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1 Introduction and preliminaries
In 1975 Matkowski introduced the following class of mappings.

Definition 1.1 [1] Let T be a mapping on a metric space (X, d). Then T is called a weak
contraction if there exists a function ¢ from [0, 00) to itself satisfying the following:
(i) ¢ is nondecreasing,
(ii) lim, ¢"(t) =0 forall £ >0,
(ili) d(Tx, Ty) < p(d(x,y)) for all x,y € X.

In the same paper he proved the existence and uniqueness of a fixed point for such
type of mappings. This result is significant because the concept of weak contraction of
Matkowski type is independent of the Meir-Keeler contraction [2], and it was generalized
in different directions [3-10]. Matkowski generalized his own result proving a theorem of
Segal-Guseman type [11].

Theorem 1.1 [4] Let (X,d) be a complete metric space, T : X — X, and ¢ : [0,00) —
[0,00). If ¢ is nondecreasing, lim,_, oo (t — ¢(t)) = 00, limy_, o0 9*(£) = 0 for t > 0, and for
each x € X there is a positive integer n = n(x) such that for all y € X,

d(T"™x, T"™y) < p(d(x,9)),
then T has a unique fixed point a € X. Moreover, for each x € X, limy_, o, TX(x) = a.

The aim of this paper is to show that this result is valid in a more general class of spaces
and wide class of functions ¢.

In 1963, Gihler introduced 2-metric spaces, but other authors proved that there is no
relation between the two distance functions and there is no easy relationship between re-
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sults obtained in the two settings. Dhage introduced a new concept of the measure of near-
ness between three or more objects. But the topological structure of so-called D-metric
spaces was incorrect. Finally, Mustafa and Sims [12] introduced the correct definition of
a generalized metric space as follows.

Definition 1.2 [12] Let X be a nonempty set, and let G: X x X x X — R* be a function
satisfying the following properties:

(Gl) G(x,9,2) =0ifx=y=2z;

(G2) 0<G(x,x,y), for all x,y € X, with x # ;

(G3) G(x,x,9) < G(x,y,2), for all x,7,z € X, with z # y;

(G4) G(x,9,2) = G(x,2,9) = G(y,z,x) = - - - (symmetry in all three variables);

(G5) G(x,9,2) < G(x,a,a) + Gla,y,z), for all x,y,z,a € X.
Then the function G is called a generalized metric, abbreviated G-metric, on X, and the
pair (X, G) is called a G-metric space.

Clearly these properties are satisfied when G(x, y, z) is the perimeter of the triangle with
vertices at x, y, and z € R?. Moreover, taking a in the interior of the triangle shows that
(G5) is the best possible.

Example 1.1 [12] Let (X, d) be an ordinary metric space, then (X, d) defines G-metrics on
X by

Gs(x,y,2) =d(x,9) + d(y,z) + d(x,2),
Gu(x,y,2) = max{d(x,y),d(y, z),d(x, z)}.

Example 1.2 [12] Let X = {a, b}. Define G on X x X x X by
G(a,a,a) = G(b,b,b) =0, G(a,a,b) =1, G(a,b,b) =2,

and extend G to X x X x X by using the symmetry in the variables. Then it is clear that
(X, G) is a G-metric space.

The following useful properties of a G-metric are readily derived from the axioms.

Proposition 1.1 [12] Let (X, G) be a G-metric space, then for any x, y, z and a from X it
follows that:
L ifGxy,2)=0,thenx=y=z,
G(x,9,2) < Gx,%,9) + Glx,%,2),
G(x,2,9) < 2G(y,%,%),
G(x,y,2) < G(x,a,2) + G(a,9,2),
G,,2) < 2(Gx.5,0) + G(x,4,2) + G(a,9,2)),
G(x,,2) < Gx,a,a) + G(y,a,a) + G(z,a,a).

o U a W

Definition 1.3 [12] Let (X, G) be a G-metric space, and let {x,} be a sequence of points
of X. A point x € X is said to be the limit of the sequence {x,} if lim, ;;,—, oo G(%, %, %,,) = O,
and one says that the sequence {x,} is G-convergent to x.
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Proposition 1.2 [12] Let (X, G) be a G-metric space, then for a sequence {x,} C X and a
point x € X the following are equivalent:

1. {x,} is G-convergent to x,

2. Gxy,xu,%) — 0asn— 0o,

3. G(xu,%,x) — 0asn— oo.

Definition 1.4 [12] Let (X, G) be a G-metric space, a sequence {x,} is called G-Cauchy
if for every ¢ > 0, there is N € N such that G(x,,x,,%;) < ¢, for all n,m,[ > N, that is, if
G(xy, %, %) — 0 as n,m, | — oo.

Proposition 1.3 [12] In a G-metric space (X, G), the following are equivalent:
1. the sequence {x,} is G-Cauchy,
2. forevery e > 0, there exists an ny € N such that G(x,, Xm, %) < €, for all n,m > ny.

A G-metric space (X, G) is G-complete (or complete G-metric), if every G-Cauchy se-
quence in (X, G) is G-convergent in (X, G).

Proposition 1.4 [12] Let (X, G) be a G-metric space, then the function G(x,y,z) is jointly
continuous in all three of its variables.

Definition 1.5 (X, G) is symmetric G-metric space if G(x,y,y) = G(y,x,x) for all x,y € X.

Fixed point theorems in symmetric G-metric space are mostly consequences of the re-
lated fixed point results in metric spaces. In this paper we discuss the non-symmetric case.

In [13] it was shown that if (X, G) is a G-metric space, putting §(x,y) = G(x,,7), (X,8) is
a quasi-metric space (8 is not symmetric). It is well known that any quasi-metric induces
different metrics and mostly used are

() nlxy) =38y +(y,x),
(,0) P(x;y) = max{5(x,y)»5(%x)}-

The following result is an immediate consequence of above definitions and relations.

Theorem 1.2 Let (X, G) be a G-metric space and let D € {8, p}. Then
1. {x,} C X is G-convergent to x € X if and only if {x,} is convergent to x in (X, D);
2. {x,} C X is G-Cauchy if and only if {x,} is Cauchy in (X, D);
3. (X, G) is G-complete if and only if (X, D) is complete.

Recently, Samet et al. [14] and Jleli-Samet [13] observed that some fixed point theorems
in the context of a G-metric space can be proved (by simple transformation) using re-
lated existing results in the setting of a (quasi-) metric space. Namely, if the contraction
condition of the fixed point theorem on G-metric space can be reduced to two variables,
then one can construct an equivalent fixed point theorem in setting of usual metric space.
This idea is not completely new, but it was not successfully used before (see [15]). Very
recently, Karapinar and Agarwal suggest new contraction conditions in G-metric space in
a way that the techniques in [13, 14] are not applicable. In this approach [16], contraction
conditions cannot be expressed in two variables. So, in some cases, as is noticed even in
Jleli-Samet’s paper [13], when the contraction condition is of nonlinear type, this strategy
cannot be always successfully used. This is exactly the case in our paper.
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For more fixed point results for mappings defined in G-metric spaces, we refer the reader
to [3, 6,9, 10, 15-36].

2 Main result

A generalization of the contraction principle can be obtained using a different type of a
nondecreasing function ¢ : [0,00) — [0,00). The most usual additional properties im-
posed on ¢ are given using a combination of the next seven conditions:

¢1) ¢(0) =0,
@) @(t) <t forallt>0,
@3) lim;, o ¢'(£) = 0, for all £ > 0,

@s) forany y > 0 there exists a t(y) > 0, £(y) = sup,-o{t <y + @(£)},

@e) lim, oo (t — (1)) =

(
(
(
(p4) if {t;} C [0,00) is a sequence such that £;,; < ¢(¢;), then lim;_,» ¢; = 0,
(
(
(p7) Y2 ¢'(t) < 00, forallt>0

Some of the noted properties of ¢ are equivalent, some of them imply others, some of
them are incompatible. The next lemma discusses some of the relations between proper-
ties (¢1)-(¢7), especially those which are used in this paper to define a generalized con-

traction.

Lemma 2.1 Let ¢ : [0,00) — [0,00) be a nondecreasing function. Then
(@) (¢3) © (9a) = (92),
(ii) if @ is right continuous, then (¢2) < (¢3) < (@a),

(¢ (px) = (92) = (¢1), where k € {3,4},

@5) < (6),

(iii) (¢7) =
) &

©2) # (93), (92) # (pa),
)
)

)

)

(iv)

w)
) (¢5) + (93) % (¢7) and (¢s) + (p3) % (¢7),
) (¢7) # (¢s) and (¢7) # (@s)-

(vi

(
(
(
(vii) (

Proof (i) (gog = (¢2): If for some ¢ > 0, ¢(t) > ¢, then, knowing that ¢ is nondecreasing,
0l(t) = U (t) > - - > @(t) > t > 0. It means that lim,_, , ¢*(£) # 0, which contradicts (¢3).

(p3) = (p4): Let {t;} C [0,00) be any sequence such that ¢;,; < ¢(¢;). Using the im-
plication (¢3 ) (92), we get t; < @(tig) < @*(tia) < -+ < ¢'(to) and lim; oo t; <
lim;, o ¢*(f0) =

(pg) = ((/)3). We assume that for some ¢ > 0, lim,_, o, ¢’(t) = 2 > 0. Since (¢4) = (¢), the
sequence t; = ¢'(t) satisfies condition t;,1 = ¢*1(t) = p(¢'(2)) < ¢'(£) = t;, but it converges
to a > 0. That contradicts (¢4).

(ii) It is enough to prove that () = (¢3): We assume that for some ¢ > 0, lim;_, o, ¢*(¢) =
a > 0. Since {¢(t)} is a nonincreasing sequence, by the right continuity of ¢, ¢(a) =
@ lim;_, 00 @'(t) = lim; 00 @*H(t) = a > 0, i.e. 0 < a = ¢(a), which contradicts (¢,).

(iii), (iv) are obvious, so the proof is omitted.

(v) The function

0<t<2,
+1, 2<t

satisfies (¢,), but not (¢3), nor (¢4), since for every ¢ > 2, lim;_ o, *(£) = 2 #0.
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(vi) The function

o) - n+2)7Y, m+)l<t<nLneNl,
R ER 1<t

satisfies (¢s), (¢5), and (¢3), but not (¢;).
(vii) The function

()2 0<t<2,
() =12
t—1, 2<t¢t

satisfies (¢-), but not (¢s), nor (¢g). O

Theorem 2.1 Let (X, G) be a complete G-metric space, T : X — X, where the nondecreas-
ing function ¢ satisfies (¢s) or (¢e) together with (¢s3) or (¢a) and for each x € X there exists
a positive integer n = n(x) such that

G(T"x, T"Wx, T"®y) < o(Glx,,9)) v

forally € X. Then T has a unique fixed point a € X. Moreover, for each x € X, lim T"x = a
and T"® is continuous at a.

Proof Let the nondecreasing function ¢ satisfy (¢g) together with (¢3) (weak contraction
in the sense of Matkowski). Then by Proposition 1.1(3), in a non-symmetric G-metric
space we have

G(T"x, T"™y, T"™y) < 2G(T"x, T"™x, T"™y) < 20(G(x,%,)).
The last inequality together with (1) implies

p(Tn(x)x, T”(x)y) < 2(,0 (p(x’y))

for all x,y € X. So, one can apply the Matkowski fixed point theorem if the function 2¢ = ¢
satisfies the conditions (¢3) and (). Since there exist functions ¢ which satisfy (¢3) and
ﬁ, t > 0), the Jleli-Samet technique [13] is not
applicable. We are going to prove our theorem using the G-metric G.

(@s), but 2¢ does not (for example ¢(£) =
We first prove by mathematical induction that, for every x € X, the orbit {T*x}; is
bounded.

Fix x € X, fix the integer s, 0 < s < n = n(x) and put

Uy = G(x, x, Tk”(")”x), k=0,1,2,...,

h= max{G(x, X, T”(")x), G(x, X, sz) }
By (¢¢) there exist ¢, ¢ > 4, such that

t—@(t)>h, t>c

Page 5of 13


http://www.fixedpointtheoryandapplications.com/content/2014/1/46

Gaji¢ and Stojakovic Fixed Point Theory and Applications 2014, 2014:46
http://www.fixedpointtheoryandapplications.com/content/2014/1/46

The last inequalities imply that 1, < c. Suppose that there exists a positive integer j such
that u; > ¢, but u; < c for i <.
Using (1), we get
u =G (x, X, Tj”(x)+sx) <G (x, x, T"(x)x) +G (T”(")x, T @)y, T’”(’“)+Sx)
<h+oui1) <h+ o),
i.e. uj — @(u;) < h, which contradicts the choice of c. Therefore u; < ¢ for j=0,1,..., and

consequently the orbit {7%x}; is bounded, so sup; G(x,x, Tx,) = M < oo.

For any xy € X, we define sequence {x} as follows:
Xrs1 = T, me = n(xg),k=0,1,.... )

We shall prove that {x} is a Cauchy sequence. Let k,j € N. From (2) we obtain

n, +e 4,
xk+] T"k+j-1 kxk

With the notation so = #x4j_1 + - - - + 1, we have

G0k Xk K1) = G (% 20, T*02%1)
G(T" (k1) T (xx1), T T*0x1 1)
§0( (xk 1 Xk-1, T0x 1)) =@ (G(xo,xo, Tsoxo))

).

IA
s

Since limy ¢*(£) = 0, {xx}« is a Cauchy sequence in a complete G-metric space, limy x = a,
acX.
In order to prove that T"@g = g, we assume that G(a, T"@a, T"g) = ¢ > 0. Using the
same arguments as in the previous part of the proof, we see that
lim G (e, 2, T" %) =0,
meaning that there exists ko € N such that
. (a) 1 1
hlgn G(xk,xk, T xk) < 3 (8 - (p(e)), Gla,a,x;) < 3 (8 - (p(s)).

Hence,

£ = G(T”(“)a, T"%g, a)

< G(T”(”)a, T" g, T”(”)xk) + G(T”(”)xk, T”(”)xk,xk) + Glxx, x5, @)

< go(G(a, a,xk)) + %(8 - <p(5)) < %(8 + <p(8)) <&

From the last contradiction we conclude that 7"@g = a.

Page 6 of 13
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Suppose that there is a point b € X, b # a, such that T"@b = b. Then, by (1),
Gla,a,b) = G(T”(“)a, T"9g, T”(“)b) < <p(G(a, a, b)) < Gla,a,b).

This contradiction proves that « is a unique fixed point of 7"®. According to Tz = T"¥ Ta
and from the uniqueness which has been proved already, we deduce that 7z = a.

Next, we claim that limg T%x = a, for each x € X. To prove this, fixx € X,se N, 0 <s<
n(a) and put

ay = G(a, a, Tk”(“)”x), k=0,1,2,....
Then

ag = G(Tn(a)a’ Tn(a)a, Tn(u) T(k—l)n(a)+sx) < (ﬂ(G((l, a, T(k—l)n(a)+sx))

= p(ar1) < -~ < ¢¥(ao).

By (¢3), limg ax = 0, which implies that lim; T%x = a.
To prove continuity of 7" at a, we consider any sequence {y,,},, C X converging to a.
Foranyme N

G(a, a, Tn(“)ym) = G(T"(“)a, 7@ g Tn(a)ym)

< w(G(a, a,ym)) <Gla,a,ym)

for y,, # a. Letting m — oo, we get lim,,, G(a, a, T"“y,,) = 0. Hence, {T"@y,,},, converges
to a = T"@a, meaning that 7@ is continuous at a.

In other cases (when we use (¢5) instead of (¢¢) or (¢4) instead of (¢3)), by Lemma 2.1,
the same conclusion can be drawn. O

Corollary 2.1 Let (X, G) be a complete G-metric space, T : X — X and for each x € X there
exists a positive integer n = n(x) such that

G (T”(")x, T" @y, T y) < qG(%,%,)

forally € X and some q € (0,1). Then T has a unique fixed point a € X. Moreover, for each
x € X, limg T*x = a and T"® is continuous at a.

Proof The function ¢(t) = q - t, t € [0,00), satisfies (¢3) and (s), so the corollary is a con-
sequence of Theorem 2.1. d

From the proof of Theorem 2.1 we can see that it would be enough to impose certain
assumptions not for all elements from X but only over some subset B of X, just as was
done by Guseman [11]. The next theorem is a Guseman type of fixed point theorem in a
G-metric space.

Theorem 2.2 Let T be a selfmapping of a complete G-metric space (X, G). If there exists a
subset B of X such that T(B) C B, T satisfies (1) over B and for some xq € X, {T"xg :n > 0} C
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B, then there exists a unique u € B such that Tu = u and limy_, o, T*y = u for each y € B.
Furthermore, if T satisfies (1) over X, then u is unique fixed point in X and limy_, o, T'y = u
foreachye X.

Remark 2.1 Taking ¢(¢) =¢q-t, 0 < g <1, by Theorem 2.2 we obtain the fixed point result
from [23] or [24], so Theorem 2.2 is also a generalization of the Guseman fixed point result
from [11].

Corollary 2.2 Let (X, G) be a complete G-metric space, T : X — X, and for each x € X
there exists a positive integer n = n(x) such that

G(x,%,9)
G(T"™ ,Tn(x) Ty <
( * * y) T 1+Gx,x,y)

forally € X. Then T has a unique fixed point a € X. Moreover, for each x € X, limy T*x = a
and T"9 is continuous at a.

.
1+¢’

apply Theorem 2.1. Also for that ¢, the appropriate version of Theorem 2.2 can be formu-

Proof Since the function ¢(¢) = t € [0,00), satisfies (¢3), (¢4), (¢5), and (@), we can

lated in a similar way as was done in this corollary. O

If n(x) = m € N, for each x € X, it is easy to see that condition (¢5) or (¢¢) in Theorem 2.1
can be omitted. This version of Theorem 1.2 is an improvement and another proof of
Theorem 3.1 (Corollary 3.2) from [9]. But in that case it would be more appropriate to use
the metric p, which reduces (1) to p(T"x, T"y) < ¢(p(x,¥)), x,¥ € X and enables the use

of well-known results in metric spaces.

Proposition 2.1 Let (X, G) be a complete G-metric space, where ¢ is a nondecreasing func-
tion satisfying (¢3). If T : X — X satisfies

G(T"x, T"x, T™y) < ¢(G(x,%,)) (3)

forall x,y € X and some m € N, then T has a unique fixed point a € X. Moreover, for each
x € X, limg T*x = a and T"? s continuous at a.

The next theorem is also a Guseman type of fixed point theorem in a G-metric space.
The assumptions about the contractor ¢ is different with respect to Theorem 2.2. Similarly
as in previous analysis, the next theorem can be applied in a metric space and in cases
where some special form of function ¢ is used.

Theorem 2.3 Let f : X — X, where (X, G) is a G-metric space and let ¢ : [0,00) — [0, 00)
be a subadditive mapping satisfying (¢7). If for some xo € X the closure of orbit O(f;xy) is
complete and for each x € O(f;x) there exists an n(x) € N such that

G(f"@y, ", f1@x) < o(G(y,,%)) W

forall y € O(f;x0), then the sequence x;,1 = f"*Vx;, i € Ny, converges to some x* € X.
If inequality (4) holds for all x € O(f;xo), then f"*)x* = x* and lim; f'(x) = x* for every
x € O(f;x0). If f(O(f;%0)) € O(f;x0), then x* is a fixed point of f.



http://www.fixedpointtheoryandapplications.com/content/2014/1/46

Gaji¢ and Stojakovic Fixed Point Theory and Applications 2014, 2014:46
http://www.fixedpointtheoryandapplications.com/content/2014/1/46

Proof First, we show that {x;};eny, C X is a Cauchy sequence. For sufficiently large m € N,
there exist k,r € N, 1 < r < n(xg) such that m = k - n(xg) + r. Using (4), we get

G(f™x0,%0,%0)
< GF0 g, 10 10 0) 1+ G0, 0, )
< (G0 0, 0, x0)) + G(F"x0, 000
< p(GFHI0 g 160 )
+ G(f")x9,x0,%0)) + G(f" 0, %0, %0)
< ‘P2(G(f(kfz)"(x")”xo,xo,xo))

+ (G (f"*x0,%0,%0)) + G(f "o, 20, %0) < - -+

k—

= (pk(G(f”xO,xo,xo)) + Z ¢i(G(f"(x°)x0,xo,xo)).

i=0

—

Putting A = max{G(f?xo,x0,%0) : 1 < p < n(xo)}, for all m € N, the next inequality holds:
k [es)
G(f" %0, %0,%0) < Y ¢*(A) <Y ¢*(A) = B< oo, ®)

s=0 s=0

and consequently,

G(Xps Xy Xpns1) = G(fn(xmfl)xm_l’fn(xm,l)xm_l’fn(xm)fn(xm,l)xm_l)
S (p(G(‘xm—lixm—l;fn(xm)xm_l)) S e

< " (G0, 0, x0) < 6

for all m € N. Using the last inequality, for every i,j € N, i < j, we have

j
G, x5, %7) < Goxi, %, %i41) + -+ - + Gog1, Xp-1, %) < ZQOS(B)

s=i

implying that {x;};en is a Cauchy sequence. Since O(f; o) is complete, and there exists an
x* e m such that lim;_, o x; = x*.

In the second part of the theorem, inequality (4) holds for all x € O(f;x). Then the
elements x; of the sequence {x;};cn from the previous part of the proof satisfy the next two

relations:
G, 0%, 100 x) < o(G(a", 2%, 1)) < G(x*, 2%, 1) (6)
and

G iy i) = Gy, fr Vg, f7 00, )

= §0(G(fn(x*)xi—lyxi—l:xi—l)) = §0i(G(fn(x*)x0,x0yxo)). (7)

Page9of 13
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By (6)

11mf’“‘ x; =f”(x*)x*

11— 00

and by (7)

lim G(fn(x xl’x“xl) G(f”(x*)x*,x*,x*) - 0.

i—o00

Hence, f"*)x* = x*.
Next, we claim that limy fix = x*, for each x € O(f;xo). Putting i = kn(x*) +s,s €N, 0 <
s < n(x*), we get
G(fkn(mz)ﬂx, x*’x*) < ¢(G(f(k—1)n(mz)+sx’ x*,x*)) <
< @k(G(fo;x*’x*)) = (ﬂk(M),
where M = max{G(f*x,x*,x*) : 0 < s < n(x*)}. Since (¢;) = (¢3), limg fix = x*.

To show that x* is a unique fixed point of f”("*) in O(f;x0), we assume that there exists
another point x** € O(f;x,) with the same property. Then

G(x™,x%,x%) = (f )y f )x*,f”("*)x*)gw(G(x**,x*,x*)),

that is, ¥** = x*. Further, if f(O(f;%0)) € O(f;x0), then fx* = £(f"*x*) = &) (fx*), imply-
ing fx* = x*. =

In the last theorem in this paper we consider a common fixed point for a family of self-
mappings with the property of a contractive iterate at a point. The generalized contractive
condition is imposed over a subset of a G-metric space.

Theorem 2.4 Let (X, G) be G-metric space and B C X. Further, let {f;} be the sequence
of selfmappings of X such that for all i € N, fj(B) C B and for each x € X there exists an
n(x) € N such that

G(f x)y, X, f "®x) < p(max{G(y,x,%), G(y, fj”(x)x, ];"(x)x), G(x, ﬁ”(x)x, ]?"(x)x),
-1 [G(y’fin(x)x’fin(x)x) n G(fin(x))/» x, x)] }) (8)
foralli,jeN,i+#j,and all y € B, where ¢ : [0,00) — [0, 00) is a nondecreasing right con-
tinuous function satisfying (¢,). If there exists x* € B such thatfi”(x*)(x*) =x* foralli e N,

then x* is a unique common fixed point for {f;} in B and for every x; € B, the sequence
Xiyl = fl.”("*)(xi), i € N, converges to x*.

Proof First we prove that x is a unique point in B with the property that fi"(x*)x* =x",
ieN. Ifx** € B, x™ # x* f **:x**,ieN,then

G(x**,x*,x*) S G(fi"(x*)x**,];n(x*)x*,j;n(x*)x*) E g&(G(x**,x*,x*))

By ¢(#) < ¢, t > 0, since G(x**,x*,x*) > 0, we have a contradiction, that is, the assumption
x* = x*™* is not correct.
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Further, since
f,(x*) :fi(ﬁn(x*)x*) :fin(x*)ﬂx* :f,»n(x*)(fix*),

it follows that fix* = x* for all i € N.

Now, for some x; € B, we form the sequence x;,; = fi"(x )%,
If x; = x*, then «x; :flf(lx ) :(2’6 V.. 1"(" )x*)--+) = x* and the sequence {x;} converges

to x*.
If x; # x*, in order to prove that the sequence {x;} converges to x*, we consider the se-
quence G(x;,1,x%,x%),i €N,

Glw101,2%,57) = G0 1))
< o(max{G(x;,x",x*), G(x;, 2", x%), G(x*, %", x%),
1[G w5 x") + Gl ) ]})
g (max| Gl x "), 2 [ G a,5) + Gl 5] }).

If we choose the option that

max{G(xi,x*,x*), 27t [G(xi,x*,x*) + G(xm,x*,x*)]}

=27 [G(xpx", 27 + G, 2", 27) ],
it implies that
G(xs,x%,2%) < G, 2%, x%). ©)
On the other hand, in that case

G(xin, 4%, 5") < (27 [G (i a",2") + G(xi, 2", 27)])
< 271G (xp 2", x") + 271 G (Wi, 6%, %),

that is,

G (i1, %%, 2%) < G, 5%, x%). (10)
It is obvious that (9) contradicts (10). So,

G(xi01,4%,5%) < (G 2", 57)).
Now, applying that procedure i times and letting i — oo, we get

G, x%,x%) < 0(G(rox",2%)) < -+ < 9 (G(ay, 2%, 27)).
Since x; # x*, G(x;,*,x*) > 0 and lim;_, oo G(x;41,4%,x*) = 0. The last relation proves that

the sequence {x;} converges to x*. (]
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