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Abstract
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1 Introduction and preliminaries

Fixed point theory is a very useful tool in many fields such as nonlinear operator theory,
control theory, game theory, dynamics and economic theory. One of the most fundamen-
tal fixed point theorems is the Banach contraction mapping principle. Due to its simplicity
and importance, this classical result has been generalized by many authors in different di-
rections (see [1-5]).

In 2004, Ran and Reurings [6] established a fixed point theorem for Banach’s contraction
mappings in partially ordered metric spaces. In 2009, Harjani and Sadarangani [7] proved
some fixed point theorems for weakly contractive mappings in complete metric spaces
endowed with a partial order. In 2012, Nashine [8] presented some fixed point results
for cyclic generalized y-weakly contractive mappings in complete metric spaces. Other
authors also obtained some important results in this area (see [9—-14]). On the other hand,
in 2012, Samet et al. [15] introduced the concept of «-i-contractive and a-admissible
mappings in metric spaces. In 2013, Berzig and Karapinar [16] proved some fixed point
results for (e, By)-contractive mappings for a generalized altering distance in complete
metric spaces.

In 1942, Menger [17] introduced the concept of a probabilistic metric space, and a large
number of authors have done considerable work in such field (see, e.g. [18—22]). Recently,
the extension of fixed point theory to generalized structures as partially ordered proba-
bilistic metric spaces has attracted much attention (see, e.g. [23-25]). Gopal et al. [26]
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established some fixed point results for «-y-type contractive mappings and generalized
B-type contractive mappings in Menger PM-spaces.

In this paper, we introduce the notion of generalized cyclic (k /4, ¢L)s-weak contraction
mappings to establish some corresponding coincidence point theorems in complete par-
tially ordered Menger PM-spaces. Also, an application is given to show the validity of our
results. It is worth pointing out that our results extend and generalize the main results of
[8] and [26].

First, we recall some notions, lemmas and examples which will be used in the sequel.

Let R denote the set of reals and R* the nonnegative reals. A mapping F : R — R* is
called a distribution function if it is nondecreasing and left continuous with inf,cg F(t) = 0
and sup,, F(£) = 1. We will denote by D the set of all distribution functions and D* = {F €
D:F(t)=0,t <0}

Let H denote the specific distribution function defined by

0, <0,
H(x) = *=
1, x>0.

Definition 1.1 ([18]) The mapping A : [0,1] x [0,1] — [0,1] is called a triangular norm

(for short, a t-norm) if the following conditions are satisfied:

(A-1) A(a,1)=a,forallace|0,1];

(A-2) Ala,b) = A(b,a);

(A-3) A(a,b) < Alc,d), forc>a,d > b;
(A-4) Ala, A(b,c)) = A(Ala, b),c).

Three typical examples of continuous ¢-norms are A1(a, b) = max{a + b—1,0}, Ax(a,b) =
ab and Ay(a, b) = min{a, b}, for all a, b € [0,1].

Definition 1.2 ([18]) A triplet (X, F, A) is called a Menger probabilistic metric space
(shortly, a Menger PM-space), if X is a nonempty set, A is a t-norm and F is a mapping
from X x X — D" satisfying the following conditions (for x,y € X, we denote F(x,y) by
Fy,):

(MS-1) F,,(t) = H(t), for all t € R, if and only if x = y;
(MS-2) Fy,(t) = F4(t), forallx,y e X and t € R;
(MS-3) Fy (s+1t) > A(Fy,y(s),Fy (1), for all x,y,z € X and 5,£ > 0.

Definition 1.3 ([19]) (X, F, A) is called a non-Archimedean Menger PM-space (shortly,
a N.A Menger PM-space), if (X, F, A) is a Menger PM-space and A satisfies the following
condition: for all x,y,z € X and f;,; > 0,

Fy. (max{tl; tz}) = A(Fx,y(tl): Fy,z(tZ))- (1.1)

Definition 1.4 ([19]) A non-Archimedean Menger PM-space (X, F, A) is said to be type
of (D),, if there exists a g € €, such that

g(A(s,1)) <gls) +g(0),
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for all s,¢ € [0,1], where Q = {g: g: [0,1] — [0, +00) is continuous, strictly decreasing,
g(1) = 0}. In fact, we obtain g(F.(t)) < g(Fx,(t)) + g(F,.(2)), forallx,y,z€ X and t € R".
Example 1.1 Let (X, F, A) be a N.A Menger PM-space, and A > A; (or A(s,t) > t+§s—ts for
alls, £ € [0,1]). Then (X, F, A) is of (D),-type for g € Q2 defined by g(£) = 1—¢ (or g(¢) = % -1
for 0 < ¢ <1 and g(0) = +00).

Remark 1.1 Schweizer and Sklar [18] point out that if (X, F, A) is a Menger probabilistic
metric space and A is continuous, then (X, F, A) is a Hausdorff topological space in the
(e,1)-topology T, i.e., the family of sets {U,(e,A) : € > 0,A € (0,1]} (x € X) is a basis of
neighborhoods of a point x for T, where U(e,1) = {y e X : F,,(¢) >1 - A}.

Definition 1.5 ([1]) The function % : [0,00) — [0, 00) is called an altering distance func-
tion, if the following properties are satisfied: (a) / is continuous and nondecreasing;
(b) A(t) = 0 if and only if £ = 0.

Definition 1.6 ([21]) A function ¥ : R* — R* is said to be a W-function, if it is nonde-
creasing and continuous in R, ¥ () — oo as t — 00, Y¥(¢t) =0 if and only if £ = 0.

In the sequel, the class of all ¥ functions will be denoted by W. Any altering distance
function / with the additional property lim;_, . /() = +00 generalizes a W-function ¥
through ¥(0) = 0 and ¥ (¢) = sup{s : /(s) < t} whenever ¢ > 0.

Lemma 1.1 ([19]) Let {x,} be a sequence in (X, F, A) such that lim,_, Fy, ., (t) =1 for
all t > 0. If the sequence {x,} is not a Cauchy sequence in X, then there exist g9 > 0, ty > 0
and two sequences {k(i)}, {m(i)} of positive integers such that

1) m(i) > k(i), and m(i) — o0 as i — o0;
(2) Fxm(i),xk(i)(to) <1—¢ggand Fxm(i)—lvxk(i)(t()) >1-gg,fori=12,....
2 Main results
In this section, we first introduce the new notions of generalized « -admissible mappings,
weakly comparable mappings and generalized cyclic (x4, ¢L)s-weak contraction map-
pings in Menger PM-spaces.

Definition 2.1 Let X be a nonempty set, S, T : X — X be two self-maps and « : X x X x
(0,00) — R* be a function. S and T are called generalized x-admissible, if for all x,y € X,
t >0, and «(Sx, Sy, t) <1, we have «(Tx, Ty,t) < 1. k is called m-transitive on X, if for all
>0, %0,%1, .. s Xy X1 € X, K (%0, %1, 1) <1, k(x1,%0,8) <1,..., 6% %me1, t) <1, we have
K (X0, X1, £) < 1.

Example 2.1 Let X = [0,00), Sx = In(1 + x?) forall x € X,

1
97 S 0y3y l, ,Y € 0,2,
+5, x€[0,3] and  k(x,,£) = %y €[0,2]

x
Tx=12 i
x%, x € (3,00) 2, otherwise.

2

In fact, if x,y € X, for all £ > 0, k(Sx,Sy,t) = x(In(1 + x2),In(1 + y?),£) < 1, then x,y €
[0,+/€* —1] C [0,3]. Hence, Tx, Ty € [0,2], and so «(Tx, Ty,¢) < 1. Thus, S and T are gen-
eralized «-admissible. Also, we can verify that « is m-transitive.
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Let (X, <) be a partially ordered set, we will write x < y whenever x and y are comparable
(that is, x < y or y < x holds).

Definition 2.2 Let (X, <) be a partially ordered set, S,T : X — X be two self-maps and
T(X) C S(X). T is called weakly comparable with respect to S, if x,y € X such that Sx <
Tx = Sy implies Tx and Ty are comparable (that is, Tx < Ty). < is called m-transitive on X,
if x0,%1,..., %441 € X such that x; < x;,; foralli € {0,1,2,...,m} implies xy =< %,41.

Example 2.2 Let X = {2,4,6,8,10}, <= {(2,2),(4,4),(6,6),(8,8),(10,10),(2,4), (2,6),
(8,4),(10,6)}, and

s (2 4 6810 ;. (246 8 10

‘\6 10 2 8 4}’ ‘\2 6 4 10 4/
Since S(2) =6 < T(2) =2 =5(6),wehave T(2) =2 < T(6) = 4.Since S(4) =10 < T(4) =6 =
S(2), we have T'(4) < T(2) = 2. Since S(6) < T(6) = 4 = §(10), we have T'(6) < T(10). Since

S$(10) < T'(10) = 5(10), we have T'(10) < T(10). Note that S(8) and T'(8) are not comparable.
Hence, T is weakly comparable with respect to S.

Definition 2.3 Let X be a nonempty set, m be a positive integer, A;,A,,...,A,, be sub-
sets of X, Y = |J, A; and S, T : Y — Y be two self-maps. Then Y is said to be a cyclic
representation of Y with respect to S and 7, if the following two conditions are satisfied:
(i) S(A),i=1,2,...,m, are nonempty closed sets;
(ii) T(A1) € S(A2), T(A2) € S(A3),..., T(Am) S S(A1).

Example 2.3 Let X = R*, A; = [0,4], A, = [0, %],Ag =[0,3],and Y = U?=1Ai- Define S, T :
Y —> YbySx= % + %x and Tx =1+ %x, forallx € Y. Thenitis easy to verify that Y = U?ﬂ A;
is a cyclic representation of Y with respect to S and T'.

Definition 2.4 Let (X, <) be a partially ordered set and (X, F, A) be a N.A Menger PM-
space of type (D),. Let k : X x X x (0,00) — [0, 00) be a function and ¢ : X — [0, 00) be
a lower semi-continuous function. Let m be a positive integer, A, As,...,A,, be subsets
of X,Y = UZlAi’ and S,T:Y — Y be two self-maps. T is said to be a generalized cyclic
(kh, pL)s-weak contraction, if Y is a cyclic representation of Y with respect to S and 7,
Am1 = Ay, and for k € {1,2,...,m} and for all x,y € X, Sx € S(Ax) and Sy € S(Ax,1) are
comparable such that

h[g(FTx,Ty(t)) + ¢(Tx) + ¢(TJ/)]
< k(Sx, Sy, t)[H(M,(Sx, Sy)) — o (M(Sx,Sy)) ] + L(N(Sx, Sy)), 2.1)

for all £ > 0 and B € (0,1], where / is an altering distance function, ¢, L : [0, 00) — [0, 00)
are two continuous functions such that L(0) = 0, ¢(s) = 0 if and only if s = 0, ¢(s) < k(s) for
all s € R*, N(Sx, Sy) = min{g(Fsy,1::(£)), §(Fsx,15((2 = B)t)), g(Fsy,1x(B2))}, and

M,(Sx, Sy) = max {g(FSx,Sy(t)) + ¢ (Sx) + P(Sy), g (Fsx,12(2))

+ ¢(Sx) + ¢(Tx)’g(FSy,Ty(t)) + ¢(5}/) + ¢(Ty)7
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% [g(FSx,Ty((2 - ﬁ)t)) +g(FSy,Tx(ﬁt))

£ B(S2) + $(Sy) + H(TH) + ¢(Ty)]}.

Now we are ready to state our main results.

Theorem 2.1 Let (X, <) be a partially ordered set and (X, F, A) be a complete N.A Menger
PM-space of type (D),. Let m be a positive integer, A1, Ay, ..., Ay, be subsets of X, Y = Ul":l A;,
T:Y — Y be a generalized cyclic (kh, pL)s-weak contraction satisfying (2.1). Suppose that
the following conditions hold:
(i) Sand T are generalized k-admissible;
(ii) « and =< are m-transitive;
(ili) T is weakly comparable with respect to S;
(iv) there exists xo € Ay such that Sxg < Txo and k(Sxo, Txo,t) <1 for all t > 0;
(v) if a sequence {y,} C Y satisfies ¥, X Vus1, K Vs Yus1,t) <1 foralln e N, and t > 0
and y, — y as n — oo, then y, <Xy and « (yu, y,t) <1 for n sufficiently large and for
allt > 0.
Then S and T have a coincidence point in X, that is, there exists x € X such that Sx =
Tx.

Proof Since T(A;) C S(A;) and x € Ay, there exists an x; € Ay, such that Sx; = Txy. Since
T(A;) C S(A3) and x; € A, there exists an x; € Az, such that Sx, = Tx;. Continuing this
process, we can construct two sequences {x,} and {y,} defined by 3,1 = Sx,.;1 = Tx,, for
all # € N, and there exists i, € {1,2,...,m} such that x,, € A;, and x,,.1 € A;,+1-

By condition (iv), we get Sx¢ < Txo = Sx; and «(Sxg, Sx1,£) <1 for all £ > 0. It follows
from (i) and (iii) that Sx; = Tx¢ < Tx; = Sxp and «(Sx1, Sxy,¢) <1forall £ > 0. By induction,

we obtain
Y =8%y X Sxy1 =Yu1 and  k(Yp, yni1,t) <1, forall£>0. (2.2)

We will complete the proof by the following three steps.
Step 1. We prove that

lim g(Fy, ., () =0 and lim ¢(y,) =0, forallt>0. (2.3)

n—00

Without loss of generality, assume that y,,,; # ¥y, for all n € N (otherwise, T, = Sx,,y1 =
Yo+l = Yy = Sk, for some 1y € N, then x,,, is the coincidence point of S and 7. Hence,
the conclusion holds).

Since %, € A;,, %n11 € Aiy+1, Yu € S(A;,), and y, € S(A;,+1) are comparable, for i, €
{1,2,...,m}, by (2.1) and (2.2), we get

H[E (i (1)) + 00n) + S i)
=< K(yn—l’_yn; t)[h(Mt(yn—lxyn)) - (p(Mt()/n_l,yn))] + L(Nt(yn—lfyn))
=< h(Mt(Yn—l,yn)) - (/J(ML()/n—lryn)) + L(Nt()/n—l;yn)), (2.4)

Page 5 of 14
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for all £ > 0, where Ny(y,-1,¥,) = min{g(F,,_, ,,(£)),g(F), , 5... (2 — B)t)),0} = 0 and

Mt()/n—l;yn) = max {g(Fy,,],yn (t)) + d)(J’n—l) + ¢()’n)rg(Fyn,1,yn (t))

+ ¢(yn—l) + ¢(Yn)rg(Fyn,yn+1 (t)) + ¢(yn) + ¢O/n+1)»
1

5k0m4%ﬂ«2—ﬁn»+¢@mn+2¢@a+¢@m0”

= max {g(F}’n—le’n (t)) + ¢)(yn—l) + (b(yn)’g(Fyn,yml (t)) + ¢)(yn) + ¢(yn+l);
1
5 [g(FJ’n—I:J’n ((2 - ﬂ)t)) + g(FJ’mJ/n+1 ((2 - 'B)t))

+¢@mﬂ+2¢@a+¢@mg”.

For all 8 € (0,1], we have 2 — 8 > 1. Since F,, is nondecreasing and g is strictly de-
creasing, we have g(F,, . (2 — B)t)) < g(F),_, ,,(t)) for all n € N. Hence, M(y,_1,y,) <
max{g(Fy, ,,(6) + @Wu-1) + @), &(Fy, .1 () + ¢(u) + ¢(yus1)}. On the other hand, it
is obvious that M,(y,_1,y,) = max{g(F,, ,,,() + ¢(u-1) + dWn)&(F), 5,1 (€) + &) +
¢Wn1)}. Thus, Me(yn-1,y,) = max{g(Fy, ,,(8) + ¢u-1) + W), &(EFy, ., (0) + d) +
d(ns1)}-

Suppose that M;(y,-1,yn) = &(Fy,.9,1 (D) + @) + @(Yus1), by (2.4), we have

h[Mt()/n—l)yn)] < h[Mt(yn—lryn)] - (p(Mt(yn—lryn)): fOI‘ all t> 0,

which implies that ¢(g(F),,,., (1)) + ¢(¥,) + ¢(¥ue1) = 0. Thus, g(F,, ., (£)) = 0, that is,
Fy, 5., (t) =1forallt > 0. Then y, = y,,1, which is in contradiction to y, # y41 foralln € N.

Hence, M;(yu-1,¥n) = &(Fy, 19,) + d(n_1) + @(n). Let Qu(t) = g(Fy,, 15, (0) + ¢ (yur) +
¢(yu). By (2.4), we get

H[Qua(®)] < K[ Q0] - 9(Qu(®) < h[Qu®)], forall £ >0. (25)

Since / is nondecreasing, it follows from (2.5) that {Q,(¢)} is a decreasing sequence and
bounded from below, for every ¢ > 0. Hence, there exists r; > 0, such that lim,,_, oo Q,(¢) =
o

By using the continuities of /7 and ¢, letting n — oo in (2.5), we get h(r,) < h(r) — ¢(ry),
which implies that ¢(r;) = 0. Thus r; = 0, that is, lim,,_, oo g(Fy, _; 5, (£)) + ¢(¥u-1) + ¢(¥,) =0
for all £ > 0. Hence, (2.3) holds.

Step 2. We prove that {y,} is a Cauchy sequence. To prove this fact, we first prove the
following claim.

Claim: for every ¢ > 0 and ¢ > 0, there exists ny € N, such that p,g > no withp—g=1
mod m then F,, (£) > 1 - ¢, that is, g(Fy,,, (£)) < g(1 - ¢).

In fact, suppose this is not true, then there exist £, > 0 and gy > 0, such thatforany#n € N,
we can find p(n) > g(n) > n with p(n) — g(n) =1 mod m satisfying pr(n),yq(n)(to) <1- ¢,
that is, g(pr(n)fyq(n) (t0)) = g(1 - &o).

Now, take #n > 2m. Then corresponding to g(n) > n, we can choose p(n) in such a
way that it is the smallest integer with p(n) > g(n) satisfying p(n) — g(n) =1 mod m
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Yoty Vat) (¢0)) < g(1 — &p). Using the non-

and g(F, Vo) V) (t0)) = g(1 — &9). Therefore, g(F,
Archimedean Menger triangular inequality and Definition 1.4, we have

Fyq (n)Yp(n) ) <g( ( Ya(n)Vq(n)+1 (tO) Fyq )+1Yp(n) (tO)))

(

< &(Fy g () + 8(Fy,

(qum(to)%g( yatr 1901 0)) + & (Erpioyniroo (£0))

= 28(Ey, 034090 £0)) + & (Eypponn (10)) + &(Fypy 1.0 (f0))
28(Fyy 3qye1 (20)) + & (Fygy i (€0)) + 28 (Fy 00,100 (£0))

28 (Fyy 0101 (€0)) + & (Fyp iy (t0))

+&(Fypy-mapin (to))+2g( aotuys1 5y (£0))

(Fyq )Y 11 (t0)) +g(1— o)

gll-e)<g

n)+1. J'p(n )

| /\

I /\

| /\

+ g(pr(n)—i'J’p(n)—Hl( )) + 2g(F (n)+1Yp(n) (tO)) (26)

i=1

Since limy,—, o0 g(Fy, 5,,, (£)) = 0 for all £ > 0, letting # — o0 in (2.6), we obtain

g(l - 80) = lim g(FJ’q (n)Yp(n) ( )) - hm g(FJ’q(n ) Vp(n)+1 (t ))

n—00

= hm g( Ya(n)+1%p(n) (tO)) - hm g( Yq(n)+1Yp(n)+1 (tO)) (2'7)

n—00

By p(n) —q(n) =1 mod m, we know that y,(,) and y,(, lie in different adjacently labeled
sets S(A;) and S(A;;1), for 1 <i < m. Since < and k are m-transitive, we obtain y,,) < Y4
and & (Yp(u)» Yqin)» ) < 1 for all £ > 0. Using the fact that T is a generalized cyclic (x4, ¢L)s-

weak contraction and letting B = 1, we have

h[g(Fyq(n)H’yp(n)H (tO)) + ¢(qu)+l) + ¢()/P(”)+l)]
< K Wgtn» Yptnys O[(Mey ginys Vo)) = (Mg Ogns Ypi)) | + L(Nio Gginys Vo))

< W(Miy Wy Ypin))) = @ (Meo 5gtn)> Vo)) + L(Neg Ogtnys o)) (2.8)

where Nto (yq » Vp(n ) mln{g(Fyq ) Yq(n)+1 (tO)) g( Va(n)Yp(n)+1 (tO)) g( Yp(n)Yq(n)+1 (tO))} and

M, OVqtny» Vo) = max{g (F YamVp(n) (tO)) + 3Wgm) + 0pn) & (F Va(m)Vq(n)+1 (tO))
+ ¢(Yq(n)) + ¢()/q(n)+1)rg(pr(n),yp(,,)+1 (tO)) + ¢(yp(n)) + ¢(yp(n)+1);

1
5 [g (Fyq(n) Vp(n)+1 (to )) + g(FJ’p(n) Va(n)+1 (to ))

+ Wan) + DOpm) + B Wgms1) + dWpim1) ] }

By (2.3) and (2.7), we have lim,,_, oo My, (X4(s)s Xp(n)) = max{g(l — &), 0,0, %[g(l —go)+g(l-
€0)]} = g(1 - &0) and limy,— 00 Niy (Vg(1)s ¥p(n)) = min{0, g(1 — &9),g(1 — &0)} = 0. According to
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the continuities of /z and ¢, letting n — oo in (2.8), we get

h[g( - e0)] < h[g(1 - e0)] - ¢(g(1 - £0)).

Thus, ¢(g(1-¢gg)) = 0, that is, g(1—¢&¢) = 0. Then gy = 0, which is in contradiction to &y > 0.
Therefore, our claim is proved. Next, we will prove that {y,} is a Cauchy sequence.
By the continuity of g and g(1) = 0, we have lim,_, ¢+ g(1 — a¢) = 0, for any given ¢ > 0.
Since g is strictly decreasing, there exists a > 0, such that g(1 — ag) < @.
For any given ¢ > 0 and ¢ > 0, there exists a > 0, such that g(1 —a¢) < é@. By the claim,

we can find ng € N, such that if p,g > no withp —g=1 mod m, then

(1-¢)
Fy,y,()>1-ae and g(pr,yq(t)) <g(l—as) < gT (2.9)
Since limy,_, o0 g(F},, 5,,,, (£)) = 0, we can also find #; € N, such that
gl -¢)
F, t)) < , 2.10
g( ynv)’n+1( )) — 2m ( )

for any n > n;.

Suppose that r,s > max{ng,n} and s > r. Then there exists k € {1,2,...,m} such that
s—r =k mod m. Therefore,s—r+j=1 modm, forj=m-k+1,j€{0,1,...,m —1}.
Thus we have

g(FyVO’S (t)) = g(FJ’rvij (t)) + g(FJ’s+j:J’s+j—l (t)) LA g(FyHl:J’S (t)) (211)

By (2.9), (2.10), and (2.11), we get

g -¢) +]..g(l—e) _g-e) gl-e)

g(Fy, () < 5 oy 5 5 gl-2e). (2.12)

Since g is strictly decreasing, by (2.12), we have F,, , (t) > 1 —¢. This proves that {y,} is a
Cauchy sequence.

Step 3. We show that S and T have a coincidence point in X.

Since {y,} C X isa Cauchy sequence and (X, F, A) is a complete Menger PM-space, there
exists y* € X, such that y, — y*. Since S(Y) = S(U"", 4:) = U~ S(4,) is closed and {y,} C
S(Y), we know that y* € S(Y). Hence, there exists z € Y, such that y* = Sz. As Y = | J"} A;
is a cyclic representation of Y with respect to S and T, the sequence {y,} has infinite terms
in each S(A4;) for i € {1,2,...,m}.

First, suppose that y* € S(A4;), then Tz € S(A;,1), and we can choose a subsequence {y,, }
of {y,} with y,, € S(A;.1) (the existence of this subsequence is guaranteed by the above
discussion). Since y,, < ¥,,1 and y, — y* = Sz, by (v), we obtain the result that y,, € S(4;1)
and y* € S(A;) are comparable, « (y,,,y",t) <1for all £ > 0 and k sufficiently large. Letting
B =1,by (2.1), we have

h[g(Ey, 1, 72(8) + dOmr) + $(T2)]
<k o ) [H(Me (7)) = @ (M (s 77)) ] + L(Ne (9,0 57))
< WM (o y") ] = (Me (90 5*)) + LNe(yni09"))» (2.13)

Page 8 of 14
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where Nt(,)/nk’y*) = min{g(Fynk,ynkﬂ (t))rg(Fynk,Tz(t))»g(Fy,,kﬂ,y* (£))} and

M (5" = max{g(Fynk,y* ©) + ) + () &(Er s (©)) + @ O) + ¢ Oimgan);
g(Fy=(0)) + ¢ (") + ¢(T2), %[g(Fynk,Tz(t)) + g(FyW,y* ®) +dOu)
+ ) + D7) + ¢>(Tz)]}.
Since ¢ is lower semi-continuous and y,, — ¥*, by (2.3), we have
9 () = liminf () = 0.

Let Gy be the set of all discontinuous points of Fy+ 7+(-). Since g, 4, ¢, and L are
continuous, we find that Gy is also the set of all discontinuous points of g(Fy 1+ (-)),
hlg(Fyx 1o+ (1)) + (T2)], (g(Frx, 13 (-)) + ¢(T2)), and L(g(Fy* 13+ (-))). Moreover, we know that
Gy is a countable set. Let G = R*\ Gy. If t € G\{0} (¢ is a continuous point of Fyx 75+ (-)), by
(2.3), we have limy_, oo N¢(y,,, ¥*) = min{0, g(Fy»,1(¢)), 0} = 0 and

i M, 0,,5%) = max[0,0,6(Fy ) + 622, 3 [e(Fy:(0) + o172
= g(Fy 12(2)) + ¢(T2).
Letting 7 — 00 in (2.13), we get
h[g(Fy12(0)) + ¢(T2)] < h[g(Eyp1z(0)) + ¢(T2) | — 0(g(Fy 2 (1)) + ¢(T2)),
which implies that ¢(g(Fy 1:(£)) + ¢(T2)) = 0. Hence, g(Fy+.1:(#)) = 0 and ¢(7%) = 0. Then
Fpr(t)=1, forallte G\{0). (2.14)

If t € Gy with ¢ > 0, by the density of real numbers, there exist t;, £, € G, such that 0 <
1 < t < ty. Since the distribution is nondecreasing, we have

1=H(t) = Fy (1) < By, 12(8) < Fe () = 1. (2.15)

Hence, from (2.14) and (2.15), we have Fj 1,(t) = 1 for any £ > 0. Thus, Sz = y* = TZ, that is,
z is the coincidence point of S and T'. d

Corollary 2.1 Let (X, <) be a partially ordered set and (X, F, A) be a complete N.A Menger
PM-space of type (D), k : X x X x (0,00) — [0,00) be a function, S, T : X — X be two self-
maps and T(X) C S(X). Suppose that for x,y € X, Sx and Sy are comparable, we have

g(FTx,Ty(t)) <«(Sx, Sy, t)CD(Mt(Sx, Sy)) + L(Nt(Sx, Sy)), (2.16)

for all t > 0, where ® : [0,00) — [0,00) is a continuous function, ®(t) <t for t > 0 and
®(0) =0, L is the same as the one in Theorem 2.1,

M;(Sx, Sy) = max {g(FSx,Sy(t))’g(FSx,Tx(t)):g(FSy,Ty(t))’ %[g(FSx,Ty(t)) + g(FSy,Tx(t))] }

Page 9 of 14
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and

Nt(Sx’ Sy) = min{g(FSx,Tx(t)),g(FSx,Ty(t))¢g(FSy,Tx(t)) }

Also, assume that the conditions (i)-(v) of Theorem 2.1 are satisfied, where m = 1.

Then S and T have a coincidence point in X, that is, there exists x € X, such that Sx = Tx.

Proof Letting h(x) = x, ¢(x) =0, B =1, and ¢(¢) = t — ®(¢) in Theorem 2.1, the conclusion
follows immediately. O

Definition 2.5 Let X be a nonempty set, S, T : X — X be two self-maps and o : X x X x
(0,00) — (0,00) be a function. S and T are called generalized o-admissible, if for all x,y €
X, t >0, a(Sx,Sy,t) > 1 implies «(Tx, Ty, t) > 1. « is called 1-transitive on X, if for all £ > 0,
x0,%1,%2 € X, a(x0,%1,£) > 1, @y, %0, ) > 1 implies o (xg,x7,£) > 1.

Theorem 2.2 Let (X, <) be a partially ordered set and (X, F, A) be a complete N.A Menger
PM-space, A be a continuous t-norm and A = Ay, a: X X X x (0,00) — (0,00) be a
function, S, T : X — X be two self-maps and T(X) C S(X). Suppose that for x,y € X, Sx and
Sy are comparable, we have

a(Sx, Sy, t)[( ) - 1> —L(N¢(t)(5x, Sy)):| < QD(M,/,(t)(Sx, Sy)), (2.17)

Fry (¥ (ct)

fOV ﬂll t> 0: SMCh th&lt min{FSx,Sy(w(t)):FSx,Tx(W(t))yFSy,Ty(w(t)): FSx,Ty(w(t)L FSy,Tx(w(t))} >
0, where c € (0,1), ¥ € V, L and ® are the same as the ones in Corollary 2.1,

1 1 1
_1) _1) -4
Foy @) Fon@@)  CFapw@)

M,[,(,g) (Sx, Sy) = max{

s\ rmv@  mawa 2l
2| Fsx1y(¥(2))  Fsy,me(¥(2))

and

1 1 1
Ny (»(Sx, Sy) = mi o o )
sulss ) =mind g e e

Also assume that the following conditions hold:
(i) Sand T are generalized a-admissible;
(ii) o and =< are 1-transitive;
(iii) T is weakly comparable with respect to S;
(iv) there exists xo € Ay such that Sxog < Txo and a(Sxg, Txg,t) > 1 forall t > 0;
(v) if a sequence {y,} C Y satisfies ¥, X Ypi1, ¢ V> Yns1,£) =1 foralln € N and t > 0,
and y, — y as n — 00, then y,, X y and o(y,,y,t) > 1 for n sufficiently large and for
allt>0.

Then S and T have a coincidence point in X.

Proof Let g : [0,1] — [0, +00) be a function defined by g(z) = % —1for ¢ > 0 and g(0) =
+00. Then g € Q. Since A = Ay, we have g(A(s, t)) < g(s) + g(¢) for all s, ¢ € [0,1]. Hence,
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(X, F, A) isaN.A Menger PM-space of (D). Let k : X x X x (0,00) — [0, 00) be a function
1
a(x,yt)
Since ¥ and F;, are both nondecreasing, we have Fr, 7, (¥ (ct)) < Fr,7,(¥(£)). Hence,

1 1
FTx,Ty(‘/f(Ct)) -1 Z FTx,Ty(‘//(t

and «(x,y,t) = forallx,y € X and £ > 0.

;5 — 1. By the definition of g, we have

g(FTx,Ty(w(t))) = g(FTx,Ty(w(Ct)))' (2.18)

For x,y € X, Sx and Sy are comparable, by (2.17) and (2.18), we get

g(FTx,Ty (w (t))) <k (Sx, Sy, ¥ (t)) d (M,/,(t) (Sx, Sy)) + L(N¢(t) (Sx, Sy)). (2.19)

Since ¢ is continuous and ¥ (t) — +00 as t — +00, it follows from (2.19) that (2.16)
holds. Also, S and T also satisfy (i)-(v) of Theorem 2.1.

Thus, all the conditions of Corollary 2.1 are satisfied. Therefore, S and T have a coinci-
dence point in X. d

3 Coincidence point results in partially ordered metric spaces

In this section, we will apply the results obtained in Section 2 to establish the correspond-
ing coincidence point theorems for generalized cyclic (k /1, ¢ L)s-weak contractions in par-
tially ordered metric spaces. We first introduce a new notion in metric spaces that we will
use in Theorem 3.1.

Definition 3.1 Let S and T be two self-maps of a metric space (X,d), k : X x X — R*
be a function. S and T are called generalized «-admissible, if for all x,y € X, «(Sx,Sy) <1
implies «(Tx, Ty) < 1. k is called m-transitive on X, if xg,%1, ..., X X1 € X, k(x0,%1) <

L@, x2) < 1,000,k (K Xpe1) < 1 implies « (xo, Xpe1) < 1.

Theorem 3.1 Let (X, d, <) be an ordered complete metric space and k : X x X x (0,00) —
[0, 00) be a function. Let m be a positive integer, Ay, Ay, ..., A, be subsets of X, Y =", A;,
Sand T :Y — Y be two self-maps, Y be a cyclic representation of Y with respect to S

and T. Suppose that A,,.1 = Ay, and for k € {1,2,...,m} and for all x,y € X, Sx € S(Ax) and
Sy € S(Ak41) are comparable, we have

h(d(Tx, Ty)) <(Sx,Sy) [h (M(Sx, Sy)) - go(M(Sx, Sy))] + L(N(Sx, Sy)), (3.1)
forallt >0, where h is a continuous and nondecreasing linear function, h(s) = 0 if and only
ifs=0, ¢,L:[0,00) = [0,00) are two continuous functions such that L(0) = 0, ¢(¢) = 0 if
and only ift =0, 28 > o($) and X < L(%) for all t > 0, ¢(t) < h(t) for all ¢ € R,

N(Sx, Sy) = min{d(Sx, Tx), d(Sx, Ty), d(Sy, Tx) }
and

M(Sx,Sy) = max{d(Sx, Sy), d(Sx, Tx), d(Sy, Ty), %[d (Sx, Ty) + d(Sy, Tx)] }

Also, assume that the following conditions hold:
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(i) Sand T are generalized k -admissible;

(ii) « and < are m-transitive;

(iif)

(iv) there exists xo € A1 such that Sxo < Txg and k(Sxg, Txg) < 1;

T is weakly comparable with respect to S;

(v) if a sequence {y,} C Y satisfies ¥ X Y1, K Vs Y1) <1foralln e N, and y, — y as
n— 00, then y, < y and k (y,,y) < 1 for n sufficiently large.
Then S and T have a coincidence point in X, that is, there exists x € X such that Sx = Tx.

Proof Let (X, F, A) be the induced PM-space, where F is defined by F(x,y)(£) = Fy,(t) =
o forallz>0andx,y € X.

t+d
[5 Fyy(t1)Fyz(t2) _
In fact for 0 < 1 < &y, Fy (max{ty, ty}) = Fy.(£2) = tﬂdz(m) and Py (@) By (@) Fay (0 Eya@) =
tity
m, by d(x, Z) < d(x,y) + d(y Z) we have
bty + 0d(y,z) + bd(x,y) 1+ d(x,y) d(y z) dx,z) b +dxz)
tity t 153 15) 1) ’

which implies that (1.1) holds and A(s, ) > m - Hence, by Example 1.1, we know that
(X, F,A) is a N.A Menger PM-space of (D),-type for g € Q defined by g(¢t) = ; — 1 for
0 <t <1and g(0) = +o0. It is not difficult to prove that a sequence {x,} in (X, d) converges
toapointx* € X ifand if only {x,} in (X, F, A) t-converges to x*. Since (X, d) is a complete
metric space, (X, F, A) is a T-complete N.A Menger PM-space of type (D),.

Forx,y € X, Sx € S(A;) and Sy € S(A;;1) are comparable, by (3.1) and the properties of 4,
o, L, for t > 0, we have

h(d(Tx, Ty)) _ h(d(Tx, Ty))
t t

K (Sx, Sy) [ h (Stx, ) w(M(ix, ) } N L(N(Stx, Sy))

K (Sx, Sy) [h(M(S:’ Sy)) - <p<M(S;C' Sy)):| + L(M) (3.2)

Since Fy,(t) = Hd for t >0, we have g(F, () = xy) for ¢ > 0. It follows from (3.2) that
(2.1) holds. In fact S and T also satisfy (i)-(v) of Theorem 2.1.

Thus, all the conditions of Theorem 2.1 are satisfied when ¢(x) = 0. Therefore, the con-
clusion holds. O

4 Anillustration
In this section, we give an example to demonstrate Theorem 2.1.

Example 4.1 Let X = R*, A(s,£) = HS ~ foralls,£€[0,1],g(t) = ; —1forall0 <¢ <1and
g(0) = +o0. Define F : X x X — D* by
Flo)) = Eyl) = | 57 17O
x, =F,,(t) =
Y * 0, t<0,

forall x,y € X. Then (X, F, A) is a complete N.A Menger PM-space of (D),-type. Suppose
that A; = [0,4], Ay = [0,2], A3 = [0,+/2], and ¥ = | J? | A; = [0,4]. Define S, T: Y — Y and
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k:X x X x (0,00) = (0,00) by

S Ty 3 x€[0,1), 9, 8) = 1, xy€[0,1)orxye[l,4],
’ Jx, x€[l,4], 7 4, otherwise.

Then S and T are generalized «x-admissible and Y is a cyclic representation of ¥ with
respect to S and 7T, and T is weakly comparable with respect to S, and « and < are
3-transitive.

Let ¢ : X — [0,00), ¢p(x) =0 forallx e X, B=1,L(t) =0, ¢(t) = £, h(t) = t, for all £ €
[0, 00). Now, we verify inequality (2.1) in Theorem 2.1. By the definitions of F, g, ¢, 4, ¢,
and L, we only need to prove that

| Tx — Tyl 1 =yl |Tx—x| |Ty—yl 1[1Tx-y| |Ty—«x|
— - k(x,9,t) - max , , y= + )
t t t t 2 t t

\V]

for all £ > 0, that is,
1 1
|Te = Tyl < 5 - (3, 1) - max Ix—yl,ITx—xI,ITy—yI,E[ITx—yI+ITy—xI] , (40)

where k(x,7,¢) =1ifx,y € [0,1) or x,y € [1,4], and «k (x,y, £) = 4 if otherwise.
We consider the following cases:
Case 1. If x,y € [0,1), then % i (x, 9, 8) = % By the definition of T', we have

1 1
| Tx — Ty| = 5|x—y| <3 k(%95 8) - |x =y,

which implies that (4.1) holds.
Case 2. If x € [0,1) and y € [1,4], then % -k (%,9,t) = 2 and x < /y < y. By the definition
of T, we have

1 1 1
|Tx - Ty| = ﬁ_ix 5y—x+ﬂ—§x: ly - Exl + vy -«
1 1
=5 wwy ) S[IT -y + 1Ty -41] ),

which implies that (4.1) holds. Similarly, if x € [1,4] and y € [0, 1), we also have (4.1) holds.
Case 3. If x,y € [1,4], then % ck(x,y,t) = % and /x + /7 = 2. By the definition of T, we
have

«/—f

ITe - Ty = IV - il < Yo a1 = Ix—yl,

which implies that (4.1) holds.
Thus, all the conditions of Theorem 2.1 are satisfied. Therefore, S and T have a coinci-

dence point in X, indeed, x = 0 and x = 1 are coincidence points of S and T
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