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Abstract

In this paper, we introduce a hybrid subgradient method for finding a common
element of the set of solutions of a class of pseudomonotone equilibrium problems
and the set of fixed points of a finite family of multivalued nonexpansive mappings in
Hilbert space. The proposed method involves only one projection rather than two as
in the existing extragradient method and the inexact subgradient method for an
equilibrium problem. We establish some weak and strong convergence theorems of
the sequences generated by our iterative method under some suitable conditions.
Moreover, a numerical example is given to illustrate our algorithm and our results.
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1 Introduction

Let H be a real Hilbert space with inner product (-,-) and norm | - ||, respectively. Let
K be a nonempty closed convex subset of H. Let F : K x K — R be a bifunction, where
R denotes the set of real numbers. We consider the following equilibrium problem: Find
x € K such that

F(x,y) >0, VyeKk. 1.1)

The set of solution of equilibrium problem is denoted by EP(F, K). It is well known that
some important problems such as convex programs, variational inequalities, fixed point
problems, minimax problems, and Nash equilibrium problem in noncooperative games
and others can be reduced to finding a solution of the equilibrium problem (1.1); see [1-3]
and the references therein.

Recall that a mapping 7 : K — K is said to be nonexpansive if

I T~ Tyl < llx-yl, VayeKk.

A subset K C H is called proximal if for each x € H, there exists an element y € K such that
dist(x, K) := ||lx - y|| = inf{ lx—z||l:z€ K}.
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We denote by B(K), C(K), and P(K) the collection of all nonempty closed bounded subsets,
nonempty compact subsets and nonempty proximal bounded subsets of K, respectively.
The Hausdorft metric H on B(H) is defined by

H(K,K) = max{ sup dist(x, K3), sup dist(y, K1)t, VK1, K; € B(H).
xeKy yeky

Let T : H — 2" be a multivalued mapping, of which the set of fixed points is denoted
by Fix(T), i.e., Fix(T) := {x € Tx : x € K}. A multivalued mapping T : K — B(K) is said to
be nonexpansive if

H(Tx, Ty) < llx - yl, Vx,y€K. 1.2)
T is said to be quasi-nonexpansive if, for all p € Fix(T),

Recently, the problem of finding a common element of the set of solutions of equilib-
rium problems and the set of fixed points of nonlinear mappings has become an attractive
subject, and various methods have been extensively investigated by many authors. It is
worth mentioning that almost all the existing algorithms for this problem are based on
the proximal point method applied to the equilibrium problem combining with a Mann
iteration to fixed point problems of nonexpansive mappings, of which the convergence
analysis has been considered if the bifunction F is monotone. This is because the proximal
point method is not valid when the underlying operator F is pseudomonotone. Another
basic idea for solving equilibrium problems is the projection method. However, Facchinei
and Pang [4] show that the projection method is not convergent for monotone inequal-
ity, which is a special case of monotone equilibrium problems. In order to obtain con-
vergence of the projection method for equilibrium problems, Tran et al. [5] introduced
an extragradient method for pseudomonotone equilibrium problems, which is computa-
tionally expensive because of the two projections defined onto the constrained set. Efforts
for deducing the computational costs in computing the projection have been made by us-
ing penalty function methods or relaxing the constrained convex set by polyhedral convex
ones; see, e.g., [6—15].

In 2011, Santos and Scheimberg [15] further proposed an inexact subgradient algorithm
for solving a wide class of equilibrium problems that requires only one projection rather
than two as in the extragradient method, and of which computational results show the
efficiency of this algorithm in finite dimensional Euclidean spaces. On the other hand, it-
erative schemes for multivalued nonexpansive mappings are far less developed than those
for nonexpansive mappings though they have more powerful applications in solving opti-
mization problems; see, e.g., [16—23] and the references therein.

In 2013, Eslamian [21] considered a proximal point method for nonspreading mappings
and multivalued nonexpansive mappings and equilibrium problems. To be more precise,
they proposed the following iterative method:

F(u,,z) + i(y—u,,,u,, -x,) >0, VyeKk,

(1.4)
Xl = Oyl + ,annun + YuZn» n= L
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where T, = TymodnN), Zn € Tnttn, 0ty + By + ¥ = 1 for all m > 1 and f;, T; are finite families
of nonspreading mappings and multivalued nonexpansive mappings for i =1,2,...,N, re-
spectively. Moreover, he further proved the weak and strong convergence theorems of the
iterative sequences under the condition of monotone defined on a bifunction F.

In this paper, inspired and motivated by research going on in this area, we introduce
a hybrid subgradient method for the pseudomonotone equilibrium problem and a finite
family of multivalued nonexpansive mappings, which is defined in the following way:

Wy € 0, F(Xp, )%,
Up = Pc(Xn = YuWn),  Vu = m, (L5)

K1 = Uy + (L—ay)z,, n>0,

where T, = Tymodn)s Zn € Tutty, and {o,}, {B,}, {€4}, and {o0,} are nonnegative real se-
quences.

Our purpose is not only to modify the proximal point iterative schemes (1.4) for the
equilibrium problem to a hybrid subgradient method for a class of pseudomonotone equi-
librium problems and a finite family of multivalued nonexpansive mappings, but also to
establish weak and strong convergence theorems involving only one projection rather than
two as in the extragradient method [5] and the inexact subgradient method [15] for the
equilibrium problem. Our theorems presented in this paper improve and extend the cor-
responding results of [5, 15, 18, 21].

2 Preliminaries

Let K be a nonempty closed convex subset of a real Hilbert space H with inner product
(-,-) and norm || - ||, respectively. For every point x € H, there exists a unique nearest point
in K, denoted by P (x), such that

|x - Pc@)| < llx -yl VyeKk.

Then P is called the metric projection of H onto K. It is well known that Pg is nonex-
pansive and satisfies the following properties:

(x — Py (x), Px(x) —y) >0, VxeH,yeKk, (2.1)

2
’

lx=y1? > |x-Pc@)|* + |y - Pc@)|*>, VxeH,yeK. (2.2)

Recall also that a bifunction F : K x K — R is said to be
(i) r-strongly monotone if there exists a number r > 0 such that

F(x,9) + Fy,x) < —rllx—yl>, V¥xyek;
(ii) monotone on K if

F(x,y) + F(y,x) <0, Vx,yeKk;
(iii) pseudomonotone on K with respect to x € K if

F(x,y)>0 = F(y,x)<0, VyeKk. (2.3)
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It is clear that (i) = (ii) = (iii), for every x € K. Moreover, F is said to be pseudomonotone
on K with respect to A C K, if it is pseudomonotone on K with respect to every x € A.
When A =K, F is called pseudomonotone on K.

The following example, taken from [15], shows that a bifunction may not be pseu-
domonotone on K, but yet is pseudomonotone on K with respect to the solution set of
the equilibrium problem defined by F and K:

F(x,y) :=2ylx|(y —x) + xyly — x|, Vx,yeR, K:=[-1,1].

Clearly, EP(F, K) = {0}. Since F(y,0) = 0 for every y € K, this bifunction is pseudomono-
tone on K with respect to the solution x* = 0. However, F is not pseudomonotone on K.
In fact, both F(—0.5,0.5) = 0.25 > 0 and F(0.5,-0.5) = 0.25 > 0.
To study the equilibrium problem (1.1), we may assume that A is an open convex set
containing K and the bifunction F: A x A — R satisfy the following assumptions:
(Cl) F(x,x) =0 for each x € K and F(x, -) is convex and lower semicontinuous on K;
(C2) F(,y) is weakly upper semicontinuous for each y € K on the open set A;
(C3) F is pseudomonotone on K with respect to EP(F, K) and satisfies the strict
paramonotonicity property, i.e., F(y,x) = 0 for x € EP(F, K) and y € K implies
y € BP(E,K);
(C4) if {x,} € K is bounded and €, — 0 as n — oo, then the sequence {w,} with
Wy, € 3¢, F (%, -)x, is bounded, where 9. F(x, -)x stands for the e-subdifferential of
the convex function F(x, -) at x.
Throughout this paper, weak and strong convergence of a sequence {x,} in H to x are
denoted by x, — x and x,, — x, respectively. In order to prove our main results, we need
the following lemmas.

Lemma 2.1 [24] Let H be a real Hilbert space. For all x,y € H, we have the following iden-
tity:

ll = y1I* = lxl* = lIylI* - 2(x - ,9).

Lemma 2.2 [25] Let H be a real Hilbert space and «, 8,y € [0,1]) witha + B + y = 1. For
all x,y,z € H, we have the following identity:

lax + By + yzl|* = allxl® + BlIyI* + v llzll* — B llx - yII?

—aylx—zl* - Byly-z|*.
Lemma 2.3 [26] Let{a,} and {b,} be two sequences of nonnegative real numbers such that
api <ay+b, n>0,
where Y 2 b, < 0o. Then the sequence {a,} is convergent.
Lemma 2.4 [18] Let K be a nonempty closed convex subset of a real Hilbert space H. Let T :

K — C(K) be a multivalued nonexpansive mapping. If x, — q and lim,,_, o dist(x,, Tx,) =
0, then q € 1g.
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3 Weak convergence
Theorem 3.1 Let K be a nonempty closed convex subset of a Hilbert space H and F : K x
K — R be a bifunction satisfying (C1)-(C4). Let {T;}Y, : K — C(K) be a finite family of
multivalued nonexpansive mappings such that Q = ﬂf\z[l Fix(T;) NEP(F,K) # ¢ and T;(q) =
{g} fori=1,2,...,N and q € Q2. For a given point xo € K,0 < c< 0, <7, {ot,}, {Bn}, and {€,}
are nonnegative sequences satisfying the following conditions:

(i) ay, € la,b] C(0,1);

(il) YolgBn=00,> 020 B2 <00, and y e Bu€n < 00.
Then the sequence {x,} generated by (1.5) converges weakly to x € Q.

Proof First, we show the existence of lim,,_, o || %, — p| for every p € Q. It follows from (1.5)
and Lemmas 2.1 and 2.2 that

2
[1%241 —P||2 = “an(xn -p)+ 1 —a,)(z, —P)”
= ayllxn —plI* + (L= a)llzn = pII* = (1 — ) |5 — 2|
= oyl — plI* + (1= at,) dist(zy, Tup)* — (1 — o) 1% — 2|
<l = plI* + (1 = ) H(Tpth, Top)? = atn(L = ) % — 2, ||
< aonn —19||2 + (1 —Ot,,)”Mn —17||2 _an(l _an)”xn _Zn||2
= an”xn —P”z + (1 _an)(”xn —19”2 - ”Mn _anZ + 2(96,, —Un P — Mn>)

2
— o, (1 — ay)ll%n — z4l

< ot =PI + 21 = ) (%n — thns p = thn) — tn(1 = 00) |26 — 2| 3.1)
By u,, = Px(x, — y,w,) and (2.1), we have
(o — U, p — Up) < Vn(me — Uy). (3-2)

Using u, = P (x, — y,w,) and x,, € K again, we obtain (note that y, = W’M)

2
”xn - un” = (xn — Upy Xy — Mn)
S VWi X — ty)
= Yullwaullllx, — unll

=< ,Bn”xn - Lt,,ll, (33)
which implies that ||x,, — u,|| < B,. Substituting (3.2) into (3.1) yields

(%1 =PI < 1% =PI + 201 = 000) Vi (Wois p = thn) = 0tu(1 = ) 260 — 2,1
= (1% = pII* + 2(1 = ) V(W 2 = 56 + 2(1 = ) Vi (Wi Xy — 1)
— (1= o) 1% — zull®
< 1% =PI + 201 = ) Vi (Wi p = ) + 21 = ) VW | 1260 — |

2
— o, (1 — o) 1% — 2zl
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< N = I + 21 = ) Y (Woo p — %) +2(1 - 0) B2
— a1 = o)l _Zn”Z- (3.4)

Since w,, € 9, F(xy, -)x, and F(x,x) = 0 for all x € K, we have

(Wi, p — %) < F(xn’p) — F(%, %) + €4

< F(x,,p) + €,- (3.5)

On the other hand, since p € EP(F,K), i.e., F(p,x) > 0 for all x € K, by the pseudomono-
tonicity of F with respect to p, we have F(x, p) < 0 for all x € K. Replacing x by x,, € K, we
get F(x,,p) <0. Then from (3.4) and (3.5), it follows that

”xn+1 —P||2 E ||xn —P||2 + 2(1 - Oln)VnF(me) + 2(1 - an)ynen + 2(1 - an)ﬂy%

—a,(1—ay)llx, — 2z, ”2
< |l%x —P||2 +2(1- an)ynén +2(1- an),an — oy (1 —ay)llx, — Zn”2
< [0 = pII* +2(1 = @) yuen + 201 — @) Br. (3.6)
Applying Lemma 2.3 to (3.6), by condition (ii), we obtain the existence of lim,_, « ||x, —
pl=d.

Now, we claim that limsup,_, ., F(x,, p) = 0 for every p € Q. Indeed, since F is pseu-
domonotone on K and F(p,x,) > 0, we have —F(x,, p) > 0. From (3.6), we have

2(1 = ) Vu[~F @ )] < 160 = pII* = 1601 — pII*
+2(1 — ay)ynen +2(1 - an)ﬁz. (3.7)

Summing up (3.7) for every n, we obtain

0=<2 Z(l — Q) Vn [_F(xmp)]
n=0

oo o0
<o —pI* +2) yuen+2)  Br < +o0. (3.8)
n=0 n=0

By the assumption (C4), we can find a real number w such that |w,| < w for every n.
Setting L := max{o, w}, where o is a real number such that 0 < o, < o for every #, it follows
from (i) that

20-b) &
0= (L )Zﬂn[—F(me)]

n=0

<2 Z(l - Oln)yn [_F(xmp)] < +00,
n=0

which implies that

[e¢]

Zﬁn[—F(xn,p)] < +00. (3.9)

n=0
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Combining with —F(x,,p) > 0 and Y - B, = 00, we can deduced that limsup,,_, ., F(x,,
p) = 0 as desired.

Next, we show that any weak subsequential limit of the sequence of {x,} is an element
of Q= ﬂfil Fix(T;) NEP(F,K). To do this, suppose that {x,,} is a subsequence of {x,}. For
simplicity of notation, without loss of generality, we may assume that x,, — ¥ as i — oo.
By convexity, K is weakly closed and hence x € K. Since F(:, p) is weakly upper semicon-

tinuous for p € 2, we have

F(x,p) = limsup F(x,;,p) = lim F(x,,,p)
11— 00

i—00
=limsup F(x,,p) = 0. (3.10)

n—0o0

By the pseudomonotonicity of F with respect to p and F(p,x) > 0, we obtain F(x,p) < 0.
Thus F(x,p) = 0. Moreover, by the assumption (C3), we can deduce that ¥ is a solution of
EP(F, K). On the other hand, it follows from (3.3) and condition (ii) that

lim ||%, — ]| = 0. (3.11)
n—00

From (3.6) and conditions (i)-(ii), we have

2

”2 = ”xn —19||2 - ||xn+1 —P”Z + 2(1 - an)ynEn + 2(1 - O[,,),Bn,

oy (1— o), — 2z,

taking the limit as # — oo yields

lim ||x, -z, =0, (3.12)
n—0o0

and thus
lim dist(x,, T,u,) < lim ||x, —z,| = 0. (3.13)
n— o0 n—00

Using (1.5) again, we have
lim |[x,41 =%,/ = im (1 - a,) [, — z4ll = 0. (3.14)
n—0o00 n—0oQ

It follows that
M % —%all =0, i=1,2,...,N. (3.15)
H—0Q

Note that
”un+1 - un” =< ||Mn+l - xn+1|| + ”xm—l - an + ||xn - un”

Combining (3.11) and (3.14), we obtain

lim ||#4,1 — uy]l = 0. (3.16)
n— 00
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This also implies that
lim |4y —uyl| =0, i=1,2,...,N. (3.17)
n— 00

Observe that

dist(ety,, Tpvithn) < |ty — Xl + 1% = Xl + dist@nris Tivithei) + H(Tvithris Traithn)

S Nt =% ll + 1120 — X | + disteis Tvithnei) + i — t .
Together with (3.11), (3.13), (3.15), and (3.17), we have

lim dist(u,,, Tyyitty) =0, i=1,2,...,N, (3.18)

H—0Q
which implies that the sequence

N
U{dist(un, Tpsitin)},_,— 0 asn— oo, (3.19)
i-1

Fori=1,2,...,N, we note also that

{dist(un, Tiun)}, o = {dist@n, Tpaiomtn) 2

= {diSt(Mm Tﬂ+in un) }

n>0
N

C U{dist(un, Tn+iun)}n20'
i=1

where i — n = i,(mod N) and i, € {1,2,...,N}. Therefore, we have
lim dist(u,, Tiu,) =0, i=12,...,N. (3.20)
n—00

Similarly, fori=1,2,...,N, we obtain

diSt(xm Tixn) = ”xn - un” + diSt(un: Tiun) + H(Tiun: Tixn)

< 2[lxy — uy | + dist(uey, Tiuy).
It follows from (3.11) and (3.20) that
lim dist(x,, Tix,) =0, i=12,...,N. (3.21)
n— o0

Applying Lemma 2.4 to (3.21), we can deduce that x € Fix(7;) for i =1,2,...,N and hence
x e Q.

Finally, we prove that {x,} converges weakly to an element of 2. Indeed to verify that
the claim is valid it is sufficient to show that w,(x,) is a single point set, where w,,(x,) =
{x € H : x,, — x} for some subsequence {x,,} of {x,}. Indeed since {x,} is bounded and H
is reflexive, w, (x,) is nonempty. Taking wy, w; € w,(x,) arbitrarily, let {x,, } and {2} be
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subsequences of {x,} such that x,, — w; and Xy = Wa, respectively. Since lim,,, o ||, — p||
exists for all p € Q and wy, w, € @, we see that lim,,_, o ||%, — w1 || and lim,,—,  ||x, — wa ||
exist. Now let wy # wy, then by Opial’s property,

lim %, —will = lim [lx,, —wi||
n—00 k—o00
< lim |, —wal = lim [lx, — wal
k—o00 n—00
= lim [l = wall < lim [}, = wi]
J—> 00 J—> 00
= lim ||x, — wy|,
n— 00

which is a contradiction. Therefore, w; = wy. This shows that w,(x,) is a single point set,

i.e., x, — x. This completes the proof. g

Theorem 3.2 Let K be a nonempty closed convex subset of a Hilbert space H and F :
K x K — R be a bifunction satisfying (C1)-(C4). Let T : K — C(K) be a multivalued non-
expansive mapping such that Q = Fix(T) NEP(F,K) # ¢ and T(q) = {q} forall g € Q. Fora
given point xy € K, 0 < c < 0y, < 0, let {x,} be defined by

Wy € 8enF(xn: ')xnx
Up = Px(Xp = YuWn)y  Vn=
Xn+l = OpXy + (1 - an)zm n= O,

Bn

max{op,[|wnll}’

where z,, € Tuy, {0}, {Bn}, and {€,} are nonnegative sequences satisfying the following con-
ditions:

(i) ay € [a,b] C(0,1);

(ii) ZEZO Bn = 00, Z:o:o 163 < 00, and Zzo:o Br€n < 00.
Then the sequence {x,} converges weakly to x € Q2.

Proof Putting N =1, then T; = T, a single multivalued nonexpansive mapping, and the

conclusion follows immediately from Theorem 3.1. This completes the proof. g

4 Strong convergence

To obtain strong convergence results, we either add the control condition lim,,_, o @), = %,
or we remove the condition T(q) = {g} for all g € 2 and adjust the nonempty compact
subset C(K) to a proximal bounded subset P(K) of K as follows.

Theorem 4.1 Let K be a nonempty closed convex subset of a Hilbert space H and F : K x
K — R be a bifunction satisfying (C1)-(C4). Let {T;}Y, : K — C(K) be a finite family of
multivalued nonexpansive mappings such that Q = ﬂi\:{l Fix(T;) NEP(F,K) # ¢ and Ti(q) =
{q} fori=1,2,...,N and q € Q. For a given point xo € K, 0 < c < 0, < 7, let {x,,} be defined
by

Wy € 0, F (X, )%,
Uy = Pic®n = VaWn)y V= siT (4.1)
KXpa1 = Uy + L —p)zy, n=>0,
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where Ty, = TyumodN)s Zn € Tntbn, {0n}, {Bu}), and {€,} are nonnegative sequences satisfying
the following conditions:
(i) oy € [a,b] C(0,1) and lim, o oty = 3;

(i) 2020 Bn =00, 2020 B < o0, and > o Br€n < 00.
Then the sequence {x,} generated by (4.1) converges strongly to x* € Q.

Proof By a similar argument to the proof of Theorem 3.1 and (2.2), we have
2 2
2 = Pat@n) | < llzu = all” = [0 = Palaca) |- (4.2)

It follows from (4.2) that

”xn+l _PQ(le+l)||2 = ”an(xn —PQ(X,,)) + (1 _an)(zn _PQ(xn)) H2

< a0 = Po () |* + (1= @) || 20 = Pa(a) |
< (2an - 1) Hxn - PQ(xn)Hz + (1 - an)Hzn - anZ- (4‘3)

Combining (3.12), lim,,, o @), = %, and the boundedness of the sequence {x,, — Po(x,)}, we

obtain
im {41 ~ Pe(xn) | = 0. (4.4)
n— o0

By the assumptions (C1) and (C2), the set Q2 is convex (see the proof of Theorem 1 in [27]).
For all m > n, we have %(PQ (%) + Pa(x,)) € 2, and therefore

|Paxm) = Pa@n)||* = 2||%m — Pa )| + 2|2 — Pa(x)|*
2

— 4\, — %(Pg(xm) +PQ(xn))

=< 2me _PQ(xm)”2 + 2”xm _PQ(xn)Hz _4'me _PQ(xm)Hz

= 2”xm_I)Q(xrt)”z_2me_Pﬂ(xm)”2 (4'5)
Using (3.6) with p = Pg(x,,), we have

[ = Pa@n) | < [t = Pa@n)|* + 201 = 1) V1€t + 21 = @) B2y

=< ||xm—2 - PQ(xn)”Z t Nm-1 + Nm—2
<.
) m-1
< |#u = Pa@n) " + D (4.6)
j=n

where 7; = 2(1 — o)) yj€; + 2(1 - aj)ﬂlz. It follows from (4.5) and (4.6) that

m-1

| Pam) — Pa(x)|” < 22 — Pa@a)|* +2 > 1= 2| — Palwn) | (4.7)

Jj=n

Page 10 of 14
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Together with (4.4) and Zm_l nj < 00, this implies that {Pg(x,)} is a Cauchy sequence.

j=n
Hence {Pq(x,)} strongly converges to some point x* € 2. Moreover, we obtain

X = il_if?o Pq(x,,) = Po(X) = %, (4.8)

which implies that Pg(x,) — x* =x € Q. Then, from (3.21), (4.4), and (4.8), we can con-
clude that x,, — x*. This completes the proof. g

Theorem 4.2 Let K be a nonempty closed convex subset of a Hilbert space H and F : K x
K — R be a bifunction satisfying (C1)-(C4). Let {T,v}ﬁ»\zf1 : K — P(K) be a finite family of
multivalued mappings such that Pr, is nonexpansive, where Pr, := {y € Tix : dist(x, Tjx) =
lx—yll} and Q = ﬂﬁl Fix(T;) NEP(F,K) # ¢. For a given point xo € K, 0 <c< o0, <0, let
{x,} be defined by

Wy € 3¢, F(X, )%,
Uy = P(Xn = YuWn)  Vu= m, (4.9)
K1 =Xy + (1 —ay)z,, n>0,

where Ty, = TymodN)> Zn € Pr,tbn, {n}, {Bn), and {€,} are nonnegative sequences satisfying
the following conditions:
(i) a, € la,b] C(0,1);

(il) Y nlgBn=00, > 020 B2 <00, and y e Bu€n < 00.
Then the sequence {x,} converges strongly to x* € Q.

Proof Taking p € Q, then Py, (p) = {p}. By substituting Py instead of T’ and similar argu-
ment as (3.21) in the proof of Theorem 3.1 we obtain

lim dist(x,,, T,»(xn)) < lim dist(x,,,PTl.(xn)) =0. (4.10)

n—00 n—00
By compactness of K, there exists a subsequence {x,, } of {x,} such that lim;_, o, x,,, = x™,
for some x* € K. Since Pr, is nonexpansive for i = 1,2,...,N, we have
dist(x*, T;(x*)) < dist(x*, Pr, (x*))
= ||x* = Xy “ + diSt(x”k’PTi (x”’k)) + H(PTi(x"k)’PTi (x*))

<2|&* — %, || + dist(x,, Pr, (x4,)).- (4.11)
It follows from (4.10) and (4.11) that

lim dist(x*, T;(x*)) = 0, 4.12

Jim dis (x*, T;(x*)) =0 (4.12)
which implies that x* € ﬂf\il Fix(T;). Since {x,, } converges strongly to x* and lim,,_, . [|%, —
x*|| exists (as in the proof of Theorem 3.1), we find that {x,} converges strongly to x*. This
completes the proof. d

In addition, we supply an example and numerical results to illustrate our method and
the main results of this paper.
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Example 4.1 Let H =R and K := [0, 1] with usual metric. Consider the nonsmooth equi-
librium problem defined by the bifunction

F(x,y) =2xy(y —x) + xyly — x|, Vx,y€K.

Clearly, F is pseudomonotone on K. Note that F(x, -) is convex for x € K and 9F(x, -)x =
[x2,3%%] by taking €, = 0 for all # € N.

(i) Let Tx := [%, 7] defined on K := [0,1]. Note that T is a multivalued nonexpansive
mapping and Fix(T) NEP(F,K) = {0}. SettingN =1,0, =1, a, = %, B = %, and ||x, —x*| <
10~* as stop criteria, we obtain the results of algorithm (4.1) with different initial points in
Table 1.

(ii) Let Tx := [-2x,—x] defined on [0, 00) — 2R, Note that T is not nonexpansive but
Prx = {—x} is nonexpansive for all x € [0, 00). Indeed, for each u € Tx, u = —ax,1 <a <2,

choose v = —ay. Then
| —v| = |-ax - (-ay)| = alx - y| < 2lx - y| = H(Tx, Ty).

On the other hand, for any x, we have 0 € [0,00) and T0 = {0}. It follows that Fix(T) N
EP(F,K) = {0}. Setting N =1,0, =1, o, = i, B = %, and ||x, —x*|| <107* as stop criteria,
we obtain the results of algorithm (4.9) with different initial points to be found in Table 2.

The computations are performed by Matlab R2008a running on a PC Desktop Intel(R)

Core(TM) i3-2330M, CPU @2.20 GHz, 790 MHz, 1.83 GB, 2 GB RAM.
Remark 4.1 Our hybrid subgradient method improves the extragradient method of Tran
et al. [5] and the inexact subgradient algorithm of Santos and Scheimberg [15] for an equi-

librium problem in deducing the computational costs of an iterative process.

Table 1 Numerical results for an initial point xo = 0.2,0.5,0.8

(2)

Iter. (n) x,(," Xn (3)

Xn
0 0.2000  0.5000  0.8000
1 0.1459 03618 04782
2 0.0816 02157  0.2391
3 0.0314 01031  0.1206
4 0.0027  0.0351 0.0524
5 0.0000  0.0059  0.0093
6 0.0000  0.0000  0.0001

Table 2 Numerical results for an initial point xo = 0.2,0.5,0.8

Iter. (n) x,(,” xf,z)

0 0.2000 05000  0.8000
0.1683 04136 06839
0.1247 03914 05284
00925 02518  0.3855
0.0621  0.1492  0.2679
00319 00991  0.1732
0.0042 00427 0.1043

<

SOy —

1 0.0000  0.0035  0.0086
12 0.0000  0.0001  0.0001
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Remark 4.2 Our results generalize the results of Eslamian [21], a proximal point method
for an equilibrium problem, to a hybrid subgradient method for a pseudomonotone equi-
librium problem.
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