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Abstract

In this paper, we first establish a strong convergence theorem for a variational
inequality problem over split fixed point sets of a finite family of strict
pseudo-nonspreading mappings and a countable family of quasi-nonexpansive
mappings. As applications, we establish a strong convergence theorem of split fixed
point sets of a finite family of strict pseudo-nonspreading mappings and a countable
family of strict pseudo-nonspreading mappings without semicompact assumption
on the strict pseudo-nonspreading mappings. We also study the variational inequality
problems over split common solutions of fixed points for a finite family of strict
pseudo-nonspreading mappings, fixed points of a countable family of
pseudo-contractive mappings (or strict pseudo-nonspreading mappings) and
solutions of a countable family of nonlinear operators. We study fixed points of a
countable family of pseudo-contractive mappings with hemicontinuity assumption,
neither Lipschitz continuity nor closedness assumption is needed.

Keywords: hierarchical problems; split feasibility problem; fixed point problem; strict
pseudo-nonspreading mappings; pseudo-contractive mappings

1 Introduction
The split feasibility problem (SFP) in finite dimensional Hilbert spaces was first introduced
by Censor and Elfving [1] for modeling inverse problems which arise from phase retrievals
and in medical image reconstruction. Since then, the split feasibility problem (SFP) has
received much attention due to its applications in signal processing, image reconstruction,
with particular progress in intensity-modulated radiation therapy, approximation theory,
control theory, biomedical engineering, communications, and geophysics. For example,
one can see [2-5].

Let C be a nonempty closed convex subset of a real Hilbert space H; with the inner
product (-, -) and the norm || - ||.

Let f be a contraction on C, let T : C — C be a nonexpansive mapping and {«,} be a
sequence in [0,1]. In 2004, Xu [6] proved that under some condition on {«,,}, the sequence
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{x,} generated by
KXpa1 = Ofx, + (1 —a,) Tx,

strongly converges to x* in Fix(T') which is the unique solution of the variational inequality
(U -f)x*,x—x*) >0

for all x € Fix(T).
Xu [7] studied the following minimization problem over the set of fixed point set of a

nonexpansive operator T on a real Hilbert space Hi:

1
min —(Bx,x) — (a,x),
x€Fix(T)
where 4 is a given point in H; and B is a strongly positive bounded linear operator on H;.
In [7], Xu proved that the sequence {x,} defined by the following iterative method:

Xpe1 = [ — a,B)Tx, + a,a

converges strongly to the unique solution of the minimization problem of a quadratic func-
tion.

Let H;, Hy be two real Hilbert spaces, A : H; — Hj be a bounded linear operator, {S;}7° :
H; — Hj be an infinite family of k;-strictly pseudo-nonspreading mappings and {7;}¥, :
H, — H, be a finite family of p;-strict pseudo-nonspreading mappings, C = [, Fix(S))
and Q = ﬂf\il Fix(T;), Chang et al. [8] studied the following iterative sequence.

Let {x,} C H; be defined by

x1 € C chosen arbitrarily,
Yn = - VA*(I - Tn(modN))A]xn:
Xpsl = Aopn + O iy GinSipyn forallm>1,

where S; 5 = I + (1 - B)S;, B € (0,1) is a constant, I is an identity function on H.

Chang et al. [8] proved a weak convergence theorem to the solution of the following
problem: Find x € C, Ax € Q.

In addition, if there exists some positive integer m such that S,, is semicompact, then
{x.}, {yn} converge strongly to a point x € I" = {x € C,Ax € Q}. In 2013, Tang [9] studied
common solutions of fixed points of continuous pseudo-contractive mappings and zero
points of the sum of monotone mappings. In 2014, Zegeye and Shahzad [10] and Yao et al.
[11] studied common solutions of fixed points of Lipschitz continuous pseudo-contractive
mappings and zero points of the sum of monotone mappings. Wangkeree and Nammanee
[12] studied common solutions of fixed points of continuous pseudo-contractive map-
pings and solutions of a continuous monotone variational inequality.

In 2013, Cheng et al. [13] constructed a three-step iteration and obtained a con-
vergence theorem for a countable family of uniformly Lipschitz and uniformly closed
pseudo-contractive mappings. Deng [14] constructed another iteration and obtained a
convergence theorem for a countable family of closed and Lipschitz pseudo-contractive
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mappings. Both the results of Cheng et al. [13] and Deng [14] used too strong conditions
to study common fixed points of a countable family of pseudo-contractive mappings. The
fixed point theorems of pseudo-contractive mappings in the literature assumed the Lips-
chitz continuous condition; see, for example, [15, 16].

Motivated and inspired by the above results, in this paper, we first establish a strong
convergence theorem for a variational inequality problem over split fixed point sets of
a finite family of strict pseudo-nonspreading mappings and a countable family of quasi-
nonexpansive mappings. As applications, we establish a strong convergence theorem of
split fixed point sets of a finite family of strict pseudo-nonspreading mappings and a count-
able family of strict pseudo-nonspreading mappings without semicompact assumption on
the strict pseudo-nonspreading mappings. We also study the variational inequality prob-
lems over split common solutions of a fixed point for a finite family of strict pseudo-
nonspreading mappings, fixed points of a countable family of pseudo-contractive map-
pings (or strict pseudo-nonspreading mappings) and solutions of a countable family of
nonlinear operators. We study a fixed point of a countable family of pseudo-contractive
mappings with hemicontinuity assumption, neither Lipschitz continuity nor closedness

assumptions is needed.

2 Preliminaries
Throughout this paper, let N be the set of positive integers, and let R be the set of real
numbers, H; be a (real) Hilbert space. Let (-,-) and || - || denote the inner product and the
norm of Hj, respectively. Let C be a nonempty closed convex subset of H;. We denote the
strong convergence and the weak convergence of {x,} to x € H; by x, — x and x, — x,
respectively.

Let T : C — H; be a mapping, and let Fix(T) := {x € C: Tx = x} denote the set of fixed
points of 7. A mapping T : H; — H is called

(i) pseudo-contractive if for each x,y € Hy, we have (Tx — Ty,x — y) < |lx — y||%.
Note that the above inequality can be equivalently written as

| T — Ty|1? < llx - y|I> + H I-Tx-(- T)yH2 for all x,y € Hy;

(i) a k-strictly pseudo-contractive mapping if there exists a constant k € [0,1) such
that (x —y, Tx — Ty) < |lx = y||> = k|| = T)x — (I = T)y|? for all x,y € Hy;
(ili) nonexpansive if || Tx — Ty|| < ||x — y|| for all x,y € Hy;
(iv) firmly nonexpansive if || Tx — Ty < llx — 11> = |(I = T)x — (I — T)y||? for every
x,y€C;
(v) quasi-nonexpansive if Fix(7T) # ¥ and || Tx — p|| < |lx — p|| for all x € H3, p € Fix(T);
(vi) nonspreading [17] if 2| Tx — Ty||> < | Tx — y|* + | Ty — x||? for all x, y € H, that is,
| Tx — Ty||? < lx = y||? + 2{x — Tx,y — Ty) for all x, y € Hy;
(vil) a-strictly pseudo-nonspreading [18] if there exists « € [0,1) such that

2
ITx = TylI* < lx—yl> + || = Tx = (y = Ty) | + 24 = T,y — Ty)
for all x,y € Hy;

(viii) strongly monotone if there exists y > 0 such that (x -y, Tx — Ty) > y|lx — y||? for
all x,y € Hy;
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(ix) Lipschitz continuous if there exists L > 0 such that || Tx — Ty|| < L||x — y|| for all
x,y € Hj;
(x) hemicontinuous ([19], p.204) if, for all x,y € H;, the mapping g : [0,1] — H;
defined by g(¢) = T(¢x + (1 — t)y) is continuous, where H; has a weak topology;
(xi) a-inverse-strongly monotone if (x —y, Vx — Vy) > a| Tx — Ty||? for all x,y € H; and
o>0;
(xi) monotone if (x —y, Tx — Ty) > 0 for all x,y € H;.
We also know that (i) if V' is an «-inverse-strongly monotone mapping and 0 < A < 2,
then I — AV : C — H; is a nonexpansive mapping; (ii) if V' is a monotone mapping, then
T =1-V:C— H is a pseudo-contractive mapping.

Let T': C — H; be a mapping. Then p € C is called an asymptotic fixed point of T [20]
if there exists {x,} € C such that x, — p, and lim,,_, , ||%, — Tx,|| = 0. We denote by Fix(7)
the set of asymptotic fixed points of 7. A mapping T : C — H is said to be demiclosed if
it satisfies Fix(T) = Fix(7).

Let B: H; — H; be a multivalued mapping. The effective domain of B is denoted by
D(B), that is, D(B) = {x € H, : Bx # (}.

Then B: H; — H; is called

(i) a monotone operator on H if (x —y,u —v) > 0 for all ,y € D(B), u € Bx, and v € By;

(i) a maximal monotone operator on H; if B is a monotone operator on Hj and its

graph is not properly contained in the graph of any other monotone operator on Hj.

For a maximal monotone operator B on H; and r > 0, we may define a single-valued
operator J, = (I + rB)™ : H; — D(B), which is called the resolvent of B for r. Let B710 =
{x € H, : 0 € Bx}.

The following lemmas are needed in this paper.

A mapping T : Hy — H; is said to be averaged if T = (1 — @)] + «S, where « € (0,1)
and S : H; — H; is nonexpansive. In this case, we also say that T is «-averaged. A firmly

nonexpansive mapping is %-averaged.

Lemma 2.1 [5, 21] Let T : C — C be a mapping. Then the following are satisfied:
(i) T is nonexpansive if and only if the complement (I — T) is 1/2-ism.
(i) IfS is v-ism, then, for y >0, yS is v/y-ism.
(iii) S is averaged if and only if the complement I — S is v-ism_for some v > 1/2.
(iv) If S and T are both averaged, then the product (composite) ST is averaged.
(v) If the mappings {T;}, are averaged and have a common fixed point, then
N, Fix(T;) = Fix(T; - - - T,,).

Lemma 2.2 [22] Let V : Hy — H, be a y-strongly monotone and L-Lipschitz continuous
operator withy >0and L > 0. Let 6 € Hy and V : H — Hj such that Vix = Vx—0. Then V;
is a y -strongly monotone and L-Lipschitz continuous mapping. Furthermore, there exists
a unique fixed point z in C satisfying zo = Pc(zo — Vzo + 0). This point zo € C is also a
unique solution of the hierarchical variational inequality

(Vzo—0,9—20) >0, VgeC.

Lemma 2.3 [19] Let B: H; — H; be maximal monotone.
(i) Foreach >0, ]g is single-valued and firmly nonexpansive.
(i) DUE) = Hy and Fix(J§) = {x € D(B): 0 € Bx}.
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Lemma 2.4 [23] Let {a,} be a sequence of real numbers such that there exists a subse-
quence {n;} of {n} such that a,, < a,. for all i € N. Then there exists a nondecreasing
sequence {my} C N such that my — oo and the following properties are satisfied by all
(sufficiently large) numbers k € N:

Ay < A1 aNAd - Ag < gy
In fact, my = max{j < k: a; < aj,1}.

Lemma 2.5 [24] Let {a,}.cn be a sequence of nonnegative real numbers, {«,} be a sequence
of real numbers in [0,1] with Y, o, = 00, {u,} be a sequence of nonnegative real numbers
with Yy o2ty < 00, {t,} be a sequence of real numbers with limsupt, < 0. Suppose that
a1 < (1 —oy)ay + ayty + uy, for each n € N. Then lim,,_, o0 a,, = 0.

The equilibrium problem is to find z € C such that
(EP) g(z,y) >0 foreachyeC,

where g: C x C — R is a bifunction.

This problem includes fixed point problems, optimization problems, variational in-
equality problems, Nash equilibrium problems, minimax inequalities, and saddle point
problems as special cases. (For example, one can see [25] and related literature.) The so-
lution set of equilibrium problem (EP) is denoted by EP(g).

For solving the equilibrium problem, let us assume that the bifunction g: C x C - R
satisfies the following conditions:

(A1) g(x,x)=0foreachx e C.

(A2) g is monotone, i.e., g(x,y) + g(y,x) <0 forany x,y € C.

(A3)

(A4)

For each x,y,z € C, limsup, gtz + (1 - t)x,y) < g(x, ).

For each x € C, the scalar function y — g(x, y) is convex and lower
semicontinuous.

We have the following result from Blum and Oettli [25].

Theorem 2.1 [25] Let g: C x C — R be a bifunction which satisfies conditions (A1)-(A4).
Then, for each r > 0 and each x € Hy, there exists z € C such that

1
g(z,y) + ;(y—z,z—x) >0

forallye C.

In 2005, Combettes and Hirstoaga [26] established the following important properties
of a resolvent operator.

Theorem 2.2 [26] Let g: C x C — R be a function satisfying conditions (Al)-(A4). For
r>0, define Tt : Hy — C by

1
Téx = {zeC:g(z,y)+ —(y—z,z-x) zO,VyeC}
r
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for all x € Hy. Then the following hold:
(i) T¢ is single-valued.
(ii) T¢ is firmly nonexpansive, that is, | Tex — Tey||> < (x —y, Tsx — TSy) for all x,y € H.
(ili) {xe H;: Trx=x}={xe C:g(xy)>0,Vye C).
(iv) {xe C:g(x,y) > 0,Vy € C} is a closed and convex subset of C.

We call such T? the resolvent of gforr>0.
Lemma 2.6 [27] Let E be a uniformly convex Banach space, r > 0 be a constant. Then

there exists a continuous, strictly increasing and convex function g : [0,2r) — [0, 00) with
2(0) = 0 such that

o0 2 oo

2
D] <Y allxel® - cieg (Il — 1)
k=1 k=1

foralli,je N, x €B,:={z€E:|lz| <r},x e Nwith ) o o =1.
Takahashi et al. [28] showed the following result.

Lemma 2.7 [28] Let g: C x C — R be a bifunction satisfying the conditions (A1)-(A4).
Define Aq as follows:

(L41) A= {ze H:gx,y) > (y—x,2),Vye C}, VxeC;
I Vx ¢ C.

Then EP(g) = A?O and A, is a maximal monotone operator with the domain of A, C C.
Furthermore, for any x € H, and r > 0, the resolvent T¢ of g coincides with the resolvent of
Ag e, Tix = (I +rA,) .

Lemma 2.8 [18] Let H be a real Hilbert space, C be a nonempty and closed convex subset of
H,and T : C — C be a k-strictly pseudo-nonspreading mapping. Then the following hold:
(i) IfFix(T) # 0, then Fix(T) is closed and convex.

(ii) T is demiclosed.

Lemma 2.9 [8] Let H be a real Hilbert space, C be a nonempty and closed convex subset
of H,and T : C — C be a k-strictly pseudo-nonspreading mapping and Fix(T) # (. Let
T,=yI+Q-y)T,k <y <1 Then T, is a quasi-nonexpansive mapping.

3 Convergence theorems of hierarchical problems

Let C and Q be nonempty closed convex subsets of real Hilbert spaces H; and Hj, re-
spectively. For each i € N, let G; be a maximal monotone mapping on H; such that the
domains of G; are included in C, and let]AGl_" = ([ +1;G;) ' foreach A;>0.Forie N, k; >0,
let B; be a «;-inverse-strongly monotone mapping of C into H;. Let A : H; — Hj be a
bounded linear operator and A* be the adjoint of A, and let R be the spectral radius of
the operator A*A. Let {6,,} C H, be a sequence, and let V be a y-strongly monotone and
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L-Lipschitz continuous operator with y > 0 and L > 0. Let {F;}{5; and {W;}{5, be count-
able families of quasi-nonexpansive mappings from C into itself with demiclosed prop-
erty, and let {T;}Y, : H, — H, be a finite family of p;-strictly pseudo-nonspreading map-
pings with p = max{p;:i=1,2,...,N} € (0,1). Let {5;}?, be a countable family of §;-strictly
pseudo-nonspreading mappings from C into itself with § = sup,., §;, and let ¥; : C — Cbe
a countable family of pseudo-contractive mappings. Throughout this paper, we use these
notations and assumptions unless specified otherwise.

In this paper, we first study the variational inequality problem over split common so-
lutions for a fixed point of a finite family of strict pseudo-nonspreading mappings, and a
solution of a countable family of quasi-nonexpansive mappings.

Theorem 3.1 Suppose that T1; := {x € C: x € [\ Fix(F;) and Ax € ﬂf\il Fix(T;)} # 0.
Take 1 € R as follows:

Let {x,} C H be defined by

x1 € C chosen arbitrarily,

Y = [ = bA*(I = Tymoan)) AL,

Sn = An0Yn + D iy AniFiYns

Xni1 = Xy + (1= ) (Buby + (L= By V)sp)

(3.1)

foreachn e N, {a,;:n,ie N} C[0,1] and {oy, B} C (0,1). Assume the following:
(i) 0<liminf,_ ~ o, <limsup,_, . o, < 1;
(i) lim,— o0 By =0and > e Bu = 00;
(ili) @no + Y ooy @ni =1, liminf, o ay0a,; >0, Vie Nand 0 < b < ”11;—"‘02;
(iv) limy,— o0 6, =0 for some 6 € H.
Then lim,,_, o X, = X, where X = Py, (X — VX + 0). This point x is also a unique solution of the
following hierarchical variational inequality:

(Vi-0,g-% >0, Vgell.

Proof Take any % € I1; and let ¥ be fixed. Then % € (°, Fix and A% € (), T;. For each
n € N, by Lemma 2.6, we have

2
o0

sy = %1 = | @noyn + Y _ aniFiyn—%
i=1

[o¢]
< anollyn —%I* + Y _ anill Fiyn — %1> = @noanig(1lyn — Foyul)

i=1
o0
< anolyn —E1* + Y anillyn — 1> = @noanig (13 — Fiyul)
i=1
< 1yn = ZII* = anodnig(Iyn — Eyull)
< llyn — %1% @)
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In Theorem 3.1 in [8], Chang et al. showed that

Iy = &% = || [1 = BA*(I = Tomoan)A]%n — %[
< Ity =%l = b(1 = p = bIAI) | (I = Toimoan) A%’
< llx, — %)% 2)

Letz, = 8.0, + (U - B,V)s,and T =y — %, following the same argument as in the proof

of Theorem 3.1 in [22], we have

%001 — %] < max{|lx, — %[, M},

where M = max{”e”;—v’_CH : n € N}. By mathematical induction, we know

196, — || < max{lx, —x[|,M}.

This implies that the sequence {x,} is bounded. Furthermore, {z,}, {s,} and {Fx,} are
bounded for all i € N.
Following the same argument as in the proof of Theorem 3.1 in [22] again, we have

e = 212 =l = %1% + (@ = ctu)atullsn ]
<2(1 = @) B (Onsxn — %) — 2(1 — ) B (V5 X — X)
+ (1 - Oln)z[ﬂ,fH@n - VSn||2 + 2,371”971 - VS‘,,,H ”Sn _xn”]' (3)
We will divide the proof into two cases as follows.

Case 1: There exists a natural number N such that ||x,,; — X|| < ||x, —X|| for each n > N.

So, lim,,_, , ||, — X|| exists. Hence, it follows from (3), (i) and (ii) that
lim ||s, — x| = 0. (4)
n—00

Following the same argument as in the proof of Theorem 3.1 in [22] again, we have

lim ||x,41 =4l =0, (5)
n—00
lim ||z, — s,/ =0 (6)
H—0Q

and
lim ||z, —x,|| = 0. @)
H—0Q

By (1) and (2), we have
s, = 21> < l1 — ZlI> = b1 = o = BIAI?) [ (I = Toamoany) A% |* = @noctnig (175 — Fyull)

foralli e N.


http://www.fixedpointtheoryandapplications.com/content/2014/1/198

Yu and Lin Fixed Point Theory and Applications 2014, 2014:198
http://www.fixedpointtheoryandapplications.com/content/2014/1/198

Therefore,

b(l —pP- b”A”2) ” (I = Tumoa Ny Axy, ”2 + “n,Oan,ig(”yn - Fiyn”)
< lln = %1% = llsu — %117
< N9 = sl (Isn = X1l + ll2c, — %I1) (8)

forallie N.
Thus, by (4), (8), and condition (iii), we have

Jim [[(7 = Tytmoan)An | =0 and  lim g(llyn = Fiyul) =0 ©)
forallie N.

From the properties of g, we conclude that
nlggo ||yn - FiynH =0 (10)

forallie N.

By Lemma 2.8 and the assumption, we have that IT; :={x € C:x € ﬂ;fl Fix(F;) and Ax €
MY, Fix(T;)} is a nonempty closed convex subset of H. Hence, by Lemma 2.2, we can take
Xo € I; such that

%o = P, (%o — VX +0).
This point X, is also a unique solution of the hierarchical variational inequality
(Vxo—0,9-%0) >0, Vgell. (11)
We show that
limsup(Vxy — 6,2z, — Xo) > 0.
n—00

Without loss of generality, there exists a subsequence {z,,} of {z,} such that z,, — w for

some w € H and

limsup(Vxg — 6,2z, — Xo) = klim (Vxo — 0,24, —%0). (12)
n—00 —00

By (7), we have that
lim |x, -z, =0 and x, —w. (13)
H—>0Q

Since A is a bounded linear operator, this implies that Ax,, — Aw. Also, by equation (10),

we have

lim || (I = Ty (moan)) A%, || = 0. (14)

ng— 00

Page 9 of 25
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Hence there exist a positive integer j € {1,2,...,N} and a subsequence {ny,} of {#n;} with
ni;(mod N) = j such that

lim |[(I - T)Ax,, || = 0. (15)
;=00 t

Since Ax,, — Aw, it follows from Lemma 2.8 that I — T; is demiclosed at 0. This implies
that Aw € Fix(T)).
By equations (13) and (14), we have

Y =Xy — VA*(I - T})Axnki - w. (16)

For each i € N, by F; is demiclosed, equations (10) and (16), we have w € Fix(F;). Hence,
w € I;. Thus, from (11) and (12) we have

limsup(Vxo — 6,2z, — Xo) = klim (Vxo — 0,24, —%0) = (Vxo — 0, w—x0) > 0. (17)
n—00 — 00

Following the same argument as in the proof of Theorem 3.1 in [22] again, we have that

BuT 1%y _‘7_60”2

”erl _Q_CO ”2 = [1 - 2(1 - O[,,,)/gy,‘f] ”xn _9_50”2 + 2(1 - an)ﬂn7:< )

(18)

<9n_9rzn_9_60> <9_V9-CO:Z;1_5CO)>
+ + .
T T

By (17), (18), assumptions, and Lemma 2.5, we know that lim,,_, - x,, = %o, where
J_C() = PHI(J_CO — VJ_C() + 9)

Case 2: Suppose that there exists {r;} of {n} such that ||x,, —X|| < ||xy,,, — x| foralli e N.
By Lemma 2.4, there exists a nondecreasing sequence {1} in N such that 7; — oo and

W, = &l < [me1 — % and [l = I < 101 — . (19)
Following the same argument as in the proof of Theorem 3.1 in [22] again, we have
lim [, — %ol = 0. (20)
J—> 00
By equations (19) and (20),
lim [l — %ol < lim (%41 — %ol = 0.
J—> 00 J—> 00
Thus, the proof is completed. O

Remark 3.1 Theorem 3.1 improves Theorem 3.1 in [29], Theorem 3.3 in [30] and The-
orem 3.1 in [31] in the sense that our convergence is for the common fixed point of a
countable family of quasi-nonexpansive mappings and for the split feasibility problem.

Page 10 of 25
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Applying Theorem 3.1, we study a variational inequality problem over split common
solutions for a fixed point of a finite family of strict pseudo-nonspreading mappings and

a common fixed point of countable families of mappings.

Theorem 3.2 Suppose that T, := {x € C : x € (5 Fix(S;) N (N, Fix(W;) and Ax €
ﬂf\il Fix(T;)} # 0. Take p € R as follows:

2y
0</Jc<ﬁ.

Let {x,} C H be defined by

x1 € C  chosen arbitrarily,

Yn = I = bA*(I = Ty(modn)) Al X,

Sn = AnoYn + D io PuiWidn + Yoot @niSiy Yns
Tl = 0y + (1= ) (Bubn + (L= B V)sn),

(3.2)

where S;, =yI+(1-y)S;,i>1,y €[,1) foreachn e N, {ay, B} C (0,1), {@y;:m,i e N} C
[0,1] and {b,; : n,i € N} C [0,1]. Assume the following:
(i) 0<liminf,_ o, <limsup,_, o, <1;
(i) limy— o0 By =0and Y 2, Bu = 00;
(ili) @no + D ooy bui + Doy @i = 1, liminf,_, o a0, > 0, liminf,_, o a@,,0b,; > 0, Vi € N
and 0 <b< ng—lfz;

(iv) lim, 06, =0 for some 6 € H.
Then 1im,,_, o X, = X, where X = Pn,(x — VX +0). This point X is also a unique solution of the
following hierarchical variational inequality:

(Vi-6,g-% >0, VYgell,.

Proof By Tl # {, there exists w € C such that w € (N Fix(S;) (i Fix(W;) =
Moy Fix(Siy) Moy Fix(W)). For each i € N, §; is a §;-strictly pseudo-nonspreading map-
ping and y € [§,1), by Lemma 2.9, we have S;,, is quasi-nonexpansive. For each i € N, by
Lemma 2.8 and ||x — S;, x| = (1 — y)llx — Six||, we see that S;,, is demiclosed.

Foreachie N, let Fy; = S;, and F5;_; = W; in Theorem 3.1, then F; is quasi-nonexpansive
with demiclosed property and I, = IT;. It follows from Theorem 3.1 that lim,,_, o %, = X,
where x = Pr, (x — Vx + 6). This point X is also a unique solution of the following hierar-
chical variational inequality:

(Vi-0,-%) >0, VYgell,. O

Applying Theorem 3.1, we study split common solutions for common fixed points of a fi-
nite family of strict pseudo-nonspreading mappings, and common fixed points of a count-
able family of strict pseudo-nonspreading mappings. Our result improves Theorem 3.1
in [8].

Theorem 3.3 Suppose that T3 := {x € C : x € (|, Fix(S;) and Ax € ﬂﬁl Fix(T;)} # @.
Take 1 € R as follows:
2y

O<M<ﬁ'
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Let {x,} C H be defined by

x1 € C  chosen arbitrarily,

Yn = [ = bA*(I = Tymoa N)) A%,

Su = Sn = Cu0¥n + it EniSiy Yo

X1 = 0y + (1= ) (Bubn + (L= Br)Sn),

(3.3)

where Sy = yI+ (1 —-y)S;,i>1,y €[8,1) foreach n € N, {a, B} C (0,1) and {c,,; : n,i €
N} C [0,1]. Assume the following:

(i) 0<liminf,_, ~ o, <limsup,_, . o0, < 1;

(i) limyo0 By = 0 and Y32, B = 003

(ili) o + Doy €ni = 1, iminf,, o CuoCni >0, Vie Nand 0 < b < 1=p

Az’
(iv) limy,— o060y, = 0 for some 6 € H.

Then lim,,_, o X, = X, where X = Py, (0).

Proof By I3 # ¥, there exists w € C such that w € (5, Fix(S;) = (5 Fix(S;, ). For each
i €N, §; is a §;-strictly pseudo-nonspreading mapping and y € [§,1), by Lemma 2.9, we
have S;,, is quasi-nonexpansive and Fix(S;) = Fix(S; ). For each i € N, by Lemma 2.8 and
lle = Sipxll = (1 = y)|lx — Six|l, we see that S; , is demiclosed.

Foreach i e N, let F; = S;,, and V(x) = x for all x € C in Theorem 3.1, then F; is quasi-
nonexpansive with demiclosed property and I3 = IT;. It follows from Theorem 3.1 that

lim,, o %, = X, where x = Pry,(6). O

Remark 3.2 Theorem 3.3 improves Theorem 3.1 in [8]. Indeed, Theorem 3.1 in [8] es-
tablishes a weak convergence. In Theorem 3.1 in [8], if there exists some positive integer
m such that S,, is semicompact, then {x,} converges strongly to x € I13. However, Theo-
rem 3.3 is a strong convergence theorem without semicompact assumption.

Lety=6=§;=0forallieNand p = p;j=0forallj=1,2,...,N in Theorem 3.2, we have
the following theorem.

Theorem 3.4 Suppose that for each i € N, S; is a nonspreading mapping, and let {T;}N, :
Hy — H, be a finite family of nonspreading mappings. Let Ty := {x € C:x € [ Fix(S;) N
Mo Fix(W;) and Ax € ﬂf\il Fix(T;)} # 9. Take i € R as follows:

2y
0<M<ﬁ'

Let {x,} C H be defined by

x1 € C chosen arbitrarily,

Yn = [1_ bA*(I_ Tn(modN))A]xm

Sn = aAn0Yn + Z?:l bn,i W;J/n + Z?:l ﬂn,iSiyn:
Kl = Oy + (1 - an)(lgnen +(1- Bn V)su)

(3.4)

foreach neN, {a,, B,} C(0,1), {a,, :n,i € N} C [0,1] and {b,,; : n,i € N} C [0,1]. Assume
the following:

(i) 0 <liminfy,_ o oty <limsup,_, o, oty < 1;
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(i) lim,— o0 By =0and oo Bu = 00;
(ili) @no + Yooy bui + Doy @i = 1, iminf,_, o dy0a,; > 0, liminf,_, o @y 0by; > 0, Vi € N
and 0 <b < ng—lfz;
(iv) limy, 06, =0 for some 6 € H.
Then limy,_,  x, = X, where X = Pr, (x — VX + 0). This point X is also a unique solution of the
following hierarchical variational inequality:

(Vi-6,q-%) >0, Ygell,.

Proof ForeachieN,S;isanonspreading mapping, hence S; is a quasi-nonexpansive map-
ping and a §;-strictly pseudo-nonspreading mapping with §; = 0. Foreachi=1,2,...,N, T;
is a nonspreading mapping, hence T; is a p;-strictly pseudo-nonspreading mapping with
pi=0.

Lety=6=6=0forallieNand p=p;=0forallj=12,...,N in Theorem 3.2. It
follows from Theorem 3.2 and Il4 = IT, that lim,_, o %, = X, where ¥ = P, (x — Vix + 6).

This point x is also a unique solution of the following hierarchical variational inequality:
(Vx-0,q-%)>0, Vqell,. O

(I) We study split common fixed points for a finite family of p;-strictly pseudo-
nonspreading mappings, zeros for a countable family of mappings which are the sum
of two monotone mappings and common fixed points for a countable family of quasi-
nonexpansive mappings:

Find X € C such that
x € MG + B)™0 NN Fix(W))

and

i = Ax € H; such that
i e (Y, Fix(T)).

Theorem 3.5 Suppose that s = {x € C : x € (o, (B; + G)0(:2, Fix(W;) and Ax €
ﬂfilFix(Ti)} # 0. Take 1 € R as follows:

2y
O<M<ﬁ’

Let {x,} C H be defined by

x1 € C  chosen arbitrarily,

Y = [ = BA*(I = Tyuimod N))A 1%,

Sp = aAn0Yn + Z?:ol by, Wiy + Z;):ol an,t’]gi (- riBi)ym
X1 = oy + (1= ) (Bub + (L= B V)sn)

(3.5)

foreach n eN, {a,, 8,} C (0,1), {ay, : n,i e N} C [0,1], {b,,,; : n,i € N} C [0,1] and {r;} C
(0,00). Assume the following:

(i) 0 <liminfy_ s oty <limsup,_, o, o0, < 1;
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(i) lim,— o0 By =0and oo Bu = 00;
(il) @no + Doy D + Yooy @ni = 1, iminf, oo @p0dp,; > 0, iminf,_, o @y0by; > 0, Vi € N
and 0 <b < ng—lfz;
(iv) O<r;<2k;forallieN andlim,_, 0, =0 for some 6 € H.
Then 1im,,_, oo X, = X, where X = P, (x — VX +0). This point X is also a unique solution of the

following hierarchical variational inequality:
(Vi-0,4-%) >0, Vgells.

Proof By Theorem 4.1 in [32] and Lemma 2.1(iv), (v), we have that

]g >(I = r;By,;) is averaged

for each i e N.
For each i e N, let F5; = W; and let F,;_; = ],?i (I — r;:B;). Then F; is a quasi-nonexpansive
mapping and

ﬁ Fix(F;) = ﬁ Fix(J7/(I - riB;)) N ﬁ Fix(W)).
i=1

i=1 i=1

Thus, IT5 = IT;. By Theorem 3.1, we have that lim,_.o ¥, = X, where X = P, (x — VX + 6).
This point ¥ is also a unique solution of the following hierarchical variational inequality:

(Vx-0,q-%)>0, Vqells,
and the proof is completed. O

Remark 3.3 Theorem 3.5 improves Theorem 10 in [33] in the sense that our convergence
is for the fixed point of a countable family of quasi-nonexpansive mappings and for the split
feasibility problem.

(IT) We study split common fixed points for a finite family of p;-strictly pseudo-
nonspreading mappings, zeros for a countable family of mappings which are the sum
of two monotone mappings and common fixed points of a countable family of §;-strictly
pseudo-nonspreading mappings:

Find x € C such that
x e NZU(Gi + B)'0 NN, Fix(S))

and

i = Ax € H, such that
i e MY, Fix(Ty).

Theorem 3.6 Suppose that I := {x € C:x € (5 Fix(J;;"(I - r:B;)) (o, Fix(S;) and Ax €
ﬂf\il Fix(T;)} # 9. Take i € R as follows:
2y

O<M<ﬁ.
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Let {x,} C H be defined by

x1 € C  chosen arbitrarily,

Yn = = bA*(I = Ty(modn))Alxn,

Sn = An0Yn + Zzo:ol buiSiyyn + Zlofl ﬂn,i]gi U = 7:Bi)Yn,
X1 = oy + (1= tn)(Bubn + (L= B V)sn)

(3.6)

foreach n e N, {a,,B,} C (0,1), {a,, : n,i e N} C [0,1], {b,,,;: n,i € N} C [0,1] and {r;} C
(0,00). Assume the following:
(i) 0<liminfy,_ s oty <limsup,,_, o o0, < 1;
(i) limy— oo By =0andy 2, Bu = 00;
(ili) @no + Yooy bui + > oy @ni =1, liminf,_, o @0, > 0, liminf,_ oo @, 0by,; > 0, Vi € N
and 0 <b < I\:_lejz;

(iv) 0 <r;<2«; forallie N andlim,_, 0, =0 for somed € H.
Then lim,,_, o X, = X, Where X = Pr, (x — Vx + 0). This point % is also a unique solution of the
following hierarchical variational inequality:

(Vi-0,g-%) >0, Vgells.

Proof ForeachieN,letS;, = yS; + (1 - y)I. Then S;, is a quasi-nonexpansive mapping
and Fix S; = Fix S;,, for each i € N. Then Theorem 3.6 follows immediately from Theo-
rem 3.5. O

(III) We study split common fixed points for a finite family of p;-strictly pseudo-
nonspreading mappings, zeros for a countable family of monotone mappings and common
fixed points for a countable family of §;-strictly pseudo-nonspreading mappings:

Find X € C such that
x € (N B710 N N2 Fix(S))

and

u=Axe Hz,ﬁ[ = AlQ_C such that
i e MY, Fix(Ty).

Theorem 3.7 Suppose that Tl; = {x € C : x € (B0, Fix(S;) and Ax €
ﬂf\il Fix(T;)} # 9. Take i € R as follows:

14
0<M<ﬁ'

Let {x,} C H be defined by

x1 € C  chosen arbitrarily,

Yn = [[ - bA*(I - Tn(modN))A]xm

Sn = AnoYn + Doy buiSiyVn + iy Gl = 1iBi)Yns
X1 = Uy + (1= ) (B + (L= BuV)sn),

(3.7)
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where S;, =yI+(1-y)S;,i>1,y €[8,1) foreachn e N, {ay, B} C (0,1), {@y,;:m,i e N} C
[0,1], {b,; : n,i € N} C [0,1] and {r;} C (0, 00). Assume the following:
(i) 0 <liminfy,_ s oty <limsup,,_, o, oty < 1;
(i) lim,— o0 By =0and Y ;- Bu = 00;
(ili) @no + D iy bui + Doy @i = 1, liminf,_, o dy0a,; > 0, liminf,_, o @,0by; > 0, Vi € N
and 0 <b < ”1;—”%;

(iv) 0 <r;<2x; forallieNandlim,_, 6, =0 for somed € H.
Then lim,,_, o X, = X, where X = P, (x— Vx +0). This point X is also a unique solution of the
following hierarchical variational inequality:

(Vi-0,q-%) >0, Vqell.

Proof For each i € N, S; is a §;-strictly pseudo-nonspreading mapping and y € [§,1), by
Lemma 2.9, we have §;, is quasi-nonexpansive. By Lemma 2.1, we see that (I — r;B;) is
averaged for each i € N.

For eachi e N, let Fy; = S;,, and let F;_; = (I — 7;B;) in Theorem 3.1. Then F; is a quasi-
nonexpansive mapping and

ﬁ Fix(F;) = ﬁ Fix((I - riBy)) N ﬁ Fix(S;, ).
i=1 i=1

i=1
Thus, I17 = I1;. Then Theorem 3.7 follows immediately from Theorem 3.1. O

(IV) Let f; : C x C — R be a bifunction satisfying conditions (A1)-(A4). We study split
common solutions for a countable family of equilibrium problems, common fixed points
for a countable family of quasi-nonexpansive mappings and common fixed points of a
finite family of p;-strictly pseudo-nonspreading mappings.

That is,

Find x € C such that
% € Mg EP(f) N N5, Fix(W;)

foralli e N, and

it = Ax € H, such that
i e (Y, Fix(T)).

Theorem 3.8 Foreach i € N, let Ay, be as in Lemma 2.7. Suppose that 1z :={x e C:x €
N EP(f) NN, Fix(W;) and Ax € ﬂf\il Fix(T;)} # 0. Take u € R as follows:

Let {x,} C H be defined by

x1 € C chosen arbitrarily,

Yn = I = bA*(I = Ty(modn))Alxn,

Sn = AnoYn + Yooy uiWiyn + Yoy an,i]::fi V>
Zn1 = oy + (1= on) (Bubn + (L = B V)su)

(3.8)
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foreach n eN, {a,, B,} € (0,1), {ay,; : n,i e N} C [0,1], {b,,,;: n,i € N} C [0,1] and {r;} C
(0,00). Assume the following:
(i) 0 <liminfy,_ s 0ty <limsup,,_, o, oty < 1;
(ii) limy—oo By =0and Y oo, Bu = 00;
(ili) @no + D ooy bui + > iy @ni = 1, liminf,, o ay0a,,; > 0, liminf,_ o @ 0by; > 0, Vi € N
and 0 <b< ”1;—”%;

(iv) limy,_, o 6, =0 for some 6 € H.
Then lim,,_, o X, = X, Wwhere X = Prig(x — VX +0). This point % is also a unique solution of the
following hierarchical variational inequality:

(Vi-0,g—-% >0, Vgells.

Proof For each i € N, by Lemma 2.7, we know that EP(f;) = AJTZ,IO and Ay is a maximal
monotone operator with the domain of Ay, C C. For each i € N, by Lemma 2.3, we know

Ay As,
that ]Mf‘ is firmly nonexpansive, so ])\,fl

is quasi-nonexpansive. For each i € N, let F; = W;

Ay

and let Fy; ; = ]Mf’ in Theorem 3.1. Then F; is a quasi-nonexpansive mapping and
oo o0 A oo
(M\Fix(E:) = (| Fix(J,") 0 (") Fix(W).
i=1 i=1 i=1

1y = I;. By Theorem 3.1, we have that lim,,_,» %, = X, where ¥ = Prz(x — VX + 6). This
point x is also a unique solution of the following hierarchical variational inequality:

(VE—6,q-%) >0, Vqells.
The proof is completed. O

Remark 3.4 Theorem 3.8 improves Theorem 3.1 in [34] and Theorem 15 in [33] in the
sense that our convergence is for the split feasibility problem and for the common solu-
tions of a countable family of equilibrium problems and fixed points for a countable family
of quasi-nonexpansive mappings.

(V) Let f; : C x C — R be a bifunction satisfying conditions (A1)-(A4). We study split
common solutions for a countable family of equilibrium problems, common fixed points
for a countable family of §;-strictly pseudo-nonspreading mappings and common fixed
points of a finite family of p;-strictly pseudo-nonspreading mappings:

Find x € C such that
% € N EP(f) N2, Fix(S))

foralli e N, and

i = Ax € H; such that
i e (Y, Fix(T)).

Theorem 3.9 Foreach i €N, let Ay be as in Lemma 2.7, and suppose that Tlg := {x € C:
x € (o EP(f) NN, Fix(S;) and Ax € ﬂf\il Fix(T;)} # 9. Take i € R as follows:

2y
O<M<ﬁ'

Page 17 of 25


http://www.fixedpointtheoryandapplications.com/content/2014/1/198

Yu and Lin Fixed Point Theory and Applications 2014, 2014:198 Page 18 of 25
http://www.fixedpointtheoryandapplications.com/content/2014/1/198

Let {x,} C H be defined by

x1 € C  chosen arbitrarily,

Yn = I = bA*(I = Ty(modn)) Al X,

S = Ann + X buiSiyyn + 5 i Y
X1 = Uy + (1= 0t) (B + (L= BuV)su),

(3.9)

whereS;, =yI+(1-y)S;,i>1,y €[,1) foreachn € N, {ay, B} C (0,1), {@y,;:n,i e N} C
[0,1], {by,; : n,i € N} C [0,1] and {r;} C (0, 00). Assume the following:
(i) 0<liminf,_ ~ o, <limsup,_, . o, < 1;
(ii) limy—oo By =0and Y o2, Bu = 00;
(ili) @nmo + D ooy bui + Doy @i = 1, liminf,_, o dyody; > 0, liminf,_, o @, 0by; > 0, Vi € N
and0<b< ”11‘;_|,|02;

(iv) limy,—, 0 6, =0 for some 6 € H.
Then limy,_, o x, = X, where X = Priy(x — VX + 0). This point X is also a unique solution of the
following hierarchical variational inequality:

(Vi-60,g-%) >0, Vgell,.

Ay,
Proof For eachieN,let Fy; =S;,, and Fy;_; = ]Mf’. Then F; is a quasi-nonexpansive map-
ping and

ﬁ Fix(F;) = ﬁ Fix(/) N ﬁ Fix(S,).
i=1 i=1 i=1

Ty = I;. By Theorem 3.1, we have that lim,,_,» x,, = X, where ¥ = Pr,(x — V& + 6). This
point x is also a unique solution of the following hierarchical variational inequality:

(Vx-0,q-%)>0, Vqell,,
and the proof is completed. d

(VI) Foreach i € N, let M; : C — H; be a hemicontinuous monotone mapping. We study
split common solutions for a countable family of variational inequality problems, common
fixed points of a countable family of quasi-nonexpansive mappings and common fixed
points of a finite family of p;-strictly pseudo-nonspreading mappings:

Find x € C such that
x €N VIC, M) N2, Fix(W),

where
VI(C,M;) = {z eC:(y—-z,Miz)y>0forallye C}
and

it = Ax € H, such that
i e (Y, Fix(T)).
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Foreachi e N, letfi(x,y) = (y—x, M;x) for allx € C in Theorem 3.9, we have the following
theorem.

Theorem 3.10 Foreachic N, let Ay, be as in Lemma 2.7 and suppose that M; is bounded
on any line segment of C; that is, for each x,y € C, there exists k;(x,y) > 0 such that
M;(tx+ (1—-1)y) < ki(x,y) for all ¢ € [0,1]. Suppose that Tyg := {x € C:x € [\, VI(C,M;) N
N2, Fix(W;) and Ax € X, Fix(T;)} # 0. Take u € R as follows:

Let {x,} C H be defined by

x1 € C  chosen arbitrarily,

Yu = = BA*(I = Tu(mod N))A 1%,

S = An0Yn + Y poy DniWiyn + 30 ('ln,i]rA,-fi;
X1 = oy + (1= 0tn)(Bubn + (L= B V)Sn),

(3.10)

where fi(x,y) = (y —x, Mix) for all x,y € C, for each n € N, {«a,,, B,} C (0,1), {a,, :n,i e N} C
[0,1], {b,,; : m,i € N} C [0,1], and {r;} C (0,00). Assume the following:
(i) 0 <liminfy,_ o0 oty <limsup,,_, o, oty < 1;

(ii) limy— o0 By =0and Y ;- Bu = 00;

(ili) @no + D ooy bui + Doy @i = 1, iminf,_, o dy0a,; > 0, liminf,_, o @, 0by; > 0, Vi € N
and 0 <b < ng—lfz;

(iv) lim,_ o060, =0 for some 6 € H.

Then lim,,_, oo X, = X, where x = Pr,,(X — VX + 6). This point X is also a unique solution of

the following hierarchical variational inequality:
(Vx—-0,9—x) >0, Vgqellp.

Proof Since M; : C — H is a hemicontinuous monotone mapping, it is sufficient to show
that for each i € N, f; satisfies conditions (Al)-(A4). Since M; is monotone, we have

(y —x, My — Mix) = 0
and
Sitxy) + fi(, %) = (y —x, Mix — M;y) < 0.
Therefore (A2) is satisfied. Since M; : C — H is a hemicontinuous mapping, for any x,y €

H;, the mapping g : [0,1] — H; defined by g(¢) = M;(tx + (1 — t)y) is continuous, where H;
has a weak topology. Since M; is bounded on any line segment of C and each x,y,z € Hj,

gltz+ (1 -txy) = (y—tz— A= ), M;(tz + (1 - t)x))
= (y— tz—(1-t)x— (y—x),M,'(tz +(1- t)x))

+((y =), Mi(tz + (1 - t)x)),
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it is easy to see that limy o fi(tz + (1 — £)x,y) = limg o (y — tz — (1 — £)x, M;(tz + (1 — £)x)) =
(y —x, M;(x)) = fi(x,y). This shows that condition (A3) is satisfied. It is easy to see that (Al)
and (A4) are satisfied. Then Theorem 3.10 follows immediately from Theorem 3.8. O

Remark 3.5 (i) It is easy to see that if M; is continuous on C, then M; is hemicontinuous
and bounded on any line segment of C.

(ii) It is easy to see that Theorem 3.10 is true if for each i e N, M; : C — H is a
Kk;-inverse strongly monotone mapping or is a continuous strongly monotone mapping.
Theorem 3.10 improves Theorem 3.1 of Qing and Shang [35] in the sense that our conver-
gence is for the split feasibility problem and for the common solutions of a countable fam-
ily of variational inequality problems of hemicontinuous monotone mappings and fixed
points for a countable family of quasi-nonexpansive mappings.

(VII) For each i € N, let M; : C — H be a hemicontinuous monotone mapping. We study
split common solutions for a countable family of variational inequality problems, common
fixed points for a countable family of §;-strictly pseudo-nonspreading mappings and com-
mon fixed points of a finite family of p;-strictly pseudo-nonspreading mappings:

Find x € C such that
x e M5, VI(C, M) N (NS, Fix(S;)

and

i = Ax € H, such that
i e MY, Fix(Ty).

Applying Theorem 3.9 and following the same argument as in Theorem 3.10, we have
the following result.

Theorem 3.11 For each i € N, let Ay, be as in Lemma 2.7 and suppose that M; is
bounded on any line segment of C. Suppose that Ty := {x € C: x € (5 VI(C,M;) N
NS, Fix S; and Ax € (Y, Fix(T;)} # 0. Take u € R as follows:

2y
0<M<ﬁ'

Let {x,} C H be defined by

x1 € C chosen arbitrarily,

Y = [ = bA*(I = Tymoan))Alxn,

Sn = An0Yn + D0y buiSiy¥n + 25 "ln,i]:;fi Vs
Xni1 = 0 + (1= ) (Bub + (1= BuV)sn),

(3.11)

where S, = yI+ (1 - y)S;, vy € [8,1), filx,y) = (y — %, Mx) for all x,y € C, i € N, for each
neN, {a,,B,} C(0,1), {a,; : n,i € N} C [0,1], {by,; :n,i e N} C [0,1] and {r;} C (0,00).
Assume the following:

(i) 0<liminf,_, ~ o, <limsup,_ . o, < 1;

(i) limy— o0 By =0andy -, Bu = 00;
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(ili) @no + 2 ooy bui + > oy @i =1, liminf,_, o @0, > 0, liminf,_, oo @, 0by; > 0, Vi € N
and0<b< le;_lfz;
(iv) lim, 06, =0 for some 6 € H.
Then limy,_, o X, = X, where X = Pr,, (X — Vx + 0). This point x is also a unique solution of

the following hierarchical variational inequality:
(Vx-0,q—%)>0, Vqellj.

(VII) For each i € N, let ¥; : C — C be a hemicontinuous pseudo-contractive mapping.
We study split common fixed points for a countable family of hemicontinuous pseudo-
contractive mappings, a countable family of quasi-nonexpansive mappings and a finite
family of p;-strictly pseudo-nonspreading mappings:

Find X € C such that
x € (o Fix(W;) NN, Fix(W;)

and

it = Ax € H, such that
i e (Y, Fix(T)).

For i e N, let fi(x,y) = (y — x,(I — ¥;)x) for all x,y € C in Theorem 3.11, we have the

following theorem.

Theorem 3.12 Foreachie N, let As beasin Lemma 2.7 and suppose that \V; is bounded on
any line segment of C. Suppose that Ty, = {x € C:x € (5 Fix(¥;) (5, Fix(W;) and Ax €
ﬂf\il Fix(T;)} # 9. Take i € R as follows:

95
O<u< L_)Z/
Let {x,} C H be defined by

x1 € C chosen arbitrarily,

Yn = = bA*(I = Ty(modn))Al%n,

S = An0Yn + Do briWiyn + 2001 ﬂn,z’]:?ﬁ,
X1 = oy + (1= ) (Bub + (L= B V)Sn),

(3.12)

where fi(x,y) = (y — x,x — W;x) for all x,y € C, for each n € N, {«,,, 8,} C(0,1), {a,,;:n,i €
N} € [0,1], {by,; : n,i € N} C [0,1] and {r;} C (0,00). Assume the following:
(i) 0<liminf,_, ~ o, <limsup,_, . o, < 1;
(i) lim,— oo By =0and e Bu = 00;
(ili) @no + D iy bui + Doy @i = 1, iminf,_, o dy0a,; > 0, liminf,_, o @, 0by; > 0, Vi € N
and 0 <b < ng—lfz;

(iv) lim,— o060, =0 for some 6 € H.
Then limy,_, oo X, = X, where X = Pr,, (x — VX + 0). This point x is also a unique solution of
the following hierarchical variational inequality:

(V;C—@,q—J_C)ZO, qunlz.
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Proof Let M; =1 — ;. Since, for each i € N, ; is a pseudo-contraction, it is easy to see
that M; is monotone. Then Theorem 3.12 follows from Theorem 3.10. O

Remark 3.6 Theorem 3.12 improves Theorem 3.1 of Cheng et al. in [13], Theorem 3.1
of Deng [14], Theorem 3.1 of Zegeye and Shahzad in [16] in the sense that our conver-
gence is for the split feasibility problem and for the common fixed points of a countable
family of quasi-nonexpansive mappings and a countable family hemicontinuous pseudo-
contractive mappings without any closedness or Lipschitz continuity assumption on these

pseudo-contractive mappings.

(IX) For each i € N, let ¥; : C — C be a hemicontinuous pseudo-contractive mapping.
We study split common fixed points for a countable family of hemicontinuous pseudo-
contractive mappings, a countable family of §;-strictly pseudo-nonspreading mappings

and a finite family of p;-strictly pseudo-nonspreading mappings:

Find X € C such that
X € m?:l FIX(\IJI) N m?i FIX(SL)

and

it = Ax € H, such that
i e (Y, Fix(T)).

For each i € N, let W; = S; in Theorem 3.12, we have the following theorem.

Theorem 3.13 Suppose that for each i € N, M; is bounded on any line segment of C and
3 := {x € C:x € (5 Fix(¥;) (o5 Fix(S;) and Ax € ﬂf\il Fix(T;)} # @. Take ju € R as fol-
lows:

2y
0<M<ﬁ’

Let {x,} C H be defined by

x1 € C chosen arbitrarily,

Yn = = bBA*(I = Tyimod N))A 1%,

1= Anodn + X5 busSiyn + 5 andy
Xni1 = 0 + (1= ) (Bub + (L= BuV)sn),

(3.13)

where S;, = yI+(1-y)S;, vy €16,1), filx,y) = (y —x,2 — Vix) for all x,y € C, for each n e N,
{an, B} € (0,1), {ay, : n,i € N} C [0,1], {b,,; : n,i € N} C [0,1] and {r;} C (0,00). Assume
the following:
(i) 0 <liminfy,_ o oty <limsup,,_, o, oty < 1;
(i) lim,— o0 By =0and oo Bu = 00;
(ili) @nmo + Doy bui + Doy @i = 1, liminf,_, o dy0a,,; > 0, liminf,_, o @, 0by,; > 0, Vi € N
and0<b< le;_lfz;
(iv) limy— o0 0, = 0 for some 6 € H.
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Then lim,,_, oo X, = X, where X = Pri,, (X — VX + 6). This point X is also a unique solution of
the following hierarchical variational inequality:

(Vi-6,g-%) >0, Vgells.

(X) For each i e N, let ¥; : C — C be a hemicontinuous pseudo-contractive mapping.
We study a split feasibility problem for common fixed points of a countable family of hemi-
continuous pseudo-contractive mappings, zeros for a countable family of mappings which
are the sum of two monotone mappings and common fixed points of a finite family of
pi-strictly pseudo-nonspreading mappings.

That is,

Find x € C such that
x € N5 (Gi +B)™0o NN Fix(¥)

and

i = Ax € H; such that
i e MY, Fix(Ty).

Foreachie N, let W, = ],(i; ‘(I - r;B;) in Theorem 3.12, we have the following theorem.

Theorem 3.14 Suppose that for each i € N, V; is bounded on any line segment of C and
My = f{xe Cix e Fix(¥) N5 Fix(],?" (I - r:B;)) and Ax € (Y, Fix(T})} # 8. Take ju €
R as follows:

2y
0<M<ﬁ'

Let {x,} C H be defined by

x1 € C  chosen arbitrarily,

Vn = [ = bA*(I = Tymoa Ny A%,

Sn = AnoYn + Y hn,i]:ﬁyn +) “n,i]igi(l — 1By,
X1 = 0y + (1= 0) (Bl + (1= B V)sn),

(3.14)

where fi(x,y) = (y —x,(I — V;)x) for all x,y € C, for each n € N, {a,, B,} C(0,1), {a,,;:n,i€
N} C [0,1], {by,; : n,i € N} C [0,1] and {A;, i} C (0,00). Assume the following:
(i) 0<liminfy,_ o oty <limsup,,_, o oty < 1;
(i) lim,— o0 By =0and ;- By = 00;
(ili) @no + D iy bui + Doy @i = 1, liminf,_, o dy0a,; > 0, liminf,_, o a@,,0b,; > 0, Vi € N
and 0 <b < I\:_IXIJZ;

(iv) O0<r;<2k;forallieN andlim,_, 60, =0 for some 6 € H.

Then lim,,_, o X, = X, where X = Pry,, (x — VX + 0). This point x is also a unique solution of

the following hierarchical variational inequality:

(V;C—@,q—ﬁ_C)ZO, Vq€H14.
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Remark 3.7 Theorem 3.14 improves Theorem 3.1 of Zegeye and Shahzad [10], Theo-
rem 3.1 of Yao et al. [11], Theorem 4.1 of Takahashi et al. [28], Theorem 2.1 of Cho et al.
[36] and Theorem 3.1 of Tang [9] in the sense that our convergence is for the split feasibility
problem and for the common solutions of a countable family of variational inclusion prob-
lems and fixed points of a countable family hemicontinuous pseudo-contractive mappings
without any closedness or Lipschitz continuity assumption on these pseudo-contractive

mappings.
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