(z,y,a4) > 1, then ¥ < z and z < y. So from transitivity we have
x < y. Thatis, a(x,y,a) > 1 for all a € X. Thus T is a triangular 2-o-admissible mapping.
The condition (ii) ensures that there exists xy € X such that xy < Txq. This implies that
a(xg, Txg,a) > 1forall a € X. Let {x,} be a sequence in X such that a(x,,x,,1,a) > 1 for all
a€ X and all # € N and x,, — x as n — 00. So, x,, < x,,,1 for all # € N. Then from (iv) we

have x,, < x for all # € N. That is, a(x,,%,4) > 1 for all # € N and all a € X. Therefore, all
the conditions of Corollary 3.1 are satisfied, so T has a fixed point in X. g

5 Application to existence of solutions of integral equations

Integral equations like (5.1) have been studied in many papers (see, e.g., [32, 35, 36] and
the references therein). In this section, we look for a solution to (5.1) in X = C([0, T, R).
For the remainder, we gather some definitions from the literature which will be used in
the sequel. Let X = C([0, T'],R) be the set of real continuous functions defined on [0, T,
and letd: X x X x X — R, be defined by

’ )

d(x(t), y(t), a()) = |minf|x(2) - y(2)

y(t) — al(t)

) -a|}]..

for all x,7,a € X. Then (X, d) is a complete 2-metric space.
Consider the integral equation

T
x(2) = p(t) +/0 S, 9)f (s,x(s)) ds, (5.1)
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and let F: X — X be defined by

T
Fx)(¢) = p(t) + /0 S(t,s)f(s,x(s)) ds. (5.2)

We assume that
(A) f:[0,T] x R — R is continuous;
(B) p:[0,T] — R is continuous;
(C) S:[0,T] x R— [0, +00) is continuous and fOT S(t,s)ds <1;
(D) there exist 0 < r <1 and two functions &, 7 : X x X x X — [0, 00) such that for all
se[0,T],

x,y€X, oz(x(s),y(s),a(s)) > n(x(s),y(s), a(s))
= a(Fx(s), Fy(s),a(s)) = n(Fx(s), Fy(s), a(s))
for all a € X and
0(x(5), y(5), a(s)) < (x(5), 5(5), als))
= [f(s,x(s)) —f(s,y(s)) |

< g [min{|x(s) — Fy(s)

’ id(s) - F()’(S)) i;
a(s) — F(x(s))

x(s) — a(s)|}

+ min{ |y(s) — Fx(s) y(s) - ﬂ(S)| }]

’ )

forall a € X;

(F) there exists xo € X such that a(xo, F(x0), @) > n(xo, F(x0), a);

(G) if {x,} is a sequence in X such that «(x,, x,.1,a) > n(x,, %441, a) with x,, — x as
n — 00, then a(x,,x,a) > n(x,,x,a) for all n € NU {0}.

Theorem 5.1 Under the assumptions (A)-(G), the integral equation (5.1) has a solution in
X =C(0, T],R).

Proof Consider the mapping F : X — X defined by (5.2). Let x,y,a € X with n(x,x,a) <
a(x,y,a). From (D), we deduce that

min{ ’Fx(t) - Fy(2)|,

Fy(t) - a(?)

Fx(t) - a(t)|}

)

< |Ex(£) - Fy(2)|

T
/o S@9)[f (s,x(5)) = f(s,7(5)) ] ds

T
< /0 S(t, s)V(s, x(s)) —f(s,y(s)) | ds

als) = F(y(s))

, | x(s) - als)|}

T .
5/0 S(t, s)i[mln{|x(s) — Fy(s)

+ min{ | y(s) — Fx(s)

a(s)—F (x(s))

|y(s) —als)|}] ds

’

a(t) - F(y(2))

) -ato)]}..

’ ’

T r ]
< /0 S(65) [ min{ }x(0) - F5(0)
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+ | min{|y(¢) - Fx(z)

a(t) — F(x(t))
a(t) - F(y(t))

310)-ato)}] ] ds

Jx@) —a@]} ]

T
y(6) -a@)|}] ] < fo S(t,s) ds)
@) —a@)|}]

’ ’

’

< g[” min{ |x(t) — Fy(t)

+ || min{ |y(t) — Fx(¢)

a(t) — F(x(t))

’ ’

< [ Imin{|x() - Fy(@)]. la(0) - F(3(0)

’

’ ’

+ | min{|y(¢) - Fx(t)|, |a(e) — F(x(2))

- 2[deFy.a) + d(y, Fr.a)].

W) -a@l}] ]

Therefore,

d(Fx,Fy,a) < [d(x,Fy, a) +d(y, Fx,a)].

N~

That is, n(x(s), y(s), a) < a(x(s), y(s), a) implies
d(Fx,Fy,a) < %[d(x,l—"y, a) +d(y, Fx, a)].

Thus F is a weak «-n-C-contraction mapping with (s, t) = % [s +t].
Hence all the hypotheses of Theorem 2.1 are satisfied and the mapping F has a fixed
point which is a solution in X = C([0, 7], R) of the integral equation (5.1). O
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