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Abstract

We introduce a new nonlinear mapping similar to the nonspreading mapping which
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1 Introduction
In 2008, Kohsaka and Takahashi [1] introduced the concept of nonspreading mapping. Let
T be a mapping on a subset C of a smooth Banach space E. T is said to be nonspreading if

O(Tx, Ty) + ¢(Ty, Tx) < ¢(Tx, y) + ¢(Ty, x) @

for all x,y € C, where ¢(x,y) = ||x]|> — 2{x,Jy) + ||ly||>. We denote by F(T) the set of fixed
points of T. They proved F(T) is nonempty provided C is bounded, closed, and convex;
and E is reflexive and strictly convex. In the case where E is Hilbertian, (1) is equivalent to

20 Tx - Tyll* < 1T = y11* + [l = Tyll”. ()

We note that the concept of nonspreading mapping is very important because of useful
applications.
On the other hand, Chatterjea [2] considered the following condition:

ITx - Tyl < «l Tx = yll + allx = Tyll,

where « is constant belonging to (0,1/2).

Motivated by the above, we introduce a new concept, named Chatterjea mapping. The
condition (5) of this concept is weaker than (2). It is meaningful to study Chatterjea map-
ping because the concept of nonspreading mapping is very important. In this paper, we
prove fixed point theorems for Chatterjea mappings without the convexity of the domain.
We also prove convergence theorems to a fixed point.
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2 Preliminaries

Throughout this paper we denote by N the set of all positive integers and by R the set of all
real numbers. For n € NU {0}, we define n! by 0! = 1 and (n + 1)! = n!(n + 1), that is, n! is the
factorial of n. Stirling’s formula lim,, /27 n(n/e)" /(n!) = 1 is well known. For 1,k € N U {0}
with k < n, we define C(n, k) = n!/(k!(n — k)!), that is, C(n, k) is the binomial coefficient of
(m; k).

A Banach space E is said to be smooth if the limit lim,_, o(||x + ¢y|| — ||lx||)/¢ exists for each
x,y € E with ||x|| = ||y|| = 1. The normalized duality mapping J from E into E* is defined
by (x, Jx) = ||lx||> = |[Jx||* for all x € E.

Let E be a Banach space. E is said to be strictly convex if ||x + y|| < 2 for all x,y € E with
Izl = |yl =1 and x # y. We recall that E is said to be uniformly convex in every direction
(UCED, for short) if for ¢ € (0,2] and z € E with ||z|| = 1, there exists § > 0 such that

llx+yll <2(1-6)

for all x,y € E with |x|| <1, |lyll <land x -y € {tz: t € [-2,—¢] U [+¢, +2]}. It is obvious
that UCED implies strictly convexity. We know that every separable Banach space can
be equivalently renormed so that it is UCED. See [3, 4] and others. We know UCED is
characterized as follows.

Lemma 1 ([5]) For a Banach space E, the following are equivalent:
(i) E is UCED.
(ii) If {u,} is a bounded sequence in E, then a function g on E defined by

g(x) = limsup ||z, — x|| 3)

n—0o0

is strictly quasiconvex, that is,

g(kx +(1- k)y) < max{g(x),g(y)}
forall » € (0,1) and x,y € E withx #y.

Let C be a subset of a Banach space E. C is said to be boundedly weakly compact if
its intersection with any closed ball is weakly compact. It is obvious that if E is reflexive,
then every closed convex subset is boundedly weakly compact. C is said to have the Opial
property [6] if for each weakly convergent sequence {x,} in C with weak limit z € C,

liminf ||x, — z|| < liminf||x, — y/|
n—00 n—00

holds for y € C with y # z. We remark that we may replace ‘liminf’ by ‘lim sup’ All nonempty
compact subsets have the Opial property. Also, all Hilbert spaces, ¥ (1 < p < 00) and
finite dimensional Banach spaces have the Opial property. A Banach space with a duality
mapping which is weakly sequentially continuous also has the Opial property [7]. We know
that every separable Banach space can be equivalently renormed so that it has the Opial

property [8].

Lemma 2 Let C be a boundedly weakly compact subset of a Banach space E and let f be
a function from C into R which is lower semicontinuous in the weak topology. Assume that
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either C is bounded or f satisfies
inf{f(x):xeC} < lim inf{f(x):xeC, [l¢]| zr}. (4)
Then minf(C) exists.

Proof Let {x,} be a sequence in C such that lim, f(x,) = inff(C). From the assumption,
{*4} is bounded. Since C is boundedly weakly compact, there exist a subsequence {x,,} of
{x,} and z € C such that {%y;} converges weakly to z. Since f is lower semicontinuous in
the weak topology, we have

inff(C) </(2) < liminff(x,,) = inf(C)
j—o0
and hence f(z) = inff(C). O

Let C be a subset of a Banach space E and let f be a function from C into R. f is said to
be nonincreasing with respect to a mapping T on C if f(Tx) < f(x) for all x € C. Also, from
now on, in the case where C is bounded, we consider every function f to satisfy (4).

The proof of the following lemma is obvious.

Lemma 3 Let 1 be a continuous, strictly increasing function from [0, 00) into itself. Then
the following hold:

(i) s<tifandonlyifn(s) <n(t).
(ii) Iflimsup,t, € R, then n(limsup, t,) = limsup, n(z,).

3 Chatterjea mapping
In this section, we introduce the concept of Chatterjea mapping.

Let T be a mapping on a subset C of a Banach space E and let 1 be a continuous, strictly
increasing function from [0, 0o) into itself with n(0) = 0. Then T is call a Chatterjea map-
ping with n if

20(1Tx = Tyll) < n(ITx = yll) + n(llx - Tyll) (5)

forallx,y € C.
From the definition, we can obtain the following propositions.

Proposition 4 Let T be a nonspreading mapping on a subset C of a Hilbert space E. Then
T is Chatterjea with t — t2.

Proof Obvious. g

Proposition 5 Let T be a mapping on a subset C of a Banach space E and let n be a
continuous, strictly increasing function from [0, 00) into itself with n(0) = 0. Assume that
there exists a € [0,1] such that

n(ITx = Tyll) < an(|ITx = yll) + 1 = a)n(llx - Tyll)

forall x,y € C. Then T is Chatterjea with 1.
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Proof For x,y € C, we have

(17 = Tyll) < an(l| Te = yll) + (1 = e)n(llx— Tyll)

and

(I Ty = Txll) < an(I Ty = 1) + A = e)n(lly - Txl)).
Adding the both inequalities, we obtain the desired result. O

Proposition 6 Let p and q be positive real numbers with p < q. Let T be a mapping on a
subset C of a Banach space E. Assume T is Chatterjea with t + t*. Then T is also Chat-
terjea with t — t1.

Proof Let a and B be nonnegative real numbers and define functions f and g from (0, oo)
into R by

1/r

f(r) =rlnr and g(}") = (ar + IBV) 2—1/r.

Then we note f is convex because f”(r) = 1/r > 0. We next show that g is nondecreasing.
In the case where a = 0 or 8 = 0, the nondecreasingness of g is obvious. In the case where

o >0 and B8 > 0, we have

d d
2800 =¢0)~ (In(g())

(40 (221
2 (ar + B7) 2 2 -

and hence g is nondecreasing. Let x,y € C be fixed. Then we have

1/pH-
ITx— Tyll < (I Tx = yIP + e — Ty|)P) 2717

g
< (1T =y + = Tyl 7) 27,
which implies that T is Chatterjea with ¢ > ¢7. d

Example 7 Let p and g be positive real numbers with p < g. Let E be a Banach space and
let w € E \ {0} be fixed. Define a mapping T on E by

0 ifx 4w,
Ix = 7
2V ifx = w.

Then T is Chatterjea with ¢ — ¢4, however, T is not Chatterjea with ¢ — ¢*.
Proof Let x € E \ {w} be fixed. Then since Tx = 0, we have

20Tw = Tx|7 = wll? < |1 Tw - 2|17 + [wl? = I Tw —x||? + |w - Tx||%,
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which implies that T is Chatterjea with ¢ — £4. On the other hand, since T?w = 0, we have

2| Tw - T?w|” = 2P| wiP > |w|? = | Tw - Tw|? + |w - T*w|”,

which implies that T is not Chatterjea with ¢ > #. d

Remark Example 7 also informs that Chatterjea mappings are not necessarily continuous.

4 Basic properties
In this section, we prove basic properties of Chatterjea mapping.

A mapping T on a subset C of a Banach space E is said to be quasinonexpansive [9] if
1T — 2|l < llx -zl (6)
forallx € C and z € F(T).

Proposition 8 Assume that a mapping T on C is Chatterjea and has a fixed point. Then
T is a quasinonexpansive mapping.

Proof Let n satisfy (5). For x € C and z € F(T), we have

20(ITx - 2ll) < n(I1 Tx = 2l) + n(llx - zIl)-
Using this and the strict increasingness of 1, we obtain (6). O
From Proposition 8, we obtain the following.

Lemma 9 Assume that a mapping T on C is Chatterjea and has a fixed point. Then {T"u}
is bounded for all u € C.

Proposition 10 Let T be a Chatterjea mapping on a closed subset C of a Banach space E.
Then F(T) is closed. Moreover, if E is strictly convex and C is convex, then F(T) is also

convex.
The following lemma plays a very important role in this paper.

Lemma 11 Put Iy = {(m,n) : m,n e NU{0},m < n} and I = {(m,n) : m,n € N,m < n}. Let
A be a function from I into [0, 00) satisfying the following:

« A(0,n) <1 forne NU{0};

e A(n,n)=0forneN;

e A(m,n) < (1/2)A(m —1,n) + (1/2)A(m,n - 1) for (m,n) € I.
Then the following hold.:

(i) A(m,n) <1 for (m,n) € Iy;
(i) AG+2mj+2n+1) < 357 > 4o Cm k) 2EEL A+ k,j + 2n +1-k) for j,n € NU{0};
(ii) AG+2n+1j+2n+2) < 57 Y o CQn+ L) F2E2A( + k,j + 2n + 2 — k) for
j,ne NU{0};
(iv) lim,— oo A(n,n+1) = 0.
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Proof We first note A(m, n) <1 for (m,n) € Iy \ I. Define a total order < on Iy by (my,n;) <
(my, ny) iff either n; < 1y or my = ny and my < my. Fix (m,n) € I and assume A(m',n') <1
for (m',n') € Iy with (m',n’) < (m, n). Then we have

Am,n) < 1/2) Am-1,n) + (1/2)A(m,n—-1) <1/2 +1/2 =1.
By induction, we obtain (i). In order to show (ii) and (iii), we also use induction with respect

to n. When n = 0, (ii) becomes A(j,j + 1) < A(j,j + 1), which clearly holds. We assume (ii)
holds for some n € NU {0}. Then we have

AGf+2n+1,j+2n+2)
=AG+1+2n,j+1+2n+1)
2n -2k +1
_22nZC(2n,k)7A(1+1+k]+1+2n+1 k)

1
ZC(Z k)w(A(]+k]+2n+2 k)

- 22n+1

+A(]'+k+1,j+2n+1—k))

n

1 . 2n -2k +1
= o (A(],} +2n+2)+ Z(C(Zn,k)izn )

k=1
2n—-2k+3
2mk—-1)— |AG+ k,j+ 2 2 -
+C(2n, k )2n—k+2> G+kj+2n+ k)

1
+C(2n,n)—A(j+n+1,j+n+1)>
n+1

2n—-2k+2

1
22n+1<A(//+2”+2)+ZC(2”+1k) )

A(j+k,j+2n+2—k)>
k=1

1
22n+1

21— 2k +2
ZCZn 1/)%A(}+k}+2n+2 k).
k=0

Hence (iii) holds provided (ii) holds. We also have

AG+2n+2,j+2n+3)
=A(G+1+2n+1,j+1+2n+2)

1§ wm-2k+2 ,
= Dot kX_O:C(Z’“+1:k)mA(I+1+k,]+1+2n+2—k)

2n—2k +2
< 22n+22€ (2n+1, k)ﬁ(A(1+k}+2n+3 k)

+A(+k+1,j+2n+2-k))

1 2n -2k +2
= Sonz (A(/]+2n+3) +kX}(C(2n+1,k)72n_k+2
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2n -2k + 4
2 Lk-1)——— JA(G+k,j+2 -
+C(2n + 1,k )2n—k+3> (j+kj+2n+3-k)
+C(2n+1,n)n+2A(j+n+1,j+n+2))

2n—-2k+3
T T A+ kj+2n+3—
o k+3 (+kj+2n+3-k)

1 n
= 22n+2 (A(]’] + 2” + 3) + Z C(2n + 2: k)
k=1

1
+C(2n+2,n+1)—A(j+n+1,j+n+2)>
n+2

n+l

1 2n-2k+3
= 02142 ;C(zn"'z’k)mlq(]‘l'k,]‘f'Zl’l +3 —k).

Thus (ii) holds when # := n + 1. By induction, we obtain (ii) and (iii). We put

1 <& 2n—2k +1
-—N'conkh—"""
n 22'4; L vy

and

1

- 2m—2k +2
Br= sam Y C@n+1,k)
k=0

2n—k+2°

From the above proof, we have 8, = a,, — 272""'C(2n,n)/(n + 1) and a,,,1 = B,; and hence
i1 = &y — 27271C(2m, n)/(n + 1). We shall show by induction

o, =272"C(2n, n) (7)

for n e NU{0}. When n = 0, (7) obviously holds. We assume (7) holds for some n € NU{0}.
Then we have
Opy1 = Oy — 2_2n_lc(2l’l, Vl)/(l’l + 1)
=272"2C(2m,n)(4 - 2/(n +1))

_ 22 2n)4n +2 o2 2n)!2n+12n+2
- )2 m+1 m)? n+l n+1

=222C02n+2,n+1).

Thus (7) holds when 7 := n + 1. By induction, (7) holds for all n. We have

" _ 3 1 (2m)!
nggo O = nglc;lo ﬁ (n!)2

(2m)! 2n
_ i T VA n(2nle)
n=oc0 221 (771:(!”/@” V227w n(n/e)?”
(2n)!
- lim V2 n(2nle)?n 1

s n! 2/
e (\/27'[;1(;1/13)”) n

=0.
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We also have lim,, 8, = lim,, .41 = 0. By (i) and (ii), we obtain

lim A(2n,2n +1)

n—0o0

1 2n—2k +1
< nll>rgo ﬁ ; C(2n,k)mA(k, 2n+1-— k)

N 2n -2k +1
= Jim 5 2 Conh% 0T

k=0
= lim «, = 0.
n—00
Similarly we can prove lim, A(2xn + 1,2n + 2) = 0. We have shown (iv). O

A mapping T on C is said to be asymptotically regular at x € C [10] if
lim | T"*'% - T"x| = 0. (8)
n—00

T is said to be asymptotically regular on C if T is asymptotically regular at all x € C.

Lemma 12 Let T be a Chatterjea mapping on a subset C of a Banach space E. Assume
{T"x} is bounded for some x € C. Then T is asymptotically regular at x.

Proof Let n satisfy (5). From the assumption, there exists a positive real number M such
that M > n(2||T"x||) for n € NU {0}. Define a function A by

1
A(m, n) = MU(” T"x — T"x”)

for m,n € NU {0} with m < n. Then all the assumption of Lemma 11 are satisfied. So we

obtain
lim (]| 7" - T"'x|) =M lim A(n,n+1) =0.
Therefore T is asymptotically regular at x. O

Proposition 13 Let T be a Chatterjea mapping on a subset C of a Banach space E. Assume
{T"u} is bounded for some u € C. Then the following hold.:

(i) {T"x} is bounded forall x € C.

(ii) T is asymptotically regular on C.

Proof Let n satisty (5). Define a continuous function f from C into [0, c0) by
@) =limsupn([| T"u - x[)) )
for all x € C. Then f is well defined from the assumption. We have
2f (Tx) = limsup 2 (| T"u - Tx||)
00

< tim sup(n (| 7"u - =) + n(| 7" — Tx[))

Page 8 of 13
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<limsupn (|| 7"u - x||) +limsupn(|| 7" u - Tx|)
=f(Tx) + f (x),

which implies f(7Tx) < f(x). Thus, f is nonincreasing with respect to 7. Hence f(7"x) <
f(x) for n € N. This implies that {T"x} is bounded. We have shown (i). By Lemma 12, we
obtain (ii). O

5 Convergence theorems
In this section, we prove convergence theorems under the assumption that the domain C
has the Opial property.

Proposition14 Let T be a Chatterjea mapping on a subset C of a Banach space E. Assume
C has the Opial property. If {x,} converges weakly to z € C and lim,, || Tx,, — x,,|| = 0, then
Tz =z. That is, I — T is demiclosed at zero.

Proof We note that {x,} is bounded. Since
1 Txn = yll = 1T%0 = Xull < 1% = YIl < 1 To00 = xull + 1 T2, = ¥l
we have

limsup || Tx, — y|| = limsup |lx, — ¥/l

n— 00 n— 00

for all y € C. Using this, we have

2r]<lim sup ||x, — Tz||) = Zn(lim sup || Tx, — Tzll)

n—0o0 n—00

= limsup 27 (|| Tx,, — Tzl|)

n—00

< limsup(n(lI T2, —2l) + n(llx. - Tz1))

n— o0

<limsup (|| Tx, — z|) + limsup n(|lx, — TZ||)

n— 00 n—oo

- n(lim sup || T, — z||) + n(lim sup [, — Tz||>

n—00 n—00

= n(lim sup ||x, — z||> + n(lim sup ||lx, — Tzll)

n—00 n—00

and hence

n(limsup %, — Tz||) < n(limsup %0 —z||).

n—o0 n—00

Since C has the Opial property, we obtain 7z = z. O

Remark A function y — limsup,, n(||x,—y||) from C into [0, 00) is also nonincreasing with
respect to 7.
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Theorem 15 Let T be a Chatterjea mapping on a subset C of a Banach space E. Assume
{T"u} is bounded for some u € C; and C is boundedly weakly compact and has the Opial
property. Then {T"x} converges weakly to a fixed point of T for all x € C.

Remark We do not need the convexity of C.

Proof Fix x € C. By Proposition 13, {T"x} is bounded and lim,, || 7”x — T o T"x| = 0. From
the assumption, there exist a subsequence {7 x} of {T"x} and z € C such that {T"x} con-
verges weakly to z. By Proposition 14, z is a fixed point of T'. By Proposition 8, we note that
{llT"x—z||} is a nonincreasing sequence. Arguing by contradiction, assume that { 7”x} does
not converge to z. Then there exist a subsequence {7T"x} of {T"x} and w € C such that

{T"kx} converges weakly to w and z # w. We note Tw = w. From the Opial property,

lim || 7"x - z|| = lim | T"%x - z|| < lim | T"x - w|| = lim | T"x - w|
n—00 Jj—> o0 Jj—00 Hn—>00

= lim || T”kx—wH < lim || T”kx—z” = lim || T”x—z”.
k—o00 k—o00

n—00

This is a contradiction. Therefore {T"x} converges weakly to z. ad
As direct consequences of Theorem 15, we obtain the following.

Corollary 16 Let T be a Chatterjea mapping on a weakly compact subset C of a Banach
space E. Assume C has the Opial property. Then {T"x} converges weakly to a fixed point of
T forallx € C.

Corollary 17 Let T be a Chatterjea mapping on a compact subset C of a Banach space E.
Then {T"x} converges strongly to a fixed point of T for all x € C.

6 Existence theorems
In this section, we prove the existence of fixed points of Chatterjea mappings. By Lemma 9
and Theorem 15, we obtain the following.

Theorem 18 Let T be a Chatterjea mapping on a subset C of a Banach space E. Assume
C is boundedly weakly compact and has the Opial property. Then the following are equiv-
alent:

(i) {T"u} is bounded for some u € C.

(i) T has a fixed point.

As direct consequences of Theorem 18, we obtain the following.

Corollary 19 Let T be a Chatterjea mapping on a subset C of a Banach space E. Assume
that either of the following holds:

o Cis compact;

» Cis weakly compact and has the Opial property.
Then T has a fixed point.

Remark It is obvious that Corollary 19 also can be proved by Corollaries 16 and 17.
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Corollary 20 Let T be a nonspreading mapping on a weakly closed subset C of a Hilbert
space E. Then the following are equivalent:

(i) {T"u} is bounded for some u € C.

(i) T has a fixed point.

Remark Corollary 20 is a generalization of Corollary 4.4 in [1] because we do not assume
the convexity of C.

We shall prove fixed point theorems in UCED Banach spaces.

Lemma 21 Let C be a boundedly weakly compact and convex subset of a Banach space E.
Let T be a mapping on a subset C. Assume that there exists a lower semicontinuous, strictly
quasiconvex function f from C into R such that f is nonincreasing with respect to T and f
satisfies (4). Then T has a fixed point.

Proof Since f is quasiconvex, we note that f is lower semicontinuous in the weak topology.
By Lemma 2, there exists z € C such that f(z) = inff(C). Since f is nonincreasing with
respect to T, f(1z) < f(z). Thus f(1z) = f(2). If Tz # z, then since f is strictly quasiconvex,
we have

f(z) ff((z + Tz)/2) < max{f(z),f(Tz)} =f(2).
This is a contradiction. Hence 7z = z. O

Lemma 22 Let C be a boundedly weakly compact and convex subset of a Banach space E.
Let Ty, T1, Ty, ..., T¢ be commuting mappings on C. Assume that for every j =0,1,2,...,¢,
there exists a lower semicontinuous, strictly quasiconvex function f; from C into R such that
[; is nonincreasing with respect to T; and f; satisfies (4). Assume also that F(T}) is closed and

convex forj=1,2,...,L. Then ﬂfzo F(T;) is nonempty.

Proof By Lemma 21, F(T}) is nonempty. Since F(T1) is closed and convex, F(T}) is weakly
closed. Thus F(T7) is boundedly weakly compact. We assume that A;_; := ﬂ}k:_ll F(T)) is
nonempty, boundedly weakly compact and convex for some k e Nwith1 <k <¢.Forx e
Ara andj e Nwith1 <j <k, since Ty o Tj = Tjo Ty, we have Tyx = Ty o Tjx = T; o Tyx, thus
Tyx is a fixed point of T;. Therefore Ty(Ax_1) C Ax_1. By Lemma 21 again, T} has a fixed
point in Ax_;, thus, Ay := ﬂ]/;lF(T,') # . Since Ay is closed and convex, Ax is nonempty,
boundedly weakly compact and convex. By induction, A; is nonempty, boundedly weakly
compact and convex. By Lemma 21, Ty has a fixed point in A,. This completes the proof.

O

Lemma 23 Let C be a weakly compact and convex subset of a Banach space E. Let S =
{To} U S be a family of commuting mappings on C. Assume that for every T € S, there
exists a lower semicontinuous, strictly quasiconvex function fr from C into R such that fr
is nonincreasing with respect to T. Assume also that F(T) is closed and convex for T € §S'.
Then S has a common fixed point.

Proof By Lemma 22, {F(T) : T € §'} has the finite intersection property. Since C is weakly
compact and F(T) is weakly closed for every T € §', we have A := (), g F(T) # @. Since A
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is weakly compact and To(A) C A, T has a fixed point in A. Thus S has a common fixed

point. g

Lemma 24 Let C be a convex subset of a UCED Banach space E. Let T be a Chatterjea
mapping on C. Assume that {T"u} is bounded for some u € C. Define a function f from

C into [0,00) by (9). Then f is a continuous, strictly quasiconvex function such that f is

nonincreasing with respect to T and f satisfies (4).

Proof We note that a function g defined by (3) is continuous and strictly quasiconvex; and

g satisfies (4). So f is also continuous and strictly quasiconvex; and f satisfies (4). We have

shown that f is nonincreasing with respect to 7" in the proof of Proposition 13. d

Using Lemmas 21-24, we obtain the following.

Theorem 25 Let C be a boundedly weakly compact and convex subset of a UCED Banach

space E. Let T be a Chatterjea mapping on C. Then the following are equivalent:

(i) {T"u} is bounded for some u € C.
(i) T has a fixed point.

Theorem 26 Let C be a boundedly weakly compact and convex subset of a UCED Banach

space E. Let Ty, T», ..., T; be commuting Chatterjea mappings on C. Assume that {T;"u} is
bounded for all u € C and j. Then ﬂle FE(T)) is nonempty.

Theorem 27 Let C be a weakly compact and convex subset of a UCED Banach space E.

Let S be a family of commuting Chatterjea mappings on C. Then S has a common fixed

point.
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