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1 Introduction

Fixed point theory has fascinated hundreds of researchers since 1922 with the celebrated
Banach fixed point theorem. It is well known that mixed monotone operators were in-
troduced by Guo and Lakshmikantham [1] in 1987. Later, Bhaskar and Lakshmikantham
[2] introduced the notion of a coupled fixed point and proved some coupled fixed point
results under certain conditions, in a complete metric space endowed with a partial or-
der. Their study has not only important theoretical meaning but also wide applications
in engineering, nuclear physics, biological chemistry technology, etc. (see [1-8] and the
references therein).

Very recently, Harjani et al. [9] have established the existence results of coupled fixed
point for mixed monotone operators, and further obtained their applications to integral
equations. Berinde and Borcut [10] have introduced the concept of a triple fixed point and
proved some related theorems for contractive type operators in partially ordered metric
spaces. Zhai [11] has considered mixed monotone operators with convexity and get the
existence and uniqueness of a fixed point (A(u, u) = u type) without assuming the operator
to be compact or continuous.

Motivated by the work reported in [9-11], the aim of this paper is to discuss the existence
and uniqueness of a fixed point (A (u, u, u) = u type) for mixed monotone ternary operators
in the context of ordered metric spaces. Our results unify, generalize, and complement
various known comparable results from the current literature.

The rest of the paper is organized as follows. In Section 2, we recall some basic defi-
nitions and notations which will be used in the sequel. The existence and uniqueness of
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a fixed point for mixed monotone ternary operators (without assuming the operators to
be compact or continuous) are obtained in Section 3. We also present an application in

Section 4 to an integral equation to illustrate our results.

2 Preliminaries

In this section, we recall some standard definitions and notations needed in the following
section. For the convenience of the reader, we suggest that one refers to [1, 2, 10-14] for
details.

Throughout this paper, unless otherwise specified, suppose that (E, || - ||) is a real Banach
space which is partially ordered by a cone P C E, i.e., x <yifandonlyify—x e P.Ifx <y
and x # y, then we denote x < y or y > x. By 8 we denote the zero element of E. Recall that
a non-empty closed convex set P C E is a cone if it satisfies (i) x € P, L > 0 = Ax € P;
(i)xeP,—xeP=x=06.

Further, P is called normal if there exists a constant N > 0 such that, forallx,y € E, 0 <
x < yimplies ||x|| < N||y||; in this case N is called the normality constant of P. If x;,x; € E,
the set [x1,x,] = {x € E | x; <& < x,} is called the order interval between x; and x;.

Definition 2.1 (see [10]) A: P x P — Pissaid to be a mixed monotone operator if A(x, y) is

monotone non-decreasing in ¥ and monotone non-increasing in y, that is, for any x, y € P,

X% €P, X <x = Alxpy) <Alx,y),
@.1)
Y2 €L, =<y = Alxy) <AkXn).

Definition 2.2 (see [11]) An element x € P is called a fixed point of A: P x P — P if
Ax,x) = x.

Definition 2.3 (see [10]) A: P x P x P — P is said to be a mixed monotone operator if
A(x,y,z) is monotone non-decreasing in x, z and monotone non-increasing in y, that is,
for any x,7,z € P

x,% €L, xm<xy = Alx,y2) <Ax,,2),

y1’y2 S P; N < Y2 = A(xryl’z) = A(xryb Z)r (22)

21,23 € P: 2152 = A(xxyle) EA(xryrZ2)~
Definition 2.4 An element x € P is called a fixed pointof A: P x P x P — P if
A(x,x,%) = x.

3 Main results
In this section we consider the existence and uniqueness of a fixed point for mixed mono-
tone ternary operators in ordered Banach spaces. Our first main result is the following.

Theorem 3.1 Let E be a real Banach space and let P be a normal conein E.A:PxPx P —

P is a mixed monotone ternary operator which satisfies the following:
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(Hy) forte(0,1),x,y € P, there exists a(t,x,y) € (1, +00), such that
Altx, y, tx) < t*@DA(x, y, x); (3.1)

(Hy) there exist ug, vy, mg € P, r € (0,1), such that

Uy = rvp, moy < 1V,
A(”O: Vo, mO) > Uo, A(V(), Uuo, VO) =<V, A(l’l’lo, Vo, uO) = my, (32)
Aluo, vo, o) > o, A(mo, vo, mo) > my.

Then A has a unique fixed point u* in [ug, rvo] N [mo, rvy]. Moreover, constructing succes-

sively the sequences

Xn :A(xn—byn—lr Zn—l); Yn :A(yn—l:xn—hyn—l);

zy = AZy-1,Yn-1,%n-1), n=12,...,
for any initial values xo,%0,z0 € [uo, rvo] N [mo, rvo], we have
| —w[ =0, yn-w[ =0 Jz@-w]—0
asn— Q.
Proof Let wy = rvg, & = r*0#0)-1 Then wqy > u, ¢ € (0,1), and

A(wo, ug, wo) = A(rvo, o, rvo) < r*TVo#0) A(vo, ug, vo)

< plrvoso)y = prvoso)l ey e < wy, (3.3)
A(uo, wo, mo) = Alug, rvo, mo) = A(uo, vo, Mo) = U, (3.4)
A(mO) wo, le()) = A(mO) rvo, M()) > A(m01 Vo, uO) = my. (3'5)

Construct successively the sequences

Uy = A(un—b Wn-1, mn—l); Wy = A(Wn—l; Up-1, Wn—l): my = A(le,_l, Wn-1, un—l):

/ 1 / / /
w, = EA(Wn—l’u”—l’wn—l)’ Wo=wo, n=12,....

From (3.3)-(3.5) and the mixed monotonicity of A, we have

U< <y <+ <Uy, <---<w, < <wp < Wy, (3.6)

mo<mp<my=<---<my <. <wy <. <wp <wp. 3.7)
Next we prove that

uy <w, <wp. (3.8)

/
n
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From (3.2) and (3.3),

1
/
Wy = EA(WOrMO;WO) < —-&ewy =W,

—_ | =

1 1
Wi = EA(Wofuo,Wo) > EA(MOH/OJJO) > gblo > U,

1, L1 1
= gA(wl,ul,wl) =< SA(wo, o, wo) < — - ewo = wa,

S
S~

/ 1 / / 1 1
wh = —A(W}, u1, wy) > —A(uo, vo, o) > —1uo > to.
& & €
Suppose that when 7 = k, we have
Uy < Wy < wo,

then when # = k + 1, note that 1 < wg = rvy < vy, we obtain

—_
—_

1
W;(+1 = EA(W;(’ Uk, Wk) S _A(WO! Uop, WO) E — - &EWo = Wy,

= ™
™

/ 1 / / 1
Wi = EA(Wk’ Uk, Wk) > —A(uo, vo, o) > EMO = Up.

™

By mathematical induction, we know that (3.8) holds. The same procedure may easily be
adapted to obtain

my < w, < Wo. (3.9)

On the other hand, from (3.1),

1 /
wiy = A(wo, uo, W) = 5EA(WO: Uo, W) = EWy,

wy = A(wr, u1, wy) = A(swi, u, swi) < e“‘(s’wi'ul)A(wi, U, Wi)

e, up)+1 1 ’ /
= g¥lewpm) ~EA(w1,u1,w1)

< &*w),.

Suppose that when 7 = k, we have wy < 8kw}<. Then when # = k + 1, in view of (3.1), we

obtain

k
ale ,w;(,uk

Wit = AW, e, wie) < A" W, ug, e*wp) < (e%) ‘4 (W thies W)

k 1
= gk Z A (W), g, wh)
&

k+1, 7

=¢ k+1°

By mathematical induction, we have

wy, <é&"w, n=12,.... (3.10)

Page 4 of 13
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By (3.6)-(3.10) we get

0 < Wy — g < "W, —u, < "W, —&"u, =" (W, —u,) <" (wo — o),
efunﬂa_unfwn_um GSWVI_WVH-[?SWH_MH;

n / n / n n / n
0 <wy,-m, <¢&w,—m, <&e"w,—"m,=¢ (wn—m,,)fe (wo — my),

0 Smnﬂ?_mn =Wy, — my.
Noting that P is normal and ¢ € (0,1), we have

W, — unll < Ne"|lwo —uoll = 0 (asn — 00),

lw, —m,|| < N&"||lwg—my|| — 0 (asn— 00).
Further,

tnsp = tnll < Nllwy — ty|| > 0 (as n — 00),
”Wn_wn+p” SN”WH_MVIH —0 (asn—>oo),
||mn+p_mn|| EN”W,,—WI,,”—>O (asn—>oo).
Here N is the normality constant.
So, we can claim that {u,}, {w,}, and {m,} are Cauchy sequences. Since E is complete,
there exist u*, w*, m* € P such that
Uy, — u*, w, — wh, m, — m" (asn— 00).

By (3.6), (3.7), respectively, we know that

uo <u, <u* <w' <w, <wy,

my <m, <m* <w* <w, <w,
and then

O <w' —u" <w,—u, <&"(wo—uo),

O <w' —m" <w, —m, <&"(wo—my).
Further, ||w* — u*|| < Ne&"|lwy — up|| — 0 (as n — 00), and thus w* = u*. Similarly, we get
[lw* —m*|| < Ne&"||lwp — mg|| — 0 (as n — 00), and thus w* = m*. Consequently, w* = u* =
m*. Then we obtain

Uit = Ay, Wy, m1,) < A(u*, u*, l/l*) < AWy Uy Wy) = Wi
Letting n — oo, then we get

A(u*, u*, u*) =u*.

That is, u* is a fixed point of A in [ug, rvo] N [mg, rvo].

Page 5of 13
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In the following, we prove that #* is the unique fixed point of A in [ug, rve] N [mg, rvp].
Suppose that there exists x* € [ug, rvo] N [mg, rvo] such that A(x*,x*,x*) = x*. Then uy <
x* < wp and my < x* < wy. By mathematical induction and the mixed monotonicity of 4,

we have
Upi1 = Athy, Wy, 11,) < x" =A(x*,x*,x*) < AWy Uy W) = Wit

Then from the normality of P, we have x* = u*.
Moreover, constructing successively the sequences

Xy = A(xn—lryn—lr Zn—l)r Yn = A(yn—lr xn—lryn—l)x

Zy =A(Zn—l;yn—l)xn—l); n= 11 2)~-1

for any initial values xg, 0,20 € [uo, rvo] N [mo, rvo], we have u, < x,, w, > y,, m, < z,,
n=1,2,.... Letting n — oo yields x, — u*, y, — u*, z, - u* as n - oo. O

Remark 3.1 It is evident from (3.1) that for ¢ € (0,1), x,y € P, there exists «(t, %x,y) €
(1, +00), such that

1 1 1
A(;x,y, ;x) > WA(x,y,x). (311)

Remark 3.2 Let «(t,x,) be a constant « € (1, +00), then Theorem 3.1 also holds.

Corollary 3.2 Let E be a real Banach space and let P be a normal conein E.A: PxPx P —
P is a mixed monotone ternary operator which satisfies (H,) and, for t € (0,1),x,y € P, there
exists o € (1,+00), such that A(tx,y, tx) < t*A(x,y,x). Then A has a unique fixed point u*

in [ug, rvo] N [mo, rvol. Moreover, constructing successively the sequences

Xy = A(xn—lryn—ly Zn—l)v Yn = A(yn—l: xn—lryn—l)y

Zn =A(z,,_1,y,,_1,x,,_1), n=1,2,...,

for any initial values xy,y0,zo € [uo,rvo] N [mo, rvo], we have u, < x,, w, > y,, m, < z,
n=12,.... Letting n — oo yields x, — u*, y, - u*, z, - u* as n — oo.

Following the lines of the proof of Theorem 3.1, we obtain an immediate consequence.

Corollary 3.3 (see [11]) Let E be a real Banach space and let P be a normal cone in E.
A :P x P— P isa mixed monotone operator which satisfies the following:

(Hs) fort e (0,1), x,y € P, there exists a(¢,x,y) € (1, +00), such that
A(tx,y) < 2D A(x, y);
(Hy) there exist ug, vy € P, r € (0,1), such that

uy < rvo, A(uo,vo) = uo, A(vo, ug) < vp.
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Then A has a unique fixed point u* in [uy,rvo]. Moreover, constructing successively the
sequences

% = A@p-1,0n-1)  Yn=AWn-1,%01), n=12,...,
for any initial values xy,yy € [ug, rvo], we have

Jn = =0, fyu-u]—0
as n—» o0o.

Theorem 3.4 Let E be a real Banach space and let P be a normal conein E.A:PxPxP —
P is a mixed monotone ternary operator which satisfies (3.1) and

(Hs) for R € (1,+00), x,y,z € P there exist a(%,Rx,y, z),a(%,x,y,Rz) € (1, +00) such that

A(Rx,y,2) > R* R A(x, , ), (3.12)

A(x,y,Rz) > R“(%”"y’RZ)A(x,y, 2); (3.13)

(Hg) there exist ug,vo,mg € P, R € (1, +00), such that

Vo = Ruy, vo = Rmy,
A(ug, vo, mo) = uo, A(vo, 1o, vo) < vo, A(myg, vo, up) = my, (3.14)
A(MOJ Vo, u()) 2 Ugp, A(}’]’Io, Vo, mO) > mo.

Then the operator equation A(w,w,w) = bw has a unique solution w* in [Rug,vy] N

. 1 _ 1 _ .
[Rmg,vo], where b = m1n{R°‘<R’R”°"’°'”‘°) 1 Ra(gomo.vo.Ruo) 1Y, Moreover, constructing succes-
sively the sequences

Xy = bilA(xn—lryn—lr Zn—l)’ Yn = bilA(yn—bxn—lxyn—l)’

2y = b A1, Y1, %), m=1,2,..,
Sfor any initial values xo,y0,2o € [Ruo, vo] N [Rmq, vo], we have
e A Y PR
as n— oo.

Remark 3.3 Two comments with respect to conditions (3.12) and (3.13) are in order:
(a) A sufficient condition on A for (3.12) to be satisfied is that for ¢ € (0,1), x,y,z € P,
there exists «(¢,x,y,z) € (1, +00), such that

A(tx,y,2) < t2C99 A(x, 9, 2).

(b) A sufficient condition on A for (3.13) to be satisfied is that for ¢ € (0,1), x,y,z € P,
there exists « (¢, %, y,z) € (1, +00), such that

Ay, tz) < "D A(x,y, 2).
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Proof of Theorem 3.4 Let wy = Rug. Then vg > wy. Note that b > 1, from (3.12)-(3.14),

A(wo, vo, mo) = A(Rug, vo, mo) > Ra(%'Ruo'Vo’MO)A(Mo, Vo, M)

= Ra(}?’RMO’VO’mO)ilRA(MQ,V(), Wl()) > bRM() = bW() > Wy, (315)
A(vo, wo, vo) = A(vg, Rug, vo) < A(vy, o, Vo) < Vo, (3.16)
A(my, vy, wy) = A(my, vo, Rug) > Ra(%’mo’VO’RMO)A(mo, Vo, Uo)

= Ro‘(%”"O'VO’R"O)‘IRA(mO, Vo, o) > bA(mo,vo, uo) > bmg > my.  (3.17)
Set B(x,y,z) = b*A(x,9,2), %%,z € P. Then from the above inequalities, we have

B(wy,vo, mo) = b A(wo, vo, mo) > b~ bwg = wy,
B(vo, wo, Vo) = b~ A(vo, wo, vo) < b™'vy < v, (3.18)

B(my, vo, wo) = b~ A(mo, vo, wo) = b~ bmg = my.
Also, construct successively the sequences

Wy = B(Wy_1, Vi1, My_1), Vi = B(Vp_1, Wpe1, Vio1)s my, = B(My_1, V1, We1),

Vi, = bB(V,_, Wa1,V,, 1), vo=vo, n=12,....
From (3.18) and the mixed monotonicity of A, we have

Wo<wi <wy <. <w, <<y, < <y <, (3.19)

Mo <my <mp < <my <<y <<V <. (3.20)
Next we prove that

wo<V,<vy, n=12,.... (3.21)
By (3.11) and (3.14), we have

A(wg,vo, wo) = A(Rug, v, Rug) > Ra(%’Ruo’VO)A(Mo» Vo, Uo)
> RA(uo, vo, uo)
> Ruyg

= wo. (3.22)
From (3.15)-(3.17) and (3.22),

vy = bB(vy, wo,vy) = bB(vo, wo, vo) = A(vo, wo, vo) < Vo,
vy = bB(vé), Wo, VE,) = bB(vo, o, vo) = bB(wy, vo, mo) = A(wy, vo, mo) = Wy,
< bB(vo, wo, Vo) = A(vo, Wo, Vo) < Vo,

V,2 = bB(Vi: w1, Vi) = bB(WO; Vo, WO) = A(WO: Vo, WO) :A(RMO: VOrRMO) > Wp.
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Suppose that when # = k, we have
wo < Vi <o,
then when n = k + 1, recalling (3.16) and (3.22), we obtain

V;<+1 = bB(V}@Wk,V;() < bB(vy, wo, o) = A(vg, wo, vo) < Vo,

Vies1 = bB(Vio Wi, Vi) = bB(wo, vo, wo) = A(wo, vo, wo) = A(Rug, vo, Rig) > wo.

By mathematical induction, we know that (3.21) holds. The same procedure may easily be

adapted to obtain
mo<Vv,<vy, n=12,.... (3.23)
On the other hand, from (3.1),

1 1 1
v = B(vo, Wo, vo) = EbB(VmWOrVO) = ZbB(vg,wO,v/o) = Zv/l’

1 1 1) 4G
w=smm) =8(phm ) < (5) T BGm)

1 a(%,vi,wl)ﬂ 1 2
= <Z> bB(vy, w1, v}) < (E) Vy.

Suppose that when 7 = k, we have v, < (%)kv}(. Then when n = k + 1, in view of (3.1), we

obtain

k k
1 / 1 /
Vil = BV, Wi, vi) SB((Z) Vi Wi (Z) vk)

1\ F\ @G rmwo)
< ((Z) ) BV Wi, Vi)

1 %)k,v;(,wk)ﬂ

ke ((
< (E) bB(Vj, Wi, Vi)

1 k+1 )
= Z Vis1-

By mathematical induction, we have
1\" ,

Vy < (—) v n=12,.... (3.24)

By (3.19)-(3.24) we get
1\" 1\” 1\”
0<v,—-w, < <Z> v, —w, < (E) v, - <E> wy,
1\" 1\"
= <Z> (v, —wn) < (E) (vo — wy),
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O < Wiy — Wy < Vi =Wy, O <V —Virp SV — Wy;
1\” 1\” 1\"
9§vn—mn§<z> V;—m,,§<z> V;—<E> m,
1\” 1\”
= <Z> (v, —my) < (5) (vo — mo),
Qfmwrp_mnfvn_mm efvn_vwrpfvn_mn'

Note that P is normal and b > 1, we have
1 n
1V = wall SN(Z) lvo—woll — 0 (as n — o0),
1 n
Vi = m,|| EN(Z> lvo —mgll — 0 (as n — o0).

Further,

||Wn+p_wn” SN”V,,—W,,”—)O (asn—>oo),
vy _Vn+p|| <N|v,—wull =0 (asn— 00),

17ysp — mull < N|v,—mull — 0 (as m — 00).

Here N is the normality constant.
So, we can claim that {w,}, {v,}, and {m,} are Cauchy sequences. Since E is complete,
there exist w*, v*, m* € P such that

w, — w', vy — V', m, — m" (asn— 00).
By (3.19), (3.20), respectively, we know that

wo < wy, < W' <v' <y, <y,

mo <m, <m* <v*<v, <y,
and then
1 n
O<v'-w <v,—w, < <Z> (vo — wo),
1 n
0<v'—-m"<v,-m, < (E) (vo — mp).

Further, ||v* — w*| < N(%)HHVO —wp|| = 0 (as n — 00), and thus v* = w*. Similarly, we get
[V —m*|| < N(%)”Hvo —my|| = 0 (as n — 00), and thus v* = m*. Consequently, w* = v* =
m*. Then we obtain

Wit = B(Wy, vy, m,) < B(W*, w", W*) < B(Viy Wi Vi) = Vpat

Letting n — o0, we get

B(w*, whw) = w',
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That is, the operator equation A(w,w,w) = bw has a unique solution w* in [Rug,ve] N
[Rmy, vo].

In the following, we prove that w* is the unique solution of A(w, w,w) = bw in [Ruyg, vo] N
[Rmg,vo]. Suppose that there exists x* € [Rug, Vo] N [Rmg, Vo] such that A(x*, x*,x*) = bx*.
Then wy < x* <vp and my < x* < vy. By mathematical induction and the mixed mono-

tonicity of A, we have
k k k
Wai1 = BWy, vy, my,) <™ = B(x KX ) < B(Vs Wy Vi) = Vit

Then from the normality of P, we have x* = w*.
Moreover, constructing successively the sequences

Xp = b_lA(xn—I:yn—I: Zn—l): Yn = b_lA(yn—lyxn—I:yn—l);

Zny = b_lA(z,,_l,y,,_l,x,,_l), n=12,...,

for any initial values xo,%0,20 € [Ruo, Vo] N [Rmo, Vo], we have w,, < x,, Vi = ¥y, M, < 2y,
n=12,.... Letting n — oo yields x, — w*, y, > w*, z, > w" as n — o0. O

From the proof of Theorem 3.4, we can easily obtain the following conclusion.

Corollary 3.5 (see [11]) Let E be a real Banach space and let P be a normal cone in E.
A :P x P— P isamixed monotone operator which satisfies (Hs) and

(H7) there exist ug, vy € P, R € (1, +00) such that
vo > Ruy, A(uo,vo) = uo, A(vo, uo) < vo.

Then the operator equation A(w,w) = bw has a unique solution w* in [Ruy,vy], where b =
1
R®Ru0v0)-1 Moreover, constructing successively the sequences

%y = b A1, Y0), Yn= b AGL %), m=12,00,
for any initial values xy,yy € [Rug, Vo], we have

[ =w =0, fyu-w]—0
asn— oo.

4 Application
As application of our results, we investigate the solvability of the following integral equa-
tion:
1 x1 (S)
x(7) = / k(r,s)[ia +x% (S)i| ds (4.1)
0 1+ x%2(s)

with a1, a3 > 1, ap > 0.

Put E = C[0, 1] (the space of continuous functions defined on [0, 1] endowed with supre-
mum norm). Let P = {x € E | x(¢) > 0,Vt € [0,1]}, then E is a Banach space and P is a nor-
mal cone. Suppose that k(z,s) : [0,1] x [0,1] — R** (R** denotes the positive real numbers)
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is continuous and 0 < fol k(z,s)ds < % In the following, we prove that (4.1) has a unique
solution.

Consider the integral operator A : P x P x P — P defined by

u(s)

1
A(u,v,m) = /0 k(T,S)[m

+m™*3 (s)] ds

with a1, a3 > 1, oy > 0.

It is clear that A(u,v,m) is a mixed monotone ternary operator. We shall show that
A(u,v,m) satisfies (Hy) and for ¢t € (0,1), x,y € P, there exists « € (1,+00), such that
Altx,y, tx) < t*A(x, y,x).

In fact, let ug(t) = 0, mo(t) =0, vo(r) =1, then

A(MO,V(),I/IO) =0> Uuo,
1
A(VO’M():VO):Z/ k(f,S)dSSl
0
On the other hand, noting that for any ¢ € (0,1), letting
o =min{ag, a3} > 1,

we obtain

t*1x%1(s)
1+ y22(s)

1 taxoq(s) o3
SA k(T,S)[m‘I‘tx (S)i|d$

" 1 xoq (S) o
t /0 k(r,s)l:i1 20) + X (s)i| ds

1
Altx,y,tx) = / k(r,s)[ +t°‘3x°‘3(s)] ds
0

t*A(x, y, x).

Hence, all the hypotheses of Corollary 3.2 are satisfied. The operator

u“1(s)

1
A(u,v,m) = /o k(r,s)[1 )

+m*? (s)] ds
has a unique fixed point in [ug, o], i.e., the integral equation (4.1) has a unique solution in

[M01 VO]'
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