Gu and Wang Fixed Point Theory and Applications 2014, 2014:19 ® Fixed Point Theory and App|icati0n5
http://www.fixedpointtheoryandapplications.com/content/2014/1/19 a SpringerOpen Journal

RESEARCH Open Access

Some coupled fixed-point theorems in two
quasi-partial metric spaces

Feng Gu' and Lin Wang®’

“Correspondence:
WL64mail@aliyun.com

2College of Statistics and
Mathematics, Yunnan University of
Finance and Economics, Kunming,
Yunnan 650221, China

Full list of author information is
available at the end of the article

@ Springer

Abstract

The purpose of this paper is to prove some new coupled common fixed-point
theorems for mappings defined on a set equipped with two quasi-partial metrics. We
also provide illustrative examples in support of our new results.

MSC: 47H10; 54H25

Keywords: common coupled fixed point; coupled coincidence point; w-compatible
mapping pairs; quasi-partial metric space

1 Introduction and preliminaries

In 1994, Matthews [1] introduced the notion of partial metric spaces as follows.

Definition 1.1 [1] A partial metric on a nonempty set X is a function p: X x X — R*
such that for all x,7,z € X:

(1) x =y & p(x,x) = p(x,y) = p(3,9),

(p2) plx,x) < p(x,y),

(p3) pxy) = p(y,%),

(p4) plx,y) <p(x,2) + p(z,y) - p(z, 2).

A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial

metric on X.

In [1], Matthews extended the Banach contraction principle from metric spaces to par-
tial metric spaces. Based on the notion of partial metric spaces, several authors (for ex-
ample, [2-32]) obtained some fixed-point results for mappings satisfying different con-
tractive conditions. Very recently, Haghi et al. [33] showed in their interesting paper that
some fixed-point theorems in partial metric spaces can be obtained from metric spaces.

Karapinar et al. [34] introduced the concept of quasi-partial metric spaces and studied
some fixed-point problems on quasi-partial metric spaces. The notion of a quasi-partial

metric space is defined as follows.

Definition 1.2 [34] A quasi-partial metric on nonempty set X is a function g: X x X —
R* which satisfies:

(QPMy) If g(x,x) = g(x,y) = q(y,y), then x = y,
(QPM,) g(x,x) < q(x,y),
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(QPM3) g(x,x) < q(y,x), and
(QPM,) q(x,y) +q(2,2) < q(x,2) + (2, y)

forall x,y,z € X.
A quasi-partial metric space is a pair (X, q) such that X is a nonempty set and ¢ is a

quasi-partial metric on X.

Let g be a quasi-partial metric on set X. Then

dq(%,9) = qx,9) + q(y, %) — q(x, %) — q(y,%)
is a metric on X.

Definition 1.3 [34] Let (X, gq) be a quasi-partial metric space. Then

(i) A sequence {x,} converges to a point x € X if and only if
q(x,x) = lim g(x,x,) = lim g(x,,x).
n—0o0 n—0o0

(i) A sequence {x,} is called a Cauchy sequence if lim,; s, o0 q(%y,, %,,) and
1imy, ;5 00 (%, ) exist (and are finite).
(iii) The quasi-partial metric space (X, g) is said to be complete if every Cauchy

sequence {x,} in X converges, with respect to 7, to a point x € X such that

qx,x) = lim q(x,,%,) = Um gq(x,,x,,).
1,1m—> 00 n,m—> 00
Bhaskar and Lakshmikantham [35] introduced the concept of a coupled fixed point and
studied some nice coupled fixed-point theorems. Later, Lakshmikantham and Ciri¢ [36]
introduced the notion of a coupled coincidence point of mappings. For some works on a

coupled fixed point, we refer the reader to [37-62].

Definition 1.4 [35] Let X be a nonempty set. We call an element (x,y) € X x X a coupled
fixed point of the mapping F: X x X — X if F(x,y) = x and F(y,x) = y.

Definition 1.5 [36] An element (x,7) € X x X is called
(i) acoupled coincidence point of the mapping F: X x X - X and g: X — X if

F(x,y) = gx and F(y,x) = gy; in this case (gr, gy) is called coupled point of coincidence
of mappings F and g;

(ii) a common coupled fixed point of mappings F: X x X - X and g: X — X if
F(x,y) =gx=xand F(y,x) =gy = y;

(iii) a common coupled fixed point of mappings F: X x X — X and g: X — X if
F(x,y) =gx=xand F(y,x) =gy =y.

Abbeas et al. [37] introduced the concept of w-compatible mappings as follows.

Definition 1.6 [37] Let X be a nonempty set. We say that the mappings F : X x X — X and
g: X — X are w-compatible if gF (x,y) = F(gx, gy) whenever gx = F(x,y) and gy = F(y,x).
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Very recently, Shatanawi and Pitea [38] obtained some common coupled fixed-point
results for a pair of mappings in quasi-partial metric space.

Theorem 1.1 (see [38, Theorem 2.1]) Let (X, q) be a quasi-partial metric space,g: X — X
and F: X x X — X be two mappings. Suppose that there exist ki, ky, and ks in [0,1) with
ki + ko + k3 < 1 such that the condition

Q(F(x,y),F(u, V)) + ('I(F(y’x)»F(V: u))
< ki[q(gx, gu) + q(gy,gv)] + ko[ q(gx, F(x,9)) + q(gy, F(y,%)) ]
+ k3 [q(gu, F(u,v)) +q(gv, F(v, u))] (1.1)

holds for all x,y,u,v € X. Also, suppose we have the following hypotheses:

(i) F(X x X) Ccg(X).

(i) g(X) is a complete subspace of X with respect to the quasi-partial metric q.
Then the mappings F and g have a coincidence point (x,y) satisfying gx = F(x,y) and gy =
F(y,x).

Moreover, if F and g are w-compatible, then F and g have a unique common coupled
fixed point of the form (x, x).

The aim of this article is to prove some new coupled common fixed-point theorems for
mappings defined on a set equipped with two quasi-partial metrics.

The following lemma is crucial in our work.

Lemma 1.1 [38] Let (X, q) be a quasi-partial metric space. Then the following statements
hold true:

(i) Ifqx,y) =0, thenx =y.
(i) Ifx #y, then q(x,y) > 0 and q(y,x) > 0.

In this manuscript, we generalize, improve, enrich, and extend the above coupled com-
mon fixed-point results. We also state some examples to illustrate our results. This paper
can be considered as a continuation of the remarkable works of Aydi [12], Karapinar et al.
[34], and Shatanawi and Pitea [38].

2 Main results
Now we shall prove our main results.

Theorem 2.1 Let q; and g, be two quasi-metrics on X such that q»(x,y) < q1(x,y), for all
xy€X,andlet F: X x X - X, g: X — X be two mappings. Suppose that there exist ki,
ko, k3, ka, and ks in [0,1) with

k1 + k2 + kg + 2/(4 + k5 <1 (21)

such that the condition

78} (F(x,y),F(u, v)) +q (F(y, x), F(v, u))

< ki[q2(gx. gu) + 42(gy,gv)| + ko[ 42 (g%, F (%)) + 42 (g9, F (5, %)) ]
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+ k3[q2 (gu, F(u,v)) + q2(gv, F(v, ) | + ka[ g2 (g%, F (1, v)) + g2 (gy, F(v, ) |
+ ks[q2 (gu, F(x,9)) + q2(gv, F(9, %)) | (2.2)

holds for all x,y,u,v € X. Also, suppose we have the following hypotheses:

(i) F(X x X) C g(X).

(i) g(X) is a complete subspace of X with respect to the quasi-partial metric q.
Then the mappings F and g have a coincidence point (x,y) satisfying gx = F(x,y) = F(y,x) =
&y

Moreover, if F and g are w-compatible, then F and g have a unique common coupled
fixed point of the form (s, u).

Proof Let xp,y0 € X. Since F(X x X) C g(X), we can choose x;,y; € X such that gx; =
F(x0,50) and gy1 = F(yo,%0). Similarly, we can choose x5,y € X such that gx, = F(x;, 1)
and gy, = F(y1,%:). Continuing in this way we construct two sequences {x,} and {y,} in X
such that

X1 = F(xmyn) and &Vn+1 = F()/mxn), Vn > 0. (2.3)

It follows from (2.2) and (QPM,) that

q1(8%n> &%n+1) + q1(&Vn EYn+1)

= q1 (F®n-1, Yn-1)s F % Y1) + q1 (F W1, 1), F Y %))

< ki[q2(g%n-1,8%n) + 42(&Vn-1,8Yn)]
+ ko[ 2 (g%n-15 F -1 Yn-1) + 42(&Vn-1, F @1, %n1)) ) |
+ k3 g2 (g F(6n ) + @2.(gs F O %)) |
+ ka[q2(€%n-1, F(ns yn)) + 42(€Vn-1s F s %)) |
+ ks[q (g% F%n-1,¥n-1)) + G2 (2Vn» F W1, ¥ )]

= (ki + k2)[q2(@%n-1,8%n) + G2(@Vn-1,8n) | + k3|42 (@Xn» §%ns1) + G2V s QY1) ]
+ ka[q2(g%n-1,8%n+1) + G2(@Vn-1,@ns1) | + k5[ G2(8%ns &%) + G2(QVm V)]

< (ki + k) [ q2(@%n-1,8%n) + 42(QVn-1,&Vn) | + K3 [42(g%n 5n1) + 92(2Vn &Yns1) |
+ ka[q2(g%n-1,8%n) + q2(%n @Xns1) — G2(&Xns §%n) + G2(QVn-1,8Vn) + A2(LVn> QYns1)
= 42(@n @) + ks [q2(@%n gXni1) + G2(gYns Q1) ]

< (ky + ky + ko) [ g2 (@1, &%) + G2(€n-1,QVn) ]
+ (ks + ky + ks) [ q2(@%n @%ne1) + G2(Qns QYns1) |

< (ky + Ky + ko) [ (g%n-1,8%4) + 1 (€Vn-1,€Vn) ]
+ (ks + kg + ks) [ q1(g%n, §5n41) + 1€V &Vne1) ]
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which implies that

ki + ko + k.
01(g%n §¥ns1) + Q1Y ZYns1) < ﬁ [q1(g%n-1,8%n) + q1(@n-1,870)]-  (2:4)
-

Put k = % Obviously, 0 < k < 1. By repetition of the above inequality (2.4) # times,

we get

01(@%n @%ni1) + Q1 (@ ni1) < K" [q1(gwo,g%1) + q1(gy0,&01)]- (2.5)

Next, we shall prove that {gx,} and {gy,} are Cauchy sequences in g(X).
In fact, for each n,m € N, m > n, from (QPM,) and (2.5) we have

m-1
q1(8%n, 8%m) + q1(8Vn> &Ym) < Z[ql (gxingxin1) + q1(@Vir gyin1) ]
-1

Zki[ql(gxo,gxl) + ql(gyo,gyl)]

k}’l
-k

3

IA

=

[41(gx0,g%1) + q1(€y0, 0] (2.6)

—_

This implies that

limoo[ql(gx,,,gxm) + ql(gyn,gym)] =0,

n,m—

and so

lim ¢(gx,,gx,) =0 and ml}gloo 41(@Vn, gVm) = 0. (2.7)

n,m—> 00

By similar arguments as above, we can show that

lim qi(gxm,gx,) =0 and lim  q1(gym-gyn) = 0. (2.8)
1,mM—> 00

n,m—00

Hence {gx,} and {gy,} are Cauchy sequences in (gX,q1). Since (gX, q1) is complete, there
exist gx, gy € g(X) such that {gx,} and {gy,} converge to gx and gy with respect to 7, that

is,

q1(gx, gx) = lim qq(gx, gx,) = lim ¢ (gx,, gx)
n—00 n—00

= WlwigoO 91 (%> Xn) = n}”igloo q1(8%n> 8%m) (2.9)
and

01(gy,gy) = lim qi(gy,gys) = lim q1(gy gy)

= hm  q1(gym gyn) = UM  q1(gyn &ym)- (2.10)
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Combining (2.7)-(2.10), we have

ql(gx’gx) = lim ql(gx’gxn) = lim ql(gxmgx)
n—00 00

=, Jim  q1(gxm gxa) = lim q1(g%n g%m) = 0 (2.11)
and
01(gy,gy) = lim q1(gy,gyn) = lim q1(gy&y)
= Jim q1(@ymgyn) = 1M q1(gyn &ym) = 0. (212)
By (QPM,) we obtain

q1(g%ns1, F(%,)) < q1(g%ni1,8%) + q1(gx, F(x,y)) — q1(gx, gx)
< q1(gxns1,8%) + q1 (g% F(x,9))
< q1(g%ne1,€X) + 41(g%, @) + 41(g%ne1, F(%,9)) — q1(@8n11, 851

=< ql(gxnﬂygx) + ql(gxrgxwrl) +q1 (gxnﬂ; F(x,y))~

Letting n — oo in the above inequalities and using (2.11), we have
Tim gy (gxue, F®,9)) < qu(gn F(x,) < 1im g (g%, F(,)).
That is,
Tim gy (g, F(®,9)) = q1 (g% F(x,3))- (2.13)

Similarly, using (2.12) we have

Tim gy (gyna1, F(» %) = 41 (g9, F (3, ). (2.14)

Now we prove that F(x,y) = gx and F(y,x) = gy. In fact, it follows from (2.2) and (2.3)
that

01 (%1, F%,9)) + q1(gne1, F(9, %))

= q1 (F(%ns y) F(%,9)) + q1(F (s %))

< ka[q2(g%m 8%) + q2(@V )] + ko[ @2 (€% E (s ) + G2 (€9 F s X)) ]
+ ka[q2 (g%, F(%,9)) + q2(€9, F3,%)) | + ka[ 92 (g F(x,9)) + q2(g9ns F %)) |
+ ks [q2 (g2, F s ) + @2.(29 E s %)) |

= k[ 92(g% 8%) + 42(€V, €9)] + k2 42(8%s 8%n1) + G2(8Vr 8Yni1) ]
+ ks[q2 (g% F(x,9)) + q2(g0, F (0> %)) | + ka[ 42 (g%n, F(%,9)) + G2 gy, F (3, %)) |
+ ks [ g2 (g%, @Xne1) + 42(2), Qne) |

< ko[ q1(g%m %) + q1(€Vn &) ] + Ko [G1 (€% &Hn1) + G1 (Vs Q)]

Page 6 of 17
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+ ks[q1(gx F(x,9)) + q1(gy, F(5, %)) | + ka[q1 (g% F(%,9)) + q1(gym (5, %)) ]

+ks [% (g%, gxn11) + @1 (gy,gynu)].

Letting n — oo in the above inequality, using (2.11)-(2.14), we obtain

q1(g%, F(%,9)) + q1(20, F3, %)) < (ks + ka)[e1 (g, F (%, %)) + q1 (29, F (%, %)) ]. (2.15)

By (2.1) we have k3 + k4 < 1. Hence, it follows from (2.15) that g; (gx, F(x,y)) = q1(gy, F(, %)) =
0. By Lemma 1.1, we get F(x,y) = gx and F(y,x) = gy. Hence, (gx,gy) is a coupled point of
coincidence of mappings F and g.

Next, we will show that the coupled point of coincidence is unique. Suppose that
(x*,9*) € X x X with F(x*,y*) = gx* and F(y*,«*) = gy*. Using (2.2), (2.11), (2.12), and
(QPM3), we obtain

a1(gx.gx") + a1(¢7.87")

= q1(F(x,9), F(x",5%)) + q1(F(,%), F(y*, x*))

< ki[q2(g%.gx") + q2(29,2") | + ko[ g2 (g%, F(x,9)) + 42 (g9, F (9, %)) |
+ka[qa (g™, F(+",5%)) + 4o (9" F (v",47)) ]
+ka[qa(gx, F(x",y")) + 42(gy, F (7", 27)) ]
+ks[q2(gx", F(x,)) + 42 (gy", F(3,%)) |

= ka4 (g%,8x") + 42 (29, 29") ] + ko[ 42(g%,2%) + 222, 29)]
+ ka[q2(gx", gx) + 42 (¢9",8y") ] + ka[ g2 (g 85") + 22 (¢9,29") ]

*

+ ks[q2(gx", gx) + 42 (20" 2y) ]

< (ky + ka) [ q1 (g%, 86%) + 01 (29, 80%) | + Ko [ e (g%, €%) + a1 (29, 0]

*

+ ka[qi(gx*,gx*) + qu (g9, @) ] + ks [ 41 (g™, g%) + 41 (27" 2y) ]
< (ki + ks + ka)[q1 (gx, %) + 41 (29, 29") ]

+ ks[q1 (gx*, %) + (@9, 29) |-

This implies that
* * k5 * *
n(gnex) + @) < T Pt [q1(gx", %) + g1 (29", v) ]- (2.16)
— K1 — A3 — R4
Similarly, we have
0(ex"g%) + a1(0") = T [(enex) + anlen.2y7) - (217)
— K1 = R3 T R4

Substituting (2.17) into (2.16), we obtain

k 2
01 (g%.gx%) + q1 (g9, 90") < (71 p 5k p ) a1 (gx.gx”) + @1 (29.297) ] (2.18)
— K1 — K3 — Ky
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Since l_klfﬁ <1, from (2.18), we must have ¢;(gx, gx*) = q1(gy,gy*) = 0. By Lemma 1.1,
we get gx = gx* and gy = gy*, which implies the uniqueness of the coupled point of coinci-
dence of F and g, that is, (gx, g).

Next, we will show that g = gy. In fact, from (2.2), (2.11), and (2.12) we have

71(g% 8y) + q1(gy, gx)

= q1(F(x,9), F(5,%)) + q1(F (5, %), F(x,))

< ki[q2(g% 29) + q2(gy, g%)] + ka[ 42 (g%, F(x,9)) + 42(y, F(3,%)) |
+ks[a2(g9, F(0,%)) + a2 (g% F(%,9) | + ka[q2 (g%, F(0,%)) + g2 (g9, F(x,9)) ]
+ks[ a2 (g F(x,9)) + g2 (g% F (3, )|

= ki[q2(g%.29) + 42(29, g%)] + ko[ 42 (g, g%) + q2(g9, )]
+k3[42(27,29) + q2(gx,g%) | + ka[ 2%, 29) + 42(27, 8%)]
+ ks[q2(gy, g%) + q2(gx, gy)]

< ki[q(gx.gy) + 1(gy,g%) ] + ko[ q1 (g%, gx) + 1 (g9, @) ]
+ka[q1(gy, @) + @1 (g%, 80)] + ka1 (g%, 29) + 41 (g, )]
+ ks[q1(gy,g%) + 71 (g%, y) ]

= (ki + ka + ks)[q1 (g%, 29) + 41 (g7, 8%)]. (219)

Since k; + ky + ks < 1, we have g1 (g%, gy) = 41(g»gx) = 0. By Lemma 1.1, we get gx = gy.

Finally, assume that g and F are w-compatible. Let u = gx, then we have u = gx = F(x,y) =
gy = F(y,x), so that

gu = ggx = g(F(x,)) = F(gx, gy) = F(u, u). (2.20)

Consequently, (#,u) is a coupled coincidence point of F and g, and therefore (gu, gu) is a
coupled point of coincidence of F and g, and by its uniqueness, we get gu = gx. Thus, we
obtain F(u, u) = gu = u. Therefore, (4, u) is the unique common coupled fixed point of F
and g. This completes the proof of Theorem 2.1. d

In Theorem 2.1, if we take q;(x,y) = g2(x, ) for all x,y € X, then we get the following.

Corollary 2.1 Let (X, q) be a quasi-partial metric space, F: X x X —> X and g: X — X be
two mappings. Suppose that there exist ky, ky, ks, ka and ks in [0,1) with ky + ko + k3 + 2ks +
ks < 1 such that the condition

a(F(x,), E(u,v)) + q(F (%), E(v, )
< ki[q(gx,guw) + q(gy.gv)] + ka[q(gx, F(x,)) + q(gy, F(9,%)) ]
+ ks[q(gu, F(u,v)) + q(gv, F(v, )] + ka[q(gx, F(u,v)) + q(gy, F(v,u)) ]
+ ks[q(gu, F(x,9)) + q(gv, F(5,)) (2.21)

holds for all x,y,u,v € X. Also, suppose we have the following hypotheses:

Page 8 of 17
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(i) F(X x X) Cg(X).

(i) g(X) is a complete subspace of X with respect to the quasi-partial metric q.
Then the mappings F and g have a coincidence point (x, y) satisfying gx = F(x,y) = F(y,x) =
&y

Moreover, if F and g are w-compatible, then F and g have a unique common coupled
fixed point of the form (u, u).

Remark 2.1 Corollary 2.1 improve and extend Theorem 2.1 of Shatanawi and Pitea [38];
the contractive condition defined by (1.1) is replaced by the new contractive condition
defined by (2.23).

Corollary 2.2 Let q; and g, be two quasi-metrics on X such that q,(x,y) < q1(x,y), for all
x,y€X,and F: X x X — X, g: X — X be two mappings. Suppose that there exist a; € [0,1)
(i=1,2,3,...,10) with

a1 +ds+as +dg +as +adg +2(a; +ag) +adg +ayp<1 (2.22)
such that the condition

q1(F(x,9), F(1,v))
< mq2(gx, gu) + arq>(gy, gv) + azq> (gx, F(x,)) + aaqa (gy, F(y,x))
+asqs (gu,F(u, V)) + aeqs (gV,F(v, u)) +azq (gx, F(u, v)) +agqs (gy, F(v, u))
+ aoqs (gu, F(%,)) + a0z (gv, F (7, %)) (2.23)
holds for all x,y,u,v € X. Also, suppose we have the following hypotheses:
(i) FIX x X) Cg(X).
(i) g(X) is a complete subspace of X with respect to the quasi-partial metric q.

Then the mappings F and g have a coincidence point (x, y) satisfying gx = F(x,y) = F(y,x) =
&

Moreover, if F and g are w-compatible, then F and g have a unique common coupled
fixed point of the form (s, u).

Proof Given x,y,u,v € X. It follows from (2.23) that

q1(F(x,y), F(u,v))
< mq2(gx, gu) + arq>(gy, gv) + aszq> (g, F(x,)) + aaqa (g, F(y,x))
+asq> (gu, F(u,v)) + asqa (gv, F(v, ) + azqs (gx, F(u,v)) + asqa (g, F(v, )

+ aoqs (gu, F(x,9)) + a2 (gv, F(3, %)) (2.24)
and

q1(F(9,x), F(v,u))

< mq2(gy,gV) + arqa(gn, gu) + azq> (g, F (3, %)) + aaqa (gx, F(x, )
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+ asq (gv, F(v,u)) + asqo (gu, F(u, v))
+azqs (gy, F(v, u)) +agqs (gx,F(u, v))
+asqa (gv, F(y,%)) + aroqa (gu, F(x,)). (2.25)

Adding inequality (2.24) to inequality (2.25), we get

q1(q1 (F(x,), F(u, ) + F(, %), F(v, )
< (a1 + @) g2 (g%, gu) + 92(gy, gv)] + (a3 + aa)[q2 (g%, F(x,9)) + q2(g9, F (7, %)) ]
+ (a5 + ae)[q2 (gu, F(u,v)) + g2 (gv, F(v, u))
+ (a7 + ag)|q2 (g% F(u,v)) + g2 (gy, F(v,w)) |

+(as + a10)[q2(gu, F(x,9)) + q2(gv, F(7,%)) ] (2.26)
Therefore, the result follows from Theorem 2.1. O

Remark 2.2 If we take q;(x,y) = g2(x,y) for all x,y € X and a; = ag = a9 = ayp = 0, then
Corollary 2.2 is reduced to Corollary 2.1 of Shatanawi and Pitea [38].

Corollary 2.3 Let q; and q; be two quasi-metrics on X such that q,(x,y) < q:1(x,y), for all
x,y€X,and F: X x X — X, g: X — X be two mappings. Suppose that there exists k € [0,1)
such that the condition

78} (F(x,y), F(u, v)) + q(F(y, x), F(v, u)) < k[qz (gx,gu) + qz(gy,gv)] (2.27)

holds for all x,y,u,v € X. Also, suppose we have the following hypotheses:

(i) F(X x X) C g(X).

(i) g(X) is a complete subspace of X with respect to the quasi-partial metric q.
Then the mappings F and g have a coincidence point (x, y) satisfying gx = F(x,y) = F(y,x) =
&y

Moreover, if F and g are w-compatible, then F and g have a unique common coupled
fixed point of the form (u, u).

Remark 2.3 If we take q;(x,y) = g2(x,y) for all x,y € X, then Corollary 2.3 is reduced to
Corollary 2.2 of Shatanawi and Pitea [38].

Corollary 2.4 Let q; and g, be two quasi-metrics on X such that q,(x,y) < q1(x,y), for all
x,y€X,and F: X x X — X, g: X — X be two mappings. Suppose that there exists k € [0,1)
such that the condition

a1 (F(%,9), F(u,v)) + q(F(5,%), F(v, u)) < k[q2 (g%, F(%,)) + q2(gy, F»,%)) | (2.28)

holds for all x,y,u,v € X. Also, suppose we have the following hypotheses:
(i) FIX x X) Ccg(X).
(i) g(X) is a complete subspace of X with respect to the quasi-partial metric q.
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Then the mappings F and g have a coincidence point (x, y) satisfying gx = F(x,y) = F(y,x) =
&y

Moreover, if F and g are w-compatible, then F and g have a unique common coupled

fixed point of the form (i, u).

Remark 2.4 If we take q1(x,y) = g2(x,y) for all x,y € X, then Corollary 2.4 is reduced to
Corollary 2.3 of Shatanawi and Pitea [38].

Corollary 2.5 Let q; and q, be two quasi-metrics on X such that q2(x,y) < q1(x,y), for all
x,y€X,and F: X x X — X, g: X — X be two mappings. Suppose that there exists k € [0,1)
such that the condition

a1 (F(x,9), F(u,v)) + q(F(y,%), F(v,u)) < k[q2(gu, F(,v)) + q2(gv, F(v,u)) ] (2.29)

holds for all x,y,u,v € X. Also, suppose we have the following hypotheses:

(i) FIX x X) Cg(X).

(i) g(X) is a complete subspace of X with respect to the quasi-partial metric q.
Then the mappings F and g have a coincidence point (x, y) satisfying gx = F(x,y) = F(y,x) =
&

Moreover, if F and g are w-compatible, then F and g have a unique common coupled

fixed point of the form (i, ).

Remark 2.5 If we take q;(x,y) = g2(x,y) for all x,y € X, then Corollary 2.5 is reduced to
Corollary 2.4 of Shatanawi and Pitea [38].

Corollary 2.6 Let q and q, be two quasi-metrics on X such that q;(x,y) < q1(x,y), for
all x,ye X,and F: X x X - X, g: X — X be two mappings. Suppose that there exists
ke [0, %) such that the condition

a1 (F(x,9), F(u,v)) + q(F(y,%), F(v,)) < k[q2(gx, F(u,)) + q2(gy, F (v, u)) ] (2.30)

holds for all x,y,u,v € X. Also, suppose we have the following hypotheses:

(i) F(X x X) Cg(X).

(i) g(X) is a complete subspace of X with respect to the quasi-partial metric q.
Then the mappings F and g have a coincidence point (x, y) satisfying gx = F(x,y) = F(y,x) =
g

Moreover, if F and g are w-compatible, then F and g have a unique common coupled

fixed point of the form (u, u).

Corollary 2.7 Let q; and g, be two quasi-metrics on X such that q,(x,y) < q:(x,y), for all
x,y€X,and F: X x X — X, g: X — X be two mappings. Suppose that there exists k € [0,1)
such that the condition

q1(F(%,9), F(u,v)) + g(F (5, %), F (v, u)) < k[q2(gu, F(%,9)) + q2(gv, F(, %)) ] (2.31)
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holds for all x,y,u,v € X. Also, suppose we have the following hypotheses:

(i) F(X x X) Ccg(X).

(i) g(X) is a complete subspace of X with respect to the quasi-partial metric q.
Then the mappings F and g have a coincidence point (x, y) satisfying gx = F(x,y) = F(y,x) =
&y

Moreover, if F and g are w-compatible, then F and g have a unique common coupled
fixed point of the form (i, u).
Let g = Ix (the identity mapping) in Theorem 2.1 and Corollaries 2.1-2.7. Then we have

the following results.

Corollary 2.8 Let q; and g, be two quasi-metrics on X such that q,(x,y) < q(x,y), for all
x,y€X,and F : X x X — X be a mapping. Suppose that there exist ki, ky, ks, ka, and ks in
[0,1) with ki + ko + k3 + 2kq + ks < 1 such that the condition

q (F(x’y)iF(ur V)) U (F()/, x),F(v, M))
<k [qz(x, u) + q2(y, V)] + ky [qz (x,F(x,y)) +q2 (y, F(y, x))]
+ ks[q2 (0, F(u, ) + @2 (v, E(v ) ] + ka[q2 (%, F(w,v)) + q2 (9, E(v, ) |

+ ks[q2 (0, F(x,9)) + g2 (v, F (3, %)) | (2.32)

holds for all x,y,u,v € X. If (X, q1) is a complete quasi-partial metric space, then the map-
ping F has a unique coupled fixed point of the form (u, u).

Corollary 2.9 Let (X,q) be a complete quasi-partial metric space, F: X x X — X be a
mapping. Suppose that there exist ki, ky, k3, ky, and ks in [0,1) with ky + ky + ks +2ka + ks < 1
such that the condition

q(F(x,9), F(u,v)) + q(F(y,), F(v, )
<ki[qx u) + q0,v)] + kao[q(x, F(x,9)) + g (3, F(3,%)) |
+ ks[q(u, F(u,v)) + q(v, F(v, )] + ka[q (%, E(u, V) + q(y, E(v,0)) ]

+ ks [q(u,F(x,y)) + q(v, F(y, x))] (2.33)

holds for all x,y,u,v € X. Then F has a unique coupled fixed point of the form (u, u).

Remark 2.6 Corollary 2.9 improve and extend Corollary 2.5 of Shatanawi and Pitea [38],

the contractive condition is replaced by the new contractive condition defined by (2.35).
Corollary 2.10 Let q; and q, be two quasi-metrics on X such that q,(x,y) < q1(x,y), for
all x,y € X, and F : X x X — X be a mapping. Suppose that there exist a; € [0,1) (i =

1,2,3,...,10) with

a1 +ay +ds +dy +as +ade +2(a; +ag) +ag +apn<1 (2.34)
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such that the condition

q1(F(x,), F(u,v))
<ai1qa(x%,u) + arga(y,v) + ang( ,E(x,9)) + aaqz (v, F(y, %))
+asqy (u, F(u, v)) +asqn (v, F(v, u)) +azqs (x, F(u, v)) +asgqs (y, F(v, u))

+ asqa (1, F(%,)) + aroq2 (v, F (3, %)) (2.35)

holds for all x,y,u,v € X. If (X, q1) is a complete quasi-partial metric space. Then the map-
ping F has a unique coupled fixed point of the form (u, u).

Remark 2.7

(1) If we take q1(x, ) = q2(x, ) for all x,y € X and a; = ag = ag = aip = 0, then
Corollary 2.10 is reduced to Corollary 2.6 of Shatanawi and Pitea [38].

(2) If we take q1(x,y) = g2(x,y) forallx,y € X and a; =0 (i = 3,4,5,...,10), then
Corollary 2.10 extends Theorem 2.1 of Aydi [12] on the class of quasi-partial metric
spaces.

(3) If we take q1(x,y) = q2(x,) forall x,y € X, a1 =a, and a; =0 (i = 3,4,5,...,10), then
Corollary 2.10 extends the Corollary 2.2 of Aydi [12] on the class of quasi-partial
metric spaces.

(4) If we take q1(x,y) = qo(x,y) forallx,y € X and a; =0 (i = 1,2,4,6,7,8,9,10), then
Corollary 2.10 extends Theorem 2.4 of Aydi [12] on the class of quasi-partial metric
spaces.

(5) If we take q1(x,y) = g2(x,y) forallx,y € X and a; =0 (i = 1,2,3,4,5, 6, 8,10), then
Corollary 2.10 extends Theorem 2.5 of Aydi [12] on the class of quasi-partial metric
spaces.

(6) If we take g1(x,y) = q2(x,y) forallx,y € X, az =ayg and a; =0 (i =1,2,4,5,6,7,8,10),
then Corollary 2.10 extends Corollary 2.6 of Aydi [12] on the class of quasi-partial
metric spaces.

(7) If we take q1(x,y) = q2(x,y) forall x,y € X, a; =ag and a; =0 (i = 1,2,3,4,5,6,8,10),
then Corollary 2.10 extends Corollary 2.7 of Aydi [12] on the class of quasi-partial

metric spaces.

Corollary 2.11 Let q; and g, be two quasi-metrics on X such that q»(x,y) < q1(x,y), for all
x,y € X,and F : X x X — X be a mapping. Suppose that there exists k € [0,1) such that the
condition

78} (F(x,y),F(u, v)) + q(F(y, x), F(v, u)) < k[qz (o0, 1) + q2(ys v)] (2.36)

holds for all x,y,u,v € X. If (X, q1) is a complete quasi-partial metric space. Then the map-
ping F has a unique coupled fixed point of the form (u, u).

Remark 2.8 If we take q;(x,y) = ga2(x,y) for all x,y € X, then Corollary 2.11 is reduced to
Corollary 2.7 of Shatanawi and Pitea [38].

Corollary 2.12 Let q; and q, be two quasi-metrics on X such that q,(x,y) < q1(x,y), for all
x,y € X,and F : X x X — X be a mapping. Suppose that there exists k € [0,1) such that the

Page 13 of 17
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condition

01 (F(x,9), F(u,v)) + q(F(y,%), F(v,u)) < k[q2(x, F(x,9)) + @2 (3, F(3, %)) ] (2.37)

holds for all x,y,u,v € X. If (X, qu) is a complete quasi-partial metric space, then the map-
ping F has a unique coupled fixed point of the form (u, u).

Remark 2.9 If we take g;(x,) = g2(x,y) for all ,y € X, then Corollary 2.12 is reduced to
Corollary 2.8 of Shatanawi and Pitea [38].

Corollary 2.13 Let q; and g, be two quasi-metrics on X such that q,(x,y) < q1(x,y), for all

x,y € X, and F : X x X — X be a mapping. Suppose that there exists k € [0,1) such that the
condition

q1(F(x,9), F(u,v)) + q(F(y,%), F(v,u)) < k[q2 (4, F(u,v)) + q2 (v, F(v, u))] (2.38)

holds for all x,y,u,v € X. If (X, q1) is a complete quasi-partial metric space, then the map-
ping F has a unique coupled fixed point of the form (u, u).

Remark 2.10 If we take q;(x,y) = g2(,y) for all ,y € X, then Corollary 2.13 is reduced to
Corollary 2.9 of Shatanawi and Pitea [38].

Corollary 2.14 Let q, and q, be two quasi-metrics on X such that q,(x,y) < q1(x,y), for all

x,y € X, and F : X x X — X be a mapping. Suppose that there exists k € [0, %) such that
the condition

751 (F(x’y);F(u; V)) + Q(F(Y»x)»F(V: L{)) < k[‘]z (x7 F(M, V)) + 42 (J/, F(V’ M))] (239)

holds for all x,y,u,v € X. If (X, qu) is a complete quasi-partial metric space, then the map-
ping F has a unique coupled fixed point of the form (u, u).

Corollary 2.15 Let q; and q, be two quasi-metrics on X such that q»(x,y) < q1(x,y), for all

x,y € X,and F : X x X — X be a mapping. Suppose that there exists k € [0,1) such that the
condition

q1(F(%,9), F(u,v)) + g(F (5, %), F(v, u)) < k[q2(t, F(x,9)) + q2(v; F(7, %)) | (2.40)

holds for all x,y,u,v € X. If (X, q1) is a complete quasi-partial metric space, then the map-
ping F has a unique coupled fixed point of the form (u, u).

Now, we introduce an example to support our results.

Example 2.1 Let X = [0,1], and two quasi-partial metrics q;, g2 on X be given as

1
@(x,y)=|lx—yl+x and gqa(x,y) = 5(|x—y| +)
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forallx,y € X. Also, define F: X x X - X and g: X — X as

X+ x
F(x,y) = Yy and gx= 3

for all x,y € X. Then
(1) (X,q) is a complete quasi-partial metric space.
(2) F(X x X) CX.
(3) Fand g is w-compatible.
(4) Forany x,y,u,v € X, we have

0B Fn) + a1 (F2) + 1) = 3 (02(a0.20) + 02(29,9)-

Proof The proofs of (1), (2), and (3) are clear. Next we show that (4). In fact, for x, y,u, v € X,
we have

%(F(x;)’),F(M; V)) +Q1(F()/;x) +F(V) l/l))
_ (x+y u+tv y+x v+u
_‘h( 16 16 )”’1( 16 16 )

:%(|x+y—(u+v)|+(x+y))

1/|1 1 1
=Z(‘§(x+y)—5(u+v) +§(x+y))

1/]1 1 1 1 1 1
<—||zx—zu|+zx+|zy—=v|+ =y

4(2 27|27 27 2 ‘ 2 )

- % (42(g%, gu) + 42(gy,8v))-

Thus, F and g satisfy all the hypotheses of Corollary 2.3. So, F and g have a unique common
coupled fixed point. Here (0,0) is the unique common coupled fixed point of F and g.
O
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