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1 Introduction

The existence of fixed points in ordered metric spaces has been investigated by Ran and
Reurings [1]. Recently, many researchers have obtained fixed point and coupled fixed point
results in partially ordered metrics spaces (see, e.g., [2-16]).

The study of coupled fixed points in partially ordered metric spaces was initiated by
Guo and Lakshmikantham [17], and then attracted many researchers, see for example [18—
20] and references therein. Bhaskar and Lakshmikantham [21] introduced the notions of
mixed monotone mapping and coupled fixed point. As an application, they studied the
existence and uniqueness of a solution for a periodic boundary value problem associated
with a first order ordinary differential equation. Lakshmikantham and Ciri¢ in [22] intro-
duced the concepts of coupled coincidence and coupled common fixed point for mappings
satisfying nonlinear contractive conditions in partially ordered complete metric spaces
and generalized the concept of the mixed monotone property. For more on coupled fixed
point theory we refer to the reviews (see, e.g. [4, 23—33]). Recently, Alotaibi and Alsulami
[34] presented some coupled coincidence point results involving the (¢, ¥)-contractive
condition for mappings having the mixed g-monotone property in a partially ordered met-
ric space which are generalizations of the results of Luong and Thuan [35].

In this paper, we introduce the notion of generalized compatibility of a pair {F, G}, of
mappings F,G : X x X — X. We then employ this notion to obtain coupled coincidence
point results for such a pair of mappings involving (¢, ¥)-contractive condition without
mixed G-monotone property of F. Thus the derived coupled fixed point results do not
have the mixed monotone property of F. Our results represent new versions of the results
of Alotaibi and Alsulami [34], Luong and Thuan [35] and Bhaskar and Lakshmikantham
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[21]. We also provide an example and an application to an integral equation to support
our results presented here.

2 Preliminaries
We now recall some basic definitions and important results for our use in the sequel.

Definition 1 [21] Let (X, <) be a partially ordered set. The mapping F: X x X — X is
said to have the mixed monotone property if F is monotone non-decreasing in its first
argument and is monotone non-increasing in its second argument, that is, for all x;,x; €
X, x1 < xy implies F(x1,y) < F(xy,y), for any y € X and for all y1,y, € X, y1 < y, implies
F(x,y1) > F(x,92), for any x € X.

Lakshmikantham and Ciri¢ [22] generalized the concept of a mixed monotone property
as follows.

Definition 2 [22] Let (X, <) be a partially ordered set and g a self mapping on X. A map-
ping F: X x X — X is said to have the mixed g-monotone property if for all x;,x;, € X,
gx1 < gx, implies that F(x,y) < F(x,,7), for any y € X and for all y1,y, € X, gy1 < gy, im-
plies that F(x,y;) = F(x,y,), for any x € X.

Definition 3 [22] An element (x,y) € X X X is called a coupled coincidence point of the
mappings F: X x X - X and g: X — X if F(x,y) = gx and F(y,x) = gy.

Definition 4 [22] Let X be a nonempty set, g a self mappingon X and F: X x X — X and
g:X — X. We say that F and g are commutative if g(F(x, y)) = F(gx, gy), for all x,y € X.

Definition 5 [26] Let (X,d) be a metric space, F: X x X — X a mapping and g a self
mapping on X. A hybrid pair F, g is compatible if

n1—i>rPood(g(F(x”’y”))’F(gx"’gy”)) =0

and

lim d(g(F(men))rF(gyn’gxﬂ)) =0

n—+00

whenever {x,} and {y,} are sequences in X, such that

lim F(x,,y,)= lim gx,=x and lim F(y,x,)= lim gy,=y

n—+00 n—+00

with x,y € X.

As given in [34, 35], ® denotes the set of all functions ¢ : [0,00) — [0, 00) such that:

1. ¢ is continuous and increasing,

2. ¢()=0ifand onlyifz =0,

3. p(t+s) <o)+ ¢(s), forall £,s € [0, +00).

Let W be the set of all the functions v : [0, 00) — [0, 00) such that lim,_,, ¥ (¢) > O for all
r> 0 and lim;_ o+ ¥ (£) = 0.
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The main result in [34] is given by the next theorem.

Theorem 6 Let (X, X) be a partially ordered set and suppose there is a metric d on X such
that (X, d) is a complete metric space. Let F : X x X — X be a mapping having the g-mixed
monotone property on X such that there exist two elements xo,yo € X with

gxo X F(x0,50) and gyo = F(yo,xo).

Suppose there exist ¢ € © and € V such that

¢(d(F(x,y),F(M, V))) =

d(gx, d(gy,
¢(d<gx,gu)+d(gy,gv))—w( Engn) + dgy g”)) @1)

2

SIS

forall x,y,u,v € X, with gx > gu and gy < gv. Suppose F(X x X) C g(X), g is continuous
and compatible with F and also suppose either
(a) F is continuous or
(b) X has the following property:
(i) if a non-decreasing sequence {x,} — x, then x,, < x for all n,
(i) if a non-decreasing sequence {y,} — y, then y, <Xy for all n.
Then there exist x,y € X such that g(x) = F(x,y) and g(y) = F(y,x), that is, F and g have
a coupled coincidence point in X.

Definition 7 Suppose that F,G: X x X — X are two mappings. F is said to be G-increas-
ing with respect to < if for all x, y, u,v € X, with G(x,y) < G(u,v) we have F(x,y) < F(u,v).

Example 8 Let X = (0, 00) be endowed with the natural ordering of real numbers <. De-
fine mappings F, G : X x X — X by F(x,y) = In(x+y) and G(x,y) = x +y forall (x,y) € X x X.
Note that F is G-increasing with respect to <.

Example 9 Let X = N endowed with the partial order < defined by x,y e X x X, x <y
if and only if y divides x. Define the mappings F,G : X x X — X by F(x,y) = %y and
G(x,y) = xy for all (x,y) € X x X. Then F is G-increasing with respect to <.

Definition10 Anelement (x,7) € X x X is called a coupled coincidence point of mappings
F,G:X x X — X if F(x,5) = G(x,y) and F(y,x) = G(y, ).

Example 11 Let F,G: R x R — R be defined by F(x,y) = xy and G(x,y) = %(x +y) for all
(%,) € X x X. Note that (0,0), (1,2), and (2,1) are a coupled coincidence points of F and G.

Definition12 Let F,G: X x X — X. We say that the pair {F, G} is generalized compatible
if

d(F(G(xn:yn)r G(ynrxn))¢ G(P(xn)yn)’F(ymxn))) — 0 asn— +o00,
d(F(G(ymxn)y G(me/n)), G(F(yn:xn)’F(xnryn))) —0 asn— +00,

whenever (x,) and (y,) are sequences in X such that

lim,,, o F(xn,yn) =limy,, 0 G(xmyn) =1,
limn_)oo F(yn,xn) = hmn—>oo G(Yn;xn) = tz‘
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Example 13 Let (R, | - |) be a usual metric space. Define mappings F,G: X x X — X by
F(x,y) =x* — y* and G(x,y) = x> + y* for all x,y € X. Let (x,) and (y,,) be two sequences in
X such that

F(xy,y4) & tG(xy,9,) > ti  as n— +00,
F(xy,y4) = t2G(x,y4) = L2 as m— +00.

We can prove easily that ¢, = £, = 0 and

A(F(G (X, Yn), GOn» %)), G(E (X Y1) F(ny %)) — 0 as m — +00,
A(F(GWn %4), G(%1, Y1), GE Vs %), F (X, ¥1))) = 0 as m — +00.

Thus the pair {F, G} satisfies the generalized compatibility.

Definition14 LetF,G: X x X — X be two maps. We say that the pair {F, G} is commuting
if

F(G(x,y), G(y, x)) = G(F(x,y),F(y, x))
forall x,y € X.

Obviously, a commuting pair is a generalized compatible but not conversely in general.

3 Main results
Now we prove our main result.

Theorem 15 Let (X, <) be a partially ordered set such that there exists a complete metric
don X. Assume that F,G : X x X — X are two generalized compatible mappings such that
F is G-increasing with respect to <, G is continuous and has the mixed monotone property,
and there exist two elements xy,yo € X with

G(x0,50) < F(x0,50) and G(yo,%0) > F(yo,%o).

Suppose that there exist ¢ € ® and y € V such that

¢ (d(F(x,9), F(u,v))) < %d)(d(G(x,y),G(u, v)) +d(G(y, %), G(v,u)))

y <d(G(x,y), G(u,v)) +d(G(y,x), G(v, M)))

7 (3.1)

forall x,y,u,v € X, with G(x,y) < G(u,v) and G(y,x) = G(v,u). Suppose that for any x,y €
X, there exist u,v € X such that

F ) =G » V)
(x,y) = G(u,v) (3.2)
F(y,x) = G(v,u).
Also suppose that either
(a) F is continuous or

Page 4 of 21
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(b) X has the following properties:
(i) if a non-decreasing sequence {x,} — x, then x, < x for all n,
(i) if a non-increasing sequence {y,} — vy, then'y <y, for all n.
Then F and G have a coupled coincidence point in X.

Proof Letxg,yo € X be such that G(xo, yo) < F(x0,y0) and F(yo,x0) < G(yo,x0) (such points
exist by hypothesis). From (3.2), there exists (x1,y1) € X x X such that F(xo,y0) = G(x1,1)
and F(yo,x0) = G(y1,%1). Continuing this process, we can construct two sequences {x,} and
{9} in X such that

F(%, Y1) = G(%315 Yus1)s FOmy %) = G(Yps1,%041)  forallm e N, (3.3)

First we show that for all # € N, we have

G(xn:yn) = G(xn+1yyn+l) and G(yn+1:xn+l) = G(men)' (3.4)

As G(xg,0) < F(xo,y0) and F(y9,%0) < G(y0,%0) and as F(xg,¥o) = G(x1,y1) and F(yo, %) =
G(y1,%1), we have G(xg,y0) < G(x1,y1) and G(y1,%1) < G(¥9,%0). Thus (3.4) holds for n = 0.
Suppose now that (3.4) holds for some fixed n € N. Since F is G-increasing with respect
to <, we have

G(xn+1:yn+1) = F(xmyn) = F(xn+1;yn+1) = G(xn+2ryn+2)

and

G(yn+2:xn+2) = F(J/n+1rxn+l) = F(yn: Xp) = G(yn+1rxn+1)~

Hence (3.4) holds for all # € N. For all # € N, denote

671 = d(G(xn:yn)) G(xn+17yn+1)) + d(G(yn: xn): G(ynﬂr xn+1))' (35)

We can suppose that §, > 0 for all # € N. If not, (x,,, y,,) will be a coincidence point and the
proof is finished. We claim that for any # € N, we have

Since G(xmyn) = G(xn+l)yn+1) and G(,Yn’xn) = G()/wrlr xn+1); letting X=%Xny Y =Y, U =Xpq1
and v = y,,,1 in (3.1) and using (3.3), we get

¢(d(G(xn+lxyn+l)’ G(xn+2»yn+2)))
¢(d(F(xmyn):F(xn+1:yn+1)))

=<

%({b(d(G(xmyn): G(xn+1:yn+1)) + d(GO/m %)y GWns1, xn+1)))

_ W <d(G(xn:yn): G(xn+1’yn+1)) + d(G(anxn)r G()/n+1’xn+1))>

2

1 8n
=500 - 1//(3). (87)
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Similarly we have

¢ (d(G()’mz» Xn42)s GWna1s xn+1)))

= ¢(d(F(yn+1;xn+1)rF(yn;xn)))
1

< §¢(d(G(yn+1,xn+1), Gnr %)) + A(G X1, Ys1), Gs y)))
(A G+ G )
- 506.-v(%) (8
Summing (3.7) and (3.8), we obtain
¢wmo§¢wa—zw(%). (39)

Since ¢ is non-decreasing, it follows that the sequence (§,,) is monotone decreasing. There-
fore, there is some § > 0 such that lim,,_, ;o §,, = 7. We shall show that § = 0. Assume on
contrary that § > 0. Then taking the limit as # — +00o (equivalently, §, — 8) in (3.9), using
the fact that lim,,_,, ¥ (¢) > 0 for all » > 0 and ¢ is continuous, we have

$(8) = lim ¢(3,) < lim_ [¢(5n1) Bk (83_1 )]

:mm—zlmlw(%4)<mw

Sp_1—>8 2

a contradiction. Thus § = 0, that is

lim [d(G(xnryn)r G(xn+1:yn+1)) + d(G(Yn’ xn)r G()’nﬂ,xnﬂ))]

n—+00

= lim_¢(5,)=0. (3.10)
We shall prove that (G(x,,y,), G(ys,%,)) is a Cauchy sequence in X x X endowed with
the metric A defined by A((x,), (&, v)) = d(x,u) + d(y,v) for all (x,%),(u,v) € X x X. If
(G(xy> 1), Gy xy,)) is not a Cauchy sequence in (X x X, A). Then there exists ¢ > 0 for
which we can find two sequences of positive integers (m(k)) and (n(k)) such that for all
positive integer k with n(k) > m(k) > k, we have

A(GEm) Ymix)) GOy Xmii)))s (G s Yn(i))s Gty Xni)))) > €,

(3.11)
A(GEmkx)s Ymx))» GOmk)s Fm))s (GEn()-15 Yn()-1)s GWnk)-1, Xn(i)-1))) < €.
By definition of the metric A, we have
di=d (G(xm(k)rym(k))' G(xn(k>,y,,(k))) +d (G(ym(k)rxm(k)); G(yn(k),x,,(k))) > € (3.12)

and

A(G@Em(i Ym(i)» GXnii-1 Yn-1)) + AGTmii)s m(i0) Gnii-1, n-1)) < €. (3.13)
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Further from (3.12) and (3.13), for k > 0, we have

& < di
< d(GEm@y Ymi)» GEny-1 Yn(-1)) + A(GEn()-1> Yn()-1)» GEniys Yn)))

+ d(GOm(i %m#))» GOn(i)-1%n(i)-1)) + A(GWniig-1%n(t)-1)s G Wk Xn)))

< €+ Su(i)-1.
Taking the limit as k — +o0 in the above inequality, we have, by (3.10),

lim dy=¢". (3.14)

k—+00

Again, for all k> 0, we have

dy = (Gt Ym) G Xt Ynh)) + A(GTnthys X)) GOy X))
< d(Gm@ys Ym(i)» GEmiiy 11> Ym(iy41)) + A(G X115 Y1) G X141, (i 1))
+ d(G )41, Y 11)> GEn(i) Ynr)) + A(GWmi %mt)» GO +15 Xm(+1))
+ d(GOm(+1:%m) 1) GOni)41,%ni)41)) + A(G O +1 %n0+1)» Gt %))
= d(G@m(k) Ym))> GXm+1: Y1) + A(GWmiys %m0)» GYomiiy 11> X +1))
+ d(GEm()+1 Ym(o+1)» Gy 1, Yn11)) + A(GOm+1 Xm(i+1)s GUn(i) 41 X +1))

+ d(G(xn(/()+17 yn(k)+1); G(xn(k)’yn(k))) + d(G(yn(/()+17 xn(k)+1)r G(yn(k)yxn(k)))'

Hence, for all k > 0,

A < St + Sn) + A(G Xy +1 Yk 11)> G K41, Yn(hy 1))

+ d(GOm(y+1:%m)+1)> GOl 41, En(i41)) - (3.15)

Using the property of ¢, we have

() = & (Smw) + Sny + A(G Xy +1 Y1) GXn(i41, Yn(hy 1))
+ d(GOmE)+1 %m0 +1)s GOn(iy+1, % 11)) )
< PGty + Suir) + A (A(GEm@p+1 Ym(i41)s GEn(i41 Yn(io+1)) )
+ & (A(GOmE) 11 %m(0+1)s GOn(k)+1, % 11)) ) -

From (3.1), (3.4), and (3.12), for all k > 0, we have

D (A(GEmty+15 Ym()+1)s G X+ 1 Yt +1)) )

= A (A (Fm(iy Ym(i))s F Fniiys Yn))))

1
5¢’(d (Gt Y1) Gy Ynt)) + A(GWmitr %mit)) G Wity %)) )

v (d(G(xm(k)vym(k)): GXn(tys Ynk)) + AG Yy Xm(i))» G(Mk),xn(k))))
2

=
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1 di
- S#ld) - w(;)

=

o (dr). (3.16)

N =

Also from (3.1), (3.4), and (3.12), for all kK > 0, we have

¢ (d(G(ym(k)+1’ xm(k)+1), G(yn(k)ﬂ, xn(k)+1)))

= ¢ (d(FQmr %m0 F Gy %n(x))) )
1
< §¢(d (GO Xm))» GO ¥nt))) + A(G i) Yt Gt Yuia)) )

y (d(G(ym(k),xm(k)), GWn(t)s %nk))) + AGXm(k)s Ymk))s G(xn(k)’yn(k))))

2
1 dk
= 5 - w(;)

< %qﬁ(dk). (3.17)

Inserting (3.16) and (3.17) in (3.15), we have

d
d(di) < By + Sury) + O(di) — 2% (71() (3.18)

Letting k — +00 in the above inequality, we obtain

$(6) <9(0) + 9() -2 lim w(%) - 6(e) —2dlim+w(%) <0(6), (319)

which is a contradiction. Hence (G(x,,y4), G(y4,%,)) is a Cauchy sequence in (X x X, A),
which implies that (G(x,,7,)) and (G(y,,x,)) are Cauchy sequences in (X, d). Now, since
(X,d) is complete, there exist x,y € X such that

lim G(x,,y,) = lim F(x,,y,)=x and

n—+00

lim G()/n,xn) = nErPOOF(yn’xn) =Y.

n—+00

(3.20)

Since the pair {F, G} satisfies the generalized compatibility, from (3.20), we get

lim d(F(G(nyn)» GWn»%n))s G(E % Yu)s F s %)) ) = 0 (3.21)

n—+00

and

lim d(F(Gu %), G&s ¥n))s G(F s %) F®ns y))) = 0. (3.22)

n—+00

Suppose that F is continuous. For all # > 0, we have

d(G(%,9), F(G(xns Yn)s Gn» %))
<d(G(%,9), G(F (%> Yn)s F (s %n)) )
+ d(G(F(xmyn):F(Ymxn))rF(G(xmyn)r G(men)))'
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Taking the limit as n — +00, using (3.20), (3.21), and the fact that F and G are continuous,

we have

G(x,y) = F(x,y). (3.23)
Similarly, using (3.20), (3.21), and the fact that F and G are continuous, we have

Gy, x) = F(y,x). (3.24)
Thus (x, y) is a coupled coincidence point of F and G. Now, suppose that (b) holds. By (3.4)
and (3.20), we have (G(x,,7,)) is non-decreasing sequence, G(x,,y,) — x and (G(y,, %))
is non-decreasing sequence, G(y,, x,) — y as n — +00. Thus for all # € N, we have

Gxuyn) <x and  G(yu,x,) = y. (3.25)

Since the pair {F, G} satisfies the generalized compatibility and G is continuous, by (3.21)
and (3.22), we have

lim_G(G(%, yn)s Gns %)) = G(x,)

n—+00

m_ G(F (% ) F (s %))

n—+00

lim F(G( yn)s G %)) (3.26)

n—+00

and

lim G(GWm %), G ¥n)) = Gy, %)

n—+00

= 1im_ G(F (s %n), F (%, )

n—+00

= 1lim F(G(yu %n), G Yn))- (3.27)

n—+00

Now, we have

d(G(xy), F(x,9)) = 1im_d(G(F(6n yn), F (%)), F(,3))

= nEIPoo d(F(G(xmyn): G(y;qrxn)),F(x’y))'
Since G has the mixed monotone property, it follows from (3.25) that G(G(xy, y.),
G(yu,x4)) X Glx,y) and G(G(yy, x4), G(x4, yn)) = G(y,x). Now using (3.1), (3.26), and (3.27),
we get

$(d(G(x,9), F(x,))

< lim l(1)(6{'(G(G(x,,,y,,), G %n)), G(x,9)) + d(G(Gs %), G 1)), G(3, %)) )

~ n—+00 2

- (d(G(G(xmyn)! GWnr %)), G(%,9)) + A(G(G(Yn %), G (K> ), G(%?C)))
5 .

Then we obtain G(x,y) = F(x,y). Similarly, we can show that G(y,x) = F(y,x). O
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The commuting maps {F, G} are obviously generalized compatible, thus we obtain the
following.

Corollary 16 Let (X, xX) be a partially ordered set such that there exists a complete met-
ric d on X. Assume that F,G : X x X — X are two commuting mappings such that F is
G-increasing with respect to <, G is continuous and has the mixed monotone property, and
there exist two elements xy,yo € X with

G(x0,¥0) = F(x0,y0) and G(yo,x0) > F(yo,%o).

Suppose that the inequalities (3.1) and (3.2) hold and either
(a) F is continuous or
(b) X has the following properties:
(i) if a non-decreasing sequence {x,} — x, then x,, < x for all n,

(il) if a non-increasing sequence {y,} — y, then y <y, for all n.
Then F and G have a coupled coincidence point in X.

Definition 17 Let (X, <) be a partially ordered set, F: X x X — X and g: X — X. We say
that F is g-increasing with respect to < if for any x,y € X,

gx) <X gxp, implies F(xy,y) < F(x2,9)
and
g =gy, implies F(x,y1) < F(x,y2).

Now, we deduce an analogous result to Theorem 3.1 of Alotaibi and Alsulami [34] (The-
orem 6) without g-mixed monotone property of F.

Corollary 18 Let (X, <) be a partially ordered set and suppose there is a metric d on X such
that (X,d) is a complete metric space. Let F : X x X — X and g : X — X be two mappings
such that F is g-increasing with respect to <, and there exist ¢ € ® and y € V such that

¢(d(Fx,y), Fw,v))) < > ¢(d(gx,gqu) + d(gy.gv))

v <d(gx,gu) + d(gy,gV)>

N =

2

forallx,y,u,v e X, withgx < guand gy = gv. Suppose that F(X x X) C g(X), g is continuous
and monotone increasing with respect to <, and the pair {F,g} is compatible. Also suppose
that either
(a) F is continuous or
(b) X has the following properties:
(i) if a non-decreasing sequence {x,} — x, then x,, < x for all n,
(i) if a non-increasing sequence {y,} — y, then'y <y, for all n.
If there exist two elements xg,yo € X with

gxo < F(x0,50) and  gyo > F(yo,%o).

Then F and g have a coupled coincidence point.
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Corollary 19 Let (X, <) be a partially ordered set and suppose there is a metric d on X such
that (X,d) is a complete metric space. Let F : X x X — X and g : X — X be two mappings
such that F is g-increasing with respect to <, and there exist ¢ € ® and y € V such that

%qb(d(gx,gu) +d(gy,gv))
_ 1/,(d(gx,gu) +d(gy,gV)>

¢ (d(F(x,y), F(u,v))) <

2

forallx,y,u,v e X, with gx < guand gy > gv. Suppose that F(X x X) C g(X), g is continuous
and monotone increasing with respect to <, and the pair {F, g} is commuting. Also suppose
that either
(a) F is continuous or
(b) X has the following properties:
(i) if a non-decreasing sequence {x,} — x, then x, < x for all n,
(i) if a non-increasing sequence {y,} — v, then y <y, for all n.

If there exist two elements xg,yo € X with
gxo < F(xo,y0) and  gyo = F(yo,%o).

Then F and g have a coupled coincidence point.

Definition 20 Let (X, <) be a partially ordered set, F : X x X — X. We say that F is in-

creasing with respect to < if for any x,y € X,
x <x; implies F(x1,y) < F(xz,)
and
y1 <yp implies F(x,y1) < F(x,y2).

The following result provides the conclusion of the main results of Luong and Thuan

[35] without the mixed monotone property of the involved mapping F.

Corollary 21 [35] Let (X, <) be a partially ordered set and suppose there is a metric d on
X such that (X, d) is a complete metric space. Assume that F : X x X — X is an increasing

map with respect to < and there exist two elements xg,yo € X with
xo = F(x0,y0) and yo = F(yo,%o).

Suppose there exist ¢ € ® and y € V such that

HA(EG ), Flwn)) = 5 (des) +d,)

~ I//(af(x, u);rd(y, V))

forall x,y,u,v € X, with x < u and y > v. Also suppose that either
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(a) F is continuous or
(b) X has the following properties:
(i) if a non-decreasing sequence {x,} — x, then x,, < x for all n,

(il) if a non-increasing sequence {y,} — y, then y <y, for all n.

Then F has a coupled fixed point.

Corollary 22 Let (X, <) be a partially ordered set and suppose there is a metric d on X
such that (X,d) is a complete metric space. Assume that F : X x X — X be an increasing

map with respect to < and there exist two elements xy,yo € X with
xo = F(x0,50) and yo > F(yo,%o).

Suppose there exists € V such that

d(x,u) +d(y,v)
2

B w(d(x, u);d(y,v))

d(F(x,y), F(u,v)) <

forall x,y,u,v e X, withx <u and y > v. Also suppose that either
(a) F is continuous or
(b) X has the following properties:
(i) if a non-decreasing sequence {x,} — x, then x,, < x for all n,
(i) if a non-increasing sequence {y,} — y, then'y <y, for all n.
Then F has a coupled fixed point.

The conclusion of the main results of Bhaskar and Lakshmikantham [21] without the
mixed monotone property of the involved mapping F is obtained in the following corol-

lary.

Corollary 23 Let (X, <) be a partially ordered set and suppose there is a metric d on X
such that (X,d) is a complete metric space. Assume that F : X x X — X be an increasing

map with respect to < and there exist two elements xy,yo € X with
x9 =X F(x0,y0) and yo = F(yo,%0).

Suppose there exists a real number k € [0,1) such that

d(F(x,y), F(u,v)) < = (d(x,u) + d(y,v))

N A

forall x,y,u,v e X, withx < u and y = v. Also suppose that either
(a) F is continuous or
(b) X has the following properties:
(i) if a non-decreasing sequence {x,} — x, then x,, < x for all n,
(ii) if a non-increasing sequence {y,} — vy, then y <y, for all n.
Then F has a coupled fixed point.

Page 12 of 21
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Now we prove the uniqueness of the coupled coincidence point. Note that if (X, <) is a
partially ordered set, then we endow the product X x X with the following partial order
relation, for all (x,y), (u,v) € X x X:

(x,9) < (u,v) ifandonlyif G(x,5) <G(xv) and G(y,x) > G, u),
where G: X x X — X x X is one-one.

Theorem 24 In addition to the hypotheses of Theorem 15, suppose that for every (x,y),
(z,t) in X x X, there exists another (u,v) in X x X which is comparable to (x,y) and (z,t),
then F and G have a unique coupled coincidence point.

Proof From Theorem 15, the set of coupled coincidence points of F and G is nonempty.
Suppose (x,y) and (z, t) are coupled coincidence points of F and G, that is,

F(x»y) = G(x»y);
F(y,x) = G(y,x)

and

F(z,t) = G(z,1),
F(t,z) = G(t,2).

Now we prove that G(x,y) = G(z,¢t) and G(y,x) = G(¢,z). By assumption, there exists (u, v)
in X x X that is comparable to (x,y) and (z,t). We define sequences {G(u,,v,)} and
{G(vy, 1)} as follows, with ug = u, vo = v:

F(un: Vn) = G(Mn+17 Vn+1): F(Vm un) = G(Vn+1r Mn+1) forallm e N.
Since (u,v) is comparable to (x,y), we assume that (x,y) < (&, v) = (10, vo). Which implies

G(x,9) < G(ug,vo) and G(y,x) = G(vo, up). We suppose that (x,y) < (i, v,) for some n. We
prove that

(x,y) =< (Uns1, Vis1)-

Since F is G increasing, we have G(x, y) < G(u,,v,) implies F(x, y) < F(u,, v,) and G(y,x) >
G(vy, u,) implies F(y,x) = F(vy, u,). Now

G(x,y) = F(x,9) < F(y, V) = G(Ups15 Vis1)
and

Gy, x) = F(y,%) = F(V, ) = G(Vys1, t11)-
Thus we have

(%) < (uy,v,) forallmn. (3.28)
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Using (3.1) and (3.28), we have

¢(d(G(x1y)» Gty Vn+l)))
= ¢(d(F(x’y)»F(um Vn)))
< %q&(d(G(x,y), G(ttn, vn)) + d(G(, %), G(vy, )

_y (d(G(x,y), G(ttn, Vi) + d(G(, %), G(Vs un)))
5 .

Similarly
[0) (d(G(VyH—ly un+l)’ G()/; x)))
= ¢(d(F(Vn: un)’F(.y’x)))
< L 6(a(G0 1,60, ) + d (Gl 1), Gl )

_w(d(G(Vmun)» G, x)) + d(G(4n, Vi) G(x,y)))
5 .

Using (3.29), (3.30), and the property of ¢, we have

¢(d(G(x:y)r G(Ups1, Vn+1)) + d(G(yr %), G(Vpats Mn+1)))
< ¢(d(F(x,), F(ttn, Vi) + ¢(d(G(Vis1, thni1), G(7,%)))
< ¢(d(G,y), G(ttn, Vi) + d(G (5, %), GV, ) )

2y <d(G(xyy), G(n; V) + d(G(y, %), G(Va, un)))
2 ’

which implies that

d’(d(G(x’y)r G(”n+1: Vn+l)) + d(G()’, x)¢ G(Vn+1; Mn+1)))
< ¢(d(G(x,9), G, v)) + d(G (1, %), GV, 1))

By using the property of ¢, we get

d(G(x,y)’ G(urHl: Vn+1)) + d(G()/r x)r G(VVI+11 un+1))
<d(G(x,9), G, vy)) + d(G(y, %), GV, ).

(3.29)

(3.30)

(3.31)

This implies that the sequence {d(G(x,y), G(uy, v,)) + d(G(y,x), G(v4, u,))} is decreasing.

Therefore, there exists [ > 0 such that

lim [d(G(x,), G(tn, vn)) + d(G(y,%), G(va, )] = L.

n—+00

(3.32)

Now we show that / = 0. We suppose on the contrary that / > 0. Taking the limit as n — oo

in (3.31) and using the property of v, we have

Ad(G(,), G(ttn, V) + d(G (%), G(Vn, 4n))

B < (1) - 2n§131001/f< .
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a contradiction. Thus / = 0, that is,
lim [d(G(x,9), G(tn, V) + d(G(y,%), G(vy, 1)) ] = 0. (3.33)
n—+00
This implies that

lim d(G(x,y), G(un,vs)) = lim d(G(y,x), G(vy, u)) = 0.
n— +00 n—+00

Similarly, we show that

lim d(G(z, ), G(uy, V,,)) = lim d(G(t, 2), G(vy, u,,)) =0. (3.34)
Using (3.33) and (3.34), we have G(x,y) = G(z,£) and G(y,x) = G(t, 2). a

Example 25 Let X = [0,1] endowed with the natural ordering of real numbers. We endow
X with the standard metric X

d(x,y) = lx -yl

forallx,y € X. Then (X, d) is a complete metric space. Define the mappings F,G: X x X —
X as follows:

2 x>
Fixy)=1 2 =
0 ifx<y
and
x2 =92 ifx>y,
Gx,y) = yronE=y
0 ifx<y.

First we prove that F is G-increasing.
Let (x,9), (1, v) € X x X with G(x,y) < G(u,v). We consider the following cases.
Case 1: If x < y, then F(x,y) = 0 < F(u,v).
Case 2: If x > y, and if # > v, then

G(x»)’)SG(M,V) = xz_yZSMZ_V2 = X —y us—v

= F(x,y) <F(u,v).
But if # < v, then
Gx,y) <Gu,v) = 0<x’-y*<0 = x*=y> = F(xy) =0<Fu,v).

Thus we see that F is G-increasing.
Now we prove that for any x,y € X, there exist u#,v € X such that

F(x»)’) = G(M, V);
F(y,x) = G(v, u).

Let (x,y) € X x X be fixed. We consider the following cases.
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Case 1: If x = y, then we have F(x,y) =0 = G(x,y) and F(y,x) = 0 = G(y, ).
2_.2

Case 2: If x > y, then we have F(x,y) = 5> = G(%, %) and F(y,x) = 0 = G(3, §).

Case 3: If x < y, then we have F(x,y) = 0 = G(3, §) and F(y,x) = ﬂ% =G(3,3%).

Now we prove that G is continuous and has the mixed monotone property.

Clearly G is continuous. Let (x,y) € X x X be fixed. Suppose that x;,x; € X are such that
X1 < X3. We discuss the following cases.

Case 1: If x; < y, then we have G(x1,7) = 0 < G(x3, 7).

Case 2: If xy > x1 > ¥, then we have G(xy,y) = 7 — y> < x3 — % = G(x2,).

Similarly, we can show that if y1,y, € X are such that y; < y,, then G(x,y1) > G(x, y2).

Now, we prove that the pair {F, G} satisfies the generalized compatibility hypothesis.

Let (x,) and (y,,) be two sequences in X such that

ty = lim F(x,,y,) = lim G(x,,y,)
n—+00 n—+00

and

ty= lim F(y,x,)= lim G(y,,x,).
n—+0Q n—+00
Then we must have f; = £, = 0 and one can easily prove that

limy,— 400 d(F(G(xnryn)r G()’mxn)); G(F(xmyn)’F(yn:xn))) =0,
limn—>+oo d(F(G(yn:xn)r G(xmyn))r G(F(ymxn)’F(xmy;’l))) =0.

Now we prove that there exist two elements xy, yo € X with
G(x0,¥0) = F(x0,50) and G(yo,%0) > F(yo,%0)-

Since we have G(0, %) =0=F(0, %) and G(%,O) = i > ﬁ = F(%,O). Now, let ¢ : [0,00) —

[0, 00) be defined as ¢(t) = %t, for all £ € [0,00) and let ¢ : [0,00) — [0, 00) be defined as
¥(t) = %t, forall £ € [0, 00). Clearly ¢ € ® and ¥ € W. We next verify the contraction (3.1)
for all x,y,u,v € X, with G(x,y) < G(u,v) and G(v, u) < G(y,x). We have

¢(d(F(x,y),F(u,v))) = z[d(F(x,y),F(u, V)]

= 2 |F) ~ )

= 21663) - Gl

1/6(,9) - G(,v)

2 2
_ 116y) - G ) +1G(,%) - G, )|
) 2
_ 31Gxy) - Gu, V)| + |G, %) - G(v,u)|
T4 2
_ l |G(x’y) —G(M,V)| + |G(y’x)_ G(qu)|
4 2

= §|G(x,y) - G(u,v)| + \G(y,x) —G(v,u)|
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_11Gxy) - G, v)| + G, %) - G(v, u)]|
4 2

= %qﬁ(d(G(x,y), G(u,v)) +d(G(y,x), G(v,u)))

v (d(G(x,y), G(u,v)) +d(G(y,x), G(v, u)))
5 .

Hence condition (3.1) is satisfied. Thus all the requirements of Theorem 15 are satisfied
and (0, 0) is a coupled coincidence point of F and G.

4 Applications to the integral equations
Fixed point theorems for monotone operators in ordered metric spaces are widely inves-
tigated and have found various applications in differential and integral equations (see [1,
9, 10, 14] and references therein). Motivated by the work in [2, 35-38], we study the exis-
tence of solutions for a system of nonlinear integral equations using the results proved in
the previous section.

Let ® denote the class of those functions 6 : [0,00) — [0, 00) which satisfies the follow-
ing conditions:

(i) 0 is increasing.

(ii) There exists ¥ € W such that 6(¢) = % - l/f(%) forall t € [0, 00).

Consider the integral equation

b
x(t) = / (Ki(t, ) + Ka(t,9)) (f (s,%(5)) + g(s,%(5)) ) ds + h(2) (4.1)
a
for all ¢ € [a, b]. We assume that Kj, K, f, and g satisfy the following conditions:
(i) 0 <Kji(t,s), 0 < Ky(t,s) for all t,s € [a, b].

(i) There exist A, >0 and 6 € O such that forallx,y e R, x>y,
0<f(t,x)—f(t,y) < 0(x—y) and 0 <g(t,x)—g(t,y) <udlx-y).

(iii) We have

b
1
max{A, i} sup / (Ki(t,5) + Kx(t,5)) ds < 7
1 Ja

tela,b

(iv) There exist continuous functions z, w : [a, b)] — R such that
b
Z(t) < / Ki(8,5)(f (5,2(5)) + g (s, w(s))) ds

b
+ / Ka(t,9)(f (s, w(s)) +g(s,2(s))) ds + h(2)
and

b
w(t) > / Ki(8,5)(f (s, w(s)) + g(s,2(s))) ds

b
+ / K(t, s)(f(s, z(s)) +g(s, w(s))) ds + h(t)

for all £ € [a, b].
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Theorem 26 Counsider the integral equation (4.1) with K1, K, € C([a,b] x [a,D],R), f,g €
C([a,b] x R,R) and h € C([a, b],R) and suppose that the conditions (i)-(iv) are satisfied.
Then the integral equation (4.1) has a solution in C([a, b], R).

Proof Let X = C([a, b], R) denote the space of continuous functions defined on the interval
[a, b]. We endowed X with the metric d: X x X — R defined by

d(x,y) = sup ’x(t) —y(t)’ forall x,y € X.

tela,b)

It is clear that (X, d) is a complete metric space and (X, d, <) is a complete ordered metric
space if x < y whenever x(¢) < y(¢) for all ¢ € [a,b]. Suppose {u,} is a monotone non-
decreasing in X that converges to # € X. Then for every ¢ € [a, b] the sequence of real
numbers

w(t) <wup(t) <--- <wu,(t)<---

converges to u(t). Therefore for all ¢ € [a,b], n € N, u,(¢) < u(t). Hence u,, < u for all n.

Similarly, we can verify that lim, v(¢) of a monotone non-increasing sequence v,(¢) in X
is a lower bound for all the elements in the sequence. That is, v < v, for all n. Therefore,
condition (b) of Corollary 22 holds. Also, X x X = C([a, b],R) x C([a,]],R) is a partially
ordered set if we define the following order relation on X x X, for all x,y,u,v € X, with
x<uandy>v.

Define the mapping F: X x X — X by

b
F(x,y)(t) = / Ki(6,9)(f (s,%(5)) + g(s,5(5))) ds
b
+ f K (t,8)(F (s,0(9)) + g(s,x(5))) ds + h(¢)

for all ¢ € [a, b]. Now we shall show that F is increasing. For x; < xy, that is, x;(£) < x,(¢)
for all ¢ € [a, b], we have

b
F(x1,)(£) = F(x2,9)(2) = / Ki(,9)(f (s, %1(5)) + g(s,(5))) ds
b
+ / K(t, s)(f(s,y(s)) +g(s,x1 (s))) ds + h(t)
b
- f Ki(t, s)(f(s,xz(s)) +g(s,y(s))) ds
b
- / Ko (8,8)(f (5,9(5)) + g(s,%2(5)) ) ds — h(t)
b
= / Kl(t,s)(f(s,xl(s)) —f(s, xg(s))) ds
b

+ / K (t, s)(g(s,xl(s)) —g(s,xz(s))) ds

<0.
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Hence F(x1,y)(t) < F(x,y)(¢) forall t € [a, b], thatis, F(x1,y) < F(xy,y). Similarly, if y; < y5,
that is y1(£) < y,(¢) for all ¢ € [a, b], we have

b
F(o,1)(8) = F(x,92)(t) = / Ki(t,9)(f (s,%(5)) +&(s,1(5))) ds
b
+ / K (¢, S)(f(s,y1 (s)) +g(s,x(s))) ds + h(t)

b
- / Ki(t, S)(f(s,x(s)) +g(s,y2(s))) ds

a

b
- / I(Z(t,s)(f(s,yz (s)) + g(s,x(s))) ds — h(t)
b
- / K(6,5)(@(5 1) - g(5,32(5))) ds

b
+ f 1<2(t7 S)V(S,yl(s)) —f(S;J/z(S))) ds
<0.
Hence F(x,y1)(¢) < F(x,2)(¢) for all ¢ € [a,b], that is, F(x,y1) < F(x,y2). Thus F(x,y) is
increasing. Now, for x,, u,v € X such that x < u and v < y, we have

d(F(x,)(8) = F(u,v)(t))

= sup |F(x9)(t) - F(u,v)(t)|

tela,b]

b
/ Kl(t,s)(f(s,x(s)) + g(s,y(s))) ds

a

sup
tela,b]

b
+ / K (t,8)(f (s,0(9)) +g(s,x(5))) ds + h(2)
b
_ </ Ki(8,5)(f (s, u(s)) + (s, v(s))) ds

b
+ / K(t,8)(f (s, v(9)) + g(s,u(s))) ds + h(t)) ‘

sup
tela,b]

/abfﬁ(t,s)[(f (5:%(9)) £ (5,u(9))) + (g(s:(5)) - &(s,v(5))) ] ds

+ /;sz(t, s)[(f(s,y(s)) —f(s, v(s))) + (g(s,x(s)) —g(s, u(s)))] ds

< sup
tela,b)

b
/ Ki(t,s) [)»6’ (x(s) - u(s)) + 16 (y(s) - V(S))] ds

b
+ / Ky(t, s)[k@ (y(s) - V(s)) + 1o (x(s) - u(s))] ds

b
<max{\,u} sup / (Ki(t,s) + Ka(t, )
| Ja

tela,b

x [0(x(s) — u(s)) + 60 (y(s) — v(s))] ds.
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As the function 6 is increasing and u(t) > x(¢) and y(¢) > v(t) for all ¢ € [a, b], then 6 (x(s) —
u(s)) < 0(d(x,u)), 0(y(s) — v(s)) < 6(d(y,v)), for all s € [a, b], we obtain

b
d(F(x,y),F(u, v)) < max{A, i} - [9 (d(x, u)) + G(d(y, v))] - sup / (Kl(t, s) + Ky(t, s))

tela,b)

< %[9 (d(x,0)) +6(d,v))]
< O(d(x, u) +d(y,v))
< d(x,u); dy,v) B 1l/(d(x,u); d(y,v))

Therefore, for x < u and v < y, we have

d(E (7). E(u, ) < 222 ; o) _, (d(x, ) ; d(y, V))

Also from condition (iv) we have z(t) < F(z, w)(¢) and F(w, z)(t) < w(t) for all ¢ € [a, b], that
is, z < F(z,w) and F(w,z) < w. Thus all of the hypotheses of Corollary 22 are satisfied and
the mapping F has a coupled fixed point that is a solution in X = C([a, b], R) of the integral
equation (4.1). O
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