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Abstract

Convergence theorems are established in a hyperbolic space for the modified Noor
iterations with errors of asymptotically nonexpansive mappings. The obtained results
extend and improve the several known results in Banach spaces and CAT(0) spaces
simultaneously.
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1 Introduction

Nonexpansive mappings are Lipschitzian with Lipschitz constant equal to 1. The class of
nonexpansive mappings enjoys the fixed point property and even the approximate fixed
point property in the general setting of metric spaces. The importance of this class lies
in its powerful applications in initial value problems of the differential equations, game-
theoretic model, image recovery and minimax problems. The class of asymptotically non-
expansive mappings was introduced by Goebel and Kirk [1] as an important generalization
of the class of nonexpansive mappings. Therefore, it is natural to extend powerful results
for nonexpansive mappings to the class of asymptotically nonexpansive mappings. Itera-
tive construction of fixed points of various nonlinear mappings emerged as the most pow-
erful tool for solving such nonlinear problems. Approximation of fixed points of asymp-
totically nonexpansive mappings has been studied extensively by many authors; see for
example [2-13] and the references cited therein.

In 1989, Glowinski and Le Tallec [14] used a three-step iterative process to find approxi-
mate solutions of elastoviscoplasticity problem, liquid crystal theory and eigenvalue com-
putation. They observed that the three-step iterative process gives better numerical com-
putations than two-step and one-step iterative processes. In 1998, Haubruge et al. [15]
studied convergence analysis of a three-step iterative process of Glowinski and Le Tallec
[14] and applied this process to obtain new splitting type iterations for solving variational
inequalities, separable convex programming and minimization of a sum of convex func-
tions. They also proved that the three-step iterative process leads to highly parallel iter-
ations under certain conditions. Thus we conclude that the three-step iterative process
plays an important and significant role in solving various numerical problems which arise
in pure and applied sciences.
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In 2000, Noor [5] introduced a three-step iterative process and studied the approximate
solutions of variational inclusion in Hilbert spaces. In 2002, Xu and Noor [13] presented
a three-step iterative process to approximate fixed points of asymptotically nonexpansive
mappings in a Banach space. Cho et al. [2] extended Xu and Noor’s iterative process to
a three-step iterative process with errors in Banach spaces and used it to approximate
fixed points of asymptotically nonexpansive mappings. In 2005, Suantai [9] proposed and
analyzed the modified three-step Noor iterative process. This process was further stud-
ied for different kinds of mappings by Khan and Hussain [10] and Khan [11] for example.
Nammanee et al. [12] extended this process to the one with errors as follows.

Let C be a nonempty convex subset of a Banach space X and let T: C — C be a given
mapping. For given x; € C, compute the sequences {x,}, {y,} and {z,} by

zn=a, T "%, +(1—a, - yn)xn + Vulln,
Yn = byT"zy + ¢, T"%y + (L= by — Cpy = L)X + [nVis 1)

Xn+l = anTnyn + BT "z + L=ty — By — A%y + AWy, n>1,

where {a,}, {bu}, {cu}, {otu}, {Bu}, {¥u}, {n} and {4} are sequences in [0,1]; {u,}, {v,} and
{w,} are bounded sequences in C.

By different choices of parameters a,,, by, ¢4, &y, Bus Vi» n> Ay to be zero, one can see that
one-step iterations of Mann [3], two-step iterations of Ishikawa [4], three-step iterations
of Xu and Noor [13], three-step iterations with errors of Cho et al. [2] and modified three-
step iterations of Suantai [9] all are the special cases of iteration process (1).

Most of phenomena in nature are nonlinear. Therefore, mathematicians and scientists
are always in pursuit of finding methods to solve nonlinear real world problems. So trans-
lating a linear version of known problems into its equivalent nonlinear version has a great
importance.

Keeping in mind the occurrence of such phenomena, we translate modified three-step
Noor iterations with errors in a nonlinear domain, namely, hyperbolic spaces and study
their convergence analysis in a new setup.

A metric space (X, d) is hyperbolic [16] if there is a mapping W : X2 x [ — X such that

(a) d(u, W(x,y,a)) <ad(u,x)+(1-a)d(u,y),

(b) d(W(xy ), W, B) =la - Bldx,y),
© Wya)=Woxl-a),

(2)

(d) d(W(x, z, ), W(y, w,oz)) <ad(x,y) + (1 -a)d(z,w)

for all u,w,x,y,z € X and «, 8 € I = [0,1] (see also [17]); the space is convex [18] if only (a)
is satisfied. A subset C of the hyperbolic space X is convex if W(x,y,«) € C forallx,y € C
and « € I. Normed spaces and their subsets are linear hyperbolic spaces while Hadamard
manifolds [19], the Hilbert open unit ball equipped with the hyperbolic metric [20] and
the CAT(0) spaces qualify for the criteria of nonlinear hyperbolic spaces [21-23].

Throughout the paper, a hyperbolic space (X, d, W) will simply be denoted by X. A hy-
perbolic space X is uniformly convex (UC) [24] if for any u,x,y € X, r >0 and ¢ € (0,2],
there exists § € (0,1] such that d(W(x, y, %), u) < (1-8)r <r,whenever d(x,u) <r,d(y,u) <
rand d(x,y) > re.
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A mapping 1 : (0,00) x (0,2] — (0,1] such that n(r,e) = é for a given » > 0 and ¢ € (0, 2]
(as in the definition of UC) is known as a modulus of uniform convexity. We call » mono-
tone if it decreases with respect to r (for a fixed ¢).

Let C be a nonempty subset of a metric space X. A mapping T : C — C is asymptotically
nonexpansive if there exists a sequence {k, > 1} with lim,,_, », k;, = 1 such that

d(T”x, T”y) <k,d(x,y) forx,yeC,n>1;

it becomes nonexpansive if k,, = 1 for all n > 1. It was shown in [25] that an asymptotically
nonexpansive mapping on a nonempty, bounded, closed and convex subset of a (UC) hy-
perbolic space has a fixed point.

We translate (1) in a hyperbolic space as follows.

Let C be a nonempty convex subset of a hyperbolic space X and T : C — C be an asymp-
totically nonexpansive mapping. Then, for arbitrarily chosen x; € C, we construct the se-
quences {x,}, {y,} and {z,} in C as

Zy = W(Tnx”, W(xnr Uy, 9711); ﬂn),

Cn
Y = W(T”z,,, W(T"xn, W (%, Virs Oy ) - ),b,,), (3)
—Un

Xnsl = W(Tnym W<Tnzm W (% Wi, 9}13); #);an>;
where {a,}, {bu}, {cu}, {an}, {Bu}) {vu}s {1n}, {14} are sequences in [0,1] and {u,}, {v,} and
{wy,,} are bounded sequences in C and 6,, =1 - lf—gn, Ony =1- 42 and 0, =1 - 170[’\}1”%”.

Using Proposition 1.2(a) [26]: W (x,y,0) = y for x,y € X, the iteration process in (3) re-

duces to:
(i) modified Noor iterations (with y, = u, = A, = 0):

Zy = W(Tnxmxm an):

J/n=W Tnzan T”xmxnrc_n 1bn ) (4)
1-b,

KXn+l = W(Tnyn: W(Tnzmxm #);an>;
— oy

(ii) Noor iterations with errors (with ¢, = 0 = 8,,):

Zn = W(Tnxn; W<xny I/ln,l - Vi );ﬂn)y
1-a,

Vn = W(T”z,,, W(x,,,v,,,l - %);bn); (5)
—Un

A
KXn+l = W(Tnyn: W(xm Wy, 1= - );Oln);
1-a,

(iii) Noor iterations (with ¢,, = 8, = ¥, = Un = A, = 0):

2y = W(T" %, % A,
Yn = W(Tnzn’xm bn): (6)

Kntl = W(Tnymxm Oln);
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(iv) Ishikawa iterations (with a, = ¢, = 8, = Yy = thy = Ay = 0):

In = W(Tnxnrxm bn):

(7)
Kn+l = W(Tnynrxn;an);
(v) Mann iterations (with @, = b,, = ¢, = By = Vu = thn = Ay = 0):
KXnl = W(Tnxmxn»an)' 8)

The purpose of this paper is to establish convergence results of iteration process (3) for
asymptotically nonexpansive mappings on a nonlinear domain ((UC) hyperbolic spaces)
which includes both (UC) Banach spaces and CAT(0) spaces. Therefore, our results extend
and improve the corresponding ones proved by Suantai [9], Xu and Noor [13] and others
in a (UC) Banach space and are also valid in CAT(0) spaces, simultaneously.

In the sequel, we need the following lemmas.

Lemma 1.1 ([27]) Let {a,}, {8,} and {6,} be sequences of non-negative real numbers such
thaty 2 0, <00 and Yy oo 8, < 00. If apy < (1 +8,)ay + 6y, n > 1, then lim,_, « a, exists.

Lemma 1.2 ([28]) Let X be a (UC) hyperbolic space with monotone modulus of uniform
convexity n. Let x € X and {«,} be a sequence in [b,c] for some b,c € (0,1). If {x,} and
{yn} are sequences in X such that limsup,_, . d(x,,x) <r, limsup,_, . d(¥,,x) <r and
limy,—, o0 AW (%4, Y, @), %) = 1 for some r > 0, then lim,,_, oo (x4, y,) = 0.

2 Main results
The following lemma is crucial for proving the convergence results.

Lemma 2.1 Let X be a (UC) hyperbolic space with monotone modulus of uniform con-
vexity n, and let C be a nonempty, bounded, closed and convex subset of X. Let T be an
asymptotically nonexpansive self-mapping on C with a sequence {k,} C [1,00) such that
Y > (ky — 1) < 00. For a given x, € C, compute {x,}, {y,} and {z,} as in (3) satisfying
0<a <0uBuanby <b<1l,y 02 vy <00, > oy <00 and y o) ky < 00.

Then we have the following conclusions:

(i) Ifq is a fixed point of T, then lim,,_, » d(x,, q) exists.
(ii) If0 <liminf,_, o o, <limsup,,_, (&, + By + An) < 1, then

lim d(T"y,,, W(T"z,,, W (%, Wi, O ), li)) =0.

n—00 — oy

(iii) If0 <liminf, o o, <limsup,_, (o, + By + Ay) <1 and
0 < liminf,_, o0 b, <limsup,_, o (b, + ¢4 + i) <1, then

tim d( T W T"%0 W (% Vs 6y)s —2— ) ) = 0
n—00 1- bn

(iv) If0 <liminf,_ ~ b, <limsup,_, (b, + ¢, + 1y) <1 and
0 < liminf,_, o a, <limsup,_, . (@, + Vu) <1, then

lim d(T" %, W (%, 4y, 0)) = 0.

n—00
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Moreover, if 0 < liminf,_ 0, < limsup,_, (o, + By + Ay) < 1, O < liminf, . b, <

limsup,,_, (b, + ¢ + y) <1 and 0 < liminf,_. a, <limsup,_, . (a, + y.) < 1, then

lim d(T"%,,%,) = nhm A(T" 2y, %) = hrn d(T Vnr %) = 0.

n—00

Proof (i) Applying (2)(a) with u = g € F(T) to the sequence {z,} in (3), we obtain

dzn,q) = AW (T"%0, W (%, 1, Oy )> A )
< and(T" %, q) + A = an)d(W (0, tn, Oy, )
< and(T" %0, q) + (1= @ — Yu)d (X q) + Vuld(th, q)
< anknd (%, q) + k(1 = @y = yu)d(xn, q) + Vud (i, q)

=< kn(l - Vn)d(xm Q) + Vnd(un’ 61)- (9)

Again applying (2)(a) to the sequence {y,} in (3) and inserting (9), we have

d(%'t; Q) = < <Tnzm <Tnxn7 W(xn; Vs 9;’12); C—n>»bn>:q>
1-b,

< bud(T"2,q) + (1 - bn)d( (Tx W (s Vi Oy)s ﬁ) q>
< bud(T"24,q) + cnd(T"%,q) + (1 = by — cu)A(W (¥, Viis Oy ), q)
< bud(T"21,q) + cad(T"%, @) + (1= by — 4 — 1) (X, q) + pn@ (Vs )
< bukn[kn(L = y)d (%, q) + Yn (0, @) | + Ckindd (%, )
+(L=by = cp — n)d X0, q) + 1nd(Vi, q)
< buky (1= YA @) + bk Vnd(tn, @) + Cuknd(%, q)
+ (1= by = ¢ = 1n)d (%, q) + Lnd(vs, q)
< bk (1= y)d(s @) + cukyd(xn, @) + (1= by — 4 — 11)A (0, q)
+ bk ynd (i, q) + 1nd Vi, q)
< (bukl = bukiyyu + cuky)d(xn, q) + k(1 = by = € = 1) A (%0, )
+ bk Ynd(tn, q) + nd(Vi, q)
< (by,kf, - bnkflyy, + cy,kfl + kﬁ - bnkz - cnki - ,u,,,kfl)d(xn,q)
+ bk Ynd(tn, q) + 1nd(Vi, 9)
< (kg = buky v = 1k ) A s @) + Bk a1, q) + 11,0V, )

=< kﬁ(l — by, - Win)d (%, 61) + bnknynd(um 61) + Wnd(Vys 61)

That is,

AW q) < k(L= buyu — 1a)d(x, q)

+ bk yud (v, @) + 11,d (Vi ). (10)
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Now it follows from (9) and (10) that

Asy1rq) = d(W(T"yn, W(T"zn, W (5, Wi Br), 1'3—)0:>q)
—

< ad(10) + (0= (W (775 W), L2 ).
n

S and(Tnym 51) + lgnd(Tnznr Q) + (1 -0y — ﬂn - )\n)d(xn’ 51) + )\‘Vld(wn’ fI)

< 0, knd (Y, q) + Brknd(zs, q) + (1 =ty — B — A)d (%, @) + Xd(Wy, q)
< k[ K5 (1= BV = 1n) A%, @) + bk Vnd(thy ) + pnd (Vi )]

+ :Bnkn[kn(l = Vn)A( X, q) + Yl (U4 6])]
+ (L= = B = An)d (X0, @) + And(Wy, q)

=< (ank;?; - ankibnyn - ank;?;ﬂn)d(xm q) + ankﬁbnynd(um 61)

+ 0k nd(Vir, q) + (ﬁnkﬁ - ﬁnki)/n)d(xm q) + Buknynd(un, q)
+ (1 =0y = By — An)d(xn, @) + And(Wy, q)
(enk = otk by Vi = 0uks pn) A @) + (Buks — Bukis V) d(s q)

<

+ Iy = By = ), q) + ko byl (14, )
+ Uk end Vi, @) + Bk Vnd (W, q) + nd Wy, q)
< [ankl = uky by — atuks i + Buk,
= Bukyyn + Ky — auks = Bukly — Auk |d(%n, q)
+ kb Yt q) + Cnknftnd (Vi @) + Bukin Yt @) + And(Wy, q)
< [k = kb y — ki = Bukv = dnkiy)d(x, @)
+ (uk b Yo + Bukn Vi) A(thns @) + 0tk ttnd (Vs @) + And (W, q)

= kzd(xmq) + (ki + kn)ynd(um q) + kn,u/nd(vm q) + )\nd(Wn, q)

Therefore, we have

Axns1,9) < Kod(x,, Q) + YuA + wnB + 1, C,

where A = sup{(k2 + k,)d(u,q) : n > 1}, B = sup{k,d(v,,q) : n > 1} and C = sup{d(w,, q)

n>1}.
If we let K = max{A, B, C}, then we have

d(xnﬂr q) f kid(xmq) + ]<(Vn + Mn + )‘-n)-

Page 6 of 15

Since Y o2 (ky — 1) <00, D 01 Yu < 00, D ooy iy < 00 and Y21 A, < 00, it follows from

Lemma 1.1 that lim,,_, o, d(x,, g) exists.

(ii) Since C is bounded, there exists M > 0 such that max{d(x,, u,), d(x,, v,),d(x,,

w,)} <M.
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If 0 < liminf,_, o o, <limsup,_, (o, + By + Ay) < 1, then there exist 01,03 € (0,1) such
that 0 <oy <, <y + By + Ay <0y <1 for all # > 1. We have shown in part (i) that
lim,,_, o d(x,, q) exists, therefore lim,,_, o, d(x,41,9) = ¢ > 0 (say).

That is,

lim W(T”y,,, W(T”z,,, W (%, Wy, O3), i),ogn) =c. (11)

n—00 1-q,

From (10), we have that

limsupd(T"y,,q) <c. (12)

n—00

Also

d(W(T"zn, W (5, Wi O, 1'3—)q>

-y

Bn

1-o,

A(T"zq) + (1_ )d(W(xn,wn,H,,B),q)

T—a,— B, —A A
120 = Pr=n 2d(xn, q) + ——d(Wy, q)
l-«w, 1-o,

/3}’1 }‘n

-a, l-a,

1-a,

B
1-o,
B
1-o,
An
1-q,
:Bn 2 2 )Ln
k>v,M + ki d(x,,
1—q, "/ (an)+1_an

< ikﬁy,,M + kﬁd(x,,,q) +

=<

d(T”z,,, q) +

< [kﬁd(xn,q) +knynM] + k> (1— 1 )d(x,,,q)

+

K2 [ @) + A (%ns W) ]

<

Kad(x, W)

An
K2d(x,,
1-a, 1= fncln )

B 1
< 1 _y;n kﬁynM + k,%d(x,,,q) + e,

K2 )M

1
< kﬁy,,M + kﬁd(x,,,q) + ——k2a,M

1-b 1-b"

gives that

limsupd(W/<T”zn,W(x,,,w,,,Gng), P ),q)fc. 13)

n—00 1-a,

The hypothesis of Lemma 1.2 is satisfied in (11), (12) and (13), therefore we conclude

lim d(T”y,,, W(T”zn, W (% Wiy Os ), B )) =0. (14)

n—00 1 -y,

(iii) If 0 < liminf,_, o a0y < limsup,_, (@4 + Bx + Ay) < 1, then there exist 01,072 € (0,1)
such that 0 < o1 <, <, + B, + Ay < 0y <1 for all # > 1. Similarly, 0 < liminf,_, - b, <
limsup,_, (b, + ¢u + in) < 1 gives that there exist py, 02 € (0,1) such that 0 < p; < b, <

by+cy+uy, < py<lforallm>1.
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Since

Axpe1,q) = d(W(T”ym (T”zn,W(xn,wn, Ons)» I P ) an>,q>

< Jend () + (1 - a)d(W(T"yn,T"zmw<xn,wn,9n3),1i>),

-y

with the help of (14), we have

c< 11m1nfd(yn, q) < limsupd(y,,q)

n—00

That is,
lim d(y,,q) = c. (15)
n— o0

Obviously,

limsupd(T"z,,q) <c (16)

n—00

Cy
a|w| 1" n:W n n79n
(st 125 ) )

and

Cn n _ Cn
. bnd(T % q) + <1 I _bn>d(W(xn,vn,9n2),q)
Cn 1—bp—cn— n
n@\Xn> —— )d&x AV,
=1s, (x 4)+( l—bn ) (x q)+(1 b) V> q)
< q) +d(x,,q) — kd(x,,, )_1’_“;9 d(x,,q)

Iy
(1 b, )d(xn,q)+ <1_bn)d(xmvn)

Un
Sd(xmq)"' (1 b >d(xn:vn)<d(xmq)+ <1—b>M
gives that
limsupd( W T"x,, W (%, Vi1, Oy ) o q ) <c 17)
n—00 1- bn

Again the hypothesis of Lemma 1.2 is satisfied in (15), (16) and (17), therefore we get

lim d(T”z,,, W(T”xn, W (%1 Vs Oy ) = b )) =0. (18)

n—00

(iv) If 0 < liminf,o b, < limsup,_, (b, + ¢, + wn) <1 and 0 < liminf,_ ~ a,

IAIA

limsup,_, (@, + ¥x) < 1, then there exist pi, 02,71, 72 € (0,1) such that 0 < p; < b,

bytci+uy,<py<landO<t <a,<a,+y, <t <lforalln>1.
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Since

AW q) < d<W<Tan W<T”xm W (% Vi Ony), %),bn)q)

<a —a)d(T"zn, W(T”xn, W Gt Vi ), ﬁ)) + k(2 ),

with the help of (18), we have

¢ <liminfd(z,,q) <limsupd(z,, q) <c.
n—00 n—00

That is,
lim d(zm Q) = lim d(W(Tnxm W(xm Uy, enl )» ﬂn)’ 61) =c (19)
n— o n— 00
Obviously,
limsupd(T"x,,q) <c (20)
n—0o0
and

A(W (st Oy ), q) < (Hﬂ)d(xn,q) + (1 Va )d(x,,, u,)

l—ﬂn —Up
5<1_ Vi >d(xn,q)+< Vi )d(x,,,u,,)
1-a, 1-a,
< d(xnq) - " d(xn,q)+( i )d(xn,un)
1-a, l1-a,
Vi
<d(x,, M
<dts)+ ({5
provide that
lim sup d(W (%, 4, 0, ), q) < c. (21)
n—0oQ

Finally, appealing to Lemma 1.2 (using (19), (20), and (21)), we get that

lim d(T" %, W (%, thn, 0y)) = 0. (22)

n—00

Then

A(T" % %n) < A(T" %0, W (Xiy 1, Oy) ) + A(W (0, 1y Oy ), 2 )

Vn
1-a,

S d(Tnxn! W(xm un’gnl)) + ( )d(un’xi’l)

< d(T" %, W (%, th, Oy)) + (%)M


http://www.fixedpointtheoryandapplications.com/content/2014/1/64

Fukhar-ud-din and Kalsoom Fixed Point Theory and Applications 2014, 2014:64
http://www.fixedpointtheoryandapplications.com/content/2014/1/64

together with (22) gives that

lim d(T"x,,,xn) =0.

n—00

Next we show that lim,,_, o d(T"z,,x,) = 0 and lim,,—, oo d(T"y,, x,) = 0.

The inequality
d(TnZntxn) = d<Tnzny W(Tnxm W(xm Vn19n2)¢ %))
+ d(W(Tnx,,, W (% Viis Oy ) ﬁ)x,)

< d(T”zn, W(Tx W (0 Vs Oy )s ﬁ))

1-b,-c¢,

5 d(Tnznr W(Tnxm W(xn: Vm enz), %))

Hon
1-b,

d(T" %, %) +

1— b,, d(xn; Vn)

< d(T”zn, W(Tx W (0, Vs Oy )» ﬁ))
Cn
1-b,

Hn

+
1-b,

d(T"xn,x,q) +

together with (23) gives that
lim d(T"zy,%,) = 0.

n—00

Similarly,

A(T" s %n) Sd<T”yn,W<T”sz(xn,wm9n3), P ))

1-a,
+ d(W<T”zm W (X1, Wiy Os)s i)w)
1-o,

< d<T”yn, W<T”zn, W (%1, Wiy Oy )5 i))

1-a,

Bn

l-«,

+

—Yn

d(Tanxn) + (1 )"l’l )d(xmwn)

5d<T”ymW<T”sz(xmwn,0n3), P ))

1-a,
b A
——d(T"z,, %, — M
13 (T"z x)+<1_b>
provides that

lim d(T"y,,,x,,) =0.

n—00

- a(T xn,xn) + (W)d(W(xn,vn,an),xn)

(23)

Page 10 of 15
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Hence
lim d(T"x,,,xn) = lim d(T"y,,,x,,) = lim d(T"zn,xn) =0. O

Theorem 2.2 Let C be a nonempty bounded, closed and convex subset of a (LUC) hyperbolic
space with monotone modulus of uniform convexity n. Let T be a completely continuous and
asymptotically nonexpansive self-mapping on C with {k, > 1} satisfying > -, (k, —1) < 0o.
Let {a,}, {bu}, {cu}s {an}, {Bubs {vu)s {tn} and {1} be control sequences in [0,1] satisfying
the following conditions:
(i) 0 <liminfy,_ o0 <limsup,,_, (0t + B + Xy) < 1,
(i) 0<liminf,— o0 b, <limsup,_, o (by + ¢y + ty) <1,
(iii) 0 <liminf,_ o a, <limsup,_, . (@, + Yu) <1,

(iV) Do VYn <00, Yoy Uy <00 and Yy ooy Ay < 00.
Then {x,}, {y,} and {z,} in (3) converge to the same fixed point of T

Proof By Lemma 2.1, we have

lim d(T"x,,,x,,) = lim d(T”y,,,x,,) = lim d(T”z,,,x,,) =0.

n—00

Since

d(erlyxn) = d<W<Tnym W<Tnzm W(xmwmeng); /371 )’an))xw>

1-o,

< and(Tnym xn)

+(1- oc,,)d(W(T”z,,, W (%0, W, Oy ), P )x)

1-o,

< 0y d(T"yn,%0) + Bud(T" 20, %) + A (%0, W),
we have

A(oens T"rs1) < Aers ) + A(T" 511, T'5) + (T 0)
< d®na1,%n) + knd (K1, %) + A(T"%,, %)
< (1 + k)11, %) + A(T"5 %)
< (L + kn)tnd(T" s %) + (L + kin) B (T" 21 %)

+ (1 + k) And(, wy) + d(T %5, %).
This together with Lemma 2.1 implies that

lim d(xml, T”xml) =0.

n—00

Moreover, the estimate

d(xnﬂr Txn+1) = d(xnﬂ; Tn+lxn+1) + d(Tan: Tn+1xn+1)

= d(xn+1: Tn+1xn+1) + kld(xm—lr Tnxn+l)
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implies that
lim d(x,, Tx,) = 0. (24)
n— o

Since T is completely continuous and {x,} C C is bounded, there exists a subsequence
{#n,} of {x,} such that {T¥x, } converges. Therefore from (24), {x,,} converges. Let
limg_, o0 %, = q. By the continuity of T and (24), we have that 77 = g, so g is a fixed
point of T. By Lemma 2.1(i), lim,_. d(x,,q) exists. But limy_,o d(xy,,,q) = 0. Thus
lim,, oo d(x,,,q) = 0. Further the inequalities d(y,,x,) < b,d(T"z,,%,) + c,d(T"x,,%x,) +
Und(Vy, %) and d(z,,x,) < and(T"xy,,%,) + Vud(t6y, %,) give that lim,_, o d(y,,%,) = 0 and

limy,—, o0 d(z4,%,) = 0, respectively.

That is,
lim y,=¢gq and lim z,=gq. O
n—00 n—00

For y, = 4, = A, = 0, Theorem 2.2 reduces to the following.

Corollary 2.3 Let C be a nonempty bounded, closed and convex subset of a (UC) hy-

perbolic space with monotone modulus of uniform convexity n. Let T be a completely

> (ky —1) < 00. Let {a,}, {bu}, {cu}, {on} and {B,} be in [0,1] with by, + ¢,y + By € [0,1]
foralln>1and
(i) 0<liminf,_ b, <limsup,_, (b, +cy) <1,

continuous and asymptotically nonexpansive self-mapping on C with {k, > 1} satisfying

(i) 0 <liminf,_ o o0, <limsup,_, .o, <1.

Then {x,}, {y,} and {z,} in (4) converge to the same fixed point of T.
For ¢, = B, = ¥ = n = A, = 0 in Theorem 2.2, we obtain the following result.

Corollary 2.4 Let C be a nonempty bounded, closed and convex subset of a (UC) hy-
perbolic space with monotone modulus of uniform convexity n. Let T be a completely
continuous and asymptotically nonexpansive self-mapping on C with {k, > 1} satisfying
> (ky = 1) < 00. Let {ay}, {by} and {a,} be in [0,1] satisfying

(i) 0<liminf,_, o b, <limsup,_, b, <1, and

(ii) 0 <liminf, . o, <limsup,_, o, <1.

Then {x,}, {yn} and {z,} in (6) converge to the same fixed point of T

For a, = ¢, = By = Yu = u = 1, = 0 in Theorem 2.2, we can obtain the Ishikawa-type

convergence result.

Corollary 2.5 Let C be a nonempty bounded, closed and convex subset of a (UC) hyper-
bolic space with monotone modulus of uniform convexity n. Let T be a completely continu-
ous asymptotically nonexpansive self-mapping of C with {k, > 1} satisfying > -, (k, —1) <
oo. Let {a,} and {b,} be real sequences in [0,1] satisfying

(i) 0<liminf,, o, <limsup,_, o, <1, and

(ii) 0<liminf, b, <limsup,_, . b, <1.
Then {x,} and {y,} in (7) converge to the same fixed point of T.


http://www.fixedpointtheoryandapplications.com/content/2014/1/64

Fukhar-ud-din and Kalsoom Fixed Point Theory and Applications 2014, 2014:64 Page 13 0of 15
http://www.fixedpointtheoryandapplications.com/content/2014/1/64

Fora, =b,=c, =By =¥y =tn =1y, =0, Theorem 2.2 reduces to the Mann-type con-

vergence result.

Corollary 2.6 Let C be a nonempty bounded, closed and convex subset of a uniformly
convex hyperbolic space with monotone modulus of uniform convexity n. Let T be a com-
pletely continuous asymptotically nonexpansive self-map of C with {k,} satisfying k, > 1
and Y 2, (k, — 1) < 0o. Let {a,} be real sequences in [0,1] satisfying 0 < liminf,_, oy <
limsup,_, ., @, < 1. Then {x,} in (8) converge to a fixed point of T.

As a direct consequence of Theorem 2.2, we formulate the following result in CAT(0)

spaces.

Corollary 2.7 Let C be a nonempty bounded, closed and convex subset of a CAT(0) space.
Let T be a completely continuous and asymptotically nonexpansive self-mapping on C with
{kn > 1} satisfying 3.2, (ky —1) < 00. Let {an}, {bu}, {ca}, {0}, {Bu), (v}, {1} and {1} be
control sequences in [0,1] satisfying the following conditions:
(i) 0<liminf,_ o o, <limsup, , (o, + By + Xy) <1,
(i) 0<liminf, o b, <limsup,_ (b, + ¢, + y) <1,
(iii) 0 <liminf,_ o a, <limsup,_ . (@, + ¥u) <1,
(iV) Do Y <00, Yoy Uy <00 and Yy ooy hy < 00.
For a given x, € C, compute {x,}, {y,} and {z,} as

Zp=a,1"x%, ® (1—0:,,)[(1— 1 Vn )x,, ® 1 Va u,,:|,

Cn

n n _ Cn
Yn=b,T Z"®(1_b”)[<1—bnT xn@(l l—bn)

(O oo ()]}

Xpa1 = Ay Ty, ® (1 - a")Kl Bn Tz, ® (1 -7 5}; )[%xn ®0- ens)wn])}

—WYn

where Mx @ (1 — L)y is the geodesic path between x and y in X. Then {x,}, {y,} and {z,}
converge to the same fixed point of T .

Proof Any CAT(0) space is a (UC) hyperbolic space (take W (x, y, A) = Ax @ (1—1)y), there-
fore conclusion follows from Theorem 2.2. O

Remark 2.8 (1) Our Theorem 2.2 and its corollaries extend and generalize corresponding
theorems in a uniformly convex Banach space to a hyperbolic space. Some of these are
given below:
(i) Theorem 2.2 itself is a nonlinear version of Theorem 2.3 in [12].
(i) Corollary 2.3 extends and generalizes Theorem 2.3 in [9].
(ili) Corollary 2.4 extends and generalizes Theorem 2.1 in [13].
(iv) Corollary 2.5 extends and generalizes Theorem 3 in [29].
(v) Corollary 2.6 is a generalization and refinement of Theorem 2 in [29], Theorem 1.5
in [7] and Theorem 2.2 in [8].
(2) Our results also hold in a CAT(0) space.
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