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1 Introduction

The Banach contraction mapping principle is a classical and powerful tool in nonlinear
analysis. Weak contractions are generalizations of the Banach contraction mapping, which
have been studied by several authors. In [1-8], the authors prove some types of weak con-
tractions in complete metric spaces, respectively. In particular, the existence of a fixed
point for weak contractions and generalized contractions was extended to partially or-
dered metric spaces in [2, 9-22]. Among them, some involve altering distance functions.
Such functions were introduced by Khan et al. in [1], where they present some fixed point
theorems with the help of such functions. First, we recall the definition of an altering dis-

tance function.

Definition 1.1 An altering distance function is a function v : [0, 00) — [0, o) which sat-
isfies:

(a) ¢ is continuous and non-decreasing.

(b) ¥ =0ifand onlyif£=0.

Recently, Harjani and Sadarangani proved some fixed point theorems for weak contrac-
tions and generalized contractions in partially ordered metric spaces by using the altering

distance function in [11, 23], respectively. Their results improve the theorems of 2, 3].
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Theorem 1.2 ([11]) Let (X, <) be a partially ordered set and suppose that there exists a
metric d € X such that (X, d) is a complete metric space. Let f : X — X be a continuous and
non-decreasing mapping such that

d(f(x)vf(y)) = d(xvy) - w(d(xry))’ forx e

where ¥ : [0, 00) — [0, 00) is continuous and non-decreasing function such that v is posi-
tive in (0,00), ¥ (0) = 0 and lim,_, o, W (£) = co. If there exists xy € X with xy < f(xo), then f
has a fixed point.

Theorem 1.3 ([23]) Let (X, <) be a partially ordered set and suppose that there exists a
metric d € X such that (X, d) is a complete metric space. Let f : X — X be a continuous and

non-decreasing mapping such that

1ﬁd(f(x),f0’)) = W(d(x;y)) - ¢(d(x’y))r forx =

where r and ¢ are altering distance functions. If there exists xg € X with xo < f(xo), then
f has a fixed point.

Subsequently, Amini-Harandi and Emami proved another fixed point theorem for con-
traction type maps in partially ordered metric spaces in [10]. The following class of func-
tions is used in [10].

Let N denote the class of those functions § : [0, 00) — [0, 1) which satisfy the condition:
Bt,) —>1=1t,— 0.

Theorem 1.4 ([10]) Let (X, <) be a partially ordered set and suppose that there exists a
metric d such that (X, d) is a complete metric space. Let f : X — X be an increasing mapping
such that there exists an element xo € X with xy < f(xo). Suppose that there exists p € R
such that

d(f(x),f () < B(d(x,))d(x,y) for eachx,y € X withx > y.

Assume that either f is continuous or M is such that if an increasing sequence x,, — x € X,
then x, < x, Vn. Besides, if for each x,y € X there exists z € m which is comparable to x
and y, then f has a unique fixed point.

In 2012, Yan et al. proved the following result.

Theorem 1.5 ([24]) Let X be a partially ordered set and suppose that there exists a metric
d in x such that (X,d) is a complete metric space. Let T : X — X be a continuous and
non-decreasing mapping such that

¥ (d(Tx, Ty)) < ¢(d(x,9)), Vx=>y,

where r is an altering distance function and ¢ : [0,00) — [0, 00) is a continuous function
with the condition y(t) > ¢(¢) for all t > 0. If there exists xo € X such that xo < Txo, then T
has a fixed point.
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The aim of this paper is to present the definition of generalized altering distance function
and to extend the results of Yan et al. [24] and some others, and to prove a new fixed point
theorem of generalized contraction mappings in a complete metric space endowed with a
partial order by using generalized altering distance functions. The results of this paper can
be used to investigate a large class of nonlinear problems. As an application, we discuss
the existence of a solution for a periodic boundary value problem.

2 Main results
We first give the definition of generalized altering distance function as follows.

Definition 2.1 A generalized altering distance function is a function ¥ : [0, 00) — [0, 00)
which satisfies:
(a) ¥ is non-decreasing;

(b) ¥ =0ifand onlyifz=0.

We first recall the following notion of a monotone non-decreasing function in a partially

ordered set.

Definition 2.2 If (X, <) is a partially ordered set and T : X — X, we say that T is mono-
tone non-decreasing if x,y € X, x <y = T(x) < T(y).

This definition coincides with the notion of a non-decreasing function in the case where
X =R and < represents the usual total order in R.

In what follows, we prove the following theorem, which is the generalized type of The-
orems 1.2-1.5.

Theorem 2.3 Let X be a partially ordered set and suppose that there exists a metric d
in x such that (X, d) is a complete metric space. Let T : X — X be a continuous and non-
decreasing mapping such that

Y (d(Tx, Ty)) < ¢(d(x,9)), Vx>,

where V is a generalized altering distance function and ¢ : [0, 00) — [0, 00) is a right upper
semi-continuous function with the condition: ¥ (t) > ¢(t) for all t > 0. If there exists xy € X
such that xy < Txo, then T has a fixed point.

Proof Since T is a non-decreasing function, we obtain by induction that
%0 < Txo < T?x9 < Txg <+ < T"xo < T""'wo <---. 1)

Put x,,41 = Tx,. Then, for each integer n > 1, from (1) and, as the elements x,,,; and x, are
comparable, we get

w(d(xnﬂ’xn)) = w(d(Txm Txn—l)) = ¢(d(xmxn—l))- (2)
Using the condition of Theorem 2.3 we have

d(xn+lr xn) < d(xn: xn—l)' (3)
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Hence the sequence {d(x,.1,%,)} is decreasing and, consequently, there exists r > 0 such
that

d(xn+1rxn) - r+7
as n — 00. Consider the properties of ¢ and ¢, letting n — oo in (2) we get

W(V) = lim 1ﬁ(d(xrnlxxn)) = lim d’(d(xrnxn—l)) = ¢(V)

n—00 n—>oo

By using the condition: ¥/ () > ¢(¢) for all £ > 0, we have r = 0, and hence

d(xnﬂrxn) g Or (4‘)
as n — o0o. In what follows, we will show that {x,} is a Cauchy sequence. Suppose that
{x,,} is not a Cauchy sequence. Then there exists ¢ > 0 for which we can find subsequences
{#n, } with n > m > k such that

AWKy Xmy) = € (5)

for all k > 1. Further, corresponding to m we can choose # in such a way that it is the

smallest integer with 7 > m; and satisfying (5). Then

AKXy Xy ,) <E. (6)
From (5) and (6), we have

& < dn Xmy) < (AW )s Xy ) + Ay ys Xomy) < Aoy X)) + €.
Letting k — oo and using (4), we get

klirgo Ay Xomy) = €. (7)
By using the triangular inequality we have

d(xnk ) xmk) = d(xnk ) x”k—l ) + d(xnk,l ) xmk—l ) + d(xmk,l ) xmk );

Ay X)) < Ay %0,) + Ay Xy ) + Ay Xy )

Letting k — oo in the above two inequalities and using (4) and (7), we have
Lim d(xXy_,%m,_,) = €. (8)
k— 00

As ny > my and x,,,_, and x,,,,_, are comparable, using (1) we have

W (d(xnk ’ xmk )) S ¢ (d(xﬂk,l ’ xmk,l )) .
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Consider the properties of ¥ and ¢, letting k — 0o and taking into account (7) and (8), we
have

v (e) < p(e).

From the condition v (£) > ¢(¢) for all £ > 0, we get ¢ = 0, which is a contradiction. This
shows that {x,} is a Cauchy sequence and, since X is a complete metric space, there exists
z € X such that x,, — z as n — 0o. Moreover, the continuity of T implies that

z=lim x,,; = lim Tx, = Tz,

n— 00 n—0o0
and this proves that z is a fixed point. This completes the proof. d
In what follows, we prove that Theorem 2.3 is still valid for T being not necessarily
continuous, assuming the following hypothesis in X:
If (x,) is a non-decreasing sequence in X such that x, — x
thenx, <xforalln € N. 9)
Theorem 2.4 Let (X, <) be a partially ordered set and suppose that there exists a metric d

in X such that (X,d) is a complete metric space. Assume that X satisfies (9). Let T : X — X

be a non-decreasing mapping such that
Y (d(Tx, Ty)) < ¢(d(x,y)), Vx>,

where V) is a generalized altering distance functions and ¢: [0,00) — [0, 00) is a right upper
semi-continuous function with the condition (t) > ¢(t) for all t > 0. If there exists xg € X
such that xy < Txy, then T has a fixed point.

Proof Following the proof of Theorem 2.3 we only have to check that T'(z) = z. As (x,) is
a non-decreasing sequence in X and lim,_,» %, = z the condition (9) gives us that x, < z

for every n € N and consequently,

¥ (d(xn1, T(2))) = ¥ (d(T(xa), T(2))) < ¢ (d(2).

Letting n — 0o and taking into account that i is an altering distance function, we have

¥ (d(z T(2))) < ¢(0).

Using condition of theorem we have ¢(0) = 0, this implies ¥(d(z, T(z))) = 0. Thus,
d(z, T(z)) = 0 or equivalently, T(z) = z. 0

Now, we present an example where it can be appreciated that the hypotheses in Theo-
rems 2.3 and Theorems 2.4 do not guarantee uniqueness of the fixed point. An example
appears in [12].

Let X = {(1,0),(0,1)} C R? and consider the usual order (x,y) < (z,f) © x <z y < L.
Thus, (,y) is a partially ordered set whose different elements are not comparable. Besides
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(X, d,) is a complete metric space considering d, the Euclidean distance. The identity map
T(x,y) = (x,) is trivially continuous and non-decreasing and condition (1) of Theorem 2.4
is satisfied, since the elements in X are only comparable to themselves. Moreover, (1,0) <
T(1,0) = (1,0) and T has two fixed points in X.

In what follows, we give a sufficient condition for the uniqueness of the point in Theo-
rems 2.3 and 2.4. This condition is:

for x,y € X there exists a lower bound or an upper bound. (10)
In [12] it is proved that condition (10) is equivalent to:
for x,y € X there exists z € X which is comparable to x and y. (11)

Theorem 2.5 Adding condition (11) to the hypotheses of Theorem 2.3 (resp. Theorem 2.4)
we obtain the uniqueness of the fixed point of T .

Proof Suppose that there exist z,y € X which are fixed points. We distinguish two cases.
Case 1. If y is comparable to z then 7" (y) = y is comparable to 7"(z) =z for n = 0,1,2,...
and

v (d(z.) = v (d(T"(), T"())
<o(d(T"'(2), T"'(»))
< ¢(d(z)).
As we have the condition ¥ (¢) > ¢(¢) for t > 0 we obtain d(z,y) = 0 and this implies z = y.
Case 2. If y is not comparable to z then there exists x € X comparable to y and z. Mono-

tonicity of T implies that 7" (x) is comparable to T7"(y) and to T"(z) = z, for n = 0,1,2,...
Moreover,

¥ (dzT"@))

IA

¥ (d(T"(2), T" ()))
¢>(d(T” Yz), T 1(x)))
=¢(d(z "1 (x))). (12)

Hence, ¢ is a generalized altering distance function and we have the condition ¥ (¢) >
¢(¢) for t > 0, this gives us that {d(z,f"(x))} is a non-negative decreasing sequence and,
consequently, there exists y such that

lim d(z, T”(x)) =y.

n—00

Letting n — oo in (12) and, taking into account the properties of ¢ and ¢, we obtain
V() =o(y).
This and the condition v (£) > ¢(¢) for £ > 0 imply y = 0. Analogously, it can be proved that

lim d(y, T (x )) =

n—00
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Finally, as

lim d(z, T”(x)) = lim d(y, T”(x)) =0

n—00 n— 00

the uniqueness of the limit gives us y = z. This finishes the proof. g

Remark 2.6 Under the assumption of Theorem 2.3, it can be proved that for every x € X,

lim,_, o T"(x) = z, where z is the fixed point (i.e. the operator f is Picard).

Remark 2.7 Theorem 1.2 is a particular case of Theorem 2.3 for v being the identity
function, and ¢(£) = £ — ¥ (£). Theorem 1.3 is a particular case of our Theorem 2.3 for ¢(¢)
being replaced by ¥ (¢) — ¢(£). Theorem 1.4 is a particular case of Theorem 2.3 for v being
the identity function, and ¢(£) = B(¢)t. Theorem 1.5 is also a particular case of Theorem 2.3

for ¥ and ¢ being continuous.

Example 2.8 The following are some generalized altering distance functions:

0, t=0,
Y (t) =

[t]+1, ¢>0,

0, t=0,
Y(t) =

ALl +1), t>0,

where o > 0 is a constant.

t, 0<t«l,
Ys(t) =

at?, t>1,

where « > 1 is a constant.
We choose v/ (¢) = ¥3(¢) and

2, 0<t<l,
o(t) =
pt, t=>1,

where 0 < B < « is a constant. By using Theorem 2.3, we can get the following result.
Theorem 2.9 Let X be a partially ordered set and suppose that there exists a metric d

in x such that (X, d) is a complete metric space. Let T : X — X be a continuous and non-

decreasing mapping such that

0<d(Tx,Ty) <1 = d(Ix, Ty) < (d(x,y))z,

dTx,T)>1 =  a(d(Tx )" < Bd(x,y)

forany x,y € X. If there exists xo € X such that xy < Txy, then T has a fixed point.
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3 Application to ordinary differential equations

In this section we present two examples where our Theorems 2.3 and 2.4 can be applied.
The first example is inspired by [17]. We study the existence of a solution for the following
first-order periodic problem:

u'(t) =f(tu®), t€[0,T],
u(0) = u(T),

(13)

where T >0 and f : I x R — R is a continuous function. Previously, we considered the
space C(I) (I = [0, T]) of continuous functions defined on I. Obviously, this space with the

metric given by
dx,y) = sup{ ’x(t) —y(t)’ :te I}, for x,y € C(I),

is a complete metric space. C(I) can also be equipped with a partial order given by
xyeC), x<y < x(t)<y(t)m, fortel

Clearly, (C(I), <) satisfies condition (10), since for x,y € C(I) the functions max{x,y} and
min{x, y} are least upper and greatest lower bounds of x and y, respectively. Moreover, in
[17] it is proved that (C(I), <) with the above mentioned metric satisfies condition (9).

Now we give the following definition.

Definition 3.1 A lower solution for (13) is a function & € CV(J) such that

o' (t) <f(ta(t), fortel,
a(0) < (7).

Theorem 3.2 Consider problem (13) with f : I x R — R continuous and suppose that there
exist ko > 0 with

(T = 1)\ 2
o< |
—“\ T +1)
such that for x,y € R withx >y
0 <f(t,x)+Ax— [f(t,y) + Ay] <a./glx-y),
where g(t) : [0,+00) — [0, +00) is a light upper semi-continuous function with g(0) = 0,
g(t) < t2, VYt > 0. Then the existence of a lower solution for (13) provides the existence of an

unique solution of (13).

Proof Problem (13) can be written as

u'(t) + Au(t) =f(t, u(t)) + Au(t), fortel=[0,T],
u(0) = u(T).
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This problem is equivalent to the integral equation

T
u(t) = ] G 9)[f (s, u(s)) + Auls)] ds,
0

where G(t,s) is the Green function given by

A (T+s—t)
ET, =s< t < T,
— et -1
G(t,s) = oo
T <t<s<T

Define F: C(I) - C(I) by

T
(Fu)(t) = /0 G(t,s)[f(s, u(s)) + ku(s)] ds.

Note that if # € C(I) is a fixed point of F then u € C'(I) is a solution of (13). In what
follows, we check that the hypotheses in Theorems 2.3 and 2.4 are satisfied. The mapping

F is non-decreasing, since we have # > v, and using our assumption. We can obtain
ft,u)+  u>f(t,v) + v

which implies, since G(¢t,s) > 0, that for £ € I

T
(Fu)(t) = /0 G(t,9)[f (s, u(s)) + Auls)] ds
T
> / G, 9)[f (5, v(5)) + Av(s)] ds = (Fv)(¢).
0

Besides, for u > v, we have
d(Fu, Fv) = sup|(Fu)(t) - (FV)(t)|
tel

= sup((Fu)(2) - (Fv)(2))

tel

T
= supf G(t, 9)[f (s, u(s)) + Au(s) = f (s, v(s)) — Av(s)] ds

tel JO
T
< Szlel?/o G(t,s)ot,/g(u(s) - v(s)) ds. (14)

Using the Cauchy-Schwarz inequality in the last integral we get

T
G(t,8)a,/ - d
/(; (& s) g(u(s) v(s)) s
! 2 10T 2 2
G(t,s)°d - ds) . 5
< (/0 (L) S) (/0 a’g(u(s) - v(s)) s> 5)

Page 9 of 15
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The first integral gives us
T t T
/ G(¢,9)%ds = / G(t,5)* ds + / G(¢,9)*ds
0 0 t

t eZA(T+S—t) T e2k(s—t)
= ——ds+ ——ds
A (e)\.T _ 1)2 [ (eAT _ 1)2

_ 1 oA T-1)
20(eMT —1)2
T+
=— 16
20T —1) (16)
The second integral in (15) gives the following estimate:
T
/ azg(u(s) - V(s)) ds < ozzg(||u - V||) - T
0
= a2g(d(u, v)) -T. @17)

Taking into account (14)-(17) we have

ST

T+l \? )
d(Fu, Fv) < iL;?(m) (o’g(d(w,v)) - T)

1

_ (L*ll)) Ca VT (g(dw )}

2x(erT —

and from the last inequality we obtain

AT
1
d(Fu, Fv)> < —

= m 'a2 . Tg(d(u,v))

or, equivalently.

21 (e —1)d(Fu, Fv)* < (7 +1) - - T - g(d(u,v)).
By our assumption, as

Y (n(e” - 1))5’

—“\ T +1)

the last inequality gives us

21(e —1)d(Fu, Fv)* < 2x(e - 1) - g(d(u,v)),
and, hence,

d(Fu, Fv)* < g(d(u,v)). (18)

Page 10 of 15
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Put v (¢) = £2 and ¢ (¢) = g(¢). Obviously, ¥ is a generalized altering distance function, y(¢)
and ¢(¢) satisfy the condition of ¥ (¢) > ¢(t) for £ > 0. From (18), we obtain for u > v

w(d(Fu,Fv)) < d)(d(u, v)).
Finally, let a(¢) be a lower solution for (13); we claim that « < F(«). In fact

o' (t) + ra(t) Sf(t,oz(t)) +Aa(t), fortel.
We multiply by e,

(a(t)e’”)/ <[f(ta@®) +ra@®)]e, fortel,
and this gives us

a(t)e <a(0) + /Ot[f(s,a(s)) + )La(s)]e“ ds, fortel (19)
As «(0) < a(T), the last inequality gives us

T
a(0)e < a(T)e'” < a(0) + /0 [f (s, x(s)) + Acx(s)]e™ dis,

and so

T e)Ls
a(0) < /0 m[f(s,(x(s)) +ha(s)] ds.

This and (19) give us
t M(T+s) T AS
a(e < /0 ;T——l [f(s,(s)) + re(s)] ds + /t e*‘;——l [f (s, (s)) + re(s)] ds

and, consequently,

t ,A(T+s-t) t LA(s—t)
at) < /0 e}\_ ds + /0 e—[f(s,oz(s)) + Aa(s)] ds

el -1 e’ -1

T
- / G(&,9)[f (s, a(s)) + rar(s)] ds

0

= (Fa)(t), fortel.
Finally, Theorems 2.3 and 2.4 show that F has an unique fixed point. d

Example 3.3 In Theorem 3.2, we can choose the function g(¢) as follows:
(1) gi(t) =1In(£2 +1);
)

B3, 0<t<l,
o) =11 =1,
t;

1<t<+00.
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IA

t=<

’

N =

g(t) =

£, 0
1
3 <t < +00.

8’

The functions g (¢), g2(¢) are continuous and non-decreasing. The function gs(¢) is right
upper semi-continuous. If we choose g(¢) = g;(¢) in Theorem 3.2, we obtain the result of

[5].

Example 3.4 Consider the following first-order periodic problem:

u(t) = SLLtt -Bx, tel0,T],
u(0) = u(T).

(20)

Let
sint
f(t,x)Z —l_ﬂxr KAS [0,00),tE [0’1]’
e
then f (¢, x) is continuous. Further, for x > y, we have

6+ hx = [f(6.9) + 2] =20 - )2

We chose 8 € [0, A] such that

[T

20— B) < (zx(e” - 1))

T +1)

Taking g(t) = (%)2 for all ¢ € [0, +00), we have

F@&x) +2x = [f(t,) + 2y] =200 = B)V/glx - y).

By using Theorem 3.2, we know that the first-order periodic problem (20) has a unique

solution.

A second example where our results can be applied is the following two-point boundary

value problem of the second order differential equation:

—% =f(tx), x€[0,00),t€[0,1], on
x(0) =x(1) = 0.

It is well known that x € C?[0,1] is a solution of (20) that is equivalent to x € C[0,1] being

a solution of the integral equation

1
x(t) = / G(t,s)f(s,x(s)) ds, forte[0,1],
0

Page 12 of 15
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where G(t,s) is the Green function given by

tl-s), 0<t<s<l,
G(t,s) = (22)
s(1-¢t), 0<s<t<l

Theorem 3.5 Consider problem (21) with f : I x R — [0,00) continuous and non-
decreasing with respect to the second variable and suppose that there exists 0 < o < 8
such that for x,y € R withx >y

f(trx) —f(t,}’) =y g(x—)’)» (23)

where g(t) : [0,+00) — [0, +00) is a light upper semi-continuous function with g(0) = 0,
g(t) <t2,Vt > 0. Then our problem (21) has a unique non-negative solution.

Proof Consider the cone
P={xeC[0,1] : x(z) > 0}.

Obviously, (P, d) with d(x,y) = sup{|x(¢) — y(¢)| : £ € [0,1]} is a complete metric space. Con-
sider the operator given by

(Tx)(t) = /01 G(t, s)f(s,x(s)) ds, forxelP,

where G(t, s) is the Green function appearing in (22).
As f is non-decreasing with respect to the second variable, for x,y € P with y > x and
t € [0,1], we have

1 1
(Ty)(t) = /(‘) G(t, s)f(s,y(s)) ds > /0 G(t,s)f(s,x(s)) ds > (Tx)(t),

and this proves that T is a non-decreasing operator.

Besides, for y > x and taking into account (23), we obtain

d(Ty, Tx) = SEB]KTx)(t) - (O

= sup ((T)(®) - (TH)(®))

te[0,1]

1
= sup /0 G(t,s)(f(s,x(s)) —f(s,y(s))) ds

te[0,1]

1
smﬂwmwmwm

te[0,1]

1
< sup/o G(t,s)a,/g(x(s)—y(s))ds

te[0,1]

=a/In[|ly — x| +1] sup

te[0,1]

1
/ G(t,s) ds. (24)
0


http://www.fixedpointtheoryandapplications.com/content/2014/1/227

Su Fixed Point Theory and Applications 2014, 2014:227 Page 14 of 15
http://www.fixedpointtheoryandapplications.com/content/2014/1/227

It is easy to verify that

! -2t
/ G(t,s)ds=— + =
o 2 2

and that

! 1
sup / G(t,s)ds = —.
0 8

te[0,1]

These facts, the inequality (24), and the hypothesis 0 < ¢ < 8 give us
o
d(Tx, Ty) < g\/g(x -)
< Je(lx=y1) = \/e(dx,y)).

Hence
d(Ty, Tx)* < g(d(x,)).

Put ¥ (¢) = 2, ¢(¢) = g(t), obviously v is an altering distance function, ¥ and ¢ satisfy the
condition of () > ¢(¢), for ¢ > 0. From the last inequality, we have

¥ (d(Tx, Ty)) < ¢(d(x,9)).

Finally, as f and G are non-negative functions

1
T0 = f G(t,5)f(s,0)ds >0
0

and Theorems 2.3 and 2.4 tell us that F has a unique non-negative solution. O

Remark 3.6 In Theorem 3.5, we can choose g(¢) as g1(1), g(¢), and gs(¢) as well as in
Theorem 3.2.

Example 3.7 Consider the following two-point boundary value problem of the second
order differential equation:

d? sin ¢
_ﬁ = % + 1+c§st7{’ x € [0’ OO)’t € [0’1]’ (25)
x(0) =x(1) =0.
Let
sint X
ft,x)=—+———, x€[0,00),£€(0,1],

)
et 1+ costm

then f(£,x) is continuous and non-decreasing with respect to the second variable. Further,
for x > y, we have

_ 2
Fltm) —fley) = — Y (U)

l+costwr 1+costm 2
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Taking g(t) = % for all ¢ € [0, +00). By using Theorem 3.2, we know that the two-point

boundary value problem (25) has a unique non-negative solution.
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