Du et al. Fixed Point Theory and Applications 2014, 2014:31 ® Fixed Point Theory and Applications
http://www_fixedpointtheoryandapplications.com/content/2014/1/31 a SpringerOpen Journal

RESEARCH Open Access

Some generalizations of
Mizoguchi-Takahashi’s fixed point theorem
with new local constraints

Wei-Shih Du'", Farshid Khojasteh?* and Yung-Nan Chiu’

"Correspondence:
wsdu@nknucc.nknu.edu.tw
'Department of Mathematics,
National Kaohsiung Normal
University, Kaohsiung 824, Taiwan
Full list of author information is
available at the end of the article

@ Springer

Abstract
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constraints on discussion maps.

MSC: 47H10; 54C60; 54H25; 55M20

Keywords: M7 -function (or R-function); fixed point; approximate fixed point
property; manageable function; transmitted function; Kikkawa-Suzuki's fixed point
theorem; Mizoguchi-Takahashi’s fixed point theorem; Nadler’s fixed point theorem;
Banach contraction principle

1 Introduction and preliminaries

Let (X, d) be a metric space. Denote by AV (X) the family of all nonempty subsets of X, C(X)
the class of all nonempty closed subsets of X and CB(X) the family of all nonempty closed
and bounded subsets of X. For eachx € X and A C X, let d(x, A) = infc4 d(x,y). A function
H :CB(X) x CB(X) — [0,00) defined by

H(A, B) = max ’ supd(x,A),supd(x, B) }

xeB x€A
is said to be the Hausdorff metric on CB(X) induced by the metric d on X. Let T : X —
N (X) be a multivalued map. A point v in X is said to be a fixed point of T if v € Tv. The set
of fixed points of T is denoted by F (7). The map T is said to have the approximate fixed
point property [1-3] on X provided infycx d(x, Tx) = 0. It is obvious that F(T) # ¥} implies
that T has the approximate fixed point property. The symbols N and R are used to denote
the sets of positive integers and real numbers, respectively.

A function ¢ : [0,00) — [0,1) is said to be an MT -function (or R-function) [2-5] if
limsup, ., ¢(s) < 1 for all £ € [0,00). It is evident that if ¢ : [0,00) — [0,1) is a nonde-
creasing function or a nonincreasing function, then ¢ is a M7 -function. So the set of
MT -functions is a rich class.

Recently, Du [5] first proved the following characterizations of M7 -functions.

Theorem 1.1 ([5]) Let ¢ : [0,00) — [0,1) be a function. Then the following statements are
equivalent.
(a) @ isan MT -function.
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(b) Foreach t € [0,00), there exist ril) €[0,1) and SEI) > 0 such that ¢(s) < rgl) forall

se(tt+ sil)).

(c) Foreacht e 0, 00), there exist rt ) e [0,1) and st > 0 such that ¢(s) < rt for all
seftt+ é‘t

[
.
(d) Foreacht e [0, 00), there exist rt ) e [0,1) and et )'> 0 such that o(s) < rt for all
se(tt+ st ]

[

(e) Foreach t € [0,00), there exist rt ) e [0,1) and st )'> 0 such that o(s) < rt for all
SE [t,t+8§ ))‘

(f) For any nonincreasing sequence {x,},en in [0,00), we have 0 < sup,,.y ¢(x,) < 1.

(g) @ is a function of contractive factor; that is, for any strictly decreasing sequence
{x}nen in [0,00), we have 0 < sup,,.y ¢(x,) < 1.

In 1989, Mizoguchi and Takahashi [6] proved a famous generalization of Nadler’s fixed
point theorem, which gives a partial answer of Problem 9 in Reich [7].

Theorem 1.2 (Mizoguchi and Takahashi [6]) Let (X,d) be a complete metric space, ¢

[0,00) = [0,1) be a MT -function and T : X — CB(X) be a multivalued map. Assume
that

H(Tx, Ty) < ¢(d(x,9))d(x,9),
forallx,y € X. Then F(T) # 0.

A number of generalizations in various different directions of research of Mizoguchi-

Takahashi’s fixed point theorem were investigated by several authors; see, e.g., [2-5, 8—12]
and references therein.

In 2008, Suzuki [13] presented a new type of generalization of the celebrated Banach
contraction principle [14] which characterized the metric completeness.

Theorem 1.3 (Suzuki [13]) Define a nonincreasing function 6 from [0,1) onto (1,1] by

1) l_fOSrS %(ﬁ_l)r
0 =1, Fis-Dsr<,

.
, ‘fl <r<l

-
-
M\

+r

Then for a metric space (X, d), the following are equivalent:
(1) X is complete.
(2) Every mapping T on X satisfying the following has a fixed point:
o There exists r € [0,1) such that 0(r)d(x, Tx) < d(x,y) implies d(Tx, Ty) < rd(x,y)
forallx,y € X.

(3) There exists r € [0,1) such that every mapping T on X satisfying the following has a

fixed point'

® 5000 000 —==d(x, Tx) < d(x,y) implies d(Tx, Ty) < rd(x,y) for all x,y € X.

Remark 1.1 ([13]) For every r € [0,1), 6(r) is the best constant.
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Later, Kikkawa and Suzuki [15] proved an interesting generalization of both Theorem 1.1
and Nadler’s fixed point theorem. In fact, Kikkawa-Suzuki’s fixed point theorem can be
regarded as a generalization of Nadler fixed point theorem with a local constraint on the

discussion map.

Theorem 1.4 (Kikkawa and Suzuki [15]) Define a strictly decreasing function n from [0,1)
onto (%, 1] by

1
’I(V)—m-

Let (X, d) be a complete metric space and let T be a map from X into CB3(X). Assume that
there exists r € [0,1) such that

n(rdx, Tx) < d(x,y) implies H(Tx, Ty) < rd(x,y)
forallx,y € X. Then F(T) # 0.

In this paper, motivated by Kikkawa-Suzuki’s fixed point theorem, we establish some
new generalizations of Mizoguchi-Takahashi’s fixed point theorem with new local con-
straints on discussion maps. Our new results generalize and improve Mizoguchi-
Takahashi’s fixed point theorem, Nadler’s fixed point theorem and Banach contraction
principle.

2 Main results
Very recently, Duand Khojasteh [12] first introduced the concept of manageable functions.

Definition 2.1 ([12]) A function n:R x R — R is called manageable if the following con-
ditions hold:

(n1) n(t,s) <s—tforalls,t>0.
(n2) For any bounded sequence {t,} C (0,+00) and any nonincreasing sequence {s,} C
(0, +00), we have

. ty + n(tmsn)
limsup ——— < 1.

n—00 Sn

We denote the sets of all manageable functions by 1\@(\]&).

—

Remark 2.1 If n € Man(R), then n(¢,£) < 0 for all £> 0.

Example 2.1 Let y € [0,1) and a > 0. Then the function 7, : R x R — R defined by
ny(t,s) = ys —t — a is manageable.

Example 2.2 ([12]) Letf:R x R — R be any function and ¢ : [0, 00) — [0,1) be an MT -
function. Define n: R x R — R by

sp(s) —t, if (¢,8) € [0, +00) x [0, +00),
T)(t: S) = .
f(ts), otherwise.
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Then 7 is a manageable function. Indeed, one can verify easily that (n1) holds. Next, we
verify that n satisfies (12). Let {¢,} C (0, +00) be a bounded sequence and {s,} C (0, +00)
be a nonincreasing sequence. Then lim,,_, o 5, = infyen s, = a for some a € [0, +00). Since
¢ is an MT -function, by Theorem 1.1, there exist r, € [0,1) and ¢, > 0 such that ¢(s) <r,

for all s € [a,a + &,). Since lim,,_, o 8, = inf,cN 5, = a4, there exists 1, € N, such that
a<s,<a+é¢, forallneNwithn>n,.

Hence we have

t, +nty,s .
lim sup M =limsupp(s,) <r,<1,
n—00 Sy n—00

—

which means that (2) holds. Thus we prove n € Man(R).

In this paper, we first introduce the concepts of weakly transmitted functions and (A)-

strongly transmitted functions.

Definition 2.2 A function £ : R x R — R is called

(i) weakly transmitted if £(t,s) >s—t for all s, ¢ > 0;

(i) ())-strongly transmitted if there exists A > 2, such that £(¢,s) > s — %t forall s,t > 0.

We denote by ﬁ—\A;/) and Tm), the sets of all weakly transmitted functions and ()-
strongly transmitted functions, respectively. It is quite obvious that Tm) - T/R-\A;,) for
all A > 2.

Example 2.3 Let f: R x R - R, g: [0,+00) — [1,+00) be functions and A > 2. Define
§:RxR— Rby

_1 :
S(t,s) _ Sg(s) At’ if (¢,8) € [0, +00) x [0, +00),
f(&s), otherwise.

—~—

Then & € TRA(A).
The following simple example shows that there exists a weakly transmitted function
which is not (1)-strongly transmitted for all A > 2. In other words, TRA(A) C TRAy,, for

all A > 2.

Example 2.4 Let £ :R x R — R be defined by

£(t,s) = 2s—t, if(t,s) €[0,+00) x [0,+00),

0, otherwise.
Then & is a weakly transmitted function which is not (1)-strongly transmitted for all 1 > 2.

The following result is simple, but it is very crucial in our proofs.
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Lemma 2.1 Let (X, d) be a metric space, W be a nonempty subset of X x X and T : X —
CB(X) be a multivalued map. Suppose that there exists n € Man(R) such that

n(’H(Tx, Ty),d(x,y)) >0 forall (x,y) e W.

If (p,q) € W with p # q, then H(Tp, Tq) < d(p, q).

Proof Since p #q, d(p,q) > 0. If H(Tp, 1q) = d(p,q) > 0, then, by Remark 2.2, we have 0 <
n(H(Ip, Iq),d(p, q)) < 0, a contradiction. If H(Tp, Tg) > d(p,q) > 0, then, by (n1), we have

0 < n(H(Ip, T9),d(p,q)) < d(p,q) - H(Ip, Tg) < 0,
which also leads a contradiction. Therefore H(Tp, Tq) < d(p, q). O
Now, we establish an existence theorem for approximate fixed point property and fixed
points by using manageable functions and transmitted functions which is one of the main

results of this paper.

Theorem 2.1 Let (X,d) be a metric space and T : X — CB(X) be a multivalued map.
Assume that there exist € € TRA(,) and n € Man(R) such that

n(H(Tx, Ty),d(x,y)) = 0 forall (x,y) € W, (2.1)
where
W = {(x,y) eX x X:E(d(x, Tx),d(x,y)) > 0}.

Then T has the approximate fixed property on X.
Moreover, if (X, d) is complete and & € TRA(L), then F(T) # 0.

Proof Let xy € X. If x5 € Txo, then xy is a fixed point of 7" and we are done. Suppose that
xo ¢ Txo. Then d(xg, Txo) > 0. Since Txo # ¥, we can find x; € Txg with x1 # x9. Thus

d(xg,x1) > 0.

Since £ € TRA(,,), we get
£ (d(x0, Txo), d(x0,%1)) > d(x0,%1) — d(x0, Txo) > 0,
which means that (xo,x;) € WW. Therefore, by (2.1), we obtain
n(H(Txo, Tx1), d(%0,%1)) > 0.
By Lemma 2.1, we have

H(Txo, Tx1) < d(x0,%1).
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If x; € Tx;, then we have nothing to prove. So we assume that x; ¢ Tx;. Hence we have
0 < d(x1, Tx1) < H(Txo, Txy). (2.2)
Define #1: R x R — R by

””—(t’s), ift,s >0,
h(t,s) = §

0, otherwise.
By (n1), we know that
0<h(t,s)<1 forallt,s>D0. (2.3)
Since H(Txo, Tx;) > 0 and d(xg,x1) > 0, by the definition of / and (2.2), we have
d(x1, Txr) < H(Txo, Trr) < d(xo, %0)h(H(Txo, Tx1), d(x0, %1)). (2.4)

Take

1
€= («/h(’H(Tam, Tay), d(eo, %)) - 1>d(x1, Tx1).

Then €; > 0. Since

d(x1, Tx1) < d(x1, Txy) + €
1

RH(Txo, Txy), d(xo, %1)) d(xn, ),

there exists x, € Tx; such that x, #x; and

1

d(x1,%7) < VH(H(Txo, Ty, d(xg, %1))

d(xly Txl)

< d(xo, )\ h(H(Txo, Tr), (o, :1))-
If x, € Tx,, then the proof is finished. Otherwise, we have
0 < d(x2, Txo) < H(Tx1, Tx>). (2.5)
By (2.2) and x, # %, we get
E(d(x, Try), d(x1,%2)) = d(x1, %) — d(1, Txp) = 0,
which implies (x1,%;) € W. By (2.1), we obtain

n(H(Txy, Taa), d(x1,%,)) = 0.
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By Lemma 2.1 and (2.5), we have

0 < H(Txy, Txy) < d(x1,%2). (2.6)
Taking into account (2.5), (2.6) and the definition of / conclude that

d(x2, Tp) < d(oer, %) (H(Tx1, Ta), d(%1,%2)).

By taking

1
€= (\/h(H(Txl, sz), d(xlyxz)) - l)d(x2, TX2),

there exists x3 € Tx; with x3 # x, such that

d(xo,x3) < d(xl,xz)\/h(’H(Txl, Txy), d(%1,%2)).
Hence, by induction, we can establish a sequences {x,} in X satisfying for each n € N,

Xn € Txn—l;
d(xn—l»xn) >0,
0 < d(xy, Txy) < H(Txyo1, Tiy) < d(Xp-1, %),

n(H(Txn—lv Txn)r d(xn—l;xn)) = O,

and

s n11) < A1, 3] H(H(Ti1, T, 1, %)) (2.8)

We claim that {x,},en is a Cauchy sequence in X. For each n € N, let

On = \/h(”H(Txy,_l, Tx,,),d(xn_l,x,,)).
By (2.3), we know that

0< h(H(Txy,_l, Txn),d(xn_l,xn)) <1 forallneN, (2.9)
so, from (2.8) and (2.9), we obtain p, € (0,1) and

AKXy, %n41) < Ppd(x,-1,%,) forall m e N, (2.10)
Hence the sequence {d(x,_1,%,)}xen is strictly decreasing in (0, +00). Thus

nlingo A(X, Xp41) = ;glg d(X,,%,41) > 0 exists. (2.11)

By (2.7), we get

H(Txp-1, Tx,) < d(x,-1,%x,) forallmeN,
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which means that {#(Tx,_1, Tx,)},cn is a bounded sequence. By (12) and the definition of

h, we have

lim sup h(’H(Tx,,_l, Tx,), d(%,_1, x,,)) <1,

n—o0

which implies limsup,,_, ., o, < 1. So, there exists ¢ € [0,1) and ny € N, such that
on <c forall n e Nwith n > nyg. (2.12)

For any n > ny, since p, € (0,1) for all n € N and ¢ € [0, 1), taking into account (2.10) and

(2.12), we conclude

d(xnr xn+1) < pnd(xn—l; xn)

< e

< PnPr-1Pu=2* Pug@(xo,%1)

< "0 d(xo, x1).

n—np+1
Put o, = %d(xo,xl), n € N. For m,n € N with m > n > ny, from the last inequality, we

have

m-1
d(xnrxm) = Zd(xpxjﬂ) <Oy

j=n
Since ¢ € [0,1), lim,,_, » @, = 0 and hence
lim sup{d(x,,,xm) tm > n} =0. (2.13)
H—>0Q
So {x,} is a Cauchy sequence in X. Combining (2.11) and (2.13), we get
inf d(x,, x,41) = lim d(x,,x,,1) = 0. (2.14)
neN n—00
Since x,, € Tx,_; for each n € N, we have
in)f(d(x, Tx) < d(x,, Tx,) < d(x,,%,+1) forallm e N. (2.15)
XE
Combining (2.14) and (2.15) yields
inf d(x, Tx) = 0,
xeX
which means that 7 has the approximate fixed property on X.
Now, we assume that (X, d) is complete and & € TRA(L). Since {x,} is a Cauchy sequence
in X, by the completeness of X, there exists v € X such that x, — v as 1 — co. We will

proceed with the following claims to prove v € F(T).
Claim 1. d(v, Tx) < d(v,x) for all x € X\ {v}.
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Given x € X with x #v. Let

S={neN:x,=x}.

Page 9 of 12

Suppose that £(S) = co, where fi(S) is the cardinal number of S. Then there exists {xn;} C

{x,,} such that Xn; =% forallj e N. So Xy —> X S j — 00. By the uniqueness of the limit, we

get x = v, a contradiction. Hence i(S) < oo which deduces that there exists £ € N such that

x, #x for all n € N with n > £. For any n € N, put
Wn = Xpt0-1-
Thus we have
o w,FxforallneN;
o Wy €Tw,forallmeN;

o W,—>vasun— o0.

Since d(x,v) > 0, there exists 1y > 0 such that
1 .
div,w,) < gd(x, v) forall n € N with n > ny.
For n € N with n > ng, from (2.16), we have

E(dWn, Tw,), d(wy, %)) > d(Wy, %) = d(wy, Tx,)
> d(x,v) = d(wy,v) = d(wy, Tw,,)
> d(x,v) = d(wy,v) = d(Wy, Wn1)
> d(x,v) = d(wy,v) = dWn, v) = d(Wy1,v)
= d(x,v) = 2d(wy, V) = d(Wy1,v)
> d(x,v) - %d(x, V) - %d(x, v)

=0,
which implies that (w,,x) € WW. Applying Lemma 2.1,
H(Tw,, Tx) < d(w,,x) forall n € N with n > nq.
Since w, — vas n — oo and
AWy, Tx) < H(Tw,, Tx) < d(w,,x) for all n € N with n > ny,
by taking the limit from both sides of (2.17), we get
dv, Tx) < d(v,x).

Claim 2. v € F(T).

(2.16)

(2.17)
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We first prove (x,v) € W for all x € X\ {v}. Suppose that there exists u € X with u # v
such that (i, v) ¢ W. So

S(d(u, Tu),d(u, v)) <0.

Note that for any # € N, there exists z,, € Tu such that
d(v,z,) <d(v, Tu) + %d(v, u).

Thus, for any # € N, by Claim 1, we have

d(u, Tu) < d(u, z,)
<d(u,v)+dWv,z,)

1
<d(u,v)+dWv, Tu) + —d(v, u)
n

< (2 + l>a,’(v, u).
n

Hence we get d(u, Tu) < 2d(v,u). Since £ € Tm), there exists A > 2, such that &(¢,s) >

s— %t for all s, > 0. So, we obtain

0> S(d(u, Tu),d(u, V))

1
>d(u,v) - Xd(u, Tu)

> d(u,v) — %d(u, Tu)

>0,
a contradiction. Therefore (x,v) € W for all x € X\ {v}. By Lemma 2.1, we have
H(Tx, Tv) < d(x,v) forall x € X\ {v}.
Therefore,
H(Tx, Tv) < d(x,v) forall x € X. (2.18)
From (2.18), we obtain
d(x,1, Tv) < H(Tx,, Tv) < d(x,,v) forallneN. (2.19)

By taking limit from both side of (2.19), we get d(v, Tv) = 0. By the closedness of Tv, we
have v € F(T). The proof is completed. O

Theorem 2.2 Let (X, d) be a complete metric space, T : X — CB(X) be a multivalued map
and A > 2. Assume that there exist an MT -function « : [0,00) — [0,1) and a function
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B : [0, +00) — [1, +00) such that, for x,y € X,
%d(x, Tx) < ﬁ(d(x,y))d(x,y) implies H(Tx, Ty) < a(d(x,y))d(x,y). (2.20)

Then F(T) #9.

Proof Define £ :R x R — R and 17:R x R — R, respectively, by

£(t,s) = sB(s) - %t, if (¢,5) € [0, +00) x [0, +00),

0, otherwise,
and

sa(s)—t, if(ts)€[0,+00) x [0, +00),
n(t,s) =
, otherwise.

Thus &€ € Tm). By Example 2.2, we know n € I\EH(\R). By (2.20), we obtain
n(H(Tx, Ty),d(x,y)) >0 forall (x,y)eW,
where
W ={(xy) € X x X :£(d(x, Tx),d(x,y)) > 0}.
Therefore the desired conclusion follows from Theorem 2.1 immediately. O

In Theorem 2.2, if we take 8(£) =1 for all £ > 0, then we obtain the following new gen-

eralization of Mizoguchi-Takahashi’s fixed point theorem.

Theorem 2.3 Let (X,d) be a complete metric space, T : X — CB(X) be a multivalued
map and )\ > 2. Assume that there exists an MT -function « : [0,00) — [0,1) such that for
x,y€X,

d(x, Tx) < Ad(x,y) implies H(Tx, Ty) < Ol(d(x,y))d(x,y).
Then F(T) #0.

Remark 2.2 Theorems 2.1, 2.2 and 2.3 generalize and improve Mizoguchi-Takahashi’s
fixed point theorem, Nadler’s fixed point theorem, and Banach contraction principle.

Finally, a question arises naturally.
Question Can we give new generalizations of Mizoguchi-Takahashi’s fixed point theo-

rem with other new local constraints which also extend Kikkawa-Suzuki’s fixed point the-

orem?

Page 11 of 12
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