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Abstract

In this paper, we show that convergence of Picard, Mann, Krasnoselskij and Ishikawa
iterations is equivalent in cone normed spaces. Also, we prove that semistability of
these iterations is equivalent.
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1 Introduction
Let (E, || - ||£) be a real Banach space. A subset P C E is called a cone in E if it satisfies the
following conditions:
(i) Pis closed, nonempty and P # {0},
(i) a,b e R, a,b>0and x,y € P imply that ax + by € P,
(iii) ¥ € P and —x € P imply that x = 0.
The space E can be partially ordered by the cone P, by defining x < y ifand only if y—x € P.
Also, we write x < y if y —x € int P, where int P denotes the interior of P. A cone P is called
normal if there exists a constant k > 0 such that 0 < x <y implies ||x||g < k||y| g. The least
positive number satisfying above is called the normal constant of P.
From now on, we suppose that E is a real Banach space, P is a cone in E and < is a partial
ordering with respect to P.

Lemma 1.1 ([1]) Let P be a normal cone and let {a,} and {b,} be sequences in E satisfying
the following inequality:

Api1 = han + bm (1)
where h € (0,1) and b,, — 0 as n — oco. Then lim,,_, o a,, = 0.

Definition 1.2 ([2]) Let X be a vector space over the field F. Assume that the function
p: X — E having the properties:
(i) 0 <p(x) forallxin X,

(i) p(x+y) <p(x)+p(y) forall x, y in X,

(iii) p(ax) = |a|p(x) for all « € F and x € X.
Then p is called a cone seminorm on X. A cone norm is a cone seminorm p such that

(iv) x=0if p(x) =0.
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We will denote a cone norm by || - || and (X, || - ||¢) is called a cone normed space. Also,
dc(x,7) = ||x — y||. defines a cone metric on X.

Definition 1.3 ([3]) Let (X, || - ||.) be a cone normed space. Then A C X is called bounded
above if there exists ¢ € E, 0 < ¢ such that ||x — y||. < cfor all x,y € A.

Definition 1.4 Let (X, | - ||.) be a cone normed space. Let {x,} be a sequence in X and
x € X. If for any c € E with 0 < ¢, there exists an integer N > 1 such that for all # > N,
llx, — x|l < ¢, then we will say {x,} converges to x and we write lim,_, o %, = .

Definition 1.5 Let (X, || - ||.) be a cone normed space. Let {x,} be a sequence in X and
x € X. If for any ¢ € E with 0 < ¢, there exists an integer N > 1 such that for all n,m > N,
I, — % |lc < ¢, then {x,} is said to be a Cauchy sequence. If every Cauchy sequence is
convergent in X, then X is called a cone Banach space.

Lemma 1.6 ([4]) Let (X,d.) be a cone metric space, P be a normal cone. Let {x,} be a
sequence in X and x € X. Then {x,} converges to x if and only if lim,,_, o d.(x,,x) = 0.

Lemma 1.7 Let (X, | - ||.) be a cone normed space over the real Banach space E with the
cone P which is normal with the normal constant k. The mapping N : X — [0, 00) defined
by N(x) = ||(|lx]lo) | e satisfies the following properties:
() 1%l < Iylle implies N(x) < kN(),
(i) N(x+y) <k[N(x)+N@y)] forallx,yec X,
(iif) N(ox)=|a|N(x) foralla € F andx € X,
(iv) Nx—y) <k[Nx-2z1)+---+Nx-z,)] forallx,y,z1,...,2, € X,
(v) x=0ifand only if N(x) = 0.
Moreover, let A be a bounded above subset of X, then
(vi) {N(x):x € A} is a bounded set.

N
N

Proof The proof is obvious. d

Definition 1.8 Let (X, |- ||.) be a cone normed space over the real Banach space E with the
normal cone P. The mapping N, defined in Lemma 1.7, is called a norm type with respect
o -l

Lemma 1.9 Let (X, | - ||.) be a cone normed space over the real Banach space E with the
normal cone P. Also, let {x,} be a sequence in X and x € X. Then {x,} converges to x if and
only iflim,_, oo N(x, —x) = 0.

Proof Note that {||x, — x|} is a sequence in E and by Lemma 1.6, the proof is obvious.
O

Definition 1.10 Let X be a cone normed space and 7' : X — X be a map for which there
exist real numbers a, b, ¢ satisfying 0 <a <1,0<b<1/2and 0 < ¢ <1/2. Then T is called a
Zamlfirescu operator with respect to (4, b, ¢) if and only if for each pair x,y € X, T satisfies
at least one of the following conditions:

(Z1) I Tx - Tyl < alx =y,

(22) ITx - Tylle < blllx— Txlle + Iy — Ty,

(3) ITx - Tyl < (e = Tylle + Iy — Tll.).
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Usually, for simplicity, T is called a Zamfirescu operator if T is Zamfirescu with respect
to some triple (a,b,c) of scalers 4, b and ¢ with above restrictions. Also, T is called
f-Zamfirescu operator if at least one of the relations (Z1), (Z2) and (Z3) hold for all x € X
and for all y € F(T).

Remark 1.11 Let T be a Zamfirescu operator and x,y € X be arbitrary. Since T is Zam-
firescu, at least one of the conditions (Z1), (Z2) and (Z3) is satisfied. If (Z2) holds, then

ITx = Tylle < b(llx - Txlle + lly - Tyllc)
< b2l = Txlle + lly = xllc + | T = Ty lc)-

Thus we get
(I -D)ITx - Tyllc < bllx = yllc + 2bllx - Tx||..
Since 0 < b <1, we have
ITx - Tyl <—b [ l 2b llx — Tx||
X — c =< X—=9Ylc+ X — LX||c.
He=q WMt 175
Similarly, if (Z3) holds, then we obtain
c 2c
1Tx = Tylle < — llw=yllc + —llx = Tx|l..
1-c¢ 1-c¢
Hence
ITx - Tyl <$8llx—yllc +28[lx - Tx|l., (2)
where § := max{a, I_Lb, i=tand0<d <1

Definition 1.12 Let X be a cone normed space. A self-map T of X is called a quasi-
contraction if for some constant A € (0,1) and for every x,y € X, there exists

ue C(T2,9) = {2 = ylle, Ix = Txlle, 1y = Tylles lly = Tele, llx = Tyl }

such that || Tx — Ty||. < Au. If this inequality holds for all x € X and y € F(T), we say that T
is a f-quasi-contraction.

Definition 1.13 Let X be a cone normed space, T be a self-map of X and pg = ug = x¢ =
vo € X. The Picard iteration is given by

Pni1 = Tpy. (3)

For a sequence of self-maps {7,},cn, the iteration p,,; = T,p, is called the Picard’s S-
iteration.

Another two well-known iteration procedures for obtaining fixed points of T are Mann
iteration defined by

Ups1 = (1 - Ol,,)l/tn t+ oy Tun (4)
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and Ishikawa iteration defined by

Xn+l = (1 - an)xn +ay Tzn:

(5)
Zn = (1= Bu)xu + BuTx,
where {a,} € (0,1) and {8,}  [0,1). Also, the Krasnoselskij iteration is defined by
Va1 = L= A)v, + ATy, (6)

where A € (0,1).

If T is a self-map of X, then by F(T) we mean the set of fixed points of T. Also, Ny
denotes the set of nonnegative integers, i.e., No = N U {0}.

Lemma 1.14 ([5]) Let (X,d.) be a complete cone metric space and P be a normal cone.
Suppose that the mapping T : X — X satisfies the contractive condition

d.(Tx, Ty) < kd.(x,y)

forall x,y € X, where k € [0,1) is a constant. Then T has a unique fixed point in X and for
each x € X, the iterative sequence {T"x} converges to the fixed point.

Lemma 1.15 ([5]) Let (X,d.) be a complete cone metric space and P be a normal cone.
Suppose that the mapping T : X — X satisfies the contractive condition

do(Tx, Ty) < k(d(Tx,x) + dc(Ty,))

forall x,y € X, where k € [0,1/2) is a constant. Then T has a unique fixed point in X and
for each x € X, the iterative sequence {T"x} converges to the fixed point.

Lemma 1.16 ([5]) Let (X,d.) be a complete cone metric space and P be a normal cone.
Suppose that the mapping T : X — X satisfies the contractive condition

d.(Tx, Ty) < k(dc(Tx,y) +d.(Ty, x))

forall x,y € X, where k € [0,1/2) is a constant. Then T has a unique fixed point in X and
for each x € X, the iterative sequence {T"x} converges to the fixed point.

Lemma 1.17 ([2]) Let T be a quasi-contraction with 0 < A <1/2. Then T is a Zamfirescu
operator.

Definition 1.18 Let (X, || - ||.) be a cone normed space and {T},}, be a sequence of self-
maps of X with (", F(T,) #@. Let xo be a point of X and assume that x,.,1 = f(T,,%,) is
an iteration procedure involving {7}, which yields a sequence {x,} of points from X. The
iteration x,,,1 = f(T},x,) is said to be {T}}-semistable (or semistable with respect to {T,})
if whenever {x,} converges to a fixed point ¢ in (), F(T,,) and {y,} is a sequence in X with
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1im,, o [1Yn4e1 = f(Tos Yu)lle = 0 and ||y, = f (T, yu)llc = o(t,) for some sequence {z,} C R*,
theny, — q.

The iteration x,,1 = f(T,,%,) is said to be {T,}-stable (or stable with respect to {T,}) if
{x,} converges to a fixed point g in (), F(T,,) and whenever {y,} is a sequence in X with
1imy;, s o0 [|Yne1 = f (T, yu) |l = 0, we have y, — q.

Note that if T}, = T for all #, then Definition 1.18 gives the definitions of T-semistability
and T-stability respectively.

Lemma 1.19 ([2]) Let (X,d,.) be a cone metric space, P be a normal cone and {T),}en,
be a sequence of self-maps of X with (", F(T,) # 0. Suppose that there exist nonnegative
bounded sequences {a,}, {b,} with sup, b, <1 such that

Ade(Tux,q) < and(x, T,x) + byd.(x,q)

foreach n € Ng, x € X and q € (", F(T,,). Then the Picard’s S-iteration is semistable with
respect to {T,}.

Lemma 1.20 ([2]) Let (X, d.) be a cone metric space, P be a normal cone and {T,,},en, be a
sequence of self-maps of X with (1, F(T,,) # 8. Ifforalln € Ny, T, is a f-Zamfirescu operator
with respect to (aty, Bu, Vu) With sup,, v, < 1/2. Then the Picard’s S-iteration is semistable
with respect to {T,}.

Lemma 1.21 ([2]) Under the conditions of Lemma 1.22 if T, is a Zamfirescu operator for
all n, then the Picard’s S-iteration is semistable with respect to {T,},.

Lemma 1.22 ([2]) Let (X,d,) be a cone metric space, P be a normal cone and {T),}en,
be a sequence of self-maps of X with (), F(T,) # 9. If for all n € Ny, T,, is a f-quasi-
contraction with X, such that sup, A, < 1, then the Picard’s S-iteration is semistable with
respect to {T,},.

For some other sources on these topics, we refer to [6-23].

2 Main results
Theorem 2.1 Let X be a cone normed space and P be a normal cone. Suppose that T is a
Zamfirescu self-map of X and q € F(T). Then the following are equivalent:

(i) the Picard iteration converges to q,

(i) the Mann iteration converges to q.

Proof Let {o,} < (0,1) be given. We prove the implication (i) = (ii). Suppose that
lim,—, o p» = q. Now, by using (3) and (4), we have

i1 = Pustlle < (1= an) |ty = Tpnllc + etnll Titn — Tpullc
< (U —an)llttn = pulle + A = an)llpn = Tpnllc + otull Trin — Tpullc
< (= a)lltn = palle + 1= @) (I1pn = qlle + 1 Tpn - Tqll.)
+ || Tty — Tyl 7)
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Using (2) with x := p,,, ¥ := u,,, we get

1Ty — Tpulle < Slltty — pullc + 2811 pn — Tpullc

< 8lttw = Pulle +28(Ilpn — qllc + I T — Tqllc). (8)
Using (2) with x := ¢, y := p,,, we obtain
I Tpn — Tgllc < 1lpn — 4. )
Relations (7), (8) and (9) lead to
21 = puatlle < (1= (1= 8)atn) 11t = pullc + (1 = aty + 280,)(1 + 8) 1w — g
Set

an =ty — pulles
by =1 —a,+25a,)1+ 8)”Pn =4l

h:i=1-supw,.
n
Since lim,—  ||p» — gl = 0, by using Lemma 1.1, we get
lim [z, = pullc = 0.
H—0Q
Thus
0 =< llun—qllc <ty —pullc + lpn —qllc = 0,
as n — o00. This completes the proof.
Now we prove (ii) = (i). Suppose that lim,_, ||, — ¢l = 0. Applying (3) and (4), we

have

12141 = prsalle < (L —a)llu, - Tpulle + aull Ty, — Tpyllc
< (A —oap)lluy — Tugllc + | Ty — Tpullc (10)

Using (2) with x := u,,, y := p,,, we obtain
” Tun - Tpn”c = 8”14” _pn”c + 28”14,, - Tun”o (11)
Therefore, from (10) and (11), we get

ltns1 = Prsille < Sty — pullc + (1 -y +28) |y — Tyl
< 8llun—pallc + (1 —a, + 25)(””n =qllc+ I Tu, - anc)

58””71 _pn”c"'(l_an+25)(1+8)”un_q”c- (12)
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Put

an =ty = palle
by = (1— oy +28) 1+ 0)lluy —qllcs
h:=4.

Since lim,_, » b, = 0, by Lemma 1.1 and relation (12), we get lim,,_, o || — pullc = 0. Thus

lpn—all < llpn —unllc + |l un —gllc — O,

as n — oo and so the proof is complete.

O

Theorem 2.2 Let X be a cone normed space and P be a normal cone. Suppose that T is a

Zamfirescu self-map of X and q € F(T). Then the following are equivalent:
(i) the Picard iteration converges to q,
(ii) the Krasnoselskij iteration converges to q.

Proof For «,, = A, the Mann iteration reduces to the Krasnoselskij iteration. Now apply the

proof of Theorem 2.1.

O

Theorem 2.3 Let X be a cone normed space and P be a normal cone. Suppose that T is a

Zamfirescu operator of X and q € F(T). Then the following are equivalent:
(i) the Mann iteration converges to q,
(ii) the Ishikawa iteration converges to q.

Proof Let {a,} € (0,1) and {B,} < [0,1) be given. We prove the implication (i) = (ii). Sup-

pose that lim,,_, o, 4, = g. Using
lim [lx, — syl =0,
and
0=<llg—2xulle < llttw = qllc + 1% — thnllc,

we get lim,,_, » x,, = g. The proof is complete if we prove relation (13).
Using (2), (4) and (5) with x := u,,, y := z,,, we have

b1 = Znaalle < “ (1 = o)t = ) + 0t (Tt — Tzn)”C

< (@ —an)llety = xallc + @ull Ty — T2yl

= (1 _an)”un _xn”c + ansllun _Zn”c + 20!;46”1/!” - TM,,”C.

Using (2) with x := u,,, y := x,,, we have

letn = zulle < || (1= Bu) (ot — x) + Bt — Txn)HC
< (U= Bty = xnllc + Bulltn = Txullc

< A= B)llun = xullc + Bullen — Tuyllc + Bull Tty — Txill.

(13)

(14)

Page 7 of 14
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< A= Bllutn = xullc + Bullwn — Tunllc + Bubllttn — Xnllc + 2848 |6 — Tua|

= (1 - ﬂn(l - 5)) ||M,,, _xn”c + ,371(1 + 28)””n - Tun”c (15)
Relations (14) and (15) lead to

”Mn+1 _xn+1||c = (1 - an)”un _xn”c + Olnfs(l - ,Bn(l - 8)) ||I/£,, - xn”c
+ 0y Brd(L+ 28) luy — Ty || + 200,614 — Tay |
= (1-a,(1-8(1-Bu(1-9))))lltn — xullc
+ ané(ﬂn(l +268) + 2) et — Ty, ||
Put
ap = ||ty — %y lcs
bn = ana(ﬁn(l + 28) + 2) ”un - Tun”cr
h:=1-supa,.
n
Note that lim,,,  ||#t, — gl = 0, T is Zamfirescu and g € F(T). By (2) we obtain
0 < lluw— Tunllc < ttn —qllc + lg — Tulle < (8 + Dlluy, — qllc.
Hence lim,,_, , |4, — Tu,||. = 0; that is, lim,,_, o, b, = 0. Lemma 1.1 leads to
lim |z, — %]l = O.
n—0oQ
Now we will prove that (ii) = (i). Using (2) with x := z,,, y := u,,, we obtain

%041 = Unaallc < “ (1= o) — u) + (T2 — Tun)”C
< (U=an)llxn = unlle + 0nll Tz — Tty |l

< A —an)llwn — uallc + @ubllzn — tnllc + 20,812, — T2 . (16)

Also, the following relation holds:

lzw — unllc < ” (1= Bu)(xn = 1) + Bu(Txy — "‘n)“c
< A= B)llxn — tulle + Bull Txtn — unllc
< A= Bllxn = tnlle + Bull Tty = xulle + Bullxn — vl

< l%n = unlle + Bull Ty, — x4l c- (17)
Substituting (17) in (16), we obtain

”xn+1 - un+1||c
<@ —an)llxn = tnlle + ana(”xn = tlle + Bull Txn _xn”c) + 20,020 — Tzy ||

= (1 -Q1- S)O‘n) 1% — tnllc + 0tnBrdll Txy — X llc + 2008|120 — Tzl - (18)
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Put

= | — tnlle,
by := 0Bl Ty — Xulle + 2048120 — T2yl

h:i=1-supa,.

n

From lim,_,  ||%, — qllc = 0, T is Zamfirescu, g € F(T) and by (2) we obtain

0 = ”xn - Txn”c = ”xn _q”c + ”q_ Txn”c = (8 + l)Hxn - q”c;

and

0 < llzu — Tzullc
< l1zu —qllc + llg = Tznllc
<@ +Dlzn—qllc
<@+ D[A-Bl%s —qllc + Bullg — Tall]
< @+ D[A - Blxn =gl + 8Bllg — %]
<@ +D(1-B,(1-8))llg = xullc-

Hence lim,,_, o ||%,; — TX,]|c = 0 and lim,,_, o ||z, — T2, || = O; that is, lim,,_, o b, = 0.
Lemma 1.1 and (18) lead to lim,,_, ||, — %, ]| = 0. Thus, we get

”q_ Mn” = ||xn - Mn”c + ”xn - q”c — 0,
and the proof is complete. d

Corollary 2.4 Let X be a cone Banach space, P be a normal cone and T be a Zamfirescu
self-map of X. Then T has a unique fixed point in X and the Picard, Mann, Krasnoselskij
and Ishikawa iterative sequences converge to the fixed point of T.

Corollary 2.5 Let X be a cone Banach space, P be a normal cone and T be a quasi-
contraction mapping of X with 0 < A <1/2. Then T has a unique fixed point in X and the
Picard, Mann, Krasnoselskij and Ishikawa iterative sequences converge to the fixed point

of T.

Theorem 2.6 Let X be a cone Banach space and P be a normal cone. Suppose that T is
a self-map of X and that every Picard and Mann iteration converges to a fixed point of T.
Then the following are equivalent:

(i) the Picard iteration is semistable with respect to T,

(i) the Mann iteration is semistable with respect to T.

Proof Suppose that g is a fixed point of T such that every Picard and Mann iteration con-
verges to q. Let {y,} be an arbitrary sequence in X. For (i) = (ii), let

Jm 01 = (L= an)ya = Ty = 0
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and |y, — Tyull. = o(t,) for some {t,} € R*. We have

lyns1 = Dyulle < ||yn+1 —(=an)yn —a, Ty, ”C + (1 =)y — Tyulle — O

as n — 00. By assumption (i), we get lim,,, o0 ¥ = ¢.
Conversely, we prove (ii) = (i). Let limy,— o0 [|¥:1 = Dullc = 0 and ||y, — Tyl = o(t,) for
some {t,} C R*. We have

[ynsr = (1= ct)yn =t Tyu |,
<Y1 = Dyulle + A =) yner = Yulle + A = ) yni1 = Tyulle
<2 =a)llynst = Tyulle + (L= ) |Yne1 = yulle
< 2= a)lymr = Dalle + A= ) (17ne1 = Dulle + 19n = Dnllc)

=(3- 2an)||yn+l — Tyl + (1- an)”yn - Tyullc— 0

as n — 0o. Thus lim,_,« ¥, = ¢ and so the Picard iteration is semistable with respect
toT. O

Theorem 2.7 Let X be a cone Banach space and P be a normal cone. Suppose that T is a
self-map of X and that every Picard and Krasnoselskij iteration converges to a fixed point
of T. Then the following are equivalent:

(i) the Picard iteration is semistable with respect to T,

(i) the Krasnoselskij iteration is semistable with respect to T.

Proof In Theorem 2.7, put o, = 1. Then by the same method used in the proof of Theo-

rem 2.7, we can complete the proof. O

Theorem 2.8 Let X be a cone Banach space and P be a normal cone. Suppose that {a,,}
in Ishikawa iteration procedure satisfies lim,_, oo ., = 0, T is a self-map of X with bounded
above range and also every Picard and Ishikawa iterative sequence converges to a fixed
point of T. Then the following are equivalent:

(i) the Picard iteration is semistable with respect to T,

(ii) the Ishikawa iteration is semistable with respect to T.

Proof Suppose that g is a fixed point of T such that every Picard and Ishikawa iterative
sequence converges to g. Let {y,} € X and {8,} C [0,1) be given and set

Sp = (1 - ,Bn)yn + ,Bn Tym

Yn = 1Yns1 = Dnlles

an = ||yn+1 - (1 - Oln)yn - anTsn

o

M= sup{N(Tx) (X € X},

where N is the norm type with respect to (|| - ||.). It is assumed that T has bounded above

range and so, by Lemma 1.7, M < oo.

Page 10 of 14
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Now we prove that (i) = (ii). Let lim, 3, = 0 and ||y, — Ty,ll. = o(¢,) for some
{t,} € R*. Observe that

Y = 1Yns1 = ynlle
< |yner = A= @n)yn — @ T ||, + |4 = )y + €n T8 = T,
< ymn = A= a)yn = anTsu) + u(Iyulle + 1 Tsulle) + 170 = Tyl
< 8+ u(lyn = Tvalle + 1 Tyulle + 1 Toulle) + 1y = Tyulle

= Sn + an(”Tyn”C + ”TSn”c) + (1 + an)”yn - Tyn”c
By Lemma 1.7 we have

N(yn) < kN(sn + an(”Tyn”c + ||TS,,||C) + L+ a)lly. - Tyn”c)

< kN(8,) + 2kMa,, + k(1 + 2,)N(y, — Ty,) — O

as n — oo (here k is the normal constant of P). So, by Lemma 1.9, lim,,_, o ¥, = 0 and the
condition (i) assures that lim,_, « ¥, = g. Thus the Ishikawa iteration is semistable with
respect to 7.

Conversely, we prove (ii) = (i). Let lim,— oo ¥ = 0 and ||y, — Tyxllc = o(t,) for some
{t,} CR*. We have

= ||Yner = U= @n)yn — @ T,
< 1yt = Dulle + | Ty = (1= )y — 0 T,
= ¥ — Tynllc + ” Ty — (1= oy)yy — oy Isy + Ty — 0 Ty, ”C

< Vu+ Q= a)llyn = Dynlle + @ull Tyn — Tl
By Lemmas 1.7 and 1.9, we get

N(8,) < kN(Vn + (=) lyn = Tynllc + nll Tyn — TS,,”C)
< kN(yn) + k(1 - a, N(yn Tyn + ko, N (Tyn - Ts,)

< kN(y,) + k(1 -, )Ny, — Ty,) + 2kMa,, — O

as n — 00, where k is the normal constant of P. So lim,,_, » 8,, = 0 and by assumption (ii),

we have lim,,_, o ¥, = g. Thus the Picard iteration is semistable with respect to 7' d

Theorem 2.9 Let X be a cone Banach space and P be a normal cone. Suppose that {a,} in
Mann and Ishikawa procedures satisfies lim,_, oy, = 0, T is a self-map of X with bounded
above range and also every Mann and Ishikawa iterative sequence converges to a fixed point
of T. Then the following are equivalent:

(i) the Mann iteration is T-stable,

(ii) the Ishikawa iteration is T-stable.

Page 11 of 14


http://www.fixedpointtheoryandapplications.com/content/2014/1/5

Yousefi et al. Fixed Point Theory and Applications 2014, 2014:5 Page 12 of 14
http://www.fixedpointtheoryandapplications.com/content/2014/1/5

Proof Letgbeafixed point of T and every Mann and Ishikawa iterative sequence converge
to g. Suppose that k is the normal constant of P and put

M :=sup{N(Tx) :x € X},

where N is the norm type with respect to || - ||.. Since T has bounded above range, then
M < 0o. Now let {y,} be an arbitrary sequence in X. We prove (i) = (ii). For this suppose
that

Tim [ynn — (= @a)yn = o Tu = 0,
where s, = (1 - B,)y, + BTy, and {B,} < [0,1). We show that lim,,_, » ¥, = g. Note that
|yner = @ = @n)yn = €Ty |, < |Pner = = @n)yn — 0 T5]|, + llotw T =t Ty
By Lemma 1.7 and Lemma 1.9, we obtain
N1 — A= @)yn — @ Tyn) < kN (yui1 — (L= o)y — 00, T5,) + 2kMa, — 0,
as n — oo and so
Tim 301 = (1= et)yn = Ty, = 0.

Condition (i) assures that lim,,_, «, ¥, = ¢. Thus the Ishikawa iteration is T-stable.

Conversely, we prove (ii) = (i). Suppose that
Tim [y~ (U= @)yn = Ty, = 0.
We show that lim,,_, » y, = g. Put
$n = (1= Bu)yn + Bn Ty
and observe that

< ||yn+l - (1 - an)yn - anTyn “c + ”an Tyn -0y Tsn”c-

B

||yn+1 - (1 - an)yn — 0y TS,, |
By Lemma 1.7 and Lemma 1.9, we obtain
N(yrHl - (1 - Oln)yn — Uy Tsn) =< kN(yn+1 - (1 - arz)yn — 0y Tyn) + 2kMan -0

as n — oo and hence limy,_, o |Y5+1 = (1 — @)¥n — @, T84l = 0. By assumption (ii), we get
lim,,—, » ¥, = q and the proof is complete. d

Corollary 2.10 Let (X, || - ||.) be a cone normed space, P be a normal cone and T be a self-
map of X and q € F(T). Suppose that there exist nonnegative real numbers a and b with
b <1 such that

1Tx—qllc < allx - Tx|c + bllx - gll
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for each x € X. Assume that for {o,} < (0,1), lim,,» &, = 0, and let every Picard, Mann,
Krasnoselskij and Ishikawa iterative sequence converge to q. Then the Picard, Mann and
Krasnoselskij iterations are T-semistable. Moreover, if T has bounded above range, then
the Ishikawa iteration is T-semistable.

Corollary 2.11 Let (X, | - ||.) be a cone normed space, P be a normal cone and T be a f-
Zamfirescu or quasi-contraction self-map of X and q € F(T). Assume that {«,} in Mann
and Ishikawa iteration procedures satisfies {o,} < (0,1) and lim,_, o &, = 0. Also, let ev-
ery Picard, Mann, Krasnoselskij and Ishikawa iterative sequence converge to q. Then the
Picard, Mann and Krasnoselskij iterations are T-semistable. Moreover, if T has bounded
above range, then the Ishikawa iteration is T-semistable.
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