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Abstract

The convergence analysis of a variable KM-like method for approximating common
fixed points of a possibly infinitely countable family of nonexpansive mappings in a
Hilbert space is proposed and proved to be strongly convergent to a common fixed
point of a family of nonexpansive mappings. Our variable KM-like technigue is
applied to solve the split feasibility problem and the multiple-sets split feasibility
problem. Especially, the minimum norm solutions of the split feasibility problem and
the multiple-sets split feasibility problem are derived. Our results can be viewed as an
improvement and refinement of the previously known results.
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1 Introduction
Problems of image reconstruction from projections can be represented by a system of
linear equations

Ax=Db. 1.1)

In practice, the system (1.1) is often inconsistent, and one usually seeks a point which min-
imizes x € R” by some predetermined optimization criterion. The problem is frequently
ill-posed and there may be more than one optimal solution. The standard approach to
dealing with that problem is via regularization. The well-known convex feasibility prob-
lem is to find a point x* satisfying the following:

to find a point x € m C;,

i=1

where m > 1 is an integer, and each C; is a nonempty closed convex subset of a Hilbert
space H. A special case of the convex feasibility problem is the split feasibility problem
given by:

Let C, Q be nonempty closed convex subsets of Hilbert spaces H; and H,, respectively,
and let A : H| — H, be a bounded linear operator. The split feasibility problem (SFP) is

to find a point x € C such that Ax € Q. (1.2)
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The SFP is said to be consistent if (1.2) has a solution. It is easy to see that SFP (1.2) is
consistent if and only if the following fixed point problem has a solution:

find x € C such that x = P¢ (I —yA* (I - PQ)A)x, 1.3)

where Pc and Pq are the projections onto C and Q, respectively, and A* is the adjoint of A.
Let L denote the spectral radius of A*A. It is well known that if y € (0,2/L), the operator
T = Pc(I - yA*(I — Pg)A) in the operator equation (1.3) is nonexpansive [1].

It has been extensively studied during the last decade because of its applications in mod-
eling inverse problems which arise in phase retrievals and in medical image reconstruc-
tion. It has also been applied to modeling intensity-modulated radiation therapy; see, for
example [2-7] and the references therein.

Several iterative methods have been proposed and analyzed to solve the SFP (1.2); see, for
example [1, 3, 6, 8—14] and the references therein. Byrne [3] introduced the CQ algorithm

Xps1 = Ix,, nEN, (1.4)

and proved that the sequence {x,} generated by the CQ algorithm (1.4) converges weakly
to a solution of SFP (1.2), where T = Pc(I — yA*(I — Pg)A) and 0 < y < 2/L.

In view of the fixed point formulation (1.3) of the SFP (1.2), Xu [1] and Yang [14] applied
the following perturbed Krasnosel’skii-Mann CQ algorithm to solve the SFP (1.2):

X1 = L —a)x, + @, Tx,, neN. (1.5)
Here {T},} is a sequence of operators defined by
T,=Pc,(I-yA*(I-Pg,)A), neN,

where {C,} and {Q,} are sequences of nonempty closed convex subsets in H; and H,
respectively, which obey the following assumption:

(CO) >0 aud,y(Cy, C) <00 and Y02 a,d,(Qn, Q) < 00 for each p > 0, where d,, is the

p-distance between Q,, and Q (see Section 3.2).

It is not very easy to verify condition (CO) for each p > 0. Thus, the condition (C0) is
quite restrictive even for weak convergence of the sequence {x,} defined by (1.5). One of
our objectives is to relax the condition (CO0).

Many practical problems can be formulated as a fixed point problem (FPP): finding an
element x such that

x = Tx, (1.6)

where T is a nonexpansive self-mapping defined on a closed convex subset C of a Hilbert
space H. The solution set of FPP (1.6) is denoted by F(T). It is well known that if F(T') # %,
then F(T) is closed and convex. The fixed point problem (1.6) is ill-posed (it may fail to
have a solution, nor uniqueness of solution) in general. Regularization by contractions can
removed such illness. We replace the nonexpansive mapping 7 by a family of contractions
T{ =tf +(1-t)T,witht € (0,1) and f : C — C a fixed contraction. We call f an anchoring
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function. The regularized problem of fixed point for T is the fixed point problem for T{ .
The mapping T{ has a unique fixed point, namely, x; € C. Therefore, x; is the solution of
the fixed point problem

Xt = tfxt + (1 - t)Txt. (1.7)
We now discretize the regularization (1.7) to define an explicit iterative algorithm:
Kps1 = byfxy + (1 —t,)Tx,, neN. (1.8)

The iterative algorithm (1.8) is due to Moudafi [15], by generalizing Browder’s and
Halpern’s methods, who introduced viscosity approximation methods. Suzuki [16] estab-
lished a strong convergence theorem by using Halpern’s method to averaged mapping
T, =Al+(1-A)T, » € (0,1) for nonexpansive mappings 7 in certain Banach spaces. Taka-
hashi [17] proved a strong convergence theorem of the following iterative algorithm for
countable families of nonexpansive mappings in certain Banach spaces:

Kpa1 = byfxn + (1 —t,)Tyxy, neN. (1.9)

Recently, Yao and Xu [18] introduced and studied strong convergence of the following
modified methods:

Kpsl = Pc[tnfxn +(1- t,,)Txn], neN, (1.10)

where f : C — H is a fixed non-self contraction and {t,} is a sequence in (0, 1) satisfying
the conditions:

(S1) limy, ooty =0and Y 2; ¢, = 00,

(S2) either Y07, |fu41 — | < 00 OF £y41/8, — 0 as n— 0.

One can easily see that (1.10) is a regularized iterative algorithm.

Motivated by [1, 11, 14], we study the following more general non-regularized algorithm,
called variable KM-like algorithm which generates a sequence {x,} according to the recur-

sive formula:

X1 € C,
Y = Cnfun + (1= ) T,
Xps1 = (L= Bu)xy + Bn Projcly,] forallmeN,

where {«,} and {B8,} are sequences in (0,1), {T}} is a sequence of nonexpansive self-
mappings of C and {f,} is a sequence of (not necessarily contraction) mappings from C
into H.

In the present paper, we will study the strong convergence of the proposed variable KM-
like algorithm in the framework of Hilbert spaces. The paper is organized as follows. The
next section contains preliminaries. In Section 3, we will study the convergence analysis
of our variable KM-like algorithm for fixed point problem (1.6) without the assumption
(S2). This result will be applied to prove convergence of some perturbed algorithms for the
SFP (1.2) and the multiple-sets split feasibility problem under some weaker assumptions.
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As special cases, we obtain algorithms which converge strongly to the minimum norm
solutions of the split feasibility problem and the multiple-sets split feasibility problem.
Our results are new and interesting in the following contexts:
(i) Our algorithm (3.1) is not regularized by contractions.
(ii) f, is not necessarily contraction. In the existing literature, anchoring function f is a
fixed contraction mapping [15, 17-19] or strongly pseudo-contraction mapping
[20].
(ili) In the convergence analysis of (3.1) for fixed point problem (1.6), the assumption
(S2) is not required.
(iv) A fixed p > 0 for a (C0)-like condition is adopted.

2 Preliminaries

Let C be a nonempty subset of a Hilbert space H. Throughout the paper, we denote by
B, [x] the closed ball defined by B,[x] ={y € C: |y — x| <r}. Let T}, T, : C — H be two
mappings. We denote by Z(C) the collection of all bounded subsets of C. The deviation
between 77 and T; on B € #A(C) [21], denoted by Dp(T1, T,), is defined by

Dg(Ty, T>) = sup{|| Tyx — Tox| : x € B}.

Let T': C — H be amapping. Then T is said to be a k -contraction if there exists k € [0,1)
such that || Tx — Ty|| < «|lx — y|| for all x,y € C. Furthermore, it is called nonexpansive if
1T~ Tyl < llx— y| for all x,y € C.

Let {f,} be a sequence of mappings from C into H. Following [20-22], we say {f,;} is a
sequence of nearly contraction mappings with sequence {(k,,a,)} if there exist a sequence
{k,} in [0,1) and a sequence {a,} in [0, 00) with a,, — 0 such that

Wfx = fuyll < kullx =yl +a, forallx,ye CandneN.
One can observe that a sequence of contraction mappings is essentially a sequence of
nearly contraction mappings.

We now construct a sequence of nearly contractions.

Example 2.1 Let H = R and C = [0,1]. Let {f,} be a sequence of mappings f, : C - H

defined by
2 ifo<x< i
(%) = n+1’ -2’ 2.1
Ju®) %, 1f%<x§1 @D

Set k,, := ﬁ We consider the following cases:
Case 1: If x,y € [0, %], then

fux—fuy =k,(x—y) forallneN.
Case 2: Ifx,y € (%, 1], then

fux—fuy=0 forallmeN.

Page 4 of 20
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Case 3: If x € [0, %] andy € (%,1], then

X 3
— <
n+l n+l|” n+l

[fux =Syl =

1 5
- -3|<kyx—y|+ ————, neN.
| yl+n+1|y | < kulx y|+2(n+1) n

Therefore, for all x, y € [0,1], we have

fux —fuyl <knlx—y| +a, forallneN,

where a,, := ﬁ Therefore, {f,} is a sequence of nearly contraction mappings with se-

quence {(k:,@,)}.

Let C be a nonempty closed convex subset of a Hilbert space H. We use Pc to denote
the (metric) projection from H onto C; namely, for x € H, Pc(x) is the unique point in C
with the property

% = Pc(®)|| = inf{llx -z : z € C}.
The following is a useful characterization of projections.

Lemma 2.2 Let C be a nonempty closed convex subset of a real Hilbert space H and let Pc

be the metric projection from H onto C. Given x € H and z € C. Then z = Pc(x) if and only

if
(x—2z,y—2) <0 forallyeC.

Lemma 2.3 [23, Corollary 5.6.4] Let C be a nonempty closed convex subset of H and T :
C — C a nonexpansive mapping. Then I — T is demiclosed at zero, that is, if {x,} is a
sequence in C weakly converging to x and if {(I — T)x,} converges strongly to zero, then
(I-T)x=0.

Lemma 2.4 [24] Let {a,} and {c,} be two sequences of nonnegative real numbers and let
{b,} be a sequence in R satisfying the following condition:

apn <1 -ay)a, +b,+c, forallneN,

where {a,,} is a sequence in (0,1]. Assume that y -, ¢, < 00. Then the following statements
hold:
(@) Ifb, <Kay, for all n € N and for some K > 0, then

A1 < 8par + (1 -68,)K + ch forallneN,
j=1

where 8, = H}’zl(l — o) and hence {a,} is bounded.

(b) If Y 02 oty = 00 and limsup,,_, o (by/a,) < 0, then {a,)52, converges to zero.
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3 Convergence analysis of a variable KM-like algorithm

First, we prove the following.

Proposition 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H, T :
C — C a nonexpansive mapping with F(T) # @ and f : C — H a k-contraction. Then there
exists a unique point x* € C such that x* = Ppr)f (x*).

Proof Since f : C — H is a k-contraction, it follows that Pr(r)f is a k-contraction from C

onto itself. Then there exists a unique point x* € C such that x* = Prpf (x¥). O

3.1 Avariable KM-like algorithm

Let C be a nonempty closed convex subset of a real Hilbert space H. Let {f,;} be a sequence
of nearly contractions from C into H such that {f,,} converges pointwise to f and let {7}
be a sequence of nonexpansive self-mappings of C which are viewed as perturbations. For
computing a common fixed point of the sequence {7,} of nonexpansive mappings, we

propose the following variable KM-like algorithm:

X1 € C,
Yn = ar(fnxn + (1 - an)Tnxm (31)
K01 = (L= Bu)xy + BuPcly,] forallmeN,

where {o,} and {8,} are sequences in [0, 1].
We investigate the asymptotic behavior of the sequence {x,} generated, from an arbi-
trary x; € C, by the algorithm (3.1) to a common fixed point of the sequence {7,}.

Theorem 3.2 Let C be a nonempty closed convex subset of a real Hilbert space H, T : C —
C be a nonexpansive mapping such that F(T) # ), and let f : C — H be a k-contraction
with k € [0,1) such that Prcp\f (x*) = x* € F(T). Let {f,,} be a sequence of nearly contraction
mappings from C into H with the sequence {(k,,a,)} in [0,1) x [0,00) such that k, — «,
and let {T,,} be a sequence of nonexpansive mappings from C into itself. For given x; € C,
let {x,} be a sequence in C generated by (3.1), where {«,} is a sequence in (0,1] and {B,} is
a sequence in (0,1). Assume that the following conditions are satisfied:

(C1) limy oo, =0and y o2 oy = 00,

(C2) 0<liminf,_, B, <limsup,_, . Bn <1,

(C3) limy oo frx™ = fx*,

(C4) Y%, (1 - ,) | Toa* —x°]| < 0.

Define

[ee]
,K*} + Z(l—a,,)” Tx* —x* || and
= (3.2)

R:= max{ Hx1 —x*

x*—x*| +a
K* :=sup —an I+ a
neN 1- kn

Then the following statements hold:
(a) The sequence {x,} generated by (3.1) remains in the closed ball Br[x*].
(b) If the following assumption holds:


http://www.fixedpointtheoryandapplications.com/content/2014/1/211

Latif et al. Fixed Point Theory and Applications 2014, 2014:211
http://www.fixedpointtheoryandapplications.com/content/2014/1/211

(C5) limy, o0 | Ty = Tyl = O for all {v,} in Br[x*],
then {x,} converges strongly to x*.

Proof (a) Set z,, := Pc[y,]. Observe that

lzn =7 = |Pclyal - P[]
< [lyn |
< anlfyn = 2| + (1= o) | Ton = 27|
< o (foen = fox" | + [fox” =" [) + (U= o) (| Tt = T || + | T = 27
< apll =7+ i =] ) + A=) (o~ ] + | T =)

= (1-(1-kn)ay) ||x,, —x* || + a,,(”fnx* —x* H +ay) +(1- a,,)“ T,x* —x* H
From (3.1), we have

[oner =2 = | B (o0 = 2%) + Bulzn — ") |
< (L= B) |20 =" || + Bu|2n — 57|
< (1= B)|%n = *|| + Bul (1= (1 = ket ) | 0 — x|
+ o ([ = | + @n) + (1= ) | Tox™ — 2% ]
= (L= (= k)anB) [0 — 5| + cnfn(fo* — 5| + )
+ (1= ) B | Tox™ — x|

< (1= (= kn)atnBu) |20 = x*|| + (1 = k)t BuK* + (1 = o) | Tux™ — x* |

n
< max{|x —x*||, K*} + Z(l—a,-)” Tix* —x*|.
i1

Since > 72 (1 - a,)|| Tx* — x*|| < 00, by Lemma 2.4, we find that {||x, — x*||} is bounded.

Moreover,

o0
,K*} + Z(l—a,,)” T.x* —x* || =R, VnelN

n=1

[ =] < max o -

Therefore, {x,} is well defined in the ball Bg[x*].

(b) Assume that lim,,_, || TV, — T, || = O for all {v,} in Bg[x*]. Set y,, := (x* —fx*, x* —z,).
We now proceed with the following steps:

Step 1: {fux,} and {T,x,} are bounded.

Without loss of generality, we may assume that 8 < 8, for all n € N for some 8 > 0. From
(C3), we have

o0

Z(l - oc,,)” T.x" —x* || < 00,

n=1

which implies that lim,,—, oo (1 — &) | T,x* — x*|| = 0. Since o, — 0, it follows that

lim ” Tx™ —x* ” =0.

n—00

Page 7 of 20
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Since

[Ty =] = | Tt~ Ty | + | T =]

< o+ | T -

’

and {|| T,x* — x*||} converges to 0, we conclude that {T},x,} is bounded. Moreover,

Vv =" || = Wfon = foe" || + o™ = 7]
< ky Hx,, —x* ” + Hf,,x* —x* ” +dy,
it follows that {f,x,} is bounded.

Step 2: lim,,, o [|%, — %41 ]| = 0.
Set u, := fyx,. We write

KXp = (1 — ,Bn)xn + Buzn.
Observe that

1Zus1 = Zull < 1Yne1 = yull
= [l enrttnar + A= na1) Trordtner — (et + (1 = o) Toxy ) |
= || etmrttni — @ntt + (1= ) (Tr1mer — Tir%n)
+ (1= 0ts1) Tsrdn — (1 = 0t) T |
= (1= aps) 1%ns1 = x|l + [ Tis1%0 — Tl

+ O[r1+1(||Tn+17‘:n|| + ||l/l,,,+1||) + an(”Tnxn” + ”un”)r
which gives

1Zns1 = Znll = 1%ns1 = Xull < N Tur1xn — Tuxull + an+1(”Tn+1xn” + ”un+1”)

+ @ (| T || + lltull).-
As we have shown in Step 1, {T}x,,} and {u,} are bounded. Observe that

| Tosn = 2| < || Trn = Turx™|| + | Toae® — 27|

< foen = o[ + | Tora™ — 27|
and

frsr2n = &% || < ([frrsrdon = frrarn™|| + || Tosrn™ — 2|

< Hx,, —x* H + |Lf,,+1x* —x* H +a,.
Thus, {f,11%x,} and {T,,1x,} are bounded. Hence,

limsup(||zns1 — zall = [1%ne1 = %4ll) <O.

n—0oQ0
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By [25, Lemma 2.2], we obtain
lim ||z, —x,| =0,
n—00
which implies that
lim [|xy1 =%l = lim Bz, — %, = 0.
n—00 n—00

Step 3: limy,, oo |l — T, || = 0.
Note

lyn = Tuxnll = ||ar(fnxn + (L= o) Ty — Tn ” = oy [fun = Teull,
and hence

%0 = Txeull < 1%n = Xner | + 1%ns1 = Touull + [ T — Tl
< %0 = Xnarll + (L= Bu)l1%n = Tl + Bullzn = Tunll + | Tun — Tk
= %0 = Xl + A= B 1% = Tyl + Bullyn — Tuxull + | Tutn — Tl
= llown = narll + L= Bi)llxn = Tl + ctuBullfuxn — Tuull + | Tun — Tl
< Ntn = 2l + (1= B) (1160 = Tl + [ Ton = Tk )

+ anlgn”fnxn - Tnxn“ + ” Tnxn - Txn”’
which implies that
Bullxn — Toxull < N1 = %1l + € Bullfun — Tunll + 2] Tt — T4l

Note «,, — 0 and || T,.x,, — Tx,, || — 0, we conclude that lim,,_, , ||x,, — Tx,|| = 0.
Step 4: limsup,,_, ., ¥ < 0.
Note that

20 = Tzull < llzn = Xnll + 120 = Txu |l + | T2 — T4

< 2|z, — xull + %y — Txyll > 0 asn— oo.
We take a subsequence {z,,} of {z,} such that

limsup{fx* — x*, 2, —x*) = lim (fx* - x*,2,, —4*) and z,, ~z€C asi— oo.
Hn— 00 n— 00

Since {z,} isin C and ||z, — Tz, || — 0, we conclude, from Lemma 2.3 that z € F(T). Since

*

x* = Prenf (x*), we obtain from Lemma 2.2 that

limsup y,, = lim sup(fx* —x*, 2y, —x*) = (fx* -x*z —x*) <0.
n—00 n— 00

Step 5: x, — x*.
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Since {||z, — x*||} is bounded, there exists R; > 0 such that ||z, — x*|| < R; for all # € N.
Noting that z, = Pc[y,]. Hence, from (3.1), we have

|20 =% = {20 = 3 + 30 — 5%, 2 — %)
< (yn—&*, 24 — &%)
= ((xn(fnxn —fux" + fux™ = X+ fx —x*)
+ (1= o) Tty — Tpt™ + Tyx™ = x%), 2, — x%)
= [on (ot —fox" || + o = f"]))
+ (=) (| Tt = T | + | T = T [[) ] 20 = 7
+aulfx” — &%, 2, — &%)
< ot (|20 — ™| + |[fx™ = fx* | + @)
+ (L= o) (||on —&*|| + || Tux* = Tx*|)) ]| 20 — 2" || + u
(1= (@ = kn)otn) || 20 = x*|| | 20 — *|| + [on(|[fiux™ — fx* || + @)

+(1- a,,)” T.x* — Tx* ||] ”z,, —x* H + QY

Lk ey ) ¢ el 5] )
T T R e
1-(1-k 1

LOkdon oo Ly [+ o 5] )

+ (L= o) | Tux™ = Tx* | |Ry + Vs

which implies that

2= < (1= @ = Kadern) Jn =" | + 2fetn([fon” 1o + )

+(1- ot,,)” T.x* — Tx* ||]R1 + 20, V-

From (3.1), we have

ot =7 = 1= B %) alen =)

<= Ba)llwn ="+ Bullz —2* |
< (1= = kanbn) [ =2+ 2fenbin([fix” —f* | + a1)
+(1- an)H Tx" - Tx* ”]Rl + 20, BnYn-

Since lim,,_, o % =0 and Y ;0,(1 — a,)|I Tx* — Tx*|| < 0o, we conclude from
Lemma 2.4(b) that x,, — x*. O

Remark 3.3 Theorem 3.2 has the following characterization for convergence analysis of
(3.1):

(a) Iterates of (3.1) remains in the closed ball Bp[x*].

(b) The assumption (S2) is not required.
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(c) (C4)is adopted for only for x* € F(T). In particular, the condition
S Tz — Tz|| < oo for all z € F(T)’ is adopted in [26, Theorem 3.1].
Thus, Theorem 3.2 is more general by nature. Therefore, Theorem 3.2 significantly ex-
tends and improves [26, Theorem 3.1] and [18, Theorem 3.2].

Theorem 3.2 remains true if condition (C4) is replaced with the condition that the map-
pings {T},} and T have common fixed points. In fact, we have

Theorem 3.4 Let C be a nonempty closed convex subset of a real Hilbert space H, T :
C — C a nonexpansive mapping such that F(T) # (9, and f : C — H be a k-contraction
with k € [0,1) such that Prep\f (x*) = x* € F(T). Let {f,,} be a sequence of nearly contraction
mappings from C into H with sequence {(k,,a,)} in [0,1) x [0, 00) such that k, — k. Let {T,}
be a sequence of nonexpansive mappings from C into itself such that F(T) = (,,en F(Th).
For given x; € C, let {x,} be a sequence in C generated by (3.1), where {a,} is a sequence
in (0,1] and {B,} is a sequence in (0,1) satisfying (C1), (C2), and (C3). Then the following
statements hold:

(a) The sequence {x,} generated by (3.1) remains in the closed ball Br[x*], where

R = max{||x; — x*||, K*} and K* is given in (3.2).
b) If the assumption (C5) holds, then {x,} converges strongly to x*.

We now prove strong convergence of the sequence {x,} generated by (3.1) under condi-
tion (C6).

Theorem 3.5 Let C be a nonempty closed convex subset of a real Hilbert space H, T : C —
C be a nonexpansive mapping such that F(T) # 0, and {T,} be a sequence of nonexpansive
mappings from C into itself. Let f : C — H be a k-contraction with « € [0,1) such that
Prryf(x*) = x* € F(T) and {f,} be a sequence of k,-contraction mappings from C into H
such that k, — «. For given x, € C, let {x,} be a sequence in C generated by (3.1), where
{a,} is a sequence in (0,1] and {B,} is a sequence in (0,1) satisfying (C1), (C2), (C3), and
(C4). Then the following statements hold:
(@) The sequence {x,} generated by (3.1) remains in the closed ball Br|x*], where

R= max{ ||x1 -

,sup |[f,,x el ”} Z(l o) || Tox* = x*|).
neN

b) If the following assumption holds:
(C6) 3205 Diglae) (T T) < 00,
then {x,} converges strongly to x*.

Proof We show that Z;’il Dgyi1(Tws T) < 00 implies that lim,,—, oo | TV, — TV, || = 0 for all
{v,,} in Br[x*]. Let {w,} be a sequence in Bg[x*]. Then

o0 o0
> N Tuwn = Tw,ll < Dpppaey(T, T) < 00.
n=1 n=1

It follows that lim,,_, o || T,,w,, — Tw,|| = 0. Thus, the condition (C5) in Theorem 3.2 holds.
Therefore, Theorem 3.5 follows from Theorem 3.2. O
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For a sequence {u,} in H with u,, — u € H, define f,, : C — H by
fax=u,, VxeC.

Then each f, is 0-contraction with f,x — fx = u. In this case algorithm (3.1) with 7, = T
reduces to

Xnil = (1 - ,Bn)xn + ﬂnPC[anun + (1 - an)Txn]: VneN. (33)

Corollary 3.6 Let C be a nonempty closed convex subset of a real Hilbert space H and
T : C — C be a nonexpansive mapping such that F(T) # (. Let {u,} be a sequence in H
such that u, — u € H and Pr¢ry(u) = x* € F(T). For given x, € C, let {x,} be a sequence
in C generated by (3.3), where {a,} is a sequence in (0,1] and {B,} is a sequence in (0,1)
satisfying (C1) and (C2). Then the following statements hold:
(a) The sequence {x,} generated by (3.3) remains in the closed ball Bgr[x*], where
R = max({|lx; —x* ||, sup ey 140 —x*|1}.

(b) {x,} converges strongly to x*.

Remark 3.7 If 4 = 0 in Corollary 3.6, then {x,} generated by Algorithm 3.3 converges
strongly to the minimum norm solution of the FPP (1.6). Corollary 3.6 also provides a
closed ball in which {x,,} lies. Therefore, Corollary 3.6 significantly extends and improves
[27, Theorem 3.1].

3.2 The split feasibility problem
In this section we apply Theorem 3.5 to solve the SFP (1.2). We begin with the p-distance:

Definition 3.8 Let C and Q be two closed convex subsets of a Hilbert space H and let p
be a positive constant. The p-distance between C and Q is defined by

d,(C,Q) = sup ||[Pcx—Pox.

lxl<p

By employing Theorem 3.5, we present a variable KM-like CQ algorithm (3.6) for finding

solutions of the SFP (1.2) and prove its strong convergence.

Theorem 3.9 Let C and Q be two nonempty closed convex subsets of real Hilbert spaces
H; and H,, respectively, and let {C,} and {Q,} be sequences of closed convex subsets of
H; and H,, respectively. Let f : C — H; be a «-contraction and {f,} be a sequence of k,-
contraction mappings from C into H, such that k,, — «. Let A : H — Hy be a bounded
linear operator with the adjoint A*. For y € (0,2/L), define

T =Pc(I-yA*(I - Pg)A), (3.4)
and

T,=Pc,(I - yA*(I-Pg,)A), VneN. (3.5)
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Assume that SFP (1.2) is consistent with Pr(r\fx* = x* € F(T). For given x; € C, let {x,} be a
sequence in C generated by the following variable KM-like CQ algorithm:

X1 = 1= Bu)xy + ﬂ,,Pc[a,Lf,,x,, +(1-a,)Pc, (1 —-yA*(I - PQn)A)x,,], VneN, (3.6)
where {a,} is a sequence in (0,1] and {B,} is a sequence in (0,1) satisfying (C1), (C2), (C3),

and (C4). Then the following statements hold:
(@) The sequence {x,} generated by (3.6) remains in the closed ball Br[x*], where

sup(fi = 1= K) | + (- e[ T~

n=1

R= max[ ||x1 —x*

(b) If p = max{||Ax|, | — yA*(I — Po)A)x|| : x € Brlx*]} and the following assumption
holds:
(C7) Ym1d5(Cp, C) <00 and Yy, d5(Qu, Q) < 00,
then {x,} converges strongly to x*.

Proof (a) Since y € (0,2/L), T and T, for all n € N are nonexpansive mappings and F(T) #
@ because SFP (1.2) is consistent. Hence this part follows from Theorem 3.5(a).
(b) Assume that

p =max{[|Ax|, || (I - yA*(I - Po)A)x| : x € Bg[x*]}.

Now, let x € H; be such that x € Bg[x*]. Since each Pc, is the nonexpansive, we have

[ Tox — Tx|| = ||Pc, (I — yA*(I - Pg,)A)x — Pc(I — yA*(I - Po)A)x|
< |Pc, (I - yA*(I - Po,)A)x - Pc, (I - yA*(I - Po)A)x|
+ | P, (I = yA*(I = Po)A)x — Pc(I — y A*(I - Po)A)x|
<y [|4*(Pq,Ax — PoAx)|
+ || Pc, (I - yA*(I - Po)A)x — Pc(I - y A*(I - Po)A)x|
= 7 AlllIPg,Ax = PoAx| +d5(Cy, C)

< 7l1Alld5(Qn, Q) + d5(Cy, C).

Thus,

M

o0
Z DBR[x*](Tn’ T) =

n=1 n

sup || Tyx — Tx||

1 *€BR[x*]

=<

d5(Co, C) + Y IIAIlY_ dp(Qu Q) < 00

n=1

M

=
I
—_

Hence condition (C6) in Theorem 3.5 holds. Therefore, Theorem 3.9(b) follows from The-
orem 3.5(b). O
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For a sequence {u,} in H; with u, — 0 € H;, define f,, : C — H; by
fux=u, VxeC.

Then each f, is 0-contraction with f,x — fx = 0. In this case variable KM-like CQ algo-
rithm (3.6) reduces to the following variable KM-like CQ algorithm:

%ne1 = (1= Bu)xu + BuPcanttn + (1= ay)Pc, (I - yA*(I - Pg,)A)x,], VneN. (3.7)

We now present strong convergence of the variable KM-like CQ algorithm (3.7) to the
minimum norm solution of the SFP (1.2).

Corollary 3.10 Let C and Q be two nonempty closed convex subsets of real Hilbert spaces
H, and H,, respectively, and let {C,} and {Q,} be sequences of closed convex subsets of H
and H,, respectively. Let A : Hy — H, be a bounded linear operator with the adjoint A*.
Fory €(0,2/L), define T and T, by (3.4) and (3.5), respectively. Assume that the SFP (1.2)
is consistent with Prir)(0) = x* € F(T). For given x; € C and a sequence {u,} in H, with
u, — 0 € Hy, let {x,} be a sequence in C generated by a variable KM-like CQ algorithm
(3.7), {an} is a sequence in (0,1] and {B,} is a sequence in (0,1) satisfying (C1), (C2), and
(C4). Then the following statements hold:
(a) The sequence {x,} generated by (3.7) remains in the closed ball Bg[x*], where

R = max/{ [x; - x*

’

o0
x* || } + Z(l - oc,,)” T,x* —x* ||
n=1

(b) If p = max{||Ax|, || — yA*(I — Po)A)x|| : x € Brlx*]} and the assumption (C7) holds,
then {x,} converges strongly to x*.

Corollary 3.10 significantly extends and improves [11, Theorem 3.1].

3.3 The constrained multiple-sets split feasibility problem

In this section, we consider the following multiple-sets split feasibility problem which mod-
els the intensity-modulated radiation therapy [6] and has recently been investigated by
many researchers, see, for example, [1, 3, 6, 8—14] and the references therein.

Let H; and H, be two Hilbert spaces and let r and p be two natural numbers. For each i €
{1,2,...,p},let C; be a nonempty closed convex subset of H; and foreachj € {1,2,...,r}, let
Qj be a nonempty closed convex subset of H,. Further, foreachj € {1,2,...,r},1etA; : H; —
H, be abounded linear operator and 2 be a closed convex subset of H;. The (constrained)
multiple-sets split feasibility problem (MSSFP) is to find a point x* € Q such that

P
xeCi=[C and Ax"eQ, je{l,2,...r} (3.8)
i=1

When p =r =1, then the MSSFP (3.8) reduces to the SFP (1.2).

The split feasibility problem (SFP) and multiples-set split feasibility problem (MSSFP)
model image retrieval [28] and intensity-modulated radiation therapy [6], and they have
recently been investigated by many researchers.
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For each i€ {1,2,...,p} and j € {1,2,...,r}, let @; and Bj be two positive numbers. Let
B: Hy — H, be the gradient Vi of a convex and continuously differentiable function  :
H; — R defined by

1 1 e
V(x) = 5 Zainx —Pcx|* + 3 Z,BjHij - PoAix|*, Vxe€H. (3.9)
i=1 j=1
Following [28], we see that
P r
Bx:=) @l -Pc)x+ Yy PBATI-Pg)Ax, VxeH, (3.10)
i=1 j=1

where A7 is the adjoint of A, j € {1,2,...,r}. The nonexpansivity of I — Pc implies that B is
a Lipschitzian mapping with Lipschitz constant

p r
Lr=> "+ Yy Bl (3.11)
i=1 j=1

Thus, variable KM-like CQ algorithm can be developed to solve the MSSFP (3.8). Let
{2}, {Cy,i} and {Q,;} be the sequences of closed convex sets, which are viewed as pertur-
bations for the closed convex sets 2, {C;} and {Q;}, respectively.

We now present an iterative algorithm for solving the MSSFP (3.8).

Theorem 3.11 Let f : @ — H, be a «-contraction and let {f,} be a sequence of k,-
contraction mappings from Q2 into Hy such that k, — «. For y € (0,2/L*), define

p r
Tx = Pg, (x —y (Z @[~ Pc)x+ Y BATU - PQj)A/x>) (3.12)

i=1 j=1

and

p r
T,x=Pq, (x -y (Z a;(I - Pc,,)x + ZEI.A;‘(I -Pg,, )A,x)), neN, (3.13)

i=1 j=1

Assume that the MSSFP (3.8) is consistent with Ppr\fx* = x* € F(T). For given x; € , let

{x,} be a sequence in Q2 generated by
K1 = (L= B, + ﬁnPC[anfnxn +(1- an)Tnxn]r VneN,
where {a,} is a sequence in (0,1] and {B,} is a sequence in (0,1) satisfying (C1), (C2), (C3),

and (C4). Then the following statements hold:
(@) The sequence {x,} generated by (3.12) remains in the closed ball Br[x*], where

R= max{ o1 — x*

sup(f ~ 10 = k)| + D00 - @) T -],

n=1

Page 15 of 20
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(b) If o = max{max;<j<, [|A;x, | — y VY )x| : x € Brlx*]} and for each i € {1,2,...,p}
and j € {1,2,...,r}, the following assumption holds:
(C8) >, dp(Q, Q) <00, 3021 Dpgiws)(Pc;,» Pc;) < 00 and Y 21 d5(Qyi, Q) < 00,
then {x,} converges strongly to x*.

Proof (a) Define

1< 1
Ynln) = o 3 @illw = Pixl® + 5 3 BllAw ~ Po, Al

i=1 j=1

The gradients of ¢ and v, are given by

P r
VY ) =Y @l —Pc)x+ »_ BAT(I-Pg)Ax

i=1 j=1

and

V2 r
V(%) =Y @il -Pc,)x+ Y BAT(I-Pg,,)Ax.
i=1

j=1
Hence, from (3.12) and (3.13), we have
Tx = Po(x - y VY (v)),
and

T,x=Pg,(x—yVu(x), neN.

Since y € (0,2/L£*), T and T, for all n € N, are nonexpansive mappings, and F(T) # §

because the MSSFP (3.8) is consistent. Hence, this part follows from Theorem 3.5(a).
(b) Assume that

0= mameq@E; Axll, | (- va)xH 1x EBR[x*]}.

Let x € H; be such that x € Bg[x*]. Since each P, is the nonexpansive, we have

I Tx = Txl| = | P, (I - y Vi, )x = Po(l — y Vi )x||
< | Po, (I - y Vh)x = Po, (I - y V)|
+ || Pa, (I = V) — Po(I — y Vir)x||
< 7| V¥u@) = VY@ + | Po,( -y Vi)x - Poll - y V)|

p p
<y Y @lPc,x-Pcxl+ Y Bi|AT[IPq,, A — PoAixll + di(Qu, Q)
i=1 j=1

-

I
—

p
y Y _@iDs)(Pc,, Pc) + > AR 5Py, Po) + dx(Q, ).

j-1
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By the assumptions, we have

oo oo
> Due(Tn T) =Y. sup | Tyx—Tal
n=1 =1 X€BR[x*]

‘M“

o]
Z Bp(x*] PC,,,, PCt)
n=1

i=1

[e¢]

14 IIﬂ,Zd (Pg,,.,Po) + Y . ds(S, Q) < 00

n=1 n=1

Mm

~.
Il
—

Hence condition (C6) in Theorem 3.5 holds. Therefore, Theorem 3.9(b) follows from The-
orem 3.5(b). O

Theorem 3.11 significantly extends and improves [12, Theorem 1].
Finally, we present strong convergence of variable KM-like CQ algorithm (3.7) to the

minimum norm solution of the MSSFP (3.8).

Corollary 3.12 Define T and T, by (3.12) and (3.13), respectively. Assume that the MSSFP
(3.8) is consistent with Pr1)(0) = x* € F(T). For given x, € C and a sequence {u,} in H, with
u, — 0 € Hy, let {x,} be a sequence in C generated by the following variable KM-like CQ
algorithm:

Xpa1 = (1= Bo)x, + ﬂ,,Pc[a,,uy, +(1-a,)T, x,,] forallneN,
where 0 < y < 2/L*, {a,} is a sequence in (0,1] and {B,} is a sequence in (0,1) satisfying

(C1), (C2), and (C4). Then the following statements hold:
(a) The sequence {x,} generated by (3.12) remains in the closed ball Br[x*], where

o0
R:max{Hxl— }+Z(1—an)|| Tnx*—x*H.
n=1

b) If p = max{max;<j<, |4, |(I — y VY )x| : x € Brlx*]} and for each i € {1,2,...,p}
and j€{1,2,...,r}, the assumption (C8) holds, then {x,} converges strongly to x*.

4 Numerical examples
In order to demonstrate the effectiveness, realization, and convergence of algorithm of

Theorem 3.2, we consider the following example.

Example 4.1 Let H = Rand C = [0,1]. Let T be a self-mapping on C defined by Tx =1-x
for all x € C. Define {«,} in (0,1) by «,, = ﬁ and {B,} by B, = % for all n € N. For each
n € N, define f,, : C — H by (2.1). It is shown in Example 2.1 that {f,} is a sequence of

nearly contraction mappings from C into H with sequence {(k,,a,)}, where k, = - and

n+l
ay = 2(n+1 . It is easy to see that {f,} converges pointwise to f, where f(x) = 0 for all x € C.
Note k, — « =0, F(T) = {x*} = {1/2}, and lim,,_, oo fux™ = fx*. It can be observed that all the

assumptions of Theorem 3.2 are satisfied and the sequence {x,} generated by (3.1) with
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Table 1 The numerical results for initial guess x; =0,0.2,0.8, 1

n x1=0 x1=0.2 x1=0.8 x1=1
5 0.452291666666667  0.452604166666667  0.514843750000000  0.514947916666667
10 0476041066961784  0.476041067553836  0.476047944746260  0.476047944894273
15 0.483829591828978  0.483829591828978  0.483829591829845  0.483829591829845
20 0.487787940564059  0.487787940564059  0.487787940564059  0.487787940564059
25 0.490187554131032  0.490187554131032  0.490187554131032  0.490187554131032
30 0491798400218960  0.491798400218960  0.491798400218960  0.491798400218960
35 0.492954698188619  0.492954698188619  0.492954698188619  0.492954698188619
40 0.493825130132048  0.493825130132048  0.493825130132048  0.493825130132048
45 0.494504074844059  0.494504074844059  0.494504074844059  0.494504074844059
50 0.495048473664881 0.495048473664881 0.495048473664881 0.495048473664881
1 T T T T 1 T T T
0.81 0.81
= =
x =
3 3
2 osf =2 og
> >
) @
(] (]
S oaf S o4r
=] >
o o
o) o)
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Figure 1 The convergence comparison of different initial values x; =0,0.2,0.8, 1.

T, = T converges to % In fact, under the above assumptions, the algorithm (3.1) can be

simplified as follows:

X1 € C,
Yn = Qpfun + (L — )1 = x,),

Xn+l

*n+Pcyn]
2

forall n e N.

(4.1)
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The projection point of y, onto C can be expressed as

0, ify,<O0;
Pclynl =y, ify, € C;
1, ify,>0.

The iterates of algorithm (4.1) for initial guess x; = 0,0.2,0.8,1 are shown in Table 1. From
Table 1, we see that the iterations converge to 1/2 which is the unique fixed point of 7. The
convergence of each iteration is also shown in Figure 1 for comparison.
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