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Abstract

In this paper, we propose an iterative algorithm for finding a common solution of a
system of generalized equilibrium problems and a fixed point problem of strictly
pseudo-contractive mapping in the setting of real Hilbert spaces. We prove the
strong convergence of the sequence generated by the proposed method to a
common solution of a system of generalized equilibrium problems and a hierarchical
fixed point problem. Preliminary numerical experiments are included to verify the
theoretical assertions of the proposed method. The iterative algorithm and results
presented in this paper generalize, unify, and improve the previously known results of
this area.
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1 Introduction

Let H be a real Hilbert space, whose inner product and norm are denoted by (-,-) and || - ||.
Let C be a nonempty closed convex subset of H. Recently, Ceng and Yao [1] considered
the following system of generalized equilibrium problems, which involves finding (x*, y*) €
CxC:

Fi(x*, %) + (Byy*,x — x*) + t(x* -y x—x*)>0; VxeCandpu, >0, (L)
Fy(y*,9) + (Bax™,y — y*) + t(y* —x*y—-y)>0; VyeCandpu,>0, '
where F;: C x C — H is two bifunctions and B; : C — H is a nonlinear mapping for each
i =1,2. The solution set of (1.1) is denoted by €.

If F; = F, = F, By = By = B, and «* = y*, then problem (1.1) becomes the following gener-
alized equilibrium problem: Finding x € C such that

F(x,y) + (Bx,y—x) >0, VyeC, (1.2)

which was studied by Takahashi and Takahashi [2]. Inspired by the work of Takahashi
and Takahashi [2], and Ceng et al. [3], Ceng et al. [4] introduced and analyzed an itera-
tive scheme for finding the approximate solutions of the generalized equilibrium problem
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(1.2), a system of general generalized equilibrium problems (1.1) and a fixed point problem
of a nonexpansive mapping in a Hilbert space. Under appropriate conditions, they proved
that the sequence converges strongly to a common solution of these three problems. Re-
cently, Ansari [5] studied the existence of solutions of equilibrium problems in the setting
of metric spaces. Inspired by the method in [6], Latif et al. [7] introduced and analyzed
an iterative algorithm by the hybrid iterative method for finding a solution of the system
of generalized equilibrium problems with constraints of several problems: a generalized
mixed equilibrium problem, finitely many variational inclusions, and the common fixed
point problem of an asymptotically strict pseudo-contractive mapping in the intermedi-
ate sense and infinitely many nonexpansive mappings in a real Hilbert space. Under mild
conditions, they proved the weak convergence of this iterative algorithm.

If F} = F, =0, then problem (1.1) reduces to the following general system of variational
inequalities, which involves finding (x*,y*) € C x C:

(M Bry* + &% — y*, % — x*) Vx e Cand p; >0,

>0

- 1.3

(UaBox™ +y* —x*,x—y*) > 0; VxeCand pu, >0, (3

this problem was considered and investigated by Ceng et al. [3]. As pointed out in [8]

that the system of variational inequalities is used as a tool to study the Nash equilibrium
problem; see, for example, [9—11] and the references therein.

If F} = F, =0, and B; = B; = B, then problem (1.1) reduces to finding (x*,y*) € C x C

such that

(L By* +x* — y*, x — x*) Vx € Cand u; >0,

>0
- 1.4
(UoBx* +y* —x*,x—y*)>0; VxeCand u, >0, 14)

which has been introduced and studied by Verma [12, 13].
If x* = y* and py = uo, then problem (1.4) collapses to the classical variational inequality,
finding x* € C such that

(Bx*,x —x*) >0, VxeC.

The theory of variational inequalities emerged as a rapidly growing area of research be-
cause of its applications in nonlinear analysis, optimization, economics, game theory; see
for example [14—17]. For recent applications, numerical techniques, and physical formu-
lation, see [1-50].

The fixed point problem for the mapping T is to find x € C such that

Tx = x. (1.5)

We denote by F(T') the set of solutions of (1.5). It is well known that F(T) is closed and
convex, and Pp(T) is well defined (see [19]).

Let S: C — H be a nonexpansive mapping, that is, ||Sx — Sy|| < |x —y| for all x,y € C.

The hierarchical fixed point problem is to find x € F(T') such that

(x—Sx,y—x)>0, VyeF(T). (1.6)
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It is linked with some monotone variational inequalities and convex programming prob-
lems; see [20]. Various methods have been proposed to solve (1.6); see, for example, [21-
35]. By combining Korpelevich’s extragradient method and the viscosity approximation
method, Ceng et al. [36] introduced and analyzed implicit and explicit iterative schemes
for computing a common element of the set of fixed points of a nonexpansive mapping and
the set of solutions of the variational inequality for an o-inverse strongly monotone map-
ping in a Hilbert space. Under suitable assumptions, they proved the strong convergence
of the sequences generated by the proposed schemes. In 2010, Yao et al. [20] introduced

the following strong convergence iterative algorithm to solve problem (1.6):

In = BuSxn + (1= B)%ns

Xnl = PC[anf(xn) +(1-ay) Tyn]¢ Vn >0,

(1.7)

where f: C — H is a contraction mapping and {«,} and {8,} are two sequences in (0, 1).
Under some certain restrictions on parameters, Yao et al. proved that the sequence {x,}
generated by (1.7) converges strongly to z € F(T), which is the unique solution of the fol-

lowing variational inequality:

(I-f)z,y-2z)=0, VyeF(T). (1.8)
In 2011, Ceng et al. [37] investigated the following iterative method:

%ni1 = PclanpU(x,) + (I - auF)(T(y,))], Vn>0, (1.9)
where U is a Lipschitzian mapping, and F is a Lipschitzian and strongly monotone map-
ping. They proved that under some approximate assumptions on the operators and pa-

rameters, the sequence {x,} generated by (1.9) converges strongly to the unique solution

of the variational inequality
(,0 U(z) — uF(2),x — z) >0, VxeFix(T). (1.10)

Very recently, Wang and Xu [38] investigated an iterative method for a hierarchical fixed
point problem by

Yn = ﬂnsxn + (1 - /Sn)xm

Xpel = PC[anpu(xn) +(I- anMF)(T(,yn))]r Vn >0,

(1.11)

where S: C — C is a nonexpansive mapping. They proved that under some approximate
assumptions on the operators and parameters, the sequence {x,} generated by (1.11) con-
verges strongly to the unique solution of the variational inequality (1.10). In 2014, Ansari
et al. [39] presented a hybrid iterative algorithm for computing a fixed point of a pseudo-
contractive mapping and for finding a solution of triple hierarchical variational inequality
in the setting of real Hilbert space. Under very appropriate conditions, they proved that the
sequence generated by the proposed algorithm converges strongly to a fixed point which

is also a solution of this triple hierarchical variational inequality.
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In this paper, motivated by the work of Ceng et al. [4], Yao et al. [20], Bnouhachem [33,
34] and by the recent work going in this direction, we give an iterative method for finding
the approximate element of the common set of solutions of (1.1) and (1.6) in real Hilbert
space. We establish a strong convergence theorem based on this method. In order to ver-
ify the theoretical assertions and to compare the numerical results between the system
of generalized equilibrium problems and the generalized equilibrium problems, an exam-
ple is given. Our results can be viewed as significant extensions of the previously known
results.

2 Preliminaries

We present some definitions which will be used in the sequel.

Definition 2.1 A mapping 7 : C — H is said to be k-Lipschitz continuous if there exists
a constant k > 0 such that

ITx - Tyl < kllx=yll, VxyeC.

o If k=1, then T is called nonexpansive.
o If k €(0,1), then T is called a contraction.

Definition 2.2 A mapping T : C — H is said to be
(a) strongly monotone if there exists an o > 0 such that

(Tx - Ty, x—y) = allx-yl*>, Vx,yeC;
(b) a-inverse strongly monotone if there exists an & > 0 such that
(Tx — Ty, x—y) > || Tx - Ty||>, Vx,y€C;
(c) a k-strict pseudo-contraction, if there exists a constant 0 < k < 1 such that

2
)

1T - TylI*> < llx = ylI> + k| (I = T)x = (I = T)y

Vx,y € C.
Assumption 2.1 [42] Let F: C x C — R be a bifunction satisfying the following assump-
tions:

(A1) F(x,x)=0,VxeC;

(Ay) Fis monotone, Le., F(x,y) + F(y,x) <0, Vx,y € C;

(A3) foreachx,y,z € C,lims o F(tz + (1 - t)x,y) < F(x,);

(A4) foreachx € C,y — F(x,7) is convex and lower semicontinuous.

We list some fundamental lemmas that are useful in the consequent analysis.

Lemma 2.1 [43] Let C be a nonempty closed convex subset of H. Let F : C x C — R satisfies
(A1)-(A4). Assume that for r > 0 and Vx € H, define a mapping T, : H — C as follows:

1
T, (x) = {ze C:Fiz,y)+-(y—zz-x)>0,Vye C}.
r
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Then the following hold.:
(i) T, is nonempty and single-valued,;

(i) T is firmly nonexpansive, i.e.,
| T, - T,0)|* < (T,(0) - T,0)x—3), VayeH;

(ili) F(T,) = EP(F);
(iv) EP(F) is closed and convex.

Lemma 2.2 [4] Let F;,F> : C x C — R be two bifunctions satisfying (A1)-(A4). For any
(x*,9%) € C x C, (x*,y*) is a solution of (1.1) if and only if x* is a fixed point of the mapping
Q: C — C defined by

Qx) = T Th2 [x — uaBox] — By T,2 [x — j1aBox] ], Vx € C, (2.1)

M2

where y* = Tﬁg [x* — aBox™], i € (0,26;), and B; : C — C is a 0;-inverse strongly monotone
mapping for each i =1,2.

Lemma 2.3 [44] Let C be a nonempty closed convex subset of a real Hilbert space H.

If T:C — C is a nonexpansive mapping with Fix(T) # 0, then the mapping I — T is
demiclosed at 0, i.e., if {x,} is a sequence in C that weakly converges to x, and if {(I — T)x,}
converges strongly to 0, then (I - T)x = 0.

Lemma 2.4 [37] Let U : C — H be a t-Lipschitzian mapping, and let F : C — H be a
k-Lipschitzian and n-strongly monotone mapping, then for 0 < pt < un, uF — pU is pun-
,or—strongly monotone, i.e.,

((uF = pU)x — (WF = pU)y,x - y) = (un — p7)llx -y Vx,yeC.

Lemma 2.5 [45] Let C be a nonempty closed convex subset of a real Hilbert space H, and S :
C — H be a k-strict pseudo-contraction mapping. Define B: C — H by Bx = ASx+ (1 - \)x
forallx € C. Then as A € [k,1), B is a nonexpansive mapping such that F(B) = F(S).

Lemma 2.6 [46] Let H be a real Hilbert space, T : C — H be a k-Lipschitzian and
n-strongly monotone operator. Let 0 < u < i—;’, let W =1-AuT and u(n - "LTkz) =1, then
for 0 < A <min{l, %}, W is a contraction with a constant 1 — A7, that is,

[Wx—Wy| <(@-Art)lx—yll, VxyeC.

Lemma 2.7 [47] Let {x,}, {y.} be bounded sequences in a Banach space E and {B,} be a
sequence in [0,1] with 0 < liminf,_, o B, < limsup,,_, . B, < 1.

SupPOSe Xn+l = Iann + (1 - ,Bn)ym Vn>0 and lim Supn—)oo(”y”’fl _y”’” - ”xn+1 - xn”) =0.
Then llmnaoo “yl’l - an =0.

Lemma 2.8 [48] Assume {a,} is a sequence of nonnegative real numbers such that

Ape1 = (1 - Un)an + 671’
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where {v,} is a sequence in (0,1) and §,, is a sequence such that
(1) 305 vn =00
(2) limsup,_, . 8,/vy <0 0ry 21 18,] < c0.

Then lim,—, o a,, = 0.

Lemma 2.9 [49] Let C be a closed convex subset of H. Let {x,} be a bounded sequence in H.
Assume that

(i) the weak w-limit set wy(x,) C C where wy,(x,) = {% : %, — x};

(ii) foreach z € C,lim,_, o ||, — z|| exists.
Then {x,} is weakly convergent to a point in C.

Lemma 2.10 [50] Let H be a real Hilbert space. Then the following inequality holds:
I +y1% < lxll* + 20p,2 +y), Va,yeH.

3 The proposed method and some properties

In this section, we suggest and analyze our method for finding the common solutions of
the system of the generalized equilibrium problem (1.1) and the hierarchical fixed point
problem (1.6). Let C be a nonempty closed convex subset of a real Hilbert space H. Let
Fy,F, : C x C — R be two bifunctions satisfying (A;)-(A4). Let B; : C — H be a ;-inverse
strongly monotone mapping for each i = 1,2, and let S: C — H be a o-strict pseudo-
contraction mapping such that Q N F(S) #¥. Let T : C — C be a k-Lipschitzian mapping
and be n-strongly monotone, and let f : C — C be a t-Lipschitzian mapping.

Algorithm 3.1 For an arbitrarily given xy € C, let the iterative sequences {x,}, {y,}, and
{z,} be generated by

2 = T)M[T}2 [ = 12Boxa] = paBr T2 [, — 12 Boie]];
Yn = ﬂnSZn + (1 - ﬂn)zn; (31)
Xn+l = amof(xn) + YuXn + (- Vn)l - anMT)(yn)’ Yn >0,

where p; € (0,26;) for each i = 1,2. Suppose the parameters satisfy 0 < p < i—;’, 0<p<

v/t, where v = u(n — #). Also {y,}, {as}, and {B,} are sequences in (0, 1) satisfying the
following conditions:

(a) 0<liminfy,_ o vy <limsup,_, o Vu<1;

(b) lim,— oo, =0and Y oo o, = 00;

(c) {Ba} C [0,1) and lim,_, o Bn=B<1

If i =F, =F, By = B; = B,and u; = iy = r, then Algorithm 3.1 reduces to Algorithm 3.2
for finding the common solutions of the generalized equilibrium problem (1.2) and the
hierarchical fixed point problem (1.6).

Algorithm 3.2 For an arbitrarily given xy € C arbitrarily, let the iterative sequences {u,},
{x.}, (¥}, and {z,} be generated by

F(zny) + (Bxn,Y = Zn) + 2 (y = Zmzn —%a) = 0, ¥y € C;
Vn = BuSzn + (L= Bn)zns
KXn+l = anpf(xn) + Yy + (L= yu) - Oln,UvT)()/n)’ Vn > 0.
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Suppose that the parameters satisfy 0 < u < i—g, 0 < pt <v,wherev =1-/1 - u(2n — uk?).

Also {y,}, {¢n}, and {B,} are sequences in (0, 1) satisfying the following conditions:
(a) 0<liminfy,_, o v, <limsup,_, o Vu<1;
(b) lim,_, o0, =0and Y o2 o, = 00;
() {Bx} Clo,1)and lim,_ o B, =B <1.

Remark 3.1 If p = u =1, y, = 0, and Sz, = Sx,,, we obtain an extension and improvement
of the method of Yao et al. [20] and Wang and Xu [38] for finding the approximate ele-
ment of the common set of solutions of a system of generalized equilibrium problem and
a hierarchical fixed point problem in a real Hilbert space.

Lemma 3.1 Let x* € QN F(S). Then {x,}, {z,}, and {y,} are bounded.

Proof Letx* € QN F(S), we have
x* = T/Il} [_’y* — /.LlBl_)/*],
where
y* = T;Z [x* - uszx*].

We set v, = Tﬁ% [x, — (aBax,]. Since Bj is a 65-inverse strongly monotone mapping, it
follows that
[va =y " = |72 e = aBos] = T2 " = aBos”] |
< [ = #* = 2 (Bost - Boas”) |
< ”xn - ||2 — 12(265 — 2) ||Bzxn — Byx™ ”2

2
< ||x,, —x* || . (3.2)
Since B; is a ;-inverse strongly monotone mapping for each i = 1,2, we get

o =" 1" = | T[T b = 2Byl = ia By T2 [ = 2B
- T[T~ 1Box”] = B T2 [ = paBo”]]
< || 722 [x — 2Boxn] = n By T,2 [ — 122 Byix]
~ (T2~ uaBox”] = mBi T2 [+~ waBo”]) |
= | T2 (%0 — paBoxu] = T22 [x* — 112 Byx™]
(BT o] - BT — B )|
< |72 e - paBoa] = T2 (2" = paBox”] |
~ (26 = )| BT} b~ B = BT [~ paBon’] |
< || @n = p2Bax) = (6% = paBox®) ||
— w1261 — ) |BiTE2 [ — paBoxa] = BiTE [ - 112Boc*]|)?

< ||xn - H2 — 2(2605 — p2) ”Bzxn — Byx* ||2
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- u1(261 — 1) | B — Bry* ||2
< flan = (3.3)

By Lemma 2.5 and the inequality above, it is easy to show that
9 =27 = llzw =27 = [l =2 (34

Next, we prove that the sequence {x,} is bounded. Since lim,_, o &y = 0, without loss of
generality we can assume that o, < min{e, =} forall n > 1, where 0 < € <1-limsup,,_, ., Vu-
From (3.1) and (3.4), we have
o = 2| < [Jotnof @n) + Vun + (L= y)I = ut T) () — ||
= [len(pf (o) = T (%)) + v (0 = 27) + (L = y)I = tuit T) (y)
— (= yl = T) (")
< aupt||xy = *| + o] (of = W TIx" | + v 0 — 27|
+ (@ =y = unt T) ) = (A = y)l = cu T) (") |
= aupt || %0 = x*|| + || (of = wT)&*|| + v |00 — 2"
(152 (1- 225 7))

< anpt ||y — x| + o | (of = WT)x*|| + yiu | 200 — ¥

+(1—ya)

+ (1= Y — ouv) |y — 2"
< aupt [y = x* || + || (of = W) | + o — 2|
+ (L= ¥ — ) |2 — x|
[ = | + (o — T + (L= )]0

= (1= 0y(v = p1)) |20 = &*|| + | (0f — £ T)x*||

1 (II(pf—MT)x*H)},

V—pT

< max{ ||x,, —x*

where the third inequality follows from Lemma 2.6 and the fourth inequality follows from

(3.4). By induction on #, we obtain ||x,, — x*|| < max{||x, — x|, U_lm (IGof = wT)x*|))}, for

n>0andwx, € C. Hence {x,} is bounded, and consequently we deduce that {z,}, {v,.}, {yx},
{S(zu)}, {T (yu)}, and {f (x,)} are bounded. O

Lemma 3.2 Let x* € QN F(S) and {x,} be the sequence generated by Algorithm 3.1. Then
we have:

(@) 1m0 [|%41 = %ull = 0.

(b) The weak w-limit set w,,(x,,) C F(S) (Wy (%) = {x: %, — x}).

Proof Next, we estimate

2w = zua |* = | T[22 (%0 — n2Baxu] = pa By TL2 (%0 — poBa]]

= TR T22 (%ne1 — paBoxua] — By T2 [y — 2 Baxa ]| I?

Page 8 of 21
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< | T2 (%0 = paBox] = By T22 % — 112 Ba]
—(T/2 (%01 — p2Bo%ua] = 1B T2 [0 — 2 Boxy1]) ||2
= | T2 [ — paBaxn] = T2 (%1 — p2BoXi]
— 1 (B T22 (% — paBoxa] = Bi T22 [0t — paBotns]) |
< || T22 (% — paBoxy] = T52 (%1 — 12 Boina] ||2
= w1261 — 1) | By T22 (% — paBon] = By TL2 %01 — 142 Bon] ||2
< | 722l — 112 Bon] = T2 (1 — paBana] ||
< || Gen = %u1) — p2(Boxy — Bana) H2
< (120 = % 1> = 12(265 — p2) | Bak — Boua |1

< Nl =21 1% (3.5)

From (3.1) and (3.5), we have

190 = yutll < || BaSzn + (1= Bu)zu — (Bu-1Szu1 + (1 = Bu1)zna) |
= | Bu(Szn = Szu-1) + (Bn = Buo1)Szn-1
+ (L= Bu)(zn — Zn-1) + (But — Bu)zn-1 ||
< llzn — 21l + 1Bn — Bu-lll Szn1 =z |l
< %1 =%l + 1Bn = Bualll S22 = Zua .- (3.6)

We define w,, = W, which implies that x,,1 = (1 — y,)w,, + yux,. It follows from (3.6)
that

W1 = wyll < lan—H ”lof(xnﬂ) ~ 1T (Yns1) ”
= Vn+1

)” + ||yn+1 _yn”
< 2L of (t) = 0T
+1

+

| of (&) = LT )| + 51 =
—Vn

+1Bur1 = Bulll Sz — 24l (3.7)
Since lim,,_, »c &t = 0, lim,—, oo B, = B, and liminf,_, » ¥, <limsup,_, ., ¥ <1, we get

lim Sup(”WnH = Wall = %n41 —xn”) <0
n—0oQ

By Lemma 2.7, we have lim,,_, » [|w, — x,|| = 0. Since ||x,41 — x| = (1 — Y) Wi — x4, we
obtain

lim [|x,41 — %[l =0
Hn— 00
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Next, we estimate

”xn _yn” = ||xn+1 _xn” + ”xrﬁ-l _yn”
< %1 = xull + %041 = Yl

< %1 = %ull + 0t | o @) = LT @) || + Vi llotn = Yulls
which implies
(= Y 160 = nll < w1 = 2ll + 0t | o () = T (3) .
Since lim,_, » &, = 0 and liminf,_, » ¥, < limsup,_, ., ¥» <1, we have
lim [, = yu = 0. (3.8)
n=00

Next, we show that lim,,_, » ||z, — %, = 0. Since x* € 2 N F(S) by using Lemma 2.10, (3.4),
and (3.3), we obtain

s =2 * = [ (0 = 2%) + A= ) 00 = &%) + 0t (0f () = £T3) ||
< |n (@0 = %) + A= 1) 3 = ) |* + 20l 0f @) = LT ), X1 — %)
< Yoln = 2P+ A=y [0 =2 + 200l 0f ) = LT (3, %1 — 57)
(of ®n) = LT () Hne1 — %)
< V| =2+ =y o0n = 5% |* = 12265 — 1) | Botn — Box®|)?
~ 11261 — 112) ]| Bivis = Buy* | *} + 20a{0f (6) = LT (), %1 — °)
= Jan =% |* = @ = y) [12(262 — 112) | Bos - Box*|

+ 11261 — i1)|| Bivs — Biy* ”2}

< Vu ||x,, —x* ||2 +(1- y,,)||z,, —x* ||2 + 20,

+ 2an<pf(xn) - /'LT(yn)verl - x*>; (3.9)

which implies that

(1= yu){ 1226 — 112) || Boxy — Box* ||2 + u1(261 — 1) | Buva — Bry* ||2}
< [ = = [ter =27 |* + 20 f () = T G), a1 — 2°7)

=< (”xn —x* || + Hxn+l -x* H) ”xm—l - xn” + 2an(pf(xn) - //«T(yn)rxrnl _x*>'

Since limsup,_, o, ¥u < 1,261 — 1 > 0, 265 — g > 0, limy,, o6 | %41 — %4 || = 0 and o, — 0, we
obtain

lim ||Byx, — Box* || = 0
n—0oQ
and

lim || Byv, - Biy*| =0.
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Since Tlfg is firmly nonexpansive, we have

o=y = [ T2~ oo - T2 [ = oo

< (v = 5", (% — p2Boy) — (5" — paBox™))
1

= S{lv-r I” + s = %" = 122 (Bosx, - Bo”)
= o = 2" = 2 (Boy = Boa®) = (v =) |}

I

< A= 1P+ o= | = 228~ )| B B
o= = 12 (B~ Bax) ~ (=) )

< A=y P+ -
v 2 (B~ Bax') ~ (& ) )

= =5 P = P v = (& )

+ 2u2<xn — v — (2% = 5*), Boxy —Bzx*) - ul ||Bzxn — Byx* ||2}

IA

1
g =1+ en = = o = v = (" =) |
+ 200260 = v = (6" = y*) || Bow — Box™ [ }.
Hence, we get

[va =51 = s =2 = s = v = (" =)

+ 2o ||x,, -V - (x* —y*) H ||B2x,, — Byx* || (3.10)
On the other hand, from (3.1) and Lemma 2.1(ii), we obtain
o= 1" = | Tk v = saBrvad = Tod [y = miBry*] |

< (2w — &%, (s — 1B1vy) = (v* — 1 B1y*))
1

= Sz =2+ |vu =" = 2 (Brv = Buy") |
~ v =" = (B = Biy") - (20 - ) |’}
1

= Sllzn=1" + vu =5 1" - 20alvn =", Buvi - Bry")

+ 13 Brva = By || = |[va = y* = 111 (Buva - Biy*) = (zn - +%) |}

IA

1
oz =[P =5 = a2 - ) | Brv, = By
vy = (B =B) = (e =) )

(e =1 + v =[

IA

1
2
= Vo= 20— (Brva = Biy") + (" - 57) |}
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1
< sllan=2" "+ v =5 [" = v =2+ (" =) [

+2p1(vn — za + (x* = y*), Bivy — Biy*)}

1
(e R A M

)

+ 21 ”v,, —Z,+ (x* —y*) ” HBlv,, - Biy*

which implies that

o= < v =y I = Ivu =20+ (" = 5)

c2un a2+ (6 =5") || By~ By’
< =P = o= v (& =) |

241, = v (=) || B, B |

o=z (=) 2020 o =) [ B~ By

’

where the last inequality follows from (3.10). From (3.9) and the above inequality, we have

||xn+1 - x* ”2 < Yn ”xn - x* “2 + (1 - yn) ||Zn - x* “2 + 20ln(Pf(xn) - /fLT(yn)rerl)

< Vlen ="+ 2e0a{f (i) = LT ), st + (L= ) [0 — 27
+ L=y ([ = v = (=) |

2412 == (o 5°) | | B, — B )

+ U= y) (< [vn =z + (" =) |

+ 21 |[vn =20+ (8" = ") || Buva - Biy*|)

= o0 =& + 2000{0f () = LT Gin), %)
+ (1 - yn)(_”xn —Vn— (x* —y*) ||2
2412 v = (5 =) | [ By = Bax' )

A=y ([ vn =2z + (" = 57) |

)s

+ 21 ||V = zn + (x* = ) ||| Biva - Buy*
which implies that

A=) (n = v = & =) |” + [va =2+ (& =)
< 20(pf (tn) = LT Q) mar) + (|| — &% + [0 — &%) 1921 — 2
2= s lon = v = (o =) | B - B’
+2(1 =y ||V =z + (2* = %) | | Bive — Biy*|.-

Since limy,—, o0 [|%5+1 — %4l = 0, limy,— o &, — 0, 0 < liminfy,, <limsup y,, <1, lim,— « [|B2 X
%Xy — Box*|| = 0, lim,,, || B1v, — B1y*|| = 0, we obtain

lim ”x,, -V — (x* —y*) H =0 and lim Hv,, —Z, + (x* —y*) ” =0.

n—00

Page 12 of 21
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Since

1% = Zull < [|%n = v = (" =) | + V0 — 20 + (6* = 5*)

we get
lim ||x, —z,| = 0. (3.11)
n— o0

It follows from (3.8) and (3.11) that
lim ||y, — 2|l = 0. (3.12)
n—oQ

We define a mapping W : C — H by Wx = B8Sx + (1 — B)x with 0 < B8 < 1. It follows from
Lemma 2.5 that W is a nonexpansive mapping and F(W) = F(S). Note that

Wz, = zull < 1Wz), = yull + 12 = yull

=< |,3n - ﬂ|”Szn _Zn” + ”Zn _yn||~
Since lim,,—. B, = B and lim,,_, , ||y, — 2z, || = 0, we obtain
lim |Wz, —z,|| =0
n—00

Since {x,} is bounded and without loss of generality we can assume that x,, — x* € C, from
(3.11), it is easy to observe that z,, — x*. It follows from Lemma 2.3 that x* € F(W) = F(S).
Therefore wy,(x,) C F(S). O

Theorem 3.1 The sequence {x,} generated by Algorithm 3.1 converges strongly to z, which
is the unique solution of the variational inequality

(of (@) - uT(2),x—2) <0, VxeQNF(S). (3.13)

Proof Since {x,} is bounded x,, — w and from Lemma 3.2, we have w € F(S). Next, we
show that w € Q. Since lim,,_, « [[%, — 24| = 0 and there exists a subsequence {x,, } of {x,}
such that x,, — w, it is easy to observe that z,, — w. For any x,y € C, using (2.1), we have

|Q@) - QU)|* = | TR TE21x ~ paBax] — s By T2 x — uaBox]]
— TA[TR 1y - naBay] — B T2 [y — 12 Boyl] |*
= (T3 1% = naBox] = Ti2 [y = paBoyl)
— 1 (Bi T2 [x — paBox] - Bi T2 [y — paBoyl) |2
< | T3l = paBox] = T2y - Byl
—~ 11261 — 112) || By TE2 [ — 112Box] — B TE2 [y — 1Byl |
< || T2 - uaBox] - T2 1y - paBoyl |

< ||(® = uaBax) = (y — p2Bay) ||
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< [l = ylI* = w2 (262 — 112) |Box — Boyl|*

< llx -yl
This implies that Q : C — C is nonexpansive. On the other hand

2w = Q) |* = | TH [ T2 (s — p12Ba] — irBLTE2 [ — 12 Baxal] — Q)|
= |QGxs) - Q)|
<%, — ZVIHZ‘

Since lim,,_, oo [|%, — 24| = 0 (see (3.11)), we have lim,,_, », ||z, — Q(z,)| = 0. It follows from
Lemma 2.3 that w = Q(w), which implies from Lemma 2.2 that w € Q. Thus we have

we QNE(S).

Since 0 < pt < un, from Lemma 2.4, the operator uT — pf is un-pt-strongly monotone,
and we get the uniqueness of the solution of the variational inequality (3.13) and denote it
by z € QN F(S).

Next, we claim that limsup,,_, . (of () — uT'(2),%, — z) < 0. Since {x,} is bounded, there
exists a subsequence {x,, } of {x,} such that

lim sup(,of(z) —uT(2),%, — Z>

n—0o0

= limsup(pf (2) — uT(2), %, — 2)

k— o0

=(of (&) - uT(2),w-z) <0.
Next, we show that x,, — z. We have

%1 = 201> = (etnof @n) + Vurtn + (L= Y] = uit T) V) = 2, %ns1 — 2)
= au(pf () = T (2), X1 = 2) + Y (%n = 2, X1 — 2)
+ (M= v = uutT) y) = (1= Y] = ut T)(2), %41 — 2)
< au{p(f ) —f(2)), %1 — 2) + au(pf (2) = T (2), %11 — 2)
+ Vull%n = 2l 1%ns1 = 2l + (1 = ¥ = €uV) 1y = 2l %511 — 2]l
< @ ptllxn — 2l %01 — 2l + ulof (2) = L T(2), i1 — 2)
+ Vallxn = 2l %01 = 2|l + (1 = Y = €V) % = 2|l 12001 = 2|

(1= an(v = p1)) 10 — 2l 1%ns1 — 2ll + @u(0f (2) = T (2), %001 — 2)

_1- a,(v—p1)
= 2
+ au(pf (2) — T (2), %p41 — 2)

2 2
(Il = zI1* + ll26041 — 211%)

_1-a(v-p1)
= 2
+an(pf(2) = 1T (2), %n1 — 2), (3.14)

1
2 2
e =21 + Sl — 2
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which implies that
%41 — Z||2 = (l —oy(v — ,O'()) ll%, — Z||2 + 20ln<,0f(Z) —uT(2), %pe1 — Z>'

Let Up = Oln(l) - ,OT) and 5;1 = 20‘}1 (pf(Z) - /’LT(Z)¢xn+1 - Z>-
We have

and

lim Sup{ v _lp_( (,Of(Z) - MT(Z),?C,,+1 - Z>} < 0.

It follows that

oo

8
Zvn =00 and limsup—n <0.

v
n=1 n—00 n

Thus all the conditions of Lemma 2.8 are satisfied. Hence we deduce that x,, — z. This

completes the proof. g

4 Applications
To verify the theoretical assertions, we consider the following example.

Example 4.1 Let o, = ﬁ, Bn= n%, and y, = 2’,;1.
It is easy to show that the sequence {y,} satisfies condition (a).
We have

. 1 .

Iim @, == lim — =0
n—00 3 nsocop

and
oo o0
1 1

D o= 3 > PR
n=1 n=1

The sequence {«,,} satisfies condition (b).
Let R be the set of real numbers, B; = B, = 0, and let the mapping 7': R — R be defined
by

2x+5
T(x) = - Vx eR,

let the mapping S : R — R be defined by

S(x) = g VxeR,
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let the mapping f : R — R be defined by
x
=—, VxeR.
fx) w TrE

It is easy to show that T is a 1-Lipschitzian mapping and %—strongly monotone, S is a
0-strict pseudo-contraction mapping and f is %-Lipschitzian. Let the mapping F, : R x
R — R be defined by

Fy(x,y) = —5x% + xy + 49*, V(x,9) e R x R.

By the definition of F;, we have
1
0 < Fy(tn, y) + — (¥ = thy thyy — %)
M2
2 2 1
= =5u, + u,y +4y° + —(y — u,) (U, — x,).
M2
Then

0<u (—Sufl + Uy + 4)/2) + (yu,, —YXy, — uf, + u,,x,,)

= Aoy + (Rolhn + ty — %)Y — SHLUL — U2 + Uplky.

Let A(y) = 4u0y? + (atty + thy — X,)y — 5ati® — U2 + tyx,. A(y) is a quadratic function of
y with coefficients a = 412, b = wotty, + thy — X, € = =5pou — u> + u,x,. We determine the
discriminant A of A as follows:
A =b? - dac
= (Wathy + Uy — %) = 1642 (=5 potily — U + Uyy)
= 81u§ui + 18u2ui + ufl —18uounx, — 2uyx, + xﬁ
= xfl + (81p¢% + 18y + 1) f, — 2%, (Yo +1)

= (% — ta(Ops + 1))2.

We have A(y) > 0, Vy € R. If it has at most one solution in R, then A = 0, we obtain

Xn

U, = 1790 (4.1)
Let the mapping F; : R x R — R be defined by

Fi(x,y) = —3x% + xy + 2y2, V(x,y) e R x R.
By the definition of F;, we have

1
0 < Fl(umy) + —O’— Uy, Uy _xn>
231

1
= 3u? +uy + 2y + E(y — t4,) (thyy = %)

Page 16 of 21
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Then

0 < 1 (=31, + uny +20%) + (Yt — Y — 2y + Uity

= 2019 + (Wathn + Uy — Xn)y — Bpathy, — Uiy + Uy

Let B(y) = 2p1y” + (Matdy + thy — %)y — 3pau’ — u? + u,x,. B(y) is a quadratic function of y

2

- + Uux,. We determine the

with coefficients a = 2uy, b = wyty, + thy — X, ¢ = =3p1U2 — u
discriminant A of B as follows:

A = b* - dac

= (Wb + Uy — %)* = 81 (=3p11l — U2 + Uy

w2 + 102 + 25U 1% — 206,14, — 10X, 1,10 + X2

(s + Stt 1) = 206, (thy + St ptn) + X2

= (un + 55Uy — xn)2'

We have B(y) > 0, Vy € R. If it has at most one solution in R, then A = 0, we obtain

Xn
Uy = ——. 4.2
" T sm (4.2)

For every n > 1, from (4.1) and (4.2), we rewrite (3.1) as follows:

X
Zy = u

(1+5u1)(14+9u3)’

z 1 .
Yn = ﬁ + (1_ n_a)zm

/P 2n-1 (n+1)y, 2yn+5
Xntl = (m + 3n )x” + 3n - an :

In all tests we take p = % and u = % In our example 1 = %, k=1,t= %2 It is easy to show
that the parameters satisfy 0 < u < i—g, 0 <pt <v,wherev=pu(n- %). All codes were
written in Matlab, the values of {z,}, {y,}, and {x,} with different » are reported in Tables 1
and 2.

Remark 4.1 Tables 1 and 2, and Figures 1 and 2 show that the sequences {z,}, {y,}, and
{x,} converge to 0, where {0} = Q2 N F(S). Also Tables 1 and 2 show that the convergence
of Algorithm 3.1 is faster than Algorithm 3.2.

Table 1 The values of {z,}, {yn}, and {x,} with initial value x; =10

Algorithm 3.1 Algorithm 3.2 with F = F, Algorithm 3.2 with F=F;

Zp Yn Xn Zp Yn Xn Zn Yn Xn
0.714286 0.238095 10.000000 2.857143 0.952381 10.000000 2500000 0.833333 10.000000
0.174115 0.159605 3470684 0908574 0.832860 3.937156 0.839002 0.769085  3.859410
0.078010 0.076084 1799806 0497992 0485696 2365460 0472515 0460848  2.295072
0.040919 0.040493  1.022977 0303544 0300382 1517720 0.293530 0290472 1467648
0.023015 0.022893 0605373 0.193853 0.192819  1.001573 0.190192 0.189177  0.968249
0013425 0013383 0365708 0.126958 0.126566  0.671062 0.126044 0.125655  0.649610
0.007982 0.007966 0223090 0.084379 0.084215  0.453535 0.084628 0.084464  0.440068
0.004782 0.004776  0.136314 0.056557 0.056483 0307922 0.057242 0.057167  0.299676
0.002859 0.002856  0.082755 0.038063 0.038028 0.209346 0.038845 0.038809  0.204446
0001685 0.001684 0049394 0.025624 0.025607  0.142095 0.026353 0.026336  0.139297

o

333333 3 3> 3 >
Il
— O 00 N O U1l M WN —

Page 17 of 21


http://www.fixedpointtheoryandapplications.com/content/2014/1/235

Bnouhachem Fixed Point Theory and Applications 2014, 2014:235
http://www.fixedpointtheoryandapplications.com/content/2014/1/235

Table 2 The values of {z,}, {yn}, and {x,} with initial value x; =-10

Algorithm 3.1 Algorithm 3.2 with F = F; Algorithm 3.2 with F=F;
Zn Yn Xn Zp Yn Xn Zp Yn Xn
n=1 -0714286 -0.238095 —10.000000 -2.857143 -0.952381 —10.000000 —-2.500000 —0.833333 -10.000000
n=2 -0177527 -0.162733 -3.538711 -0.924273 -0.847250 -4.005183 -0.853791 —0.782642 -3.927438
n=3 -0081028 -0.079027 -1.869430 —-0.513819 -0.501132 -2.440639 -0.487908 -0475861 —2.369839
n=4 -0043427 -0.042974 -1.085664 —0.317798 -0.314488 -1.588992 -0.307701 -0.304496 -1.538505
n=5 -0025092 -0.024958 -0.659998 —0.206325 -0.205225 -1.066013 -0.202795 -0.201714 -1.032413
n=6 -0015158 -0.015111 -0.412926 -0.137783 -0.137358 -0.728280 -0.137124 -0.136701 -0.706715
n=7 -0009444 -0.009426 -0.263964 —0.093772 -0.093590 -0.504027 -0.094344 —-0.094161 -0.490588
n=8 -0.006031 -0.006023 -0.171898 —0.064738 -0.064654 -0.352462 -0.065776 —0.065690 -0.344356
n=9 -0.003937 -0.003934 -0.113970 -0.045226 -0.045185 -0.248745 -0.046372 —0.046330 -0.244064
n=10 -0.002627 -0.002626 -0.077009 -0.031937 -0.031916 -0.177107 -0.033029 -0.033007 -0.174582
10 T T 10 T T
" - - " - -7
1 n 1 n
o II Yn 9>‘| Yn
A 1
18l ==X gk ==Xl
1 1
1 1
7F 1 7k 1 4
1 1
1 1
I S o o0y 1
g 1 'g 1
© 1 © 1
= 5[ 1 = 5[ 1 7
2 1 >= \
N 1 N A
4r ! ar Ay 1
1 A Y
A A Y
3 N 1 3t AR 1
\\ \\ ‘\
2r . 7 21y N 7
o \ S
~ A ~ ~
1t NS < 4 1 \~ N ~o < 4
o Nl -:::::\:::=:=t-u- o I T “:-'-::---4-"1"'
1 2 3 4 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
10 T T T
" - -
1 n
T\ ol
1
8\ -——X,
1
1
7F 1 4
A
1
'g A
© 1
= 5[ \ q
ol \
N |}
4r [} 1
A Y
A Y
3r N
M \\
2t N
‘\ RS
1 S RS
o I \L\ﬁﬁfﬁ [ ~tj-.211-,",'1'"
1 2 3 4 5 7 8 9 10
Figure 1 The convergence of {z,}, {yn}, and {x,} with initial value x; = 10 for Algorithm 3.1 and
Algorithm 3.2 with F = F; and with F = F,.
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-,

Yn

Y and x,

z,

-——

-——X,

---X

\
1
v and x,
~
.

N
Zy Vo
N
;

Zp Yo and X,
~
.

5 p

Figure 2 The convergence of {z,}, {yn}, and {x,} with initial value x; = -10 for Algorithm 3.1 and

Algorithm 3.2 with F = F; and with F=F,.

5 Conclusions

In this paper, we suggest and analyze an iterative method for finding the approximate el-
ement of the common set of solutions of (1.1) and (1.6) in real Hilbert space, which can
be viewed as a refinement and improvement of some existing methods for solving equilib-
rium problem, and a hierarchical fixed point problem. Strong convergence of the proposed

method is proved under mild assumptions. Furthermore, some preliminary numerical re-
sults are reported to verify the theoretical assertions of the proposed method and show

that our algorithm for the system of generalized equilibrium problems is more attractive

in practice than our algorithm for the generalized equilibrium problems.
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