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Abstract

We obtain a certain property of F-contractions, which enables us to generalize and
extend Wardowski's (Fixed Point Theory and Applications 2012:94, 2012) result and
other fixed point theorems to the class of nonexpansive operators in real Banach
spaces. We give illustrative examples to demonstrate nontrivial applicability of the
property and use it to prove that F-contractions are closely related to (8, k)-weak
contractions introduced by Berinde (Carpath. J. Math. 19(1):7-22, 2003; Nonlinear Anal.
Forum 9(1):43-53, 2004).
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1 Introduction and preliminaries

This work is concerned with contractive maps defined on real Banach spaces. Let (X, d)
be a metric space and let T : X — X be a mapping such that there exists at least a constant
L > 0 with d(Tx, Ty) < Ld(x,y) for all x,y € X, then T is called L-Lipschitzian operator. T
is called a contraction if L € [0,1) and for L =1, T is called a nonexpansive operator. T is
called contractive if d(Tx, Ty) < d(x,y), while T is referred to as expansive if L > 1. A point
p € X is called a fixed point of an operator T if p = Tp and the collection of all fixed points
of an operator T is denoted by Fix(T). The study of fixed points of contractive and expan-
sive maps still attracts attention of numerous researchers studying extensions and gener-
alizations of the Banach fixed point result. The famous Banach fixed point theorem, called
contraction mapping principle, remains a basic result in fixed point theory because of the
simplicity in the conditional requirements of the theorem on one hand and because of the
simple nature of the Picard iteration scheme called successive approximations, which gives
approximate fixed points with error estimates, on the other hand. The Banach contraction
principle in a Banach space (E, || - ||) asserts that if T': E — E is a contraction (i.e., for all
x,y €E, |Tx - Ty|| < L||x—y| for some L € (0,1)), then T has a unique fixed point given by
lim,_, oo T"x¢, where x is any initial point in E. The contraction condition in a complete
metric space (X, d) is given by d(Tx, Ty) < Ld(x,y). There have been many generalizations
and extensions of the Banach fixed point theorem, and the approaches used in these gen-
eralizations and extensions include (a) replacing the contraction constant L by a suitable
function ¢ : R, U{0} — R of d(x, y) to obtain contractive maps [1, 2]; (b) modifying d(x, y)
on the RHS with displacements of the forms d(x, Tx) and d(y, Tx) [3-6].
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Recently, Wardowski [7] introduced a new type of contraction called F-contraction in
his studies of contractive maps and proved a new fixed point theorem concerning F-
contractions, for which the Banach contraction principle and some other known contrac-
tive conditions in the literature can be obtained as special cases.

Definition 1 [7] Let F: R, — R be a mapping satisfying:

Fi. Fisstrictly increasing, i.e., for all s,z € R, such thats < ¢, F(s) < F(t);

F,. For each sequence {¢,} ey of positive numbers lim, ., = 0 if and only if
lim,,_, o F(t,) = —00.

F5. There exists k € (0,1) such that lim,_, ¢+ t*F(¢) = 0.

A mapping T : X — X is said to be an F-contraction if there exists 7 > 0 such that
forallx,ye X, d(Tx,Ty)>0 — 71+ F(d(Tx, Ty)) < F(d(x,y)). (1)
The aim of this article is to prove that all F-contractions satisfy condition (2) as follows:

ly = Txll < Mlx -yl

whenever [lx - y|| < [ly - Tx| )

for some M > 1 and for all x and y in a certain subset of a closed convex and bounded
subset of a Banach space where x # y. Examples of F-contractions and some particular
types of the function F, which yield various known contractive conditions, are given in
[7] where it is also proved that F-contractions have unique fixed points given by the limit
of the Picard successive approximation lim,,_, ., 7"x¢ mentioned earlier. The main result
proved by Wardowski in [7] is stated below.

Theorem 1.1 [7] Let (X,d) be a complete metric space and let T : X — X be an F-
contraction. Then T has a unique fixed point x* € X and for every xo € X a sequence
{T"x0}nen is convergent to x*.

Examples of contractive conditions making use of the displacements d(x, Tx) and
d(y, Tx) is the class of (8, k)-weak contractions introduced and used by Berinde [4] to ob-
tain fixed point and uniqueness theorems for a large class of weakly Picard operators. We

give the definition of weak contraction below.

Definition 2 [4] Let X be a metric space, § € (0,1) and k > 0, then a mapping 7 : X — X
is called (8, k)-weak contraction (or a weak contraction) if and only if

d(Tx, Ty) < dd(x,y) + kd(y, Tx) forallx,y € X. (3)

The purpose of this article is to prove that if T : E — E is an F-contraction on a Banach
space E, then T satisfies condition (2) which enables us to prove that T is a (§, k)-weak
contraction. In addition we prove as an extension that the averaging operator S; = AJ +
(1-A)T for a nonexpansive mapping 7 is an example of (§, k)-weak contraction. It should
be recalled that Fix(T) = Fix(S;) for A € [0,1). We give illustrative examples below to give
an insight concerning property (2).
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Example 1.1 Let E be real numbers R, let K C R be a closed interval [0,1] and define T :
K — K by Tx = e7*. Clearly, T is contractive since, by a mean value theorem, |[e™* —e7| =
e”“|x — y| for some constant c,, € (0,1) for each x,y € K. This yields |[e™ —e™| < elx -yl
giving the desired result [e™ — e™| < |x — y|. But T does not satisfy condition (2) as shown

below: For all x,y € K = [0,1], we have |x —y| < |y —e™*| and, given any constant M > 1, we

ly—e™|
¥yl

By our hypothesis, T'may not have a fixed point in Ky which is in concrete agreement with

can find an open neighborhood of zero Ky such that > M for some distinct x,y € K.
reality.

On the other hand, let X and K be, respectively, R and [0, 1], while T : K — K is defined
by Tx = xe™™. Similarly, T is contractive since, by a mean value theorem, |xe™ — ye™| =
(I-cxy)e @ |x—y| < |x—y|. In this case, T satisfies our hypothesis and also has a fixed point,
as shown below, in an appropriate open neighborhood Kj of zero: |x — y| < |y — xe™| for
all x,y € K, but we can find M > 1 such that |y — xe™*| < M|x — y|. We observe that since
lx —y| >0, % < % + x(l%? < M for all x and y in an appropriate neighborhood
of zero Kj. It is remarkable that in agreement with our hypothesis, 7" has a unique fixed
point 0 € K. We shall prove in this work that this holds for all contractive maps, i.e., all
contractive operators that satisfy condition (2) have unique fixed points, by proving that

it is true for nonexpansive operators.

Other examples of (3, k)-weak contractions are given in [4, 8]. It is shown in [3, 4] that a
lot of well-known contractive conditions in literature are special cases of weak contraction
condition (3) as it does not require that § + k be less than 1, which is assumed in almost all
fixed point theorems based on the contractive condition which involves displacements of
the forms d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx) (see, for example, Berinde [3], Kannan
[5] and Zamfirescu [6]). In [4] Berinde proved the theorem below.

Theorem 1.2 Let (X,d) be a complete metric space and let T : X — X be a (8, k)-weak
contraction. Then
(1) Fix(T)={xe X: Tx=x} # 0.
(2) For any xy € X, the Picard iteration {x,}2, given by x,,1 = Tx,, n=0,1,2,...
converges to some x* € Fix(T).
(3) The estimates

n

d(xnyx*) = d(xO)xl)) n= 0; 1; 2;~w (4)

1-6

8
d(xnyx*) S ﬁd(‘xn—l’xn)! n= 112; e (5)

hold, where 8 is the constant appearing in (3).
(4) Under the additional condition that there exist 0 € (0,1) and some ki > 0 such that

d(Tx, Ty) < 0.d(x,y) + ki.d(x, Tx) forallx,y € X, (6)

the fixed point x* is unique and the Picard iteration converges at the rate
d(x,,x*) <0d(x,_1,x*), n € N.

In the sequel we shall make use of the following result in connection with metric and
normed linear spaces.
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Proposition 1.1 Let Y be a subset of a complete metric space (X,d). Then (Y, d) is a metric
space and (Y,d) is complete if and only if Y is closed in X.

2 Main results

We now present our main results. It should be mentioned here that in our extension
of Wardowski result on F-contractions we no longer guarantee the uniqueness of fixed
points. Our first result is concerned with the inclusion of F-contractions in (§, k)-weak
contractions, while the second result is an extension of the Wardowski result. First, we

prove the following important and supporting lemma.

Lemma 2.1 Let V be a real normed linear space and let T : V —> V be any map. If ||x —
vyl < ly = Tx||, then Tx # Ty for any distinct x,y € V satisfying x,y ¢ Fix(T).

Proof Given a self-mapping T of a real normed linear space V with |lx —y| < |ly — Tx||,
where x,y € V satisfy x # y; x,y ¢ Fix(T), let z = Aox + (1 — Ao) Ty be a projection of the
point y onto the line segment [x, Ty¥] for some Ay € [0,1], then |y — z|| < |ly — T¥||. This
yields ||y — (Aox + 1 — 20)T¥)|| < |ly — T¥|l. When y, z and Ty are colinear (in particular

when V is one-dimensional), we have

lly = Tyl + Aollx = Tyl < lly = Tyl (7)

Itis clear that Tx = Ty in (7) implies x € Fix(T'), which is a contradiction; therefore Tx # Ty.
The end of the proof. O

Theorem 2.1 Let E be a real Banach space, let K be a bounded closed and convex subset
of Eand T : K — K. If T is an F-contraction, then
i. There exists an open subset Ky C K such that T satisfies the following condition:

ly - Txll < Mllx -yl whenever |lx =yl < lly - T|

for some M > 1 and for all x,y € Ki; x #y, x,y € Fix(T).

ii. The F-contraction T is a (8, k)-weak contraction.

iti. The averaged operator Sy = M + (1 —A)T is a (8, k)-weak contraction and T and S,
have a common unique fixed point in K for A € (0,1).

Proof Given a bounded closed convex subset K of a real Banach space E. Let T: K — K
be an F-contraction and let Z denote the collection of elements of K such that if x,y € Z
then |lx —y|| < |ly — Tx||, x #, x,y ¢ Fix(T). We shall show that (2) is satisfied whenever
and ||x — y|| < |ly — Tx|| in an open set K; C K to be derived shortly. Combining these

inequalities, we obtain the following:

7% = Tyl < [l = yll, (8)
e =yl < lly - Tx|

= NTx-Dyl < ly - TxIl. ©)
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Adding (8) and (9) yields
2 Tx =Tyl < llx =yl + lly = Tx||
1 1
= ly-Txll-lly-Dyl < EHx—yll + Elly— Ix||

= ly—Tx||l < llx -yl +2lly - Tyll. (10)

Set K, = ZN{T"x0},>1, where {T"x,},>1 is a sequence of successive approximations start-
ing from an arbitrary x, € K. Clearly, K, # ¥ since we can always find n, m € N such that
| T"x — T™x0|| < | T"x0 — T"* " xo|| for any xo € K and by Lemma 2.1 T"xy # T"'x, if
x0, Txo ¢ Fix(T). It follows, in this case, that ||y — Ty|| takes the form |x,, — x,,,1/, while
llx =yl < |ly — Tx| takes the form ||x, — x,,|| < ||% — Xp41]|, where x; = Trxo, k=1,2,....
Clearly, ||y — %ms1ll < ||%4 — %m || since the condition ||x, — %, || < |% — %441|| implies that
n > m. This means that ||y — Ty|| < ||x — y|| in K, so, in K, (10) yields ||y — Tx|| < 3|lx -yl
Let Kj be the smallest open set in K containing K,. Using the continuity of 7, we conclude
that if T is an F-contraction, then condition (2) is implied in Kj. This proves i.

ii. By Theorem 1.1, F-contractions have unique fixed points x*. In this case we can take
K;j to be the open ball B(x*;r) centered at x* with radius r. Clearly, T : B(x*;r) — B(x*;r)
for a suitable value of r. In B(x*;r) we have || Tx — Ty|| < ||x — y|| since F-contractions are
contractive operators. We shall show that this contractive condition and boundedness of
B(x*;7) imply that F-contractions are (8, k)-weak contractions. This follows from the fact
that | T = Tyll < 8llx — yll + (1 = 8)(ly - Txll + lly - Tyl)) < 8llx = yll + (1 = 8)(M + D)1y - Txll.

The proof of iii. is an application of Theorem 1.2 and Proposition 1.1. Recall that Propo-
sition 1.1 asserts that (K, || - ||) is a complete metric space since E is a Banach space and K
is a closed subset of E. It suffices to show that the averaging operator S, (for a contractive
map T) is a (8, k)-weak contraction on K; the existence of a fixed point in K follows via
Theorem 1.2.

Next, let S;, A € (0,1) denote an averaging operator, i.e., S; = Al + (1 — )T, we obtain

1Sx =Syl = ||Ax +(1-A)Tx - [Ay +(1- A)Ty] ||
<|y-[r+@-Ix]| + @A -W)lly - Tyl

< lly=Sxll + A=)y - Txll + (1 = M) Tx - Ty||. (11)

When [ly - Tx|| < &~ ll, then (11) yields ||, - Syyll < 2(1—A)llx -y + [ly - Syx]l and we
are done. It is easy to show, in K; derived above, that ||x,, — x,,|| — 0 as n,m — oco. Butin
K, when ||x—y| < |ly— Tx||, then by (2) equation (11) yields 4(1 — A)[lx — y|| + ||y — S;x]|. So,
choosing A € (0,1) such that (1 - 1) < min{%, i} = %, we conclude that S, is a (8, k)-weak
contraction with § > % and k = 1, where A satisfies 4(1- 1) < 1. Therefore, by Theorem 1.2
T has a fixed point in K, and successive approximations for S, converge to a fixed point

of T in K. The end of the proof. d

From the above method of the proof of Theorem 2.1, we obtain a fixed point theorem
stated below for contractive mappings satisfying condition (2).

Theorem 2.2 Let E be a real Banach space, let K be a bounded closed and convex subset
of Eand T : K — K.If T is a nonexpanive map such that there exist a constant M > 1 and
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an

for

open subset Ky C K such that T satisfies the following condition:
ly = Txll < Milx -yl whenever -yl < lly - Tx|

all x,y € Ky; with x #y, x,y ¢ Fix(T). Then the averaged operator S, =X + (1 -A)T isa

(8, k)-weak contraction and T has a fixed point in K.

Remark 2.1 We conclude with the following observations:

1.

The uniqueness of fixed points of nonexpansive maps (whenever they exist) is
guaranteed if condition (6) in Theorem 1.2 is satisfied for a corresponding averaged
operator S,.

Condition (2), Lemma 2.1 and Theorem 2.1 together with other properties of

(8, k)-weak contractions constitute the properties of F-contractions and the
properties of nonexpansive operators with a nonempty fixed point set Fix(T').

The bounded closed convex subset K can be replaced with a closed convex

subset K, with emphasis on the boundedness of the open set Kj.
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