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1 Introduction

In this paper, we are concerned with the problem of finding zero points of an operator
A:E — 2F; that is, finding x € dom A such that 0 € Ax. The domain domA of A is de-
fined by the set {x € E: Ax # 0}. Many important problems have reformulations which
require finding zero points, for instance, evolution equations, complementarity problems,
mini-max problems, variational inequalities and optimization problems; see [1-20] and
the references therein. One of the most popular techniques for solving the inclusion prob-
lem goes back to the work of Browder [21]. One of the basic ideas in the case of a Hilbert
space H is reducing the above inclusion problem to a fixed point problem of the opera-
tor Ry : H — 2M defined by R4 = (I + A)™}, which is called the classical resolvent of A. If
A has some monotonicity conditions, the classical resolvent of A is with full domain and
firmly nonexpansive. Rockafellar introduced the algorithm x,,,; = R4x, and call it the prox-
imal point algorithm; for more detail, see [22] and the references therein. Regularization
methods recently have been investigated for treating zero points of monotone operators;
for [23-33] and the references therein. Methods for finding zero points of monotone map-
pings in the framework of Hilbert spaces are based on the good properties of the resolvent
Ry, but these properties are not available in the framework of Banach spaces.

In this paper, we investigate a proximal point algorithm with double computational er-
rors based on regularization ideas in the framework of Banach spaces. The organization
of this paper is as follows. In Section 2, we provide some necessary preliminaries. In Sec-
tion 3, strong convergence of the algorithm is obtained in a general Banach space. In Sec-

tion 4, an application is provided to support the main results.

2 Preliminaries

In what follows, we always assume that E is Banach space with the dual £*. Recall that a
closed convex subset C of E is said to have normal structure if for each bounded closed
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convex subset K of C which contains at least two points, there exists an element x of K
which is not a diametral point of K, i.e., sup{|lx — y|| : y € K} < d(K), where d(K) is the
diameter of K. It is well known that a closed convex subset of uniformly convex Banach
space has the normal structure and a compact convex subset of a Banach space has the
normal structure; for more details, see [34] and the references therein.

Let Ur = {x € E: ||x|| = 1}. E is said to be smooth or said to be have a Gdteaux differ-

entiable norm if the limit lim;_, w

exists for each x,y € Ug. E is said to have a
uniformly Gateaux differentiable norm if for each y € U, the limit is attained uniformly
for all x € Ug. E is said to be uniformly smooth or said to have a uniformly Fréchet differ-
entiable norm if the limit is attained uniformly for x,y € Ug. Let (-, -) denote the pairing

between E and E*. The normalized duality mapping J : E — 2F" is defined by

J@) = {f €E": (x.f) = lIxl* = IIf I°}

for all x € E. In the sequel, we use j to denote the single-valued normalized duality map-
ping. It is known that if the norm of E is uniformly Géateaux differentiable, then the duality
mapping J is single-valued and uniformly norm to weak* continuous on each bounded
subset of E.

Let C be a nonempty closed convex subset of E. Let T': C — C be a mapping. In this pa-
per, we use F(T') to denote the set of fixed points of 7. Recall that T is said to be contractive
if there exists a constant o € (0,1) such that

1Tx - Tyl <eallx-yl, VxyeC.
For such a case, we also call T an «-contraction. T is said to be nonexpansive if

Let D be a nonempty subset of C. Let Q: C — D. Q is said to be a contraction if Q* = Q;
sunny if for each x € C and t € (0,1), we have Q(¢x + (1 — £)Qx) = Qu; sunny nonexpansive
retraction if Q is sunny, nonexpansive, and contraction. K is said to be a nonexpansive
retract of C if there exists a nonexpansive retraction from C onto D.

The following result, which was established in [34], describes a characterization of sunny
nonexpansive retractions on a smooth Banach space.

Let E be a smooth Banach space and C be a nonempty subset of E. Let Q: E — C be a
retraction and j be the normalized duality mapping on E. Then the following are equiva-
lent:

(1) Qissunny and nonexpansive;

(2) 11Qx— QY2 < (x - j(Qx— Qy)), Vx,y € E;

(3) (x—Qux,j(y—Qx)) <0,VxeE,yecC.

Let I denote the identity operator on E. An operator A C E x E with domain D(A) = {z €
E: Az # @} and range R(A) = | J{Az: z € D(A)} is said to be accretive if for each x; € D(A)
and y; € Ax;, i = 1,2, there exists j(x; — x3) € J(x1 —x7) such that (y; — 2, /(%1 —x3)) > 0. An
accretive operator A is said to be m-accretive if R(I + rA) = E for all » > 0. In a real Hilbert
space, an operator A is m-accretive if and only if A is maximal monotone. In this paper,
we use A™1(0) to denote the set of zeros of A. For an accretive operator A, we can define a
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nonexpansive single-valued mapping J, : R(I + rA) — D(A) by J, = (I + rA)™! for each r > 0,
which is called the resolvent of A.

In order to prove our main results, we also need the following lemmas.

Lemma 2.1 [35] Let E be a Banach space, and A an m-accretive operator. For . >0, u > 0,
and x € E, we have

hx =], (%x + (1 - %)hx),

where J, = (I + AA)™ and ], = (I + wA).

Lemma 2.2 [36] Let {a,} be a sequence of nonnegative numbers satisfying the condition
an < (1 - ty)a, + tyb, + ¢y, Yn > 0, where {t,} is a number sequence in (0,1) such that
lim,_ o0 b, = 0 and ZiO:o t, = 00, {b,} is a number sequence such that limsup,_, . b, <0,
and {c,} is a positive number sequence such that ZZZO ¢y < 00. Then lim,,_, o a,, = 0.

Lemma 2.3 [37] Let {x,} and {y,} be bounded sequences in a Banach space E, and {,} be
a sequence in (0,1) with

0 <liminf B, <limsup B, < 1.
n—>00 n—00

Suppose that x,,1 = (1 — Bn)yu + BuXu, Y1 > 1 and

lim Sllp(”yml = Inll = %041 _x””) =0.
n—o0

Then lim,,_, o ||yn — %4l = 0.

Lemma 2.4 [31] Let E a real reflexive Banach space with the uniformly Gédteaux differ-
entiable norm and the normal structure, and C be a nonempty closed convex subset of E.
Let S: C — C be a nonexpansive mapping with a fixed point, and f : C — C be a fixed
contraction with the coefficient o € (0,1). Let {x:} be a sequence generated by the follow-
ing x; = tfx, + (1 — £)Sx;, where t € (0,1). Then {x;} converges strongly as t — 0 to a fixed
point x* of S, which is the unique solution in F(S) to the following variational inequality
{f (x* —x%),j(x* — p)) = 0, Vp € F(S).

3 Main results

Theorem 3.1 Let E be a real reflexive Banach space with the uniformly Gdteaux differen-
tiable norm and A be an m-accretive operators in E. Assume that C := D(A) is convex and
has the normal structure. Let f : C — C be a fixed «-contraction. Let {c}, {Bn}, {yn}, and
{8,} be real number sequences in (0,1) such that o, + B, + Yn + 8, = 1. Let Q¢ be the sunny
nonexpansive retraction from E onto C and {x,} be a sequence generated in the following

manner:

X0 € C’ Xn+l = anf(xn) + ﬂn]r,, (xn + en+1) + Vn¥n + anQC(gn); Vn = 0; (T)

where {e,} is a sequence in E, {g,} is a bounded sequence in E, {r,} is a positive real numbers
sequence, and J,, = (I + r,A)™ . Assume that A71(0) is not empty and the above control
sequences satisfy the following restrictions:
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(a) limyoo 0y =0andy oo o, = 00;

(b) 0<liminf, o ¥, <limsup,_ . vu<1;

(€ D0 llenll <00 and Y2 8, < 00;

(d) 7y > foreach n>1andlim, .o |Fy — rus1l = 0.
Then the sequence {x,} converges strongly to x, which is the unique solution to the following
variational inequality {f(x) - %,j(p — X)) <0, ¥p € A71(0).

Proof Fixing p € A71(0), we find that

ll41 = pll < o |[f(x0) = p| + BoJro %o + €1) = p|| + vollxo — Il + 80 Qclgo) — p|
< agallxo — pll + ao|[f(p) = p| + Bollxo — pll + Bolles
+yollxo — pll + Sollgo — pll

< (-l -a))llxo —pll +ao|f(p) —p| + lleill + Sollgo - pII. 3.1)

Next, we prove that

n n-1
e = pll < My + ) lleill + Y 8illgill (3.2)
i=1 i=1

where M; = max{|xo — p||, W} < 0. In view of (3.1), we find that (3.2) holds for n = 1.
We assume that the result holds for some m. Notice that

%1 =PIl < o [f @) = || + B [Ty @ + €m11) = B + Vinlltms —
+ || Qclgm) - p||
< W% = pll + & |[f () = || + Bl = 21l + Brnllemal
+ VYl =PIl + 8| Qc(gn) - p|

= (1 a1~ )l pl + a1~ ) L2

+ llens1ll + Smllgm — Pl

m+1

m
<M+ el + Y illgill-
i=1 i=1

This shows that (3.2) holds. In view of the restriction (c), we find that the sequence {x,} is

bounded. Put y, = J,, (%, + €,41) and z,, = "”*11_;;’:"” Now, we compute ||z,;1 — 2, ||. Note that

o B 1)
Zuit = Zn = o f (1) + = Y1 + ——Qc(gnr1)
1-vua 1-yuu 1-vuu
o B 1)
- - f(xn) - —nyn - ‘ QC(gn)
1-y 1-vu 1-yy,
Ayl 81
= (f(xm—l) _yn+1) +VYns1 t (QC(gm—l) _yn+1)
1—Yun 1-yun
3n

-y, (f(xn) _yn) —Yn— -y, (QC(gn) —J’n).

Page 4 of 11
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This yields
211 — 2Zull < lf"—;;l 1 Gensr) = st || + 1yt = yull + : f"ym If ) = yu |
Sn Sn
- H QC(gn+1) —Vn+l ” + ” QC(gn) —Jn ” . (33)
1- VYn+1 1- Vn

Next, we estimate ||y,41 — ¥x||. In view of Lemma 2.1, we find that

1yn = yuall

T'n T

IA

(xn + en+1) + (1 - )]rml (xn + en+1) - (xn+1 + en+2)

Tn1 n+l

T'n rn+1_rn(
—

Tyl (xn + en+l) - (xn+1 + en+2)) H

((xn + en+1) - (xn+1 + en+2)) +
T+l Tn+l

(3.4)

IA

M,
17 = Xuaa | + llensall + llensall + 7("n+1 ~Tn),
where M, is an appropriate constant such that
M, > ig){ [T (o + €4) = (a1 + €ns1)||}-
Substituting (3.4) into (3.3), we arrive at
1Zne1 = Zull = %0 = X

Oy

1—]/;,,

(07788}
T 1- Vn+l

8n+1
1— Vsl H QC(gn+l) _yn+1 ” +

I Gen) =

M
”f(xnﬂ) _yn+1 H + ||en+1|| + ||en+2|| + 72(7';%1 - rn) +

||QC(gn) —Jn ||

Sn
l_yn

In view of the restrictions (a), (b), (c), and (d), we find that

1im Sup([1zne1 = Zall = [ = %ne1 ) < 0.
n—00

It follows from Lemma 2.3 that lim,,_, o, ||z, — %, || = 0. It follows from the restriction (b)

that

lim ||x,41 — x4 = 0. (3.5)
n—>00

Notice that

”xn _]rn (xn + en+1)H
=< “xn _xn+1|| + ||xn+1 _]r,,, (xn + en+1) ||
= ”xn _xn+1|| t+ay, ”f(xn) _]rn (xn + en+1) || t Vn “xn _]rn (xn + en+1) ||

+6p || QC(gn) _]ry, (xn + en+1) || .

Page 5 of 11
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It follows that

(1 - yn) ”xn _]r,, (xn + en+l) “
< ”xn — Xn+l ” + 0y ”f(xn) _]r,, (xn + en+l) || + 871 H QC(gn) _]rn (xn + en+l) H .
In view of the restrictions (a), (b), and (c), we find from (3.5) that
Tim 2, = Ji, (6 + €nat) | = 0. (3.6)

Notice that

16 = Jrynll < ”xn =Ty (X + €441) ” + |]r,, (% + €n41) = Ty ”

= ”xn — T (s + en+1)” + [lensall-
Since Y., lleqll < 00, we see from (3.6) that
lim [x, _]ry,xn” =0.
n—0oQ

Take a fixed number r such that € > 7 > 0. In view of Lemma 2.1, we obtain

r r
]r<_xn + (1 - _)]rnxn> _]rxn
ry ry
S “ (1 - L)(]rnxn _xn)
Ty

S ”]rnxn _xn“' (37)

”]rnxn _]rxn ” =

Note that
1% = Jrxnll < % = Trunll + run = Jnll < 2M1%0 = T, %l
This combines with (3.7), yielding
nlingo %0 = Jr%ull = 0. (3.8)

Next, we claim that limsup,,_, .. (f(X) — %, j(x, — %)) < 0, where X = lim;_.¢ z;, and z; solves
the fixed point equation z; = tf(z;) + (1 — £)],2z;, Vt € (0,1), from which it follows that

lze = xall = | (1= O)Urze — %) + £(f (22) — %) |-
For any ¢ € (0,1), we see that

lze = xall> = (1 = )J2e — % j (2 — %)) + E{f (20) = % j (22 — %))
= (L= ) ({Jrze = Jrn j (2t — %)) + (Jin — %, j (20 — %))

+8f (z¢) — 22, j (2t — %n)) + H2e — % j (26 — %))

Page 6 of 11
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<@ =) (llze = %ull® + 120 — %ulll2e — 24ll)
+ tf (z0) — 20, j(ze — %)) + tllZe = %I

<z _xn”Z + Urtn = xullllze — xull + t(f(zt) —z1,j(z _xn)>'

It follows that

1
(Zt _f(zt)yj(zt _xn)> S Z”]rxn - xn” ”Zt - xn”: Vt € (O¢ 1)

By virtue of (3.8), we find that

limsup(z; —f(z.),j(z: = %4)) < 0. (3.9)

n—00

Since z, — %, as t — 0 and the fact that j is strong to weak* uniformly continuous on
bounded subsets of E, we see that
V) = &,jCon = 2)) = (20 = £ (20), (2 = )|
< [f® % — B) ~ (fR) — & j(0n — 20))|
+ |(f () - %, j(%n — 20)) — (20 — f (20), j(ze — x0))|
< |(F®) =&, j(n = %) = j(xn = 20))| + |[f ) = % + 20 = f(20), T (% — 20))|
< @ - & i@ - % - @ - 2|

+ |f&) =% + 2, — f(z) |60 — 2l > 0, ast— 0.
Hence, for any € > 0, there exists A > 0 such that V¢ € (0, ) the following inequality holds:
(f(R) = %,j(xn — X)) < (2 = f (@), (2 — %)) + €.

This implies that

lim sup(f(a'c) =%, j(%, — 5c)) <lim sup(zt —f(ze), j(ze — x,,)) + €.

n—0oQ n—00

Since € is arbitrary and (3.9), one finds that limsup,,_, ., (f (¥) — %, j(x,, — %)) < 0. This implies
that

lim sup(f(a'c) =X, j (%41 — a'c)) <0. (3.10)

n—0o0

Finally, we prove that x, — X as n — 0o. Note that

1%ne1 = ZII* < @nlf (%) = %, j @1 = X)) + Bullyn — %l | 101 — X
+ Vull®n = X[ [[%n11 — || + 3y “ Qclgn) - 7_5” %641 — %I
- N . i
= an(f(xn) =%, j(%n11 _x)> + 7(”}’;1 _x”2 + (%041 _x”Z)

_ _ 8 _ _
¥ %(nxn =2 + = F1%) + 2 (| Q@) — F|” + s — FI?).
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Note that ||y, — x|| < |lx, — X|| + |lexs1]l- It follows that

”xn+1 _9_6”2 =< 2an<f(xn) _V_C;j(xrul _9_5)) + ,Bnnyn _-7_6”2
+ Vaullw = %1% + 8, | Qclgn) — %

< 2an<f(xn) _Q_C:j(xnﬂ _9_5)) +(1- Oln)”xn _7_‘:”2 + Vy» (3.11)

I

where v, = |leg1ll(lewll + 2015, — X|) + 8,11Qc(gy) — */|?. In view of the restriction (c),
we find that ) °; v, < co. Let p, = max{(f(x,) — X,j(xu1 — X)), 0}. Next, we show that
lim,, oo p, = 0. Indeed, from (3.10), for any give € > 0, there exists a positive integer n;
such that

{fxn) = X, j(Xp1 — %)) <€, Vn=m.

This implies that 0 < p, < €, Vi > n;. Since € > 0 is arbitrary, we see that lim,_,» p, = 0.
In view of (3.11), we find that

[E _9_C||2 <@ _an)”xn _9_6”2 + 200,04 + V.
In view of Lemma 2.2, we find the desired conclusion immediately. O

If the mapping f maps any element in C into a fixed element u and §, = 0, then we have
the following result.

Corollary 3.2 Let E be a real reflexive Banach space with the uniformly Gateaux differen-
tiable norm and A be an m-accretive operators in E. Assume that C := D(A) is convex and
has the normal structure. Let {a,}, {B,}, and {y,} be real number sequences in (0,1) such

that o, + By + vy = 1. Let {x,,} be a sequence generated in the following manner:
x0€C, Xp=o,u+ ﬁn]ry, (%n + €ns1) + VuXy, Vn=>0,

where u is a fixed element in C, {e,} is a sequence in E, {g,} is a bounded sequence in E, {r,}
is a positive real numbers sequence, and J,, = (I + r,A)™\. Assume that A™1(0) is not empty
and the above control sequences satisfy the following restrictions:

(a) limy ooy =0andy oo o, = 00;

(b) 0<liminf, o ¥, <limsup,_ . Vu<1;

© Yooy llewll < oc;

(d) ry, = foreach n>1andlim,_, o |1, — rys1]| = 0.
Then the sequence {x,} converges strongly to x, which is the unique solution to the following
variational inequality: (u —Xx,j(p — %)) <0, Vp € A7(0).

Remark 3.3 We remark here that the algorithm (7) is convergence under mild restric-
tions. However, it does not include the Halpern iterative algorithm as a special case be-
cause of the restriction (b). It is of interest to develop a different analysis technique for the
algorithm without the restriction or under mild restrictions.
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4 Applications
In this section, we give an application of Theorem 3.1 in the framework of Hilbert spaces.
For a proper lower semicontinuous convex function w : H — (—00, 00], the subdifferen-

tial mapping dw of w is defined by
ow(x) = {x* e H:wx)+ (y—x,x*) <w(y),Vye H}, Vx € H.

Rockafellar [38] proved that 9w is a maximal monotone operator. It is easy to verify that

0 € dw(v) if and only if w(v) = min,ep g(x).

Theorem 4.1 Let w: H — (—00,+00] be a proper convex lower semicontinuous function
such that (0w)™1(0) is not empty. Let f : H — H be a k -contraction and let {x,} be a sequence
in H in the following process: xy € H and

. e 2
Yy = argmin,, {w(z) + %},

X1 = Uf (Xn) + BuYn + VX, Y >0,

where {e,} is a sequence in H, {g,} is a bounded sequence in H, and {r,} is a positive real
numbers sequence. Assume that the above control sequences satisfy the restrictions (a), (b),
(d), and Y., llex |l < 0. Then the sequence {x,} converges strongly to x, which is the unique
solution to the following variational inequality: (f(x) — x,j(p — x)) < 0, Vp € (dw)71(0).

Proof Since w: H — (—00,00] is a proper convex and lower semicontinuous function, we
see that subdifferential 3w of w is maximal monotone. We note that

Iz —x, _en+1||2 }

Yy = argmin { w(z) +
2ry,

zeH

is equivalent to 0 € daw(y,) + i(y,, — %, —e,,1). It follows that
Xy + €141 € Yy + 1, 0W(yy).

Putting 8, = 0 in Theorem 3.1, we draw the desired conclusion from Theorem 3.1 imme-
diately. O

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
Both authors contributed equally to this manuscript. Both authors read and approved the final manuscript.

Author details
' Department of Mathematics, Hangzhou Normal University, Hangzhou, 310036, China. ?Department of Mathematics,

Gyeongsang National University, Jinju, 660-701, Korea.

Acknowledgements
The authors are grateful to the reviewers for the useful suggestions which improved the contents of the article.

Received: 26 November 2013 Accepted: 4 February 2014 Published: 14 Feb 2014


http://www.fixedpointtheoryandapplications.com/content/2014/1/42

Qing and Cho Fixed Point Theory and Applications 2014, 2014:42
http://www.fixedpointtheoryandapplications.com/content/2014/1/42

References

1.

w

Kinderlehrer, D, Stampacchia, G: An Introduction to Variational Inequalities and Their Applications. Academic Press,
New York (1980)

. Zeidler, E: Nonlinear Functional Analysis and Its Applications, II/B. Nonlinear Monotone Operators. Springer, New York

(1990)

. Park, S: A review of the KKM theory on ¢4-space or GFC-spaces. Adv. Fixed Point Theory 3, 355-382 (2013)

4. Qin, X, Cho, YJ, Kang, SM: Convergence theorems of common elements for equilibrium problems and fixed point

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33

34.

35.

36.

37.

38.

problems in Banach spaces. J. Comput. Appl. Math. 225, 20-30 (2009)

. Kim, JK: Strong convergence theorems by hybrid projection methods for equilibrium problems and fixed point

problems of the asymptotically quasi-¢p-nonexpansive mappings. Fixed Point Theory Appl. 2011, Article ID 10 (2011)

. Cho, SY, Kang, SM: Approximation of fixed points of pseudocontraction semigroups based on a viscosity iterative

process. Appl. Math. Lett. 24, 224-228 (2011)

. Abdel-Salam, HS, Al-Khaled, K: Variational iteration method for solving optimization problems. J. Math. Comput. Sci. 2,

1475-1497 (2012)

. Wang, ZM, Lou, W: A new iterative algorithm of common solutions to quasi-variational inclusion and fixed point

problems. J. Math. Comput. Sci. 3, 57-72 (2013)

. Chen, JH: Iterations for equilibrium and fixed point problems. J. Nonlinear Funct. Anal. 2013, Article ID 4 (2013)
. Noor, MA, Noor, KI, Waseem, M: Decomposition method for solving system of linear equations. Eng. Math. Lett. 2,

34-41 (2012)

. Cho, SY: Hybrid projection algorithms for treating common fixed points of a family of demicontinuous

pseudocontractions. Appl. Math. Lett. 25, 854-857 (2012)

. Cho, SY: Iterative processes for common fixed points of two different families of mappings with applications. J. Glob.

Optim. 57, 1429-1446 (2013)

. He, RH: Coincidence theorem and existence theorems of solutions for a system of ky fan type minimax inequalities in

FC-spaces. Adv. Fixed Point Theory 2,47-57 (2012)

. Wu, C: Wiener-Hope equations methods for generalized variational inequalities. J. Nonlinear Funct. Anal. 2013, Article

ID3(2013)

. Cho, SY, Kang, SM: Approximation of common solutions of variational inequalities via strict pseudocontractions. Acta

Math. Sci. 32, 1607-1618 (2012)

. Yuan, Q: Some results on asymptotically quasi-¢-nonexpansive mappings in the intermediate sense. J. Fixed Point

Theory 2012, Article ID 1 (2012)

. Song, J, Chen, M: A modified Mann iteration for zero points of accretive operators. Fixed Point Theory Appl. 2013,

Article ID 347 (2013)

. Zegeye, H, Shahzad, N: Strong convergence theorem for a common point of solution of variational inequality and

fixed point problem. Adv. Fixed Point Theory 2, 374-397 (2012)

. Qin, X, Su, Y: Strong convergence theorems for relatively nonexpansive mappings in a Banach space. Nonlinear Anal.

67, 1958-1965 (2007)

Wu, C, Ly, S: Bregman projection methods for zeros of monotone operators. J. Fixed Point Theory 2013, Article ID 7
(2013)

Browder, FE: Existence and approximation of solutions of nonlinear variational inequalities. Proc. Natl. Acad. Sci. USA
56, 1080-1086 (1966)

Rockfellar, RT: Augmented Lagrangians and applications of the proximal point algorithm in convex programming.
Math. Oper. Res. 1,97-116 (1976)

Cho, SY: Strong convergence of an iterative algorithm for sums of two monotone operators. J. Fixed Point Theory
2013, Article ID 6 (2013)

Qin, X, Su, Y: Approximation of a zero point of accretive operator in Banach spaces. J. Math. Anal. Appl. 329, 415-424
(2007)

Jung, JS: Some results on Rockafellar-type iterative algorithms for zeros of accretive operators. J. Inequal. Appl. 2013,
Article ID 255 (2013)

Yang, S: Zero theorems of accretive operators in reflexive Banach spaces. J. Nonlinear Funct. Anal. 2013, Article ID 2
(2013)

Cho, SY, Kang, SM: Zero point theorems for m-accretive operators in a Banach space. Fixed Point Theory 13, 49-58
(2012)

Qing, Y, Cho, SY: A regularization algorithm for zero points of accretive operators. Fixed Point Theory Appl. 2013,
Article ID 341 (2013)

Cho, SY, Li, W, Kang, SM: Convergence analysis of an iterative algorithm for monotone operators. J. Inequal. Appl.
2013, Article ID 199 (2013)

Ceng, LC, Khan, AR, Ansari, QH, Yao, JC: Strong convergence of composite iterative schemes for zeros of m-accretive
operators in Banach spaces. Nonlinear Anal. 70, 1830-1840 (2009)

Qin, X, Cho, SY, Wang, L: Iterative algorithms with errors for zero points of m-accretive operators. Fixed Point Theory
Appl. 2013, Article ID 148 (2013)

Hao, Y: Zero theorems of accretive operators. Bull. Malays. Math. Soc. 34, 103-112 (2011)

Wu, C: Mann iteration for zero theorems of accretive operators. J. Fixed Point Theory 2013, Article ID 3 (2013)

Bruck, RE: Nonexpansive projections on subsets of Banach spaces. Pac. J. Math. 47, 341-355 (1973)

Barbu, V: Nonlinear Semigroups and Differential Equations in Banach Space. Noordhoff, Groningen (1976)

Liu, L: Ishikawa-type and Mann-type iterative processes with errors for constructing solutions of nonlinear equations
involving m-accretive operators in Banach spaces. Nonlinear Anal. 34, 307-317 (1998)

Suzuki, T: Strong convergence of Krasnoselskii and Mann'’s type sequences for one-parameter nonexpansive
semigroups without Bochne integrals. J. Math. Anal. Appl. 305, 227-239 (2005)

Rockafellar, RT: Characterization of the subdifferentials of convex functions. Pac. J. Math. 17, 497-510 (1966)

Page 10 of 11


http://www.fixedpointtheoryandapplications.com/content/2014/1/42

Qing and Cho Fixed Point Theory and Applications 2014, 2014:42 Page 11 of 11
http://www.fixedpointtheoryandapplications.com/content/2014/1/42

10.1186/1687-1812-2014-42

Cite this article as: Qing and Cho: Proximal point algorithms for zero points of nonlinear operators. Fixed Point Theory
and Applications 2014, 2014:42

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



http://www.fixedpointtheoryandapplications.com/content/2014/1/42

	Proximal point algorithms for zero points of nonlinear operators
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Main results
	Applications
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


