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Abstract
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1 Introduction
Let E be a real Banach space with the dual space E*. Let C be a nonempty closed convex
subset of E. Let T : C — C be a nonlinear mapping. We denote by F(T) the set of fixed
points of T

A mapping T is said to be asymptotically nonexpansive if there exists a sequence {k,} C
[1,00) with k, — 1 as # — oo such that

|T"% - T"y| < killx=yl, VxyeCnx=1

The class of asymptotically nonexpansive mappings was introduced by Goebel and
Kirk [1] in 1972. In uniformly convex Banach spaces, they proved that if C is nonempty,
bounded, closed, and convex, then every asymptotically nonexpansive self-mapping 7 on
C has a fixed point. Further, the fixed point set of T is closed and convex.

A mapping T is said to be asymptotically nonexpansive in the intermediate sense (see

[2]) if it is continuous and the following inequality holds:

lim sup sup (|| T"x — T”y“ — |l —y||) <0. (1.1)
n—oo xyeC

If F(T) # ¢ and (1.1) holds for all x € K, y € F(T), then T is called asymptotically quasi-

nonexpansive in the intermediate sense. It is well known that if C is a nonempty closed

©2014 Jeong; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-

tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.


http://www.fixedpointtheoryandapplications.com/content/2014/1/199
mailto:jujeong@deu.ac.kr
http://creativecommons.org/licenses/by/2.0

Jeong Fixed Point Theory and Applications 2014, 2014:199 Page 2 of 17
http://www.fixedpointtheoryandapplications.com/content/2014/1/199

convex bounded subset of a uniformly convex Banach space E and T is a self-mapping
of C which is asymptotically nonexpansive in the intermediate sense, then T has a fixed
point (see [3]). It is worth mentioning that the class of mappings which are asymptoti-
cally nonexpansive in the intermediate sense contains properly the class of asymptotically
nonexpansive mappings.

Iterative approximation of a fixed point for asymptotically nonexpansive mappings in
Hilbert or Banach spaces has been studied extensively by many authors (see [4—6] and the
references therein).

Let E be a smooth Banach space. The function ¢ : E x E — R defined by

o, y) = lxl> = 2(x, Jy) + Iyl>,  Vx,y €L,

is studied by Alber [7]. It follows from the definition of ¢ that

(el = lIyll)* < p(x3) < (llxll + Iy1))°, V¥ € E. 1.2)

Remark 1.1
(i) If E is a reflexive, strictly convex and smooth Banach space, then for x,y € E,
¢(x,y) =0 ifand only if x = y.
(ii) If E is a real Hilbert space, then ¢(x,y) = |lx — y|2.

Let E be reflexive, strictly convex and smooth Banach space. The generalized projection
mapping, introduced by Alber [7], is a mapping Il¢ : E — C that assigns to an arbitrary
point x € E the minimum point of the functional ¢(y,x), that is, [Tcx = &, where is x is the

solution to the minimization problem
(%, x) = inf p(y, x).
yeC

A point p in C is said to be an asymptotic fixed point of T if C contains a sequence {x,}
which converges weakly to p such that lim,,_, o ||, — T%,|| = 0. The set of asymptotic fixed
points of T will be denoted by F(T). A mapping T is called relatively nonexpansive (see
[8]) if E(T) = F(T) and ¢(p, Tx) < ¢(p,x) forallx € C and p € F(T).

Recently, Matsushita and Takahashi [9] proved strong convergence theorems for ap-
proximation of fixed points of relatively nonexpansive mappings in a uniformly convex
and uniformly smooth Banach space. More precisely, they proved the following theorem.

Theorem 1.1 Let E be a uniformly convex and uniformly smooth Banach space, let C be a
nonempty closed convex subset of E, let T be a relatively nonexpansive mapping from C into
itselfand let {o,} be a sequence of real numbers such that 0 < o, <1landlimsup,,_, o, <1.
Suppose that {x,} is given by

xo=x€C,
Yn = ]_l(an]xn + (1 - an)]Txn):
H, ={z€ C:¢(z,y1) < ¢(z,x0)}, (1.3)

W,={zeC:(x,—2zJx—Jx,) >0},

Xps1 = Hp,nw,x0, n=0,1,2,...,
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where ] is the normalized duality mapping on E. If F(T) is nonempty, then {x,} converges
strongly to Ipiryxo.

In [10], Hao introduced the following iterative scheme for approximating a fixed point
of asymptotically quasi-¢-nonexpansive mappings in the intermediate sense in a reflexive,
strictly convex and smooth Banach space E: %y € E, C; = C, x; = [1¢; %0,

Yn = ]_1(01;1]967, + (1 - an)]Tnxn)’
Cu1={z€Cy: ¢(Z»yn) <@z, %,) + &4},

Xn+l = HC,Hlxl, n :1,2,...,

where &, = max{0, Sup () xcc(@ (@, T"x) - $(p, x))}.

Motivated and inspired by the works mentioned above, in this paper, we introduce a
new iterative scheme of the generalized f-projection operator for finding a common ele-
ment of the set of fixed points of asymptotically quasi-¢-nonexpansive mappings in the
intermediate sense and the solution set of generalized equilibrium problem in a uniformly
smooth and strictly convex Banach space with the Kadec-Klee property.

2 Preliminaries
Let E be a real Banach space with the norm || - || and let E* be the dual space of E. The
normalized duality mapping J : E — 2F" is defined by

J@x) = {f € E*: (x,f) = 1> = If1I°}-

By the Hahn-Banach theorem, /(x) is nonempty.
A Banach space E is called strictly convex if || % | <1 for all x,y € U with x #y, where
U ={x € E: ||x|| =1} is the unit sphere of E. A Banach space E is called smooth if the limit

x+tyl| - ||x
lim llx + eyl = llxll

t—>00
exists for each x,y € U. It is also called uniformly smooth if the limit exists uniformly for
all v,y € U. In this paper, we denote the strong convergence and weak convergence of a

sequence {x,} by x, — x and x,, — x, respectively.

Remark 2.1 The basic properties of a Banach space E related to the normalized duality
mapping J are as follows (see [11]):
(1) If E is a smooth Banach space, then J is single-valued and semicontinuous;
(2) If E is a uniformly smooth Banach space, then J is uniformly norm-to-norm
continuous on each bounded subset of E;
(3) If E is a uniformly smooth Banach space, then E is smooth and reflexive;
(4) If E is a reflexive and strictly convex Banach space, then J 7! is
norm-weak*-continuous;

(5) E is a uniformly smooth Banach space if and only if E* is uniformly convex.

Recall that a Banach space E has the Kadec-Klee property if for any sequence {x,} C E
and x € E with x,, = x and ||x,|| — ||«||, then ||x, — x|| = 0 as n — oo. It is well known
that if E is a uniformly convex Banach space, then E has the Kadec-Klee property.
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Definition 2.1 A mapping T : C — C is said to be
(1) quasi-¢-nonexpansive if F(T) # ¢ and

¢(p: Ix) < ¢(p, %)

forallx € C and p € F(T);
(2) asymptotically quasi-¢-nonexpansive in the intermediate sense if F(T) # ¢ and

limsup sup (¢(p, T"x) - p(p,x)) <0
n—00 peF(T)xeC

put

&, = maX{O, sup (¢ (p, T”x) -o(p, x)) }

peF(T)xeC

Remark 2.2 From the definition of asymptotically quasi-¢-nonexpansiveness in the in-
termediate sense, it is obvious that &, — 0 as # — oo and

o(p, T"x) < Pp(p,x) + &1 VpeF(T),x€C.
Recall that T is said to be asymptotically regular on C if for any bounded subset K of C,
limsup{ | 7""x - T"x| : x € K} = 0.
n—00

Definition 2.2 A mapping T : C — C is said to be closed if for any sequence {x,} C C
with x, - x and Tx,, — y, Tx = y.

Following Alber [7], the generalized projection I1¢ : E — C is defined by
Mc(x) = {u e C:p(u,x) = mind)(y,x)}, Vx € E.
yeC

In 2006, Wu and Huang [12] introduced a generalized f-projection operator in a Banach
space, which extends the definition of the generalized projection Il¢. Let G: C x E* —
R U {+00} be a functional defined as follows:

G, W) = 511> = 20, W) + I1WI|* + 201 (9)

for all (y,w) € C x E*, where p is a positive number and f : C — R U {+o0} is proper,
convex, and lower semicontinuous. From the definition of G, it is easy to see the following
properties:

(i) G(y,w) is convex and continuous with respect to w when y is fixed;

(ii) G(y,w) is convex and lower semicontinuous with respect to y when w is fixed.

Definition 2.3 ([13]) Let E be a real smooth Banach space and let C be a nonempty closed
and convex subset of E. We say that l'lfC : E — 2C€ is a generalized f-projection operator if

chx = {u € C:G(u,Jx) = inf G(y, Jx),Vx € E}.
yeC
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Lemma 2.1 ([14]) Let E be a Banach space and f : E — R U {+o0} be a lower semicontin-
uous and convex function. Then there exist x* € E* and o € R such that

flx) > (x,x*) +a
forallx € E.

Lemma 2.2 ([13]) Let E be a reflexive smooth Banach space and let C be a nonempty closed
convex subset of E. The following statements hold:

(1) l'[fcx is a nonempty closed convex subset of C for all x € E;

(2) Forallxe F,x € l'Ifo if and only if

x—y,Jx=Jx) + pf ¥) — of(*) = 0

forally e C;
(3) IfE is strictly convex, then I'IfC is a single-valued mapping.

Let 0 be a bifunction from C x C to R, where R denotes the set of real numbers. The
equilibrium problem is to find x¥ € C such that

0(x,y) =0 (2.1)

for all y € C. The set of solutions of (2.1) is denoted by EP(6).

For solving the equilibrium problem for a bifunction 6 : C x C — R, let us assume that
0 satisfies the following conditions:

(A1) O(x,x) =0 forallx € C;

(A2) 6 is monotone; ie., O(x,y) + 0(y,x) <0 for all x,y € C;

(A3) forallx,y,z e C,

1ti£9(tz +(1-t)x,y) < 0(x,);

(A4) forallx € C, y— 6(x,y) is convex and lower semicontinuous.

Lemma 2.3 ([15]) Let C be a closed convex subset of a uniformly smooth, strictly convex,
and reflexive Banach space E and let 6 be a bifunction from C x C to R satisfying the
conditions (A1)-(A4). For all r > 0 and x € E, define a mapping T? : E — C as follows:

1
TOx = {ze C:0zy)+-(y—zJz—Jx)>0,Vy e C}.
r

Then the following conclusions hold:
() TY is single-valued,;
(2) TY is a firmly nonexpansive-type mapping, i.e., for all x,y € E,
(Tfx— Ty, )T %~ JTy) < (T)x - T}y, Jx— Jy);

(3) E(T?) = EP(9) is closed and convex;
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(4) T? is quasi-¢p-nonexpansive;
(5) ¢(q, T7x) + (T} x,%) < $(q,%), ¥q € F(T}).

Lemma 2.4 ([10]) Let E be a reflexive, strictly convex and smooth Banach space such that
both E and E* have the Kadec-Klee property. Let C be a nonempty closed convex subset
of E. Let T : C — C be a closed and asymptotically quasi-¢-nonexpansive mapping in the
intermediate sense. Then F(T) is a closed convex subset of C.

Lemma 2.5 ([13]) Let E be a real reflexive smooth Banach space and let C be a nonempty
closed and convex subset of E. Then, for any x € E and x € I'Ijéx,

¢ (%) + G(x,Jx) < G(y,Jx)
forallyeC.

3 Main results
Theorem 3.1 Let E be a uniformly smooth and strictly convex Banach space with the
Kadec-Klee property. Let C be a nonempty closed convex subset of E. Let 6 be a bifunc-
tion from C x C to R satisfying the conditions (Al)-(A4). Let T : C — C be a closed and
asymptotically quasi-p-nonexpansive mapping in the intermediate sense. Assume that T
is asymptotically regular on C, F = F(T) N EP(0) is nonempty, and F(T) is bounded. Let
f+E— R* be a convex and lower semicontinuous function with C C int(D(f)) and f(0) = 0.
Let {a,} be a sequence in [0,1] and {B,}, {y.} be sequences in (0,1) satisfying the following
conditions:
(i) an+Butyn=1
(i) lim,_ s @) = 0;
(iii) 0 <liminf,_ s B, <limsup,_, o, Bn < 1.
Let {x,} be a sequence generated by

x1 € E chosen arbitrarily,

C =C,

Y =T Ny + BT % + V%),

un € C such that 0(un,y) + o (y =ty Jty = Jya) = 0, Vy€C,
Cui1 = {2z € Cy: G(z,Juy) < anGlz,Jx1) + (1 - ) G(z, Jxn) + &4},

S
Xp+l = Hcmlxl: Yn=>1,

(3.1)

where &, = max{0, SUp,cr(7)xec(@®, T"x) — ¢(p,x)}, {r} is a real sequence in [a,c0) for
somea>0and T  isthe generalized f-projection operator. Then {x,} converges strongly
to Hf}-xl.

Proof It follows from Lemma 2.3 and Lemma 2.4 that F is a closed convex subset of C, so
that I"If}-x is well defined for any x € C.

We split the proof into six steps.

Step 1. We first show that C, is nonempty, closed, and convex for all n > 1.

In fact, it is obvious that C; = C is closed and convex. Suppose that C, is closed and
convex for some n > 2. For z1,z, € C,,,1, we see that z1,z, € C,,. It follows that z = £z + (1 -
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t)zo € C,, where t € (0,1). Notice that

Gz, Jun) < @nG(z1,Jx1) + (1 - 0,) G(21, ) + &y
and

G(z2,Jun) < 0nG(22,J21) + (1 — 0n) G(22, Jotn) + .
The above inequalities are equivalent to

20, (z1,Jx1) + 2(1 — o) {z1, Jn) — 221, Jub)

<alrll® + @ =) lxal? = llug )l + &, (3.2)
and

20, (z2, J1) + 2(1 — &) (22, Jx,) — 2{20, Jut,y)

< ayllxall” + (1= o) all” = o6l + 5 (3.3)
Multiplying £ and 1 — ¢ on both sides of (3.2) and (3.3), respectively, we obtain

20[71 <Z,].X1> + 2(1 - an)<Z’]xn) - 2(2,]%,,)

<agllwll® + @ =) lwnll® = lluall® + &
Hence we have
G(z,Ju,) < o, G(z,Jx1) + 1 — ) G2, Jx,) + &

This implies that C,,; is closed and convex for all # > 1. This shows that Hjémxl is well
defined.

Step 2. We show that 7 C C,, for all n > 1.

For n = 1, we have F C C; = C. Now, assume that 7 C C, for some n > 2. Let g € F.
Since T is asymptotically quasi-¢-nonexpansive with intermediate sense, we have from
Remark 2.2 and Lemma 2.3 that

Glg, Jun) = G(q,J T}, )
=¢(q, T yu) +20f (@)
<¢(q,yn) +20f(q)
= G(q,Jyn)
= G(q, anf1 + B T"%y + ViJn)
= llgl* = 20n{q, 1) = 2Bl JT" %) — 27, (q, Jn)
+ @ + BT, + vl + 20f (@)

< llql1* = 20, (q, 1) = 2Bul@, T T" %) — 27 (G J6)
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+ ola | + BT T | + vl el + 20f ()
= a,G(q,J%1) + BuG(q,JT" %) + vuG(q, Jn)
= a,G(q,Jx%1) + Bu{d (g, T"%4) + 20f (@)} + vuG(q, &)
< 0,G(q,J%1) + Bu{®(q,%4) + &1 + 20f (@)} + vuG(q, Jx)
< anG(q,Jx%1) + BnG(q,J%n) + YnG(q,J%n) + &1
= a,G(q, Jx1) + (1 = ) G(q, Jxn) + &y
which shows that g € C,,,;. This implies that F C C,,; and so F C C, for all n > 1.

Step 3. We prove that {x,,} is bounded and lim,,_, o, G(x,,, Jx1) exists.
By Lemma 2.1, we have the result that there exist x* € £* and @ € R such that

Sx) > (xx") + .
Since x,, € C,, C E, it follows that

G, J1) = (1261 = 202, J1) + 1211 + 207 ()
> [loull® = 2, Jx1) + %1]1% + 2p(, 5*) + 2p0x
= 12 = 2 1 — o) + 12 + 2
> (% ll* = 2112l [ Joer = o™ || + [l 1* + 200

= (Il = s = o) + Wl = s = p* | + 2.
Forallge F and x, = Hfénxl, we have

G(q:]xl) = G(xm]xl)
> (Ilwall = 1 = o) + lla | = s — o > + 200

This implies that the sequence {x,} is bounded and so is {G(x,,/x;)}. From (1.2) and

Lemma 2.5, we obtain
0 = (||x}’l+1|| - ”xn”)z = ¢(xn+1;xn) = G(xnﬂ»]xl) - G(xm]xl)~ (34)

This shows that {G(x,,/x1)} is nondecreasing. It follows from the boundedness that
lim,,_, oo G(x,, Jx1) exists.

Step 4. Next, we prove that x, — %, y, — %, and u,, — X as n — 00, where x is some
point in C.

By (3.4), we obtain

nhenc}o O Kni1,%,) = 0. (3.5)

Since {x,} is bounded and E is reflexive, we may assume that x,, — x as n — o0o. Since C,, is
closed and convex, we find that ¥ € C,,. From the weak lower semicontinuity of the norm

Page 8 of 17
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and x,, = l'lfcnxl, we obtain

G(®,Jx1) = [IFI|> - 2(% Jar) + [l |2 + 20f (&)
< liminf{ 12 = 20, 1) + |2 + 2f (5}
= liminf G(x,, Jx;)
n— 00

< limsup G(x,, Jx;)

n—00

S G(Q_C!]xl)y
which implies that lim,,_, o, G(x,,, Jx1) = G(%, Jx;). From Lemma 2.5, we obtain

0 < (Il - llx.11)*
< X, xy,)

= G(J_C)]xl) - G(xm]xl)'

Hence we have lim,_, « [|x, || = ||]|. In view of the Kadec-Klee property of E, we find that
lim x, = x. (3.6)
n—0o0

And we have
lim ||x, — x4l = 0.
n— 00
Since J is uniformly norm-to-norm continuous, it follows that
lim ||/x,; — Jxu.1ll = 0.
n—00
From x,,,1 = l'[fcmlxl € Cyy1 C C, and (3.1), we have
G(xn+1:]l'ln) = anG(erl:]xl) + (1 - an)G(xn+l;]xn) + Sn'
This is equivalent to the following:
O Xni1, Un) < W (Fyi1,%1) + (L= )P (X1, %) + & (3.7)
Due to (3.5), (3.7), the assumption (ii), and Remark 2.2, we have
lim ¢(xn+1y u,) =0.
n—0Q
By (1.2), it follows that

ot |l — 11l (3.8)

Page9of 17
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as n — 00. Since J is uniformly norm-to-norm continuous, we obtain

utnll — 1|l (3.9)

as n — oo. This implies that {||Ju,||} is bounded in E*. Since E* is reflexive, we assume
that Ju,, — u € E* as n — 00. In view of J(E) = E*, there exists u € E such that Ju = u. This
implies that Ju,, — Ju. We have

2 2
¢(xr1+1: un) = ”xn+1” - 2(xn+1;]’4n> + ”un”

2 2
= % ll” = 20001, Jut) + Juay||”.

Taking liminf,_, o on both sides of the equality above, this yields

0> [XI* - 2%, @) + |ml|®
= &> - 2(&, Ju) + |Jual|?
= [11% - 2%, Ju) + [[u])?
= ¢(x,u),

which shows that ¥ =  and so Ju,, — Jx. It follows from (3.9) and the Kadec-Klee property

of E* that Ju,, — Jx as n — 00. Since J~! is norm-weak-continuous, we have

Uy, — X. (3.10)
From (3.8), (3.10), and the Kadec-Klee property of E, we have

lim u, =x. (3.11)

n—00

On the other hand, we see from the weak lower semicontinuity of the norm that

d(@:%) = 91> - 2(q,J%) + %]
<liminf(|lq]* - 2(q, Jun) + l|4a]*)
= liminf ¢(q, u,)

< limsup ¢(q, u,)

n—o0

= limsup(llqll - 2(q, Jutn) + l|44])
n— 00

S ¢(q’ E)r

which implies that

im ¢(q, u,) = ¢(q,%). (3.12)


http://www.fixedpointtheoryandapplications.com/content/2014/1/199

Jeong Fixed Point Theory and Applications 2014, 2014:199 Page 11 of 17
http://www.fixedpointtheoryandapplications.com/content/2014/1/199

By (3.6) and (3.11), we obtain lim,_, ||x, — 4| = 0. The uniform continuity of / on

bounded sets gives
n—00
Now, using the definition of ¢, we have, for all g € F,

¢(qrxn) - ¢(% un) = ||xn||2 - ||14n||2 - Z(Q,an _]un>

< 1% = sl (1%l + N2tnll) + 2011 Vo6 = Tt .
From (3.13), we obtain

¢(q1xn) - ¢(q’ uy) =0

as n — 00. By (3.12), it follows that
lim ¢(g,x,) = $(g,%). (3.14)
Hence, for any g € F C C,,, it follows from the convexity of || - || and Lemma 2.3 that

&g, tn) = (2, T yn)
= 0(qyn)
= ¢(q, ] (enfrr + BT %0 + YiJ&n) )
= llqlI* = 2(g, auJr + B T" % + ViuJotn)
+ s + B T, + vl
< llqll = 20 (g, Jx1) = 2Bul @, JT" %) = 27 (q> Jin)
ol + BT | * + il 2
= 0 p(q,%1) + Bud (2, T"%0) + V(%)
< aud(q,x1) + Bu(B(q, %) + £1) + Vud (%)
< auP(q 1) + (1 = n)p(q, %) + & (3.15)

From (3.12), (3.14), (3.15), Remark 2.2, and the assumption (ii), we obtain
lim ¢(q,y,) = ¢(q,%).
From Lemma 2.3, we see that for any g € 7 and u,, = Tfnyy,,

(v yn) = ¢(Tr6nyn’yn)
<@y - (a0, T,yn)
= ¢(qun) - ¢(qr un)~
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Taking n — oo on both sides of the inequality above, we have
lim ¢(uy,y,) = 0.
n—00
From (1.2), we have (||u,| — [yx]1)> — 0 as n — oo. By (3.8), we have
vl = lI%] (3.16)

as 1 — 00, and so

yull = 1%l (3.17)

as n — oo. That is, {||Jy.||} is bounded in E*. Since E* is reflexive, we can assume that
Jyn — y* € E* as n — oo. In view of J(E) = E*, there exists y € E such that Jy = y*. It follows
that

I

¢(un!yn) = ||Mn||2 _2<un!]yn> + ”yn
= ”un”2 = 2(tn, Jyn) + ||/}’n||2'

Taking liminf,_, o, on both sides of the equality above, it follows that

0> 1% - 2(%y*) + Iy*11?
= 1% = 2% Jy) + Uyl
= [1&11% = 2%, Jy) + llyll®
=P, ).

From Remark 1.1, x = y, i.e., y* = Jx. It follows that Jy, — Jx € E* as n — oo. From (3.17)
and the Kadec-Klee property of E*, we have

Jyn — Jx

as n — o0. Since /7! is norm-weak*-continuous, y, — X as # — o0o. From (3.16) and the
Kadec-Klee property of E, we have

lim y, =x.

n—00

Step 5. We show that x € F.
By Step 4, we get

lim ||z, = ¥ull = 0.
n—00
The uniform continuity of / on bounded sets gives

Tim iy~ Jyl = 0. (318)
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From the assumption 7, > a and (3.18), we see that w — 0 as n — o00. But from (A2)
and (3.1), we note that

1
l"_(y— Uy, Uy _]yn) > _Q(Mnry) = 9()/; un); Vy eC

n
and hence

it — Iyl
lly - unuriy > 00, u), VyeC,

n

which implied that 6(y,x) <0 forally e C.Puty, =ty+ (1 —t)x forallt € (0,1] and y € C.
Then we get y; € C and 0(y;, %) < 0. Therefore, from (Al) and (A4), we obtain

0=0ny:) <tb(y,y) + 1 -1)0(y:, %)

f te(ytry)

Thus, 6(y;,y) > 0 for all y € C. Furthermore, as t — 0o, we have from (A3) that 6(x,y) > 0
for all y € C. This implies that x € EP(6).
Finally, we show that x € F(T). In view of y, = J ™ (et,.Jx1 + B.JT"%, + YuJx,), we find that

]un _]yn = an(]un _]xl) + ,Bn (]un _]Tnxn) + yn(]’/tn _]xn)~
Hence we have

BTt =TT | < Wtk = JEN + F = Tyl + tull it — 1 |

+ VullJthn = Ju -

From the assumptions (ii), (iii), and (3.13), we have

Tim |, — JT" x4 | = 0. (3.19)
Notice that

T = T|| < |JT"%0 = Tt | + Wt = JI.
This implies from (3.19) that

Tim |77, — JZ| = 0. (3.20)
The demicontinuity of /! : E* — E implies that 7"x, — X as n — 0o. We have

7]~ ] = [T - W] < T, ~ 2],

With the aid of (3.20), we see that lim,,_, » || 7"x,,|| = ||%||. Since E has the Kadec-Klee prop-
erty, we find that

lim || 7"x, - %| = 0. (3.21)

n—00
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Since

|77, ~%] < | 775, — T, | + | 772, -3

we find from (3.21) and the asymptotic regularity of T that

lim | 7", - % =0,
n—00

ie, TT"x,—x — 0asn — o0. It follows from the closedness of T that Tx = x. So,x € F(T)
and hence x € F = F(T) N EP(9).

Step 6. We show that x = I'If}-xl and so x,, — l'[f]_-xl as n — o0.

Since F is a closed convex set, it follows from Lemma 2.2 that l'Iffxl is single-valued,
which is denoted by x. By the definition of x,, = chnxl and x € F C C,, we also have

G(xm]xl) = G(JC; ]xl)

for all n > 1. By the definition of G, we know that for any x € E, G(u, Jx) is convex and lower
semicontinuous with respect to # and so

G(%, Jx1) <liminf G(x,, Jx1)
n—0oQ

< limsup G(x,, Jx;)

n—00

< G(x,Jx1).
From the definition of Hj;xl and x € F, we conclude that
X=X= l'Iffxl
and x, — x = Hffxl as n — 00. This completes the proof. d

Remark 3.1
(i) Iff =0, then G(x,Jy) = ¢(x,y) and I'Ifcn =Tlg¢,.
(i) If wetakef =0,60=0, u, = y,, and o, = 0 for all n € N, then the iterative scheme
(3.1) reduces to the following scheme:

%o € E chosen arbitrarily,

G =G,

Y =T BT % + (1= B)Jcn),

Cun ={z € Cy: ¢z, y) < P(2,%4) + &},

Xn+l = HC,Hlxl; Vn>1,

where &, = max{0, Sup,, F(Tyxec @, T"x) — ¢(p,x))}, which is the algorithm
introduced by Hao [10] and an improvement to (1.3).

If T is quasi-¢-nonexpansive, then Theorem 3.1 is reduced to following without the
boundedness of F(T) and the asymptotically regularity of T
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Corollary 3.1 Let E be a uniformly smooth and strictly convex Banach space with the
Kadec-Klee property. Let C be a nonempty closed convex subset of E. Let 6 be a bifunction
from C x C to R satisfying the conditions (A1)-(A4). Let T : C — C be a closed and quasi-
¢-nonexpansive mapping. Assume that F = F(T) N EP(0) is nonempty. Let f : E — R* be
a convex and lower semicontinuous function with C C int(D(f)) and f(0) = 0. Let {«,,} be a
sequence in [0,1] and {B,}, {y.} be sequences in (0, 1) satisfying the following conditions:
©) an+Putyn=1
(if) lim,_ o oty = 0;
(iii) 0 <liminf,_~ B, <limsup,_, ., Bx < 1.

Let {x,} be a sequence generated by

x1 € E chosen arbitrarily,

G =C,

Y =T H@uIx1 + B Ty + yuJxn)

u, € C such that 0(u,,y) + i(y— Up, Juby = Jyn) >0, VyeC,
Cun ={z € Cy: Gz, Jun) < anGlz, Jx1) + (1 - 00)G(2,Jx4)},

S
Xn+l = chﬂxl’ Vn > 11

where {r,} is a real sequence in [a,c0) for some a > 0 and Han+1 is the generalized f-

projection operator. Then {x,} converges strongly to l'Ifol.

Remark 3.2
(i) By Remark 3.1, Theorem 3.1 extends Theorem 2.1 of Hao [10].
(i) Theorem 3.1 generalizes Theorem 3.1 of Matsushita and Takahashi [9] in the
following respects:
+ from the relatively nonexpansive mapping to the asymptotically
quasi-¢-nonexpansive mapping in the intermediate sense;
« from a uniformly convex and uniformly smooth Banach space to a uniformly
smooth and strictly convex Banach space with the Kadec-Klee property;
(ili) in view of the mappings and the frame work of the spaces, Theorem 3.1 generalizes
and improves Theorem 3.1 of Ma et al. [16], Theorem 3.1 of Qin et al. [17],
Theorem 3.1 of Qing and Lv [18] and Theorem 3.1 of Saewan [19].

We now provide a nontrivial family of mappings satisfying the conditions of Theo-

rem 3.1.

Example 3.1 Let E = R with the standard norm || - || =|-|and C=[0,1].Let T: C — C
be a mapping defined by

1
Tx=12
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We first show that 7 is an asymptotically quasi-¢-nonexpansive mapping in the interme-
diate sense with F(T) = {0} # ¢. In fact, for p = 0 € F(T), we have

o(p, T"x) = [0 - T"x|°

1
<10-x*=¢(px), Vxe [0, —]
and

(l)(p, T”x) = |O - T”x|2

=0

1
<10-x?=9¢(p,x), Vxe (—,1].
Therefore, we have

limsup sup (¢(p, T"x) — p(p,x)) <O.
n—00 peF(T)xeC

Next, we define a bifunction 6 : C x C — R satisfying the conditions (Al1)-(A4) by

6(x,y) = y* —x°.

Then the set of solutions EP(6) to the equilibrium problem for 6 is obviously {0}. Since
F =F(T)NEP(A) # ¢ and F(T) is bounded, it follows from Theorem 3.1 that the sequence
defined by (3.1) converges strongly to HJ;_-xl.
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