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Abstract

The purpose of this paper is to study the viscosity iterative schemes for approximating
a fixed point of an asymptotically nonexpansive semigroup on a compact convex
subset of a smooth Banach space with respect to a sequence {;/4,-/,7},”2’]‘7‘;:1 of strongly
asymptotic invariant means defined on an appropriate space of bounded real valued
functions of the semigroup. Our results extend and improve the result announced by
Lau et al. (Nonlinear Anal. 67(4):1211-1225, 2007) and many others.

1 Introduction
Let E* be the topological dual of a real Banach space E and C be a nonempty closed and
convex subset of E. The value of j € E* at x € E will be denoted by (x, /) or j(x). With each

x € E, we associate the set
Jx) = {j € E*: (x,)) = llx[I* = [lj1*}.

Using the Hahn-Banach theorem, it is immediately clear that J(x) # ¢ for each x € E. The
multi-valued mapping J from E into E* is said to be the (normalized) duality mapping. Let
U = {x € E: ||x|| = 1}. A Banach space E is said to be uniformly convex, if for any € € (0,2],
there exists a § > 0 such that, for any x,y € U, ||x — y|| > 0 implies || % | <1-34.Itis well

known that a uniformly convex Banach space is reflexive and strictly convex. A Banach

space E is said to be smooth if the limit lim;_, w

exists for all x,y € U. As is well
known, the duality mapping is norm to weak-star continuous when E is smooth; see [1].
Recall that a mapping T of C into itself is said to be:

(1) Lipschitzian with Lipschiz constant / > 0 if
ITe— Tyl <llx-yl, V¥xyeC,
(2) nonexpansive if

ITx- Tyl < llx-yll, Vx,yeC,
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(3) asymptotically nonexpansive if there exists a sequence {/,} of positive numbers such
that lim,— o/, =1 and

17" - T"y|| < Lllx-yl, VxyeC.

Iteration processes are often used to approximate a fixed point of a nonexpansive map-
ping T'. The first one is introduced by Halpern [2] and is defined as follows: Take an initial

guess x = x € C arbitrarily and define x, recursively by
Xpsl = OpXo + (1 - an)Txn, n>0, (1)

where {«,} is a sequence in [0, 1].

In 2007, Lau et al. [3] introduced Halpern’s iterative schemes for approximating fixed
point of semigroup ¢ = {T'(s) : s € S} of nonexpansive mappings on a nonempty compact
convex subset C of Smooth (and strictly convex) Banach space and introduced the follow-

ing iteration process. Let x = xy € C and
KXntl = OpX + (1 - an)Tp.y,xn; n= 11 (2)

where {1,,}7°; is a sequence of left strong regular invariant means defined on an appropri-
ate invariant subspace of [*°(S).

A semigroup S is called left reversible if any two right ideals of S have nonvoid inter-
section, i.e., aSNbS # ¥ for a,b € S. In this case, (S, <) is a directed set when the binary
relation < on S is defined by a < b if and only if aS D bS for a,b € S. ¢ = {T(s) : s € S} is
called a Lipschitzian semigroup on C if T'(s) be a Lipschitzian mapping of C into C with
Lipschitz constant [(s) for each s € S, T(st) = T(s)T'(¢) for each ¢,s € Sand T'(e) = I. A Lip-
schitzian semigroup ¢ = {T'(s) : s € S} is called nonexpansive (or a contractive) semigroup
if I(s) = 1, for each s € S, and asymptotically nonexpansive semigroup if lim, /(s) < 1. Left
revisable semigroup of nonexpansive mappings were first studied by Lau [4] and Holmes
and Lau [5].

In this paper, motivated and inspired by Lau ez al. [3], Katchang and Kumam [6], Kumam
et al. [7], Razani and Yazdi [8], Piri [9], Piri and Badali [10], Piri and Kumam [11], Piri et
al. [12], Saewan and Kumam [13], we introduce the composite explicit viscosity iterative

schemes as follows:

Ym+1n = Xn»
Yin = ai,nyml,n + (I - 51’,}1) T(Mi,n)ym-l,m i=12,...,m, (3)

Xns1 = AV f (%) + Buxn + ((1 — B~ OlnA) T (in)yims

where f is a weakly contractive mapping and A is a strongly positive bounded linear oper-
ator on E with coefficient ¥ > 0 and 0 < y <y, for an asymptotically nonexpansive semi-

group ¢ = {T'(s) : s € S} on compact convex subset C of a smooth Banach space E with

m,00
i=l,n=

respect to finite family of left strongly asymptotically invariant sequences {u;,} , of

means defined on an appropriate invariant subspace of [°°(S). We prove, under certain ap-
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propriate assumptions on the sequences {a,}32,, {84}521, and {8,}/1,_, that {x,};, and
m,o0

{yn}i1 -1 defined by (3) converges strongly to z € Fix(p), which is the unique solution of

the variational inequality:

((yf -A)zJ(y-2)) <0, VyeFix(p).

Our results improve and extend many previous results of Lau et al. [3], Saeidi [14], Saeidi

and Naseri [15], Katchang and Kumam [6] and Piri and Kumam [11] and many others.

2 Preliminaries

Let S be a semigroup and let [°°(S) be the space of all bounded real valued functions defined
on S with supremum norm. For s € S and f € [*°(S), we define elements /(s)f and r(s)f in
1°°(S) by

(l(s)f)(t) = f(st), (r(s)f)(t) =f(ts), VteS.

Let X be a closed subspace of /°°(S) containing 1 and let X* be its topological dual. An
element p of X* is said to be a mean on X if || || = u(1) = 1. We often write w,(f(£)) instead
of u(f) for u € X* and f € X. Let X be left invariant (resp. right invariant), i.e., {(s)(X) C X
(resp. r(s)(X) C X) for each s € S. A mean p on X is said to be left invariant (resp. right
invariant) if w(l(s)f) = u(f) (resp. u(r(s)f) = u(f)) for each s € S and f € X. X is said to be
left (resp. right) amenable if X has a left (resp. right) invariant mean. X is amenable if X is
both left and right amenable. As is well known, [°°(S) is amenable when S is a commutative

semigroup; see [3]. A net {u,} of means on X is said to be left strongly asymptotically if
lim [ ()" ptec = 1 | =0,

for each s € S, where I(s)* is the adjoint operator of I(s).

Let C be a nonempty closed and convex subset of E. Throughout this paper, S will always
denote a semigroup with an identity e. S is called left reversible if any two right ideals in
S have nonvoid intersection, that is, aS N bS # @, for a, b € S. In this case, we can define a
partial ordering < on S by a < b if and only if aS D bS. It is easy too see t < ts, Vt,s € S.
Further, if £ < s then pt < ps for all p € S. If a semigroup S is left amenable, then S is left
reversible (see [16]). But the converse is false. ¢ = {T(s) : s € S} is called a Lipschitzian
semigroup on C if T'(s) be a Lipschitzian mapping of C into C with Lipschitz constant /(s)
for each s € S, T(st) = T(s)T(¢) for each t,s € S and T'(e) = I. A Lipschitzian semigroup
@ ={T(s) : s € S} is called nonexpansive (or a contractive) semigroup if I(s) = 1, for each
s € §, and asymptotically nonexpansive semigroup if lim /(s) < 1. We denote by Fix(¢) the
set of common fixed points of ¢, and by C, the set of almost periodic elements in C, that
is, all x € C such that {T'(s)x : s € S} is relatively compact in the norm topology of E. We
will call a subspace X of [*°(S), ¢-stable if the functions s — (T'(s)x,x*) and s — || T(s)x—y||
on S are in X for all x,y € C and x* € E*. We know that if u is a mean on X and if for each
x* € E* the function s — (T'(s)x,x*) is contained in X and C is weakly compact, then there
exists a unique point xg of E such that u (7T (s)x,x*) = (x¢,x*) for each x* € E*. We denote
such a point x¢ by T'(t)x. Note that T'()z = z, for each z € Fix(¢) (see [17]).
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Lemma 2.1 [18] Let S be a left reversible semigroup and ¢ = {T(s) : s € S} be an asymptoti-
cally nonexpansive semigroup on weakly compact convex subset C of a Banach space E. Let
X be a left invariant and ¢-stable subspace of B(S) and . be an asymptotically left strongly
asymptotically invariant means on X. Then Fix(¢) = Fix(T' (1)) N C,,.

Lemma 2.2 [14] Let S be a left reversible semigroup and ¢ = {T(s) : s € S} be an asymp-
totically nonexpansive semigroup on weakly compact convex subset C of a Banach space E
into C. Let X be a left invariant and ¢-stable subspace of B(S) and {i,}52, be an asymp-
totically left invariant sequence of means on X. If z € C, and liminf,_, » || T(y)z — 2| = 0,
then z is a common fixed point of ¢.

Let D be a subset of B, where B is a subset of a Banach space E and let P be a retraction
of B onto D, that is, Px = x for each x € D. Then P is said to be sunny [19] if for each x € B
and ¢ > 0 with Px + t(x — Px) € B, P(Px + t(x — Px)) = Px. A subset D of B is said to be a
sunny nonexpansive retract of B, if there exists a sunny nonexpansive retraction P of B
into D.

Lemma 2.3 [14] Let S be a left reversible semigroup and ¢ = {T(s) : s € S} be an asymp-
totically nonexpansive semigroup on a nonempty compact convex subset C of a Banach
space E into C. Let X be a left invariant and ¢-stable subspace of L>°(S) and p be a left
invariant sequence of means on X. Then T () is nonexpansive and Fix(¢) # 0. Moreover, if
E is smooth, then Fix(p) is a sunny nonexpansive retract of C and the sunny nonexpansive
retraction of C onto C onto Fix(¢) is unique.

Lemma 2.4 [1] Let C be a nonempty convex subset of smooth Banach space E, D a
nonempty subset of C, and P: C — D a retraction. Then the following are equivalent:

(a) P is the sunny nonexpansive.

(b) (x—Px,J(y—Px)) <0 forallx € CandyeD.

(©) {x—y,J(Px—Py)) > ||Px—Py|? forall x,y € C.

In a smooth Banach space, an operator A is strongly positive if there exists a constant
¥ > 0 with the property that

(Ax,J@) = 7lIxI?,  llal - bAll = sup |((al - bA)x, ] (%))

lxll<1

’ ae [01 1])b € [_11 1];

where [ is the identity mapping and / is the normalized duality mapping.

Lemma 2.5 [20] If A is a strongly positive bounded linear operator on a smooth Banach
space E with coefficient y >0 and 0 < p < ||A||™}, then ||I — pA|| <1 - p¥y.

Definition 2.6 [21] A self-mapping f: C — C is called weakly contractive of the class

Cy s if there exists a continuous and nondecreasing function ¥ : [0,00) — [0, 00) such
that ¥ (s) >0, Vs > 0, ¥(0) = 0, lims_, o ¥(s) = 00, and for any x,y € C,

lf ) =) < lle =yl = ¥ (2 = y1)-
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Remark 2.7 Clearly a contractive mapping with constant k must be a weakly contractive

mapping, where ¥/ (s) = (1—k), but the converse is not true. For example the mapping f(x) =

1

853. But f is not a contractive

sin(x) from [0,1] to [0,1] is weakly contractive with ¥ (s) =
mapping (see [22]).

Lemma 2.8 [23] Let {x,};°; and {y,};2, be bounded sequences in a Banach space X and
let {0, }52, be a sequence in [0,1] such that 0 < liminf,_, » o, <limsup,,_, o, <1. If %, =
apxy + (1= o)y, for all integers n > 0 and

1imSUP(||yn+1 _yn” — [[%n41 —xn”) <0,
n—0oQ

then llmnaoo “.yl'l - xn” =0.

Lemma 2.9 [24] Let E be a real smooth Banach space and ] be the duality mapping. Then
lx+y1* < llxl* +2(y, J(x +y)), Vx,y€E.

Lemma 2.10 [25] Let {a,}°, be a sequence of nonnegative real numbers such that
ann (1 =by)ay +cu, n=0,

where {b,}52, and {c,}5c, are sequences of real numbers satisfying the following conditions:
(1) {bn};ﬁl C (O: 1)7 Z;io bn =00,
(ii) either limsup,_, ., 7* <0 or Yoo lenl < o0

Then lim,,—, o a,, = 0.

Lemma 2.11 (1] Let (X, d) be a metric space. A subset C of X is compact if and only if every
sequence in C contains a convergent subsequence with limit in C.

3 The main result
In this section, we establish a strong convergence theorem for finding a common fixed
point of an asymptotically nonexpansive semigroup in a smooth Banach space.

Theorem 3.1 Let S be a left reversible semigroup, and let ¢ = {T(s) : s € S} be an asymp-
totically nonexpansive semigroup on a nonempty compact convex subset C of a smooth
Banach space E such that Fix(p) # 0. Let f be a weakly contractive mapping of the class
Cy(s), and let A be a strongly positive linear operator on E with coefficient’y > 0. Let y be
a real number such that 0 <y <y, and let X be a left amenable and ¢-stable subspace of
L>(S) containing 1 and the function t — (T (t)x,y) is an element of X for each x € C and
y € H. Let {{; )}y, be a finite family of left strongly asymptotically invariant sequence of

mean on X such that for i =1,2,...,m, lim,_, « | ins1 — finll = 0, and let {a,}2, be a se-

m,o0

quence in (0,1), {B,};2, be a sequence in [0,1) and {3,,};2,

be sequences in (0,1] satisfying
in the following conditions:

(B1) lim, . a,=0, ZZZI oy, = 00,
(B2) limsup,_ o, Bx <1,
(Bg) hm,Hoo 8,»," =1, i=1,2,...,Wl.
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If (xu}o2) and {y; )i, are sequences generated by x, € C and

Ym+1ln = Xn»
Vin = SimYiern + U = 8) T(in)Visrnr i=1,2,...,m, (4)

Xni1 = @V (%) + Buen + (L= B — 0twA) T (i) Yins

then {x,}3°, and {yi,n}im:’lszl converge strongly to z € Fix(¢), which is the unique solution of

the variational inequality
((vf -A)zJ(y-2)) <0, VyeFix(p). 5)

Equivalently, z = P(yf + (I — A))z, where P denotes the unique sunny nonexpansive retrac-
tion of C onto Fix(p).

Proof Since C is a compact convex subset of a Banach space E from Lemma 2.1, we have

m
Fix(¢) = [\ Fix(T (1i,)-
i=1
From Lemma 2.3 and definition of {y;,};";,_;, for every z € Fix(¢), we have
”yi,n - Z” = ||8i,nyi+1,n + (1 - 8i,n)T(l'Li,n)yi+l,n - Z”
< Sinllyisrn =zl + (1 =8;4) ” T(in)Yisrn — T(Hi,n)zn

= 8inllyisin — 2l + (L= 8 1Yis1n — 2|l = 1Yiz1n — 2l
Therefore
Iy =2l < lly2n =2l <+ < WY — 2l < Ml — 2. (6)
Since C is compact, it is bounded. So we assume that

M =sup ||x]|.

xeC

First, we show that for any sequence {u,} C C,
Jlim [ T(ine)ttn = T(wiun| =0, i=1,2,...,m. (7)
‘We have

” T(ipe) sty = T(inttn) ”

= sup |<T(,Uvi,n+1)un - T(Mi,n)umx*H

x*eE*,|lx*]|=1

= osup | (Rin)s{ T (8Dt %) = (in)s( T ()24, %)

a*€E*, ¥ | =1
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< osup i — il | T(S)un | || 2%

x*eE*, |lx*||=1

< ine1 = winllM.

Since for i = 1,2,...,m, lim,_ oo || 4ins1 — Rinl = 0. So, we get (7). Next, we claim that

lim,,_, o0 |41 — %4 ]| = 0. For z € Fix(¢), from the definition of {yi,,,};ZfZ:l and Lemma 2.3,
we have
”yi,n+1 - yi,n ”

|

= || Simyictmet + A = 8ime) T(Wim)YVisrit — SimYictn — (L= 8in) T(Win)Yis1n
= || i nr1yivinet = Simr1Yivin + SimarVisin

+ (1= 8ims) T (ins1)Yirtins1 = Sigm¥irtn — (L= 8in) T (i) Yirin |
< i Yirne1 = Yivrull + 18101 = Sim | Yir 1l

+ (1= 8ims) | T(iys))yisnmen | + U= 830) | T(tin)yisin |
< yirtns1 = Yirrull + 18ime1 = Sisrul 1Yir1nl

+ (1= 8iet) | T (i) Yisrimer | + = i) | T(isn)Yisin |
S i = Yirrull + 18ims1 = Sist,nl 1 Yistnl

+ (1= 8im) [|| T(timst)yisrmes — 2| + 2]

+ (L= 8m)[| T(1im)yisrn — 2| + l2ll]
< Yirrnr = Yirrull + 18ims1 = Sistnl 1 Yistnl

+ (1= i) [I1yisnmer — 2l + 121 + = 850) [1¥iz1n — 2l + N1211],
< Wistner = Yirtmll + [18ime1 = il + A = Sie1) + (1= 8:,) |3M,

which implies that

m
1yt = Vil < wer = 2l +3M Y [18001 = Syl + 2 = Bier + 81)]-
j=i

Setting x,,41 = (1 — B4)z, + BuXy, we see that z,, = ’% Then we compute

Zn+l — Zn

_ Xn+2 — ﬂn+1xn+l Xn+l — ,ann

1- ﬁnﬂ 1- ﬂn
_ an+lyf(xn+1) + BusiXna + (a- ,3n+1)1 - O[nJrlA)T(Mi,wrl)_yi,wrl — BrXns
1- :Bn+1
_ Oanf(xn) + ,ann + ((1 - ﬂn)l - anA)T(//Li,n)yi,n - lgnxn
1- IBn
(e 7788 | Oy

= (vf Orms1) = AT (Wipna1)Yipnsn) — (vf ) = AT (i) yin)

1- /gn+1 1- /Sn

+ T(Mi,n+1)_yi,n+1 - T/J,i,,,yi,n'
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It follows that

”Zn+1 | || J/f()/l n+l AT //«tn+l)yln+l)H

|_1 ﬂ

1 ,Bn ” Yf Win) = AT(Mln)yzn”

+ | Tims)Vimsr = Tyupdim |

_Qp
n+ AT in+1)Yin+
=1 ,Bn+ —— ||y f Grne1) (im1)Yine1) |

1 ,Bn ” Yf Win) = AT(MLn)yzn”

+ ||yi,n+1 _yi,n” + H T//,i,m]yi,n - T(/'Li,n)yi,n ||

< 1 Yips1 = Yinll + ” T/ti,n+1yi,n - T(Mi,n)yi,n ”
. (L . a_) oM
1- ,3n+1 1- ﬂn
Therefore, we observe that

1Zns1 = Zull = %041 — 2%l

<3M Z(|5;n+1 = 8l +2 = Sy + i)

+ ” Tlli,n+1yi'n - T(Mi,n)yi,*’l || ¥ <1 ilr;iJrl ¥ 1 ilnﬂn)ZM

So from (7), (B;), and (B,), we obtain

limsup(||zns1 = Zall = [1%ne1 = %4ll) <O

n— 00

Applying Lemma 2.8, we obtain lim,_,  [|%, — z,|| = 0. We also have ||x,,1 — x,| = 1 -

Bu)llxy — z,|, therefore, we get
lim %41 — x4 = 0. (8)
Hn—>0Q

We note that

1% = Teim)yin | < 1% = narll + {1 = T (i) Vi |
= (1% = Hpar | + [ @nyf () + But
+ (A= B = AT (1in)yin = T(Win)Vin |
< 160 = Fll + 0| v () = AT (i) yion
+ Bulxn = T(im)yin |

< %n = Xpall + 2May, + By ”xn - T(Mi,n)yi,n”~
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Thus, we have the following:

”xn - T(Mi,n)yi,n || < (”xn _xn+1|| + 2M0ln)~

1
1- ﬁn
By (8), (B1), and (B;), we obtain the following:

lim || %, = T(in)yin] =0, i=12,...,m. (9)
n—00

We consider

”xn = T(tin)xn ” = ”xn = T(im)yin ” + ” T(im)yin = T (1in)%n ”

= ||xn = T(Win)Yin “ + 1Yin = %ull

m

< [0 = Tim)yin]| + Y 19010 = Yl
j=i
m

< ||%n = T(win)yin] + Z(l =) | Wjsrn = Tjn)yjern|
j=i

< [0 = Tin)yin]| + 20 (1= 53,

j=i
By (9) and (B3), we have the following:
nlingo||xn = T(tin)%n ” =0. (10)

Next, we prove that w({x,}52;) C Fix(¢), where
ol = {x € C: )5 C (a2, lim [y, — ] = 0}.
]j—> 00

From Lemma 2.11, we get w({x,,}32,) # 9. Let x € w({x,};2;). Then there exists a subse-
quence {x;; }]‘?j1 of {x,}22, such that

lim ||, — [ = 0. (11)
J—> 00
It follows from Lemma 2.3 that
limsup |lx — Tm,njxll < limsup(||x—x,,j|| + ||x,,/ - T(/Ll,,,j)x,,j ||
j—>00 j—00
+ | T enn)n; = T(par )% |)

< limsup(2[lx =, | + [, = T(te1,)0, ).
j— o0

Thus, due to (10), (11), and Lemma 2.2, we get x € Fix(p). Since E is smooth, from

Lemma 2.3 there exists a unique sunny nonexpansive retraction P of C onto Fix(¢). Since

Page 9 of 15
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A isbounded, without loss of generality, we may assume that ||A|| < 1. So from Lemma 2.5,
we get |/ — Al <1-7. Since A is linear and f is a weak contraction, we have
|(vf + T =A))x— (vf + (T - A))y]
<y|f@-ro)| + | -A)x-|
<yllx=yl =¥ (lx-yI)]+@-P)lx-yl
=T+y -Plx-yl.
Sincel+y —y <1, yf + (I - A) is a contraction of C into itself, therefore P(yf + (I — A)) is

contraction. Then the Banach contraction theorem guarantees that P(yf + (I — A)) has a

unique fixed point z. By Lemma 2.4, z is the unique solution of the variational inequality
((Vf -A)z,J(y - Z)) <0, VyeFix(p). 12)

Next, we prove that

limsup((yf — A)z,J (%, — 2)) < 0.

n—00

Indeed, we can choose a subsequence {x,, } of {x,} such that

lim sup((yf -A)z,J(x, — z)) = klirr;o((yf - A)z,J (%, — z)). (13)

n—o0

Since C is compact, we may assume, with no loss of generality, that {x,, } converges
strongly to some y € C. Since w({x,};°;) C Fix(¢) and duality mapping J is norm to weak-
star continuous from (12) and (13), we have

limsup((yf — A)z,J (%, — 2)) < 0. (14)

n—00

Finally, we show that {x,};°, converges strongly to z. Using Lemma 2.3, Lemma 2.9, and
(6), we have

”xn+l - Z”2
= Ha,,[yf(x,,) —Az] + Bulxn — 2] + [(1 - B - OlnA](T(Mi,n))’i,n -2) ”2
< [ Bulwn =21 + [(1 = B = A (Tin)yin —2)|°

+ 20, (Y f () = Az, j(0s1 — 2))

< Bullxn —zII* + (1—ﬂn)[1— :

2

Bulxn — 2] + (1 - B,) [1 - A] (T(tin)yin — 2)

1- ﬂn
+ 20, (Y f (%) — Az, j(%p11 — 2))

24

- :3;1
+20,,(yf (%) — Az, j(%p11 — 2))

A:| || (T(/'Li,n)yi,n - Z) ”2
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2
= ﬂn”xn - Z||2 + (1 - lgn) (1 - 7) || T(Mi,n)yi,n - Z”2

ay
1_,3n

+ 200,y ||[f(en) = f @) /i1 — 2) | + 20a(vf (2) — Az, j(%n11 — 2))
1

1- :Bn

+ 20, (%0 = 2ll = ¥ (116 = 211)) ne1 = 2l + 200(yf (2) = Az, (%11 — 2))
1

1- :3;4

+ 200,y %0 — 2l 1%n1 — 2l| + 200{yf (2) — Az, j(001 — 2))
1

1- IBn

+ oty [0 = 21> + %1 — 2117 + 2000(vf (2) = Az, (%11 — 2))

< Bullxu —2I> + (1= By — 7)) TGein)yin - 2|

< Bulln —zl* + A= Bu—au¥)yin — 2l?

< Bullxn —zlI* + A= Bu—an¥)llxn — 2|

and consequently,

1 _
”xn+1_z||2§ |: (l_lgn_any)z+ﬁn+an7]||xn_z||2

1- ayy 1- ﬁn
+ 22 (vf(2) - Az, j(xp41 — 2))
1- any ¢] n+1
2 W7 - 2552
- [1_ M]”xn S 1 AR T
l-ay (l_any)(l_ﬁn)
20, )
+ (vf(2) - Az, j(%pi1 — 2)).
1-a,y
Then we have
”xn+l - 2”2 =< (1 - bn)”xn - 2”2 + bncn: (15)
where b,, = %z_yy) and
a’y? 20,
= —_— [J%e,, — Z”2 + ]/f(z) —Azxj(xn+1 - Z) .
(l_any)(l_ﬂn) 1—0[,,)/( )

It follows from condition (B1) and (14) that

oo
an =00, limsupc, <O0.

n—00
n=1

Therefore, applying Lemma 2.10 to (15), we see that {x,}°; converges strongly to z and
since for i =1,2,...,m, ||yin — 2|l < %4 — 2, {yu}/21y-1 converges strongly to z. This com-

pletes the proof. d

4 Applications
Theorem 4.1 [14] Let S be a left reversible semigroup and ¢ = {Ts:s € S} be a represen-
tation of S as Lipschitzian mapping from nonempty compact convex subset C of a smooth
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Banach space E into C, with the uniform Lipschitzian condition lim; K(s) <1 and g be an
a-contraction on C for some 0 < a < 1. Let X be a left invariant ¢-stable subspace of L*°(p)
containing1, {i,}52, be a sequence of left strongly asymptotically invariant means defined
on X such that limy,_, o || fns1 — nll = 0 and {c,};2, be the sequence defined by

cu=sup (I T, x = Tyl =l =yl), n=>1.
x,yeC

Let {0, }521, {Bn}o21, and {y, )52, be sequences in (0,1) such that

(o) G+ PBut+tyn=Ln>1,

(CZ) lim, o0, =0,

(C3) Ziil ay, = 00,

(C4) 0<liminfy_ o By <limsup,_, ., Bn <1,
(

Cs) limsup,_,, 2 <0.

Let {x,}:°, be the sequence generated by x, € C and
Xns1 = 0ng(Xn) + Bun + Vu T (1n)%n, 1= 1.

Then the sequence {x,},°, converges strongly to some z € Fix(p), the set of common fixed
points of ¢, which is the unique solution of the variational inequality

(@-DzJ(y-2) =<0, VyeFix(p).

Equivalently, one has z = Pfz, where P is the unique sunny nonexpansive retraction of C
onto F(¢).

Proof 1t is sufficient to take g = %f,A =1,6,=1fori=12,....mandy,=1-a, - B, in
Theorem 3.1. O

Theorem 4.2 [11] Let ¢ = {T'(s) : s € S} be a representation of S as a Lipschitzian mappings

from a nonempty compact convex subset C of a smooth Banach space E into C, with the
uniform Lipschitzian constant limg I(s) < 1 on the Lipschiz constant of mappings, such that
Fix(p) # 0, and g be a contraction of C into itself with constant a € (0,1). Let X be a left
invariant and @-stable subspace of B(S) containing 1 and the function t — (T;x,y) is an
element of X for each x € C and y € H and {1}y, be a finite family of left strongly
asymptotically invariant means on X such thatfori=1,2,...,m,1im,_, o || Lins1 — finll = 0.
Let {oty}321, {Bn}s2, and {y.}oe, be sequences in (0,1) satisfy in conditions (C,)-(Cy) and
{5n};2f2=1 be a sequence in (0,1] satisfies in condition

(Cy) limy o8 =1,i=1,2,...,m.

If {wn)2) and {yin) 20, are sequences generated by x, € C and

Xn+l = ang(yl,n) + ,ann +Vn T(Ml,n)yl,nr
Vim = SimYistn + U= 8i) T(Win)yisry i=1,2,...,m, (16)

Ym+1,n = Xn>
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then {x,)32, and {y; )iy, converge strongly to z € Fix(p) which is the unique solution of
the variational inequality

(€-DzJ(y-2) <0, ¥yeFix(p). (17)

Equivalently, z = Pg(z), where P denotes the unique sunny nonexpansive retraction of C
onto Fix(¢).

Proof 1t is sufficient to take g = %f, A=Iand y, =1-a, — B, in Theorem 3.1. O

Theorem 4.3 [6] Let S be a left reversible semigroup and ¢ = {T; : s € S} be a represen-
tation of S as Lipschitzian mapping from nonempty compact convex subset C of a smooth
Banach space E into C, with the uniform Lipschitzian condition lim; K(s) <1 and g be an
a-contraction on C for some 0 < a < 1. Let X be a left invariant ¢-stable subspace of L*°(p)
containingl, {{1, )0, is a sequence of left strong regular invariant means defined on X such

that limy,_, oo | hns1 — Hull = 0 and {c,}2, be the sequence defined by

¢n = sup (1T, % = Ty, ¥l = lx=yl), n>1.
x,yeC

Let {0, )21, {Buticys {Vulooy, and {8,)52, be sequences in (0,1) such that

(Cl) 0ln+l3n+)/n=1,1’121,

(C2) lim, o 0, =0,

(C3) Yoo oy =00,

(C4) 0 <liminfy_ o0 By <limsup,_, ., Bn <1,
(Cs) limsup,,_, o, ;—: <0,

(

Ce) limy— 008, =0.

Let {x,};°, be the sequence generated by x; € C and

Yn = 8pxn + (1= (Sn)Tunxnx

(18)
Xp+l = ang(xn) + Bun + VYnVn» n=>1

Then the sequence {x,}52, converges strongly to some z € Fix(¢), which is the unique so-
lution of the variational inequality.

(f-=DzJ(y-2)) <0, VyeF(p).

Equivalently, one has z = Pfz, where P is the unique sunny nonexpansive retraction of C
onto F(p).

Proof 1t is sufficient to take g = %f, A=1,y,=1-0a,— B, forallme Nand§;, =1 for
i=12,...,m—1in Theorem 3.1. O

Theorem 4.4 [3] Let S be a left reversible semigroup and ¢ = {Ts : s € S} be a representa-
tion of S as nonexpansive mappings from a compact convex subset C of a strictly convex and
smooth Banach space E into C such that Fix(¢) # 0, let X be an amenable and S-stable sub-
space of L>(¢) and let {j1,,}32, be a strongly left regular sequence of means on X. Let {o,}52,
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be a sequence in [0,1] such that lim,_, 0, =0 and y oo, =00. Let x—1=x € C and let
{x,)52, be the sequence defined by

Xps1 =X+ (L —a,) T(p)x,, n=12,....

Then {x,};2, converges strongly to Px, where P denotes the unique sunny nonexpansive
retraction of C onto F(p).

Proof Ttis sufficient to take f(x) = %x,A =1,B,=0foralln e Nand§;, =1fori=1,2,...,m
in Theorem 3.1. O

Theorem 4.5 [15] Let ¢ = {T;:s € S} be a nonexpansive semigroup on a Hilbert space H
such that Fix(p) # 0. Let X be a left invariant subspace of L*(¢) such that 1 € X, and the
function t — (T(t)x,y) is an element of X for each x,y € H. Let {j1,}°, be a left regular
sequence of means on X and let {o,}52, be a sequence in [0,1] such that lim,,_, « &, = 0 and
> oy = 00. Let A be a strongly positive linear bounded operator on H with coefficient
Y >0 and f be an a-contraction on H for some 0 < a < 1. Let xo € H and let {x,};-, be
generated by xo and

Xn+l = anyf(xn) +(1- anA)Ty.nxw

Then the sequence {x,},°, converges strongly to some z € Fix(p), the set of common fixed
points of ¢, which is the unique solution of the variational inequality

((A -v82y - Z> <0, VyeFix(p).
Equivalently, one has z = Prix(o)({ — A + Y g)z.

Proof 1t is sufficient to take 8, = 0 for all n € N and §;, =1 for i = 1,2,...,m, in Theo-
rem 3.1. O

Remark 4.6 Theorem 3.1 improves and extends Theorem 3.1 of [14], Theorem 3.1 of [6],
Theorem 4.1 of [3] and Theorem 3.1 of [15] in the following aspects.

(1) Theorem 3.1 extends the theorem and Theorem 3.1 of [14] forms one sequence of
means to a finite family of sequences of means and gives all consequences of this
theorem without assumption (Cs) used in its proof.

(2) Theorem 3.1 extends the theorem and Theorem 3.1 of [6] forms one sequence of
means to a finite family of sequences of means and gives all consequences of this
theorem without assumption (Cs) used in its proof.

(3) Theorem 3.1 extends the theorem and Theorem 4.1 of [3] forms one sequence of
means to a finite family of sequence of means and gives all consequences of this
theorem without the assumption of strict convexity of Banach spaces used in its
proof.

(4) Theorem 3.1 extends the theorem and Theorem 3.1 of [15] forms one sequence of
means to a finite family of sequence of means and gives all consequences of this
theorem from Hilbert spaces to Banach spaces.
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