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Abstract

In this paper, we establish a unified approach to study the existence of fixed points for
common fixed point problems. Moreover, we introduce mixed systems of common
fixed point problems, systems of common fixed point problems and common fixed
point problems without convex assumptions. As applications, we establish a general
type of some set-valued variational inequalities, and we obtain some existence
theorems of solutions of set-valued variational inequalities. The results of this paper
improve and generalize several known results on common fixed point problems.
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1 Introduction

In three recent papers [1-3], by using some new concepts of generalized KKM mappings,
the authors established common fixed point theorems for families of set-valued mappings
in Hausdorff topological vector spaces. Recently, Agarwal et al. [4] established a common
fixed point theorem for a family of self set-valued mappings on a compact and convex
set in a locally convex topological vector space. As applications, an existence theorem of
solutions for a variational inequality of Stampacchia type and some Ky Fan-type minimax
inequalities were obtained.

It is well known that the equilibrium problems are unified models of several prob-
lems, namely, optimization problems, saddle point problems, variational inequalities,
fixed point problems, Nash equilibrium problems etc. Recently, Luc [5] introduced a more
general model of equilibrium problems, which is called a variational relation problem (in
short, VR). The stability of the solution set of variational relation problems was studied in
[6,7]. Some various types of variational relation problems or systems of variational relation
problems have been investigated in many recent papers (see [8—12]). Recently, Agarwal et
al. [13] presented a unified approach in studying the existence of solutions for two types
of variational relation problems, and Balaj and Lin [14] established existence criteria for
the solutions of two very general types of variational relation problems (see also [15-22]
for further studies of variational relation problems).

Motivated and inspired by research works mentioned above, in this paper, we establish a
unified approach to study the existence of fixed points for common fixed point problems.
As generalizations, mixed systems of common fixed point problems, systems of common
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fixed point problems, and common fixed point problems without convex assumptions are
obtained.

2 Preliminary
In this short section, we recall some definitions and known results concerning set-valued
mappings which will be needed throughout this paper.

Let X, Y, Z be three Hausdorff topological spaces. We adopt the following notations: for
a set U and point x, o;(x, U) and, respectively, a,(x, U) means Vx € U, and, respectively,
Jx € U. Denote @ by @; = ap and @ = ay; for two sets A, B, y1(A, B) and, respectively,
v2(A, B) means A C B, and, respectively, A N B # (. Denote ¥ by 1 = y» and 75 = 1. A set-
valued mapping F : X =2 Y is said to be: (1) upper semicontinuous at x € X if, for any
open subset O of Y with O D F(x), there exists an open neighborhood U(x) of x such that
O D F(x') forany x’ € U(x); (2) upper semicontinuous on X, if it is upper semicontinuous at
eachx € X; (3) lower semicontinuous at x € X if, for any open subset O of Y with ONF(x) #
@, there exists an open neighborhood U(x) of x such that O N F(x’) # ¥ for any " € U(x);
(4 lower semicontinuous on X, if it is lower semicontinuous in each x € X; (5) closed if
Graph(F) = {(x,y) € X x Y|y € F(x)} is a closed subset of X x Y.

Lemma 2.1 (Corollary 17.55 (Kakutani-Fan-Glicksberg fixed point theorem) of [23]) Let
X be a nonempty, convex and compact subset of a locally convex topological linear space,
and F : X =2 X be an upper semicontinuous set-valued mapping with nonempty convex
compact values. Then there exists x* € X such that x* € F(x*).

Lemma 2.2 (Lemma 17.8, Theorem 17.10, Theorem 17.16, Theorem 17.19 of [23])
(i) The image of a compact set under a compact-valued upper semicontinuous

set-valued mapping is compact.

(i) If an upper semicontinuous set-valued mapping possess compact-valued, then it is
closed.

(iii) The correspondence ¢ is upper semicontinuous at x and ¢(x) is compact, if and only
if, for every net {(x*,y*)} in the graph of ¢, that is, with y* € ¢(x*) for each «, if
x% —> x, then the net {y*} has a limit point in ¢(x).

(iv) If X and Y are topological spaces, a set-valued mapping F : X = Y is lower
semicontinuous, if and only if, for any net {x4} in X, converging to x € X, and each
y € F(x), there exists a net {y,} converging to y, with y, € F(xy) for all a.

3 Main results

Let S: X=X, Q:X=2Y, T:Y xZ=3Zand P: X =2 Z be set-valued mappings with
nonempty values. A common fixed point problem of type o (CFP-«) consists in finding
X € X such that ¥ € S(), for any y € Q(%),

a(z,P(ic)), z€ T(y,z).

When « = a3, a common fixed point problem of type «; (CFP-o4) consists in finding x € X
such that x € S(x), and

ze (] T2, VzeP).
y€Q®)
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When o = «p, a common fixed point problem of type oy (CFP-;) consists in finding x € X
such that x € S(¥) and, for any y € Q(%), there exists z € P(x) for which

ze T(y,2).

When X = Z and P(x) = {x} for any x € X, the problems (CFP-«;) and (CFP-w;) reduce the
common fixed point problem (CFP): finding ¥ € X such that ¥ € S(¥), and

e [ T®.

y€Q(%)

Theorem 3.1 Assume that the data of problem (CFP-«) satisfy the following conditions:
(i) X is a nonempty, convex and compact subset of a locally convex topological linear
space, Y is Hausdor{f linear topological space, and Z is a Hausdor{f topological
space;
(ii) S is upper semicontinuous with nonempty convex compact values;
(iii) U(y):={x e X|y € Q(x) and &(z, P(x)),z & T(y,z)} is open in X.
Moreover, assume that there exists a set-valued mapping F : Y = X such that
(iv) F(Q(x)) C S(x) for any x € X;
(v) FE(y) is nonempty, convex and compact for anyy € Y;
(vi) Fisconvex, Le., Z;;l ME(y) C F(Z;'=1 ) for any y; € Y and any A; > 0 with
Z;il rj=1
(vii) T is a-(F,P)-KKM, i.e., for any finite set {y1,...,y.} of Y and any
x € F(co{yr,...,yu)), there is iy € {1,...,n} such that a(z, P(x)), z € T (y;y, 2).
Then problem (CFP-«) has at least a solution.

Proof By way of contradiction suppose that, for any x € X, x ¢ S(x), or, there is y € Q(x)
such that @(z, P(x)), z ¢ T(y,z). Denote Uy = {x € X|x ¢ S(x)}, which is open in X by (ii).

Therefore,

X=uuJue).

yeY

By (iii), there is a finite subset {y;,...,¥,} of Y such that

X =t v Juww.

k=1

Let {Bklk = 0,1,2,...,n} be the partition of unity subordinate to the open covering
{Uo, Ulyr)lk = 1,2,...,n} of X, i.e., {Brlk =0,1,2,...,n} is a set of continuous functions
with following properties: 0 < Bi(x) <1, Y y_o Bx(®) =1, Vx € X, k= 0,1,2,...,n; and if
x & U(yx), for some k € {1,...,n}, then Bi(x) = 0, and if x ¢ U, then By(x) = 0.

Now, we define the following set-valued mapping ¢ : X = X:

(%) = Bo@)S() + ) Br(IF ().
k=1

Page 3 of 11
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Clearly ¢ is upper semicontinuous on X. Moreover, since S(x) and F(yx) are nonempty,
convex and compact, ¢(x) is nonempty, convex and compact in X for any x € X. By
Lemma 2.1, there exists x* € X such that x* € ¢(x*). Let I(x*) = {k € {1,..., n}| Bx(x*) > O}.
Then, for any k € I(x*), x* € U(yx), it follows that y; € Q(x*) for any k € I(x*). By (iv),
F(yr) C F(Q(x*)) C S(x*) for any k € I(x*). Therefore, x* € ¢(x*) C S(x*), which implies
that Bo(x*) = 0. It follows from the convexity of F that

Z Br (x*)yk)—

x e S fule)Fly) p(
k=1 kel(x*)

By (vii), there is iy € I(x*) such that a(z, P(x*)), z € T(y;,,2), which implies that x* ¢ U(y;,),

i.e., Bi, (x*) = 0. It contradicts the fact that iy € I(x*), thatis, ;,(x*) > 0. This completes the

proof. O

Remark 3.1 By Proposition 3.3 of [14], when « = «;, condition (iii) in Theorem 3.1 can be
replaced by (al) P: X = Z is lower semicontinuous; (bl) {z € Z|z € T(y,2)} is closed in X
for any y € Y; (c1) Q71(y) is open in X for any y € Y. Thus we have the following theorem.

Theorem 3.2 Assume that the data of problem (CFP-ay) satisfy the conditions (i), (ii),
(iv)-(vi) of Theorem 3.1 and

(al) P:X = Z is lower semicontinuous;

(bl) {z€ Z|lze€ T(y,2)} is closed in X foranyy e Y;

(cl) QY(y)isopenin X foranyy € Y;

(d1) T is oq-(F,P)-KKM, i.e., for any finite set {y1,...,yn} of Y and any

x € F(co{y,...,yu}), there is iy € {1,...,n} such that z € T(y;,,z) for any z € P(x).

Then problem (CFP-o) has at least a solution.

Remark 3.2 By Proposition 3.1 of [14], when o = o, condition (iii) in Theorem 3.1 can
be replaced by (a2) P: X =% Z is upper semicontinuous with nonempty compact values;
(b2) {z € Z|z € T(y,2)} is closed in X for any y € Y; (c2) Q1(y) is open in X forany y € Y.
Thus we have the following theorem.

Theorem 3.3 Assume that the data of problem (CFP-w,) satisfy the conditions (i), (ii),
(iv)-(vi) of Theorem 3.1 and
(a2) P:X = Z is upper semicontinuous with nonempty compact values;
(b2) {z€ Z|ze T(y,2)} is closed in X foranyy e Y;
(c2) QYy)isopenin X foranyy € Y;
(d2) T is ay-(F,P)-KKM, i.e., for any finite set {y1,...,y.} of Y and any
x € F(co{yr,...,Yu}), thereis iy € {1,...,n} such that there is z € P(x) for which
z € T(yiy,2).
Then problem (CFP-w,) has at least a solution.

If X =Y and F(x) = «x for all x € X, we have problem (CFP-«).

Theorem 3.4 Let X be a nonempty, convex and compact subset of a locally convex topo-
logical linear space, Z be a Hausdor(f topological space, and S,Q: X = X, T: X xZ =3 Z
and P : X = Z be set-valued mappings with nonempty values. Assume that
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(i) S is upper semicontinuous with nonempty convex compact values, and Q(x) C S(x)
forallx € X;
(ii) the set {x € X|y € Q(x) and a(z, P(x)),z ¢ T(y,2)} is open in X for any y € X;
(ili) T is a-P-KKM, i.e., for any finite set {x1,...,x,} of X and any x € co{x1,...,x,}, there
is iy € {1,...,n} such that a(z, P(x)), z € T(x,,2).
Then problem (CFP-«) has at least a solution.

When X = Y = Z, and F(x) = x, P(x) = {x} for all x € X, we obtain the following corollary.

Corollary 3.1 Let X be a nonempty, convex, and compact subset of a locally convex topo-
logical linear space, and S,Q : X = X, T : X x X =% X be set-valued mappings with
nonempty values. Assume that
(i) S is upper semicontinuous with nonempty convex compact values;

(i) QY(y)isopenin X foranyy e X, and @ # Q(x) C S(x) for any x € X;

(ili) the set {x € X|x € T(y,x)} is closed in X for any y € X;

(iv) for any finite set {x1,...,x,} of X and any x € co{xy, ...,x,}, there is iy € {1,...,n}

such that x € T (x;,,%).

Then there exists X € X such that x € S(x) and x € ﬂyEQ@ T(y,x).

Remark 3.3 Theorems 3.1-3.4 generalize the results of [1-4]. When X = Y and P(x) =
F(x) = x for all x € X, and S(x) = Q(x) = X for any x € X, our Theorems 3.1-3.4 reduce to
the results of [1-4].

Now, we introduce a new class of problems, called mixed systems of common fixed point
problems (MSCEFP). Let X, Y be nonempty sets in two Hausdorff topological vector spaces,
Z be a Hausdorff topological space, S: X x Y 2 X, H: X x Y 3 Y,Q: X XY =2 X, M:
XxYZRY, T:XXxZ=3Z,F:YxZ=3Z,P:X xY = Z be set-valued mappings with
nonempty values. A mixed system of common fixed point problems consists in finding
(x*,9*) € X x Y such that x* € S(x*,y*), y* € H(x*,y*) and

Vu € Q(x*,5%), VzeP(x",y"), st.zeT(u,2),

Vv e M(x*,y*), Jz e P(x*,y*), s.t.z€ F(v,z2).

Theorem 3.5 Assume that
(i) X, Y, Z are three nonempty, compact and convex subsets of three Hausdor(f linear
topological spaces;
(i) C={(x,y)eX xY:xe€Sx,y)}and D={(x,y) € X x Y:ye H(x,y)} are nonempty
and closed in X x Y;
(iii) P is continuous with nonempty convex compact values;
(iv) {z€Z:z€ Tx,2)} and {z € Z:z € F(y,2)} are closed for any (x,y) € X X Y;
V) Qx,y) #0, M(x,y) #9, coQ(x,y) C S(x,9), coM(x,y) C H(x,y), and Q1 (x), M(y)
are open for any (x,y) € X X Y;
(vi) for any fixedy € Y, any finite subset {u, ..., u,} of X and any x € co{uy,...,u,},
thereis i € {1,...,n} such that, for any z € P(x,y), z € T(u;,2);
(vil) for any fixed x € X, any finite subset {v1,...,v,} of Y and any y € co{w, ..., v,}, there
isi€{l,...,n} such that there is z € P(x,y) for which z € F(v;, z).
Then problem (MSCFP) has at least a solution.
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Proof Define A: X x Y =% Xand B: X x Y 2 Y as follows:

Ax,y) ={ueX:3zePxy),z¢ T(uz2)},

B(x,y) = {Ve Y:zeéF(v,z),VzeP(x,y)}.

By (iii), (iv), and Remarks 3.1, 3.2, A}(u), B~}(v) are open in X x Y for any (#,v) € X x Y.

Suppose there exists (x,y) € X x Y such that x € coA(x,y), then there is a finite subset
{u,...,u,} of A(x,y) such that x € co{u, ..., u,}. By (vi), thereis ip € {1,...,n} such thatz €
T(uj,,z) for any z € P(x, y), which contradicts the fact that u; € A(x,y) forany i € {1,...,n}.
Hence x ¢ coA(x,y) for any (x,y) € X x Y.

Suppose there exists (x,y) € X x Y such that y € coB(x, y), then there is a finite subset
{v1,...,vu} of B(x,y) such that y € co{wy,...,v,}. By (vii), there is iy € {1,...,n} such that
there exists z € P(x, y) for which z € F(v;), z), which contradicts the fact that v; € B(x;, ) for
any i € {1,...,n}. Hence y ¢ coB(x,y) for any (x,y) € X x Y.

Define the mappings A’: X x Y = X and B’ : X x Y =2 Y as follows:

‘ Alx,y) N Q. y), if (xy)eC,
A'(x,y) = ‘
Q(x, ), if (x,9) ¢ C,
/ B(x,y) N M(x,y), if(x,y) €D,
B(x,y) =
M(x,y)) lf (x,y) é D.
Forany u € X,

A7) =[Q ) NA W) U [(X x Y)\C) N Q' (w)]

is openin X x Y. Similarly, B~1(v) is open for any v € Y. Hence, A"~1(u), B~!(v) are open for
any (u,v) € X x Y, and x € coA’(x,y), y ¢ coB'(x,y) for any (x,y) € X x Y. By Theorem 3 of
[24], there exists (x*,y*) € X x Y such that A'(x*,y*) = @ and B'(x*, y*) = @, which implies
that x* € S(x*,y*), y* € H(x*,y*) and

Vu € Q(x*,5%), VzeP(x",y"), st.zeT(u,2),

Vv e M(x",y%), Iz e P(x*,y"), st.zeF(v,2).

As a generalization, we introduce the following system of common fixed point problems.
Let I be any index set. For any i € I, let X;, Z; be Hausdorff topological spaces, and S; : X =
X, Qi: X=X, T;: X; X Z; = Z; and P; : X = Z; be set-valued mappings with nonempty
values. A system of common fixed point problems (SCFP) consists in finding x € X such
that, for each i € [, x; € S;(x) and, for any y; € Q;(%),

a(z, Pi(%),  z € Ty ). 0

Theorem 3.6 Assume that, for each i € I, the following conditions are satisfied:
(i) Xi is a nonempty, convex and compact subset of a locally convex topological linear
space, and Z; is a Hausdorff topological space;
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(ii) the set Q;:={x € X :x; € S(x)} is nonempty and closed in X;;
(ili) the set-valued mapping G; : X = X;, defined by
Gi(x) := {y: € Xi|a(z;, Pi(x)), zi ¢ T;(yi,z:)}, has open fibers;
(iv) Q;*(y:) is open in X for any y; € X;;
(v) for any finite set {yi,...,Yin} of X; and any x; € co{yy, ..., yin} with x = (x;);cs, there is
je{l,...,n} such that o(z;, Pi(x)), z; € T;(yy, z).
Then problem (SCFP) has at least a solution.

Proof For each i € I, define the set
W; = [X\Q] U {x € X|G;(x) N Qilx) # 0}

By (ii) and (iii), W; is open in X for each i € I. Since Gi‘l(yi) is open in X for each i € I, by
a known continuous selection Theorem (see [23, Theorem 17.63]), there is a continuous
function f; : X — X; such that f;(x) € coG;(x). Thus, for each i € I, we define the mapping
F: X = X as follows:

(%), ifxe W,
L F@x) =] [EW.
X; ifxd Wi, iel

Fi(x)

By Lemma 2.1, there exists x* € X such that x* € F(x*), which implies that x} € F;(x*) for
each i € I. If x € W, for some iy € I, x5 = fi, (**) € coG;, (x*). Then there exists a finite
set {Jig1,--+»Yign} C Giy(x*) such that xj € co{yig1, ..., Yign}- By (v), there is jo € {1,...,n}
such that a(z;,, P, (x)), ziy € Tiy(¥igjo2iy)» Which contradicts the fact that y;;, € G;,(x").
Therefore, x* ¢ W; for any i € I, which implies that, for each i € I, x} € S;(x*) and, for any
yi € Qi(x*), alz;, Pi(x*)), z; € Ti(y;,z;). This completes the proof. O

As a generalization of Theorem 3.1, we derive the following existence result for the so-

lution of problem (CFP-«) without convex assumptions.

Theorem 3.7 Assume that
(i) X is a nonempty and compact subset of a Hausdorff topological vector space E, and

has the fixed point property, and Z is a Hausdor[f topological space;

(i) Q:={xreX:xeSx)}is closed;

(ili) Qx) C S(x) for any x € X;

(iv) U(y):= {x € X|d(z, P(x)),z ¢ T(y,2)} and Q" (y) are open in X for any y € X;

(v) for any finite set {y1,...,y,} of X, there exists a continuous mapping ¢, : A, — X
such that
(V1) forany A = (A1,...,An) € Ay, there exists i € J(X) such that a(z, P(¢,,(A))),

ze€ T(y;,2);

(v2) ifyi € Q(pn(A)) for any i € J(X), then ¢, (L) € Q(pn(R)), where

A, = {(Al,...,kn) eR"D Ai=1x zo}, J():={ie{l,...,n}x; > 0}.

i=1

Page 7 of 11
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Then problem (CFP-«) has at least a solution, i.e., there exists x € X such that x € S(x) and,
foranyy € Qx),

a(z,PF), ze€T(y2).
Proof Define the mapping G : X = X as follows:
G(y) = [X\Q'(»] U {x € X|x € S(x) and a(z, P(x)),z € T(y,2)}.

By (ii) and (iv), G(y) is closed for any y € X.

By (v), for any finite subset {y1,...,¥,} of X, there exists a continuous mapping ¢, :
A, — X such that, for any A = (Ay,...,1,) € A,, there exists i € J(A) such that a(z,
P(¢,(1)), z € T(y;,z), then

(1) if there exists iy € J(1) such that y;, ¢ Q(¢,(%)), which implies that

$n(2) € X\Q (3. Thus ¢, (1) € Gy );

(2) if y; € Q¢ (1)) for any i € J(1), then ¢, (%) € Q(,(1)) by (v). By (i),

@u(r) € S(¢pn(1)). Then ¢, (A) € S(¢,(1)) and, for any A = (Aq,...,A,) € A, there
exists i € J(A) such that a(z, P(¢,,(1))), z € T(y;,z). Thus ¢,(A) € G(y;).
Hence, by Theorem 2.1 of [17],

(1G0) #9,

yeX

which implies that there is ¥ € X such that x € S(x) and, for any y € Q(x),
a(z,P(ic)), ze T(y,z). O
By Remarks 3.1 and 3.2, we have the following results.

Theorem 3.8 If (iv) of Theorem 3.7 is replaced by

(a3) P:X = Z is lower semicontinuous;

(b3) {z€ Z|z € T(y,2)} is closed in X foranyy € Y, and Q1(y) is open in X for any y € X.
Then problem (CFP-ay) has at least a solution, i.e., there exists X € X such that x € S(x)
and

ze (| T2, VzeP().

y€Q(%)

Theorem 3.9 If (iv) of Theorem 3.7 is replaced by

(ad) P:X = Z is upper semicontinuous with nonempty compact values;

(bd) {z€ Z|z€ T(y,z)} is closed in X for any y € Y, and Q" (y) is open in X for any y € X.
Then problem (CFP-a) has at least a solution, i.e., there exists X € X such that x € S(x)
and, for any y € Q(x), there is z € P(x) for which z € T(y, z).

Remark 3.4 In [1-4], convex assumptions or the KKM property played an important role
in the proofs of common fixed points. In Theorems 3.7-3.9, the existence of common fixed
points does not depend on convex assumptions.
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Remark 3.5 This paper extends the research on common fixed point problems. The clas-
sical common fixed point problem (see [1-4]) is a special case of problem (CFP-«). More-
over, we introduce the system of common fixed points, and common fixed point problems

without convex assumptions are obtained.

4 Applications
4.1 Variational inclusions
In this section, we fix our attention on variational inclusions described below:

Let X be a nonempty, convex and compact subset of a locally convex topological linear
space, Z be a Hausdorff topological linear space, and S,Q: X = X, A,B: X x X = Z be
set-valued mapping with nonempty values.

A variational inclusion of type y (VI-y) consists in finding X € X such that ¥ € S(x) and
v (A(%,9), B(%,y)) holds for any y € Q(%).

A variational inclusion of type y; (VI-y1) consists in finding X € X such that x € S(x) and
A(x,y) C B(x,y) for any y € Q(x).

A variational inclusion of type y, (VI-y,) consists in finding ¥ € X such that ¥ € S(x) and
A(%,7) N B(%,y) # ¥ holds for any y € Q(%).

Theorem 4.1 Let X be a nonempty, convex and compact subset of a locally convex topo-
logical linear space, Z be a Hausdor(f topological linear space. Assume that
(i) S is upper semicontinuous with nonempty convex compact values;
(i) Q7Y(y)isopenin X foranyy € X, and @ # Q(x) C S(x) for any x € X;
(ili) the set {x € X|y (A(x,y), B(x,y)) holds} is closed in X for any y € X;
(iv) for any finite set {x1,...,x,} of X and any x € co{xy, ...,x,}, there is iy € {1,...,n}
such that y (A(x, x;,), B(x, x;,)) holds.

Then problem (VI-y) has at least a solution.

Proof Define the mapping T': X x X = X as follows:
T(y,x) = {z€ X : y(A(x,9), B(z,7)) holds}.

By (iii), {x € X : x € T(y,x)} is closed in X for any y € X. By Corollary 3.1, there exists ¥ €
X such that x € S(x¥) and x € ﬂyEQ@ T(y,x), which implies ¥ € S(x) and y (A(%,y), B(*%,))
holds for any ¥ € Q(¥). This completes the proof. |

Theorem 4.2 Assume (ii) and (iii) of Theorem 4.1 are replaced by
(a5) forany y € X, A(-,y) is lower semicontinuous, and B(-,y) is closed;
(b5) for any finite set {x1,...,%,} of X and any x € co{x, ...,x,}, there is iy € {1,...,n}
such that A(x,x;,) C B(x, %4,).
Then problem (VI-y,) has at least a solution.

Proof Assoon as we show that the set {x € X : A(x,y) C B(x,y)} is closed for any y € X. Let
{x*} be anetin X converging to x, such that A(x%, y) C B(x%,y) for any . For any z € A(x, y),
since A(-,y) is lower semicontinuous, by Lemma 2.2, there is z* € A(x%,y) C B(x%,y) such
that z* — z. It follows from the closeness of B(-,y) that z € B(x, y). Then A(x,y) C B(x, y).
Thus, the set {x € X : A(x,y) C B(x,y)} is closed for any y € X. O
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Theorem 4.3 Assume (ii) and (iii) of Theorem 4.1 are replaced by
(a6) foranyy e X, A(-,y) is upper semicontinuous with nonempty compact values, and
B(-,y) is closed,;
(b6) for any finite set {x1,...,%x,} of X and any x € co{xy,...,%,}, there is ip € {1,...,n}
such that A(x, x;,) N B(x,x;,) # 9.
Then problem (VI-y,) has at least a solution.

Proof Assoon as we show that the set {x € X : A(x,y) N B(x,y) # @} is closed for any y € X.
Let {x*} be a net in X converging to x, such that A(x*,y) N B(x%,y) # ¥ for any «. Then
there exists z* € Z such that z* € A(x*,y) N B(x*,y) for any «. Since A(-,y) is upper semi-
continuous with nonempty compact values, by (iii) of Lemma 2.2, there is a subnet {z*/}
of {z*} converging to some z € A(x). Since z*¢ € B(x*#,y), and B(-,y) is closed, z € B(x, y).
Thus z € A(x,y) N B(x, y). Hence, the set {x € X : A(x,y) N B(x,y) # @} is closed for any y € X.

O

4.2 Generalized multiplied minimax inequality of Ky Fan type

Let X be a nonempty, convex and compact subset of a locally convex topological linear
space, and S,Q: X = X, f : X x X x X — R be a real-valued function. A generalized
multiplied minimax inequality of Ky Fan type consists in finding ¥ € X such that x € S(x)
and f(y,%,%) < 0 for any y € Q(%).

Theorem 4.4 Let X be a nonempty, convex and compact subset of a locally convex topo-
logical linear space. Assume that
(i) S is upper semicontinuous with nonempty convex compact values;

(i) Q7Y(y) is open in X foranyy € X, and @ # Q(x) C S(x) for any x € X;

(iii) f(y,-,-) is lower semicontinuous on X x X for any y € X;

(iv) for any finite set {x1,...,%,} of X and any x € co{x,,...,x,}, there is iy € {1,...,n}

such that f(x;,,%,x) < 0.

Then the generalized multiplied minimax inequality of Ky Fan type has at least a solution.

Proof Define the mapping 7 : X x X =2 X as follows:
T(y,x) = {z eX:f(y,x,2) < O}.

By (iii), {x € X : x € T(y,x)} is closed in X for any y € X. By Corollary 3.1, there exists x € X
such that ¥ € S(x) and x € ﬂyEQ@ T (y,x), which implies ¥ € S(x) and f(y,%,x) < 0 for any
y € Q(x). This completes the proof. d

Remark 4.1 Theorem 4.4 is different from Theorems 4.2, 4.3 of [4]. (1) Our Theorem 4.4
with constraining mappings S, Q is a more general problem than Theorems 4.2, 4.3 of [4].
(2) The existence conditions are different between Theorem 4.4 and Theorems 4.2, 4.3
of [4].

From Theorem 4.4, when S(x) = Q(x) = X for any x € X, we obtain a multiplied minimax
inequality of Ky Fan type.

Theorem 4.5 Let X be a nonempty, convex and compact subset of a locally convex topo-
logical linear space. Assume that
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(i) f(,-,-) is lower semicontinuous on X x X for any y € X;
(ii) for any finite set {x1,...,%,} of X and any x € co{xy,...,x,}, there is ip € {1,...,n} such
that f(x;y, x,%) < 0.
Then the multiplied minimax inequality of Ky Fan type has at least a solution, i.e.,
f,%,%) <0 foranyye X.
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