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1 Introduction

Let H be a real Hilbert space with inner product (-, -) and induced norm || - ||, let F: H x
H — R be a bifunction. Then we consider the following equilibrium problem (EP): find
z € H such that

F(z,y) >0, VyeH. (1.1)
The set of the EP is denoted by €, i.e.,
Q={zeH:F(zy)>0,Vyc H}.

The problem (1.1) is very general in the sense that it includes, as special cases, optimization
problems, variational inequality problems, the Nash equilibrium problems and others, see,
for instance, [1-3]. Some methods have been proposed to solve the EP, see, e.g., [4—6] and
[7, 8].

The split feasibility problem (SFP) was proposed by Censer and Elfving in [9]. It can be
formulated as the problem of finding a point x satisfying the property:

xeC, AxeqQ, (1.2)

where A is a given M x N real matrix, and C and Q are nonempty, closed and convex
subsets in RY and R, respectively.
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Due to its extraordinary utility and broad applicability in many areas of applied mathe-
matics (most notably, fully discretized models of problems in image reconstruction from
projections, in image processing, and in intensity-modulated radiation therapy), algo-
rithms for solving convex feasibility problems have been received great attention (see, for
instance [10-13] and also [14-18]).

We assume the SFP (1.2) is consistent, and let I" be the solution set, i.e.,
'={xeC:Ax € Q}.

It is not hard to see that I is closed convex and x € I if and only if it solves the fixed-point

equation
x=Pc(I - yA*(I - Pg)A)x, (1.3)

where Pc and P are the orthogonal projection onto C and Q, respectively, y > 0 is any
positive constant and A* denotes the adjoint of A.

Recently, for the purpose of generality, the SFP (1.2) has been studied in a more general
setting. For instance, see [16, 19]. However, the algorithms in these references have only
weak convergence in the setting of infinite-dimensional Hilbert spaces. Very recently, He
and Zhao [20] introduce a new relaxed CQ algorithm (1.4) such that the strong conver-

gence is guaranteed in infinite-dimensional Hilbert spaces:
xnn1 =P, (otnu +(1- ot,,)(xn -1, Vfy (xy,))). (1.4)

Motivated and inspired by the research going on in the sections of equilibrium prob-
lems and split feasibility problems, the purpose of this article is to introduce an iterative
algorithm for equilibrium problems and split feasibility problems in Hilbert spaces. Un-
der suitable conditions we prove the sequence converges strongly to a common element
of the set of solutions of equilibrium problems and the set of solutions of split feasibility
problems. Our result extends and improves the corresponding results of He et al. [20] and
some others.

2 Preliminaries and lemmas

Throughout this paper, we assume that H, H; or H, is a real Hilbert space, A is a bounded
linear operator from H; to Hy, and I is the identity operator on H, H; or Hy. If f : H —> R
is a differentiable function, then we denote by Vf the gradient of the function f. We will
also use the notations: — to denote strong convergence, — to denote weak convergence
and to denote by

Weol(x,) = {xlﬂ{xnk} C {x,} such that x,, — x}

the weak w-limit set of {x,}.

Recall that a mapping 7': H — H is said to be nonexpansive if

ITx - Tyl < llx=yll, xy€H.
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T :H — H is said to be firmly nonexpansive if

ITx— Ty|1* < llx =yl = | (I = T)x— (I = T)y|?,

x,y€H.

A mapping T : H — H is said to be demi-closed at origin, if for any sequence {x,} C H
with x, = x* and lim,, . [|(/ = T)x,|| = 0, then x* = Tx*.

It is easy to prove that if 7: H — H is a firmly nonexpansive mapping, then T is demi-
closed at the origin.

A function f : H — R is called convex if

FOx+@-2)y) <A () +A-1)f(y), VYre(0,1),Vx,y€H.

Lemma 2.1 Let T : H, — H, be a firmly nonexpansive mapping such that ||(I — T)x|| is a
convex function from Hy to R = [-00, +00). Let A : Hy — H, be a bounded linear operator
and

fx) = %H (- T)Ax|?

, Vxe Hl.
Then
(i) Vf(x)=A*(I-T)Ax, x € H;.
(i) Vf is [|A|>-Lipschitz, i.e., |IVf(x) = VDIl < |AI*Ilx - yll, %,y € Hi.

Proof (i) From the definition of f, we know that f is convex. First we prove that the limit

S+ hv) - f(x)

- iy T

exists in R := {—~oo} UR U {+00} and satisfies
(Vf(x),v) <f(x+v)-f(x), VveH,.
If fact, if 0 < /i3 < hy, then

flx+hv)—f(x) :f(:—l(x+hzv) + (1— Z—:>x> —f(x).

Since f is convex and Z—; <1, it follows that

Flr+ ) () < P p s o) + (1 - ﬁ)f(x) ),
h2 h2

and hence that

flx+hv) —f(x) <f(ac+ hyv) — f(x)
n - hy )

This shows that this difference quotient is increasing, therefore it has a limit in R as
h— 0+:

- lim flx+hv) —f(x)'

h—0+ h (21)

. S+ hv) - f(x)
N
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This implies that f is differential. Taking / = 1, (2.1) implies that
(VF@),v) <flx +v) = f().

Next we prove that
Vf(x)=A*(I-T)Ax, xe€H;.

In fact, since

_ _ 2 (T _ 2
lim flx+hv)—f(x) _ lim |Ax + hAv — TA(x + ) ||* = ||(I = T)Ax|| (2.2)
h—0+ h h—0+ 2h

and

|Ax + hAv = TA(x + )| - | - T)Ax|?
= [ Ax||> + B | Av|]* + 2h{A*Ax, v) + | TA(x + hv) Hz — | Ax|? - || TAx||?
- 2(Ax, TA(x + hv) — TAx) - 2h(A*TA(x + hv), v). (2.3)
Substituting (2.3) into (2.2), simplifying and then letting # — 0+ and taking the limit we
have

flx+hv)—f(x) _ 2h{(A*Ax,v) — (A*TA(x + hv),v)}
h—0+ h - h—IH)lJr 2h

= (A*([ - T)Ax, V), Vv e Hi.

It follows from (2.1) that
Vf(x)=A*(I-T)Ax, xecH,.
(ii) From (i) we have

[Vf@x) = Vf®)| = |A*U - T)Ax — A*(I - T)Ay|
= |A* [ - D) Ax - (I - T)4y]|
< lAlllAx — Ayll < |AIPIlx = yll, %y € Hr. -

Lemma 2.2 (See, for example, [21]) Let T : H — H be an operator. The following state-
ments are equivalent.
(i) T is firmly nonexpansive.
(i) |1 Tx - Ty)? < (x—y, Tx — Ty), Vx,y € H.
(iii) I— T is firmly nonexpansive.

Proof (i) = (ii): Since T is firmly nonexpansive, for all x,y € H we have
2
17 = Tyl < e = y11* = |0 = T)x = (I = Ty

=l = ylI1* = llx = yII> = 1 T = Tyl +2(x - y, Tx — Ty)
=2(x-yTx-Ty) - | Tx - T,

Page 4 of 16
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hence
|| Tx — Tyll2 <x-y1Ix-Ty), Vx,yeH.
(i) = (iii): From (ii), we know that for all v,y € H

|- T)x— (- Ty||* = |(x—y) - (Tx - T)|*

= lx—yI* - 2(x -, Tx = Ty) + | Tx — Ty >
<llx=yI* - (x -y, Tx - Ty)

=(x-yU-Tx-UI-T)y)

This implies that  — T is firmly nonexpansive.

(ili) = (i): From (iii) we immediately know that T is firmly nonexpansive.

Let C be a nonempty closed convex subset of H. Recall that for every point x € H, there
exists a unique nearest point of C, denoted by Pcx, such that ||x — Pcx| < |lx — y|| for all
y € C.Such a P¢ is called the metric projection from H onto C. We know that P is a firmly
nonexpansive mapping from H onto C, i.e.,

|Pcx — Pcyl|* < (Pex — Pey,x—y), Vx,y€H.
Further, for any x € H and z € C, z = Pc« if and only if
(x—z,z-y)>0, VyeC. (2.4)

Throughout this paper, let us assume that a bifunction F : H x H — R satisfies the fol-
lowing conditions:

(Al) F(x,x)=0,Vx e H;

(A2) Fis monotone, i.e., F(x,y) + F(y,x) <0, Vx,y € H;

(A3) lim; o F(tz + (1 - t)x,y) < F(x,%), Vx,9,z € H;

(A4) for each x € H, y— F(x,y) is convex and lower semicontinuous. O

Lemma 2.3 ([1, 4]) Let H be a Hilbert space and let F : H x H — R satisfy (Al), (A2),
(A3), and (A4). Then, for any r > 0 and x € H, there exists z € H such that

1
F(z,y)+-(y-zz-x)>0, VyeH.
r

Furthermore, if
1
Tyx = {ZGH:F(ZJ) +-(y-z2-x) ZO’WGH}’
r

then the following hold:
(1) T, is single-valued,;
(2) T, is firmly nonexpansive;
() K(T)) =%;
(4) Q is closed and convex.
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The following results play an important role in this paper.

Lemma 2.4 ([22]) Let X be a real Hilbert space, then we have
lx+ylI* < llxll* +2(r,x +y), VxyeX.

Lemma 2.5 ([23]) Let {x,} and {y,} be bounded sequences in a Banach space X. Let {$,}

be a sequence in [0,1] satisfying 0 < liminf,_, o, B, <limsup,,_, . B, < 1. Suppose that

X+l = (1 - ﬂn)yn + ,ann

for all integer n > 0 and

limsup(||yn+1 =Yl = %041 _xn”) <0.

n—00

Then limy,_, o ||y — %]l = 0.

Lemma 2.6 ([24]) Let {a,} be a sequence of nonnegative real numbers such that
Ap < (1- Vn)dn +Yu0n, n=0,1,2,...,

where {y,} is a sequence in (0,1), and {0,,} is a sequence in R such that

(1) ZZZO Vn = O0;
(11) lim SUP;— 00 On = 0, or ZZZO |V”a”| < 00.

Then lim,_, o a,, = 0.

3 Main results
We are now in a position to prove the following theorem.

Theorem 3.1 Let Hy, H, be two real Hilbert spaces, F : Hy x H; — R be a bifunction satis-

fying (A1), (A2), (A3),and (A4). Let A : Hy — H, be a bounded linear operator, S : H; — H;
be a firmly nonexpansive mapping, and let T : Hy — H, be a firmly nonexpansive mapping
such that ||(I — T)x| is a convex function from H, to R. Assume that C := F(S)N Q # ) and
Q:=F(T) #0. Let u € Hy and {x,} be the sequence generated by

xo € Hj chosen arbitrarily,
Xpil = Bukn + (1- ,Bn)ym
F(yn’x)-"i(x_yn;yn_z;q) ZO; VxGHl,
zy = S(otyue + (1 — o) (%, — snvf(xn)))v
where
1 2
fen) =3 | - T)Ax, |

_ onf (%)
IVf ()12

. V() =A*(I - T)Ax, #0 Vn>1,

€n
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If the solution set T" of SPF (1.2) is not empty, and the sequences {p,} C (0,4), {a,}, {Bs} C
(0,1) satisfy the following conditions:
(i) limyoo ey =0, Y ooty = 00;
(i) 0<liminf,_, o By <limsup,_, . By <1;
(iii) A, € (a,b) C (0,+00) and lim,,_, oo (Ays1 — An) = 0,
then the sequence {x,} converges strongly to Pru.

Proof Since the solution set €2 of EP and the solution set of SPF (1.2) are both closed and
convex, I' (# ) is closed and convex. Thus, the metric projection Pr is well defined.
Letting p = Pru, it follows from Lemma 2.3 that y, = T, ,z, and

lyn =Pl = 115,20 = To,pll < llzn = pII. (3.2)
Observing that S is firmly nonexpansive, we have

Izn =PIl = ||S(ctnte + (1 = 0t) (%0 — £,V (%)) — 1|
= Han(u -p)+(1- an)(xn =&, Vf(xn) _p) H

San”u_p” +(1_an)||xn_$nvf(xn)_p”' (33)

Sincep € I' C C, Vf(p) = 0. Observe that / — T is firmly nonexpansive, from Lemma 2.2(ii)
we have

<Vf(xn)1xn —P> = ((1 - T)Axn:Axn _Ap>

> || (1= DA, |* = 2f (). (3.4)

This implies that

”xn =&, Vf(xn) —P”z = [l —P||2 + ||§'an(9€,,)||2 - 25n<vf(xn)rxn —P>

< ot =PI + 2|V () | = 46/ (5)

SfA )
= |lx, — ”2 - pn(4 - pn)i
P IV Gen)I?
< llxn = plI*. (3.5)
Substituting (3.5) into (3.3), we get
lzn —pll < anllu—pll + (1 -ay)lx, - pll. (3.6)

Thus, from (3.2) and (3.6) we have

%1 =PIl = || Bun + A= Ba)yw —p|
< Bullxn = pll + (L= By - Pl
< ﬁn”xn —P|| + (1 - ﬁn)”zn —P||

= (1 —a,(l _/371))||xn = pll + o1 = Bu)llu~-pll.
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It turns out that

%41 — pll < max{|lx, —pll, lu-pl}.

By induction, we have
%, = pll < max{lixo - pll, 1z = pll}-

This implies that the sequence {x,} is bounded. From (3.2) and (3.6) we know that {y,}
and {z,} both are bounded.

From Lemma 2.4 and (3.5), we have
[ —19||2 = HS(O[,,M +(1- Oln)(xn - snvf(xn))) _pHZ
< s = p) + (1= et (w0 — £ VS ) - )|

<@1- an)Hxn - énvf(xn) —PH2 +20,(u—p,z, — p)

<1 -oap)llxn —P||2 + 20, (U~ p, 2, — p)

S )
—1=-a,)pud - p,)————. 3.7
(I —au)pn(d-p, )IIVf(xn)II2 (3.7)
Therefore, from Lemma 2.6 and (3.2), (3.7) we have
l6nir =PI = || Bt + (L= Bu)yn — p|*
< Bullxn _p”2+(1_,3n)||zn_p”2
< Bullxn —P||2 +(1- ,Bn)(l —ot) || _PHZ +20,(1 - ﬁn)(” -P:Zn—D)
e oy L)
(1-a,)1 ,Bn)pn(4 /On) ”Vf(xn)”z
= ||l%, _P||2 —a,(l- ﬂn)”xn —19||2 + 20, (1 - ﬁn)(u —P:Zn— D)
12 (%)
—(1-o,)1 -84 - pn)——. 3.8
(1= on)(X = Bu)pu(4 - p )||Vf(xn)||2 (3.8)

On the other hand, without loss of generality, we may assume that there is a constant o > 0
such that

(1_an)(1_,8n)pn(4_pn) >0, Vn>=1

Setting s, = |lx, — p||?, we get the following inequality:

af?(xn)
IVf ()2

Sn+l — Sn +an(1_,3n)sn + Szan(l_lgn)(u_przn —P> (39)

Now, we prove s, — 0 by employing the technique studied by Maingé [25]. For the
purpose we consider two cases.

Page 8 of 16
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Case I: {s,} is eventually decreasing, i.e., there exists a sufficient large positive integer
k > 1such thats, > s, holds for all n > k. In this case, {s,,} must be convergent, and from
(3.9) it follows that

af?(xn)

W < (8n = Sne1) + (1 = B,)M, (3.10)

where M is a constant such that M > 2|z, — p|||lu — p|| for all n € N. Using the condition
(i) and (3.10), we have

F)
Ve 0 T N

Moreover, it follows from Lemma 2.1(ii) that for all » € N

[Vf G| = 9 Gen) = V@) | < 1AI 1~ .
This implies that {||Vf(x,)|} is bounded. From (3.11) it yields f(x,) — 0, namely

|z - T)Ax, | — o. (3.12)
Furthermore, we have

lim &, =0. (3.13)

For any x* € w,,(x,), and if {x,, } is a subsequence of {x,} such that x,, — x* € H), then

Axy, — Ax”. (3.14)
On the other hand, from (3.12), we have

| - T)Ax,, | — o. (3.15)
Since T is demi-closed at origin, from (3.14) and (3.15) we have Ax* € F(T), i.e., Ax* € Q.

In order to prove x* € C = F(S) N Q, we need to prove lim, ., [|%,:1 — %4]| = 0 and
lim,, o ||, — 24| = 0. In fact, from (3.1) we have

1
F(yn,x) + )L—(x Y ¥n—2y) >0, VxeH,.
n
Taking x = y,,,1, we get
1
F(yn:ym—l) + )L_ (,yn+l — Y Yn— Zn) = 0.
Similarly, we also have

F(yn+lryn) +

On = Ynsl> Ynsl — Zns1) = 0.
)Lml
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Adding up the above two inequalities, we get

n— Zn n+l — Zn+
F(ymynH) + F(erl;yn) + <yn+1 —Vn» X = Y 1> >0.

)\n )‘-n+1

From (A2), we have

yn —Zy _ yn+1 _Zn+1> Z 0.

<yn+1 ~ Yn> o ormt

Multiplying the above inequality by ,, and simplifying, we have

A
<yn+1 _ymyn _yn+1 +yn+1 —Zy— —n()/nu - Zn+1)> > 0
)"rz+1
Hence we have

A
‘ (Yn+1 - Zn+1)>
}\n+1

An
= <yn+1 —YnrZn+l1 —Zn t <1 - )(ywrl - Zn+1)>

n+l

lyns1 __)/n”2 = <yn+1 — Y Ynel —Zn —

An
< 1Yne1 = yall <||Zn+1 —zull +]1- NYne1 = Zn+1||>
)\n+1
and hence
n
lys1 = yull < Nzne1 — zull + |1 = 1yns1 = Zual
)‘-n+1

1
< MNzn — zull + ;|)¥n+1 = 2l - 1Yue1 =z -
By (3.1) we have

1201 = Zull = | S(nsrze + (1 = 1) (%ni1 = Enit VS K31)))
= S(otu + (1= o) (%0 — £V (x0))) |
< | (@per - etn)ue
+ (1= ) { (%1 = Ena VI (011)) — (%0 — £,V (%)) }
— (o1 — o) (%0 — E4 V() |

=< (1 - an+1)”xn+1 _xn” +Nn = ”xnﬂ _xn” +Nn: (316)

where

Nn = |an+1 - an| . ”M” + (1 - an+1)($n+l H Vf(xnﬂ) ” + En || vf(xn)”)

+ |01 — 0ty - ”xn - Srzvf(xn)” —0 (1— 00). (3.17)

This implies that

1
Iyne1 = Yull < 1%ne1 — xull + ;l)‘nﬂ = Aul - NYne1 = Zall + Ny

Page 10 of 16
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It follows that
1
1yne1 = Yull = (%01 = xull < ;|)‘-n+1 = Aul - Yne1 = Zuall + Ny
In view of condition (iii) and (3.17) we get
1imSUP(||yn+1 _yn” - ||xn+1 _xn”) < 0.

n—0oQ

By Lemma 2.5, we obtain

lim ||y, — %] = O. (3.18)
n—>00
Consequently
||x}’l+1 - xn” = “,ann + (1 - ﬁn)yn —Xn H
=(1- ,Bn)Hyn %yl >0 (n— 00). (3.19)

Since S is firmly nonexpansive, it follows from (3.1) that

220 - pI> = 2| S (@t + (L - ) (%0 — £,V (x0))) - S|
< 2oyt + (1= at) (%0 — £,V () = pr 20 — D)
= Jotwte + (1= e0) (60 = £V @) — 2| + 1z — 12
— ottt + (1 = ) (% — £V @) = p — 2 + 2|
= otultt = ) + (1 = ) (50 = £V ) = P) | + 1z — I
et = 24) + (1 = 00) (3 = £V (5) — ) |
< (1= @)% =PI + 12 =PI = 120 = 2all® + Mo

where

M, = ayllu —19||2 +(1- an)Hénvf(xn) ”2 -2(1- an)gn(xn -b Vf(xn)>
—ayllu— Zn||2 -(1- Oln){ ”";:nvf(xn)“2 - 2<xn - Zn:gnvf(xn»}
+ 0ty ||, — Zn”2 +oy(1-ay) ||xn —u- $,,Vf(x,,)||2

— 0 (asn— 00).
Therefore we have
2 =PI < 1% = pII* = %0 = 241 + M.
This together with (3.8) shows that

%41 = PI* < Bulln —plI> + (L= Bu)llzn — pII?
<% = pII* = (L = B)I%n = 2a 1> + (1 = B M.
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Then we obtain

(L= BIIxn = 2ull> < 1% = pII* = 101 — P11 + (L= B,)M,,
=8n—Sns1 t+ (1 - ﬂn)Mn'

Therefore, we get
lim [|%, — 2] = 0. (3.20)
Hn— 00

By virtue of (3.18), we have
lim ||y, — 2|l = 0. (3.21)
n—00

Now, we turn to a proof that x* € C = F(S) N Q. For this purpose, we denote

Vp =i+ (1- an)(xn - Envf(xn))-

In view of condition (i) and (3.13) we have

Vi —xnll = H(anl +(1 _Oln)(xn - ‘i:nvf(xn)) —Xn ”
= Han(u —x.)—(1- an)énvf(xn)||
< el =2l + (1= 0tn)éu | VS Ge) | — 0. (3.22)

Since § is firmly nonexpansive (and so it is also nonexpansive), it follows from Lemma 2.4
that

Izne1 =PI = 1SVt — Sk + S0 — Sp|?
< 118%n = SPII* + 2{SVns1 — Sxps1 + SXs1 — Sy Zns1 — P)
< 1% =PI = [ (= ) |” + 2(IVir1 = % | + 1 = %l 121 = pI-
Thus, we have

2
|7 =)
2 2
< % = pII* = lzus1 — pIlI~ + 2(||Vn+1 = X1l + %41 _xn”)”ZrHl -pl
2 2
< lxn =21 = (lzne1 = %l = %1 = pII)
+ 2(11Vne1 = %t |+ 1011 = 2all) 12501 = 2
2 2 2
= ”xn —P|| - ||xn+1 _p” - ||Zn+1 _xn+1|| + 2||xn+1 _p” : ||Zn+1 _xn+1||
+ 2(”Vn+1 = X1 || + %41 _x}’l”)”Z}'Hl -pll
2
=8n = Sns1 = 1Zne1 = X1 |I” + 20001 = Pl - 12041 — X1l
+ 2(”Vn+1 = X1 |l + %41 —xn”)”ZnJrl -rl. (3.23)

It follows from (3.19), (3.20), and (3.22) that ||( — S)x,|| — 0. In view of x,, — x* and that
S is demi-closed at origin, we get x* € F(S).
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On the other hand, from x,, — x* and (3.18), we obtain y,, — x*. From (3.1), for any
x € Hy, we have

1
F(yn’x) + )L_(x_.ymyn -z, >0.

From (A2), we have

1
T(x_ymyn_ztﬁ ZF(x;yn)» Vx € Hi.

n

Replacing # by ny, we have

Vo, — 2
<x—ynk, %> > F(%yn), YxeH.
ni

Since ||y”’)‘\ﬂ | = 0 and y,, — %, from (A4) we have
g
F(x,x*) <0, VxeH,. (3.24)

Put w; = tx + (1 — £)x* for all ¢ € (0,1] and x € H;. Then we get w, € H;. So, from (3.24) we
have

F(wt,x*) <0, VxeH,.
From (A4), we have

0 = F(w;, wy) < tF(wy, ) + (1 - £)F (wy, %)

S tF(W[,x),
and hence F(w;,x) > 0. Letting t — 0, we have
F(x*,x) >0, VxeH,.

This implies x* € Q. Consequently, x* € C, and hence w,(x,) C I'. Furthermore, in view
of (3.20) we have

limsup(u — p,z, — p) = limsup(u — p,x, — p)

n—00 n—00

= max {(u-—Pru,w-Pru) <0.
wewy (%)

On the other hand, from (3.9), we have

Spsl = (1 — (1 - ﬂ,,))s,, +20a,(1 = Bu) (U~ p,z, — p). (3.25)

Applying Lemma 2.6 to (3.25), from the condition (i) we obtain s, — 0, that is, x, — p.

Page 13 0of 16
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Case 2: {s,} is not eventually decreasing, that is, we can find a positive integer n, such
that s,,, < s,,+1. Now we define

Uy :={ny <k <n:sg <sga}, n>np.
It easy to see that U, is nonempty and satisfies U, C U,,,;. Let
Y(n):=maxU,, n>ny.

It is clear that ¥ (1) — oo as n — oo (otherwise, {s,} is eventually decreasing). It is also

clear that sy () < Sy ()1 for all # > ny. Moreover, we prove that
Sp = Syr(n)+1» Vi > no. (326)

In fact, if ¥ (1) = n, then the inequality (3.26) is trivial; if ¥ (n) < 1, from the definition of
¥ (n), there exists some i € N such that ¥ (n) + i = n, we deduce that

Sy(n)+1 > Sy(n)+2 > * > Sy(n)+i = Su>

and the inequality (3.26) holds again. Since sy () < sy (1 for all n > ny, it follows from
(3.10) that

o2y m)
——————— <y (1 = Bywm)M — 0.
IVfGyu)l2 =V~ v

Noting that {||Vf(xy )|} is bounded, we get f(xy(,)) — 0. By the same argument to the
proof in case 1, we have w,,(xy(,) C I'. From (3.19) we have

nlingo 1%y () — Xy (11l = 0. (3.27)
Furthermore, in view of (3.20), we can deduce that

limsup(u — p, zy(») — p)

n—00

= limsup(u — p, Xy(m) — p)

n— 00
= max (u—Pru,w-Pru)<0. (3.28)

WEWW(xv,(n))

Since sy () < Sy (n)+1, it follows from (3.9) that
Sym) < 2(u—p.zym) —p)y 1> M. (3.29)
Combining (3.28) and (3.29) we have

limsupsy ) <O, (3.30)

n—0oQ0
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and hence sy (,) = 0, which together with (3.27) implies that

A/ Sy (n)+1 =< || (xl/J(rl) —P) + (x‘l//‘(}’l)+1 - xl//(n)) ||

< A Syn) t ||x1//(n)+1 _xilf(n)” — 0.

Noting the inequality (3.26), this shows that s, — 0, that is, x, — p. This completes the
proof of Theorem 3.1. O

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally and significantly to this research work. All authors read and approved the final manuscript.

Author details

'Department of Mathematics, Yibin University, Yibin, Sichuan 644007, China. College of Statistics and Mathematics,
Yunnan University of Finance and Economics, Kunming, Yunnan 650221, China. *Faculty of Computing, Engineering and
Technology, Staffordshire University, Beaconside, Stafford, Staffordshire ST18 0AD, UK.

Acknowledgements

This study was supported by the Scientific Research Fund of Sichuan Provincial Education Department (13ZA0199) and
the Scientific Research Fund of Sichuan Provincial Department of Science and Technology (2012JYZ011) and by the
National Natural Science Foundation of China (Grant No. 11361070).

Received: 16 June 2013 Accepted: 31 January 2014 Published: 13 Feb 2014

References
1. Blum, E, Oettli, W: From optimization and variational inequalities to equilibrium problems. Math. Stud. 63, 123-145
(1994)
2. Chadli, O, Wong, NC, Yao, JC: Equilibrium problems with applications to eigenvalue problems. J. Optim. Theory Appl.
117(2), 245-266 (2003)
3. Chadli, O, Schaible, S, Yao, JC: Regularized equilibrium problems with an application to noncoercive hemivariational
inequalities. J. Optim. Theory Appl. 121, 571-596 (2004)
4. Combettes, PL, Hirstoaga, SA: Equilibrium programming in Hilbert space. J. Nonlinear Convex Anal. 6, 117-136 (2005)
5. Ceng, LC, Yao, JC: A hybrid iterative scheme for mixed equilibrium problems and fixed point problems. J. Comput.
Appl. Math. 214, 186-201 (2008)
6. Takahashi, S, Takahashi, W: Strong convergence theorem for a generalized equilibrium problem and a nonexpansive
mapping in a Hilbert space. Nonlinear Anal. 69, 1025-1033 (2008)
7. Reich, S, Sabach, S: Three strong convergence theorems regarding iterative methods for solving equilibrium
problems in reflexive Banach spaces, optimization theory and related topics. Contemp. Math. 568, 225-240 (2012)
8. Kassay, G, Reich, S, Sabach, S: Iterative methods for solving systems of variational inequalities in reflexive Banach
spaces. SIAM J. Optim. 21, 1319-1344 (2011)
9. Censor, Y, Elfving, T: A multiprojection algorithm using Bregman projection in product space. Numer. Algorithms 8,
221-239(1994)
10. Aleyner, A, Reich, S: Block-iterative algorithms for solving convex feasibility problems in Hilbert and in Banach.
J. Math. Anal. Appl. 343(1), 427-435 (2008)
11. Bauschke, HH, Borwein, JM: On projection algorithms for solving convex feasibility problems. SIAM Rev. 38(3),
367-426 (1996)
12. Moudafi, A: A relaxed alternating CQ-algorithm for convex feasibility problems. Nonlinear Anal. 79, 117-121 (2013)
13. Masad, E, Reich, S: A note on the multiple-set split convex feasibility problem in Hilbert space. J. Nonlinear Convex
Anal. 8,367-371 (2007)
14. Yao, Y, Chen, R, Marino, G, Liou, YC: Applications of fixed point and optimization methods to the multiple-sets split
feasibility problem. J. Appl. Math. 2012, Article ID 927530 (2012)
15. Xu, HK: A variable Krasnosel'skii-Mann algorithm and the multiple-set split feasibility problem. Inverse Probl. 22,
2021-2034 (2006)
16. Xu, HK: Iterative methods for the split feasibility problem in infinite-dimensional Hilbert spaces. Inverse Probl. 26(10),
Article ID 105018 (2010)
17. Yang, Q: The relaxed CQ algorithm for solving the split feasibility problem. Inverse Probl. 20, 1261-1266 (2004)
18. Zhao, J, Yang, Q: Several solution methods for the split feasibility problem. Inverse Probl. 21, 1791-1799 (2005)
19. Lopez, G, Martin-Mérquez, V, Wang, FH, Xu, HK: Solving the split feasibility problem without prior knowledge of
matrix norms. Inverse Probl. 28, 085004 (2012). doi:10.1088/0266-5611/28/8/085004
20. He, S, Zhao, Z: Strong convergence of a relaxed CQ algorithm for the split feasibility problem. J. Inequal. Appl. 2013,
197 (2013). doi:10.1186/1029-242X-2013-197
21. Goebel, K, Reich, S: Uniform Convexity, Hyperbolic Geometry and Nonexpansive Mappings. Marcel Dekker, New York
(1984)

Page 150f 16


http://www.fixedpointtheoryandapplications.com/content/2014/1/36
http://dx.doi.org/10.1088/0266-5611/28/8/085004
http://dx.doi.org/10.1186/1029-242X-2013-197

Tang et al. Fixed Point Theory and Applications 2014, 2014:36 Page 16 of 16
http://www.fixedpointtheoryandapplications.com/content/2014/1/36

22.

23.

24.
25.

Chang, SS: On Chidume's open questions and approximate solutions for multi-valued strongly accretive mapping
equations in Banach spaces. J. Math. Anal. Appl. 216, 94-111 (1997)

Suzuki, T: Strong convergence of Krasnoselskii and Mann'’s type sequences for one-parameter nonexpansive
semigroups without Bochner integrals. J. Math. Anal. Appl. 305, 227-239 (2005)

Xu, HK: Iterative algorithms for nonlinear operators. J. Lond. Math. Soc. 66, 240-256 (2002)

Maingé, PE: New approach to solving a system of variational inequalities and hierarchical problems. J. Optim. Theory
Appl. 138,459-477 (2008)

10.1186/1687-1812-2014-36
Cite this article as: Tang et al.: A strong convergence theorem for equilibrium problems and split feasibility problems
in Hilbert spaces. Fixed Point Theory and Applications 2014, 2014:36

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



http://www.fixedpointtheoryandapplications.com/content/2014/1/36

	A strong convergence theorem for equilibrium problems and split feasibility problems in Hilbert spaces
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries and lemmas
	Main results
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


