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Abstract

In this paper, we first introduce and investigate a bilevel split equilibrium problem
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problems. We provide some new feasible iterative algorithms for BSEP and establish
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MSC: 47J25;47H09; 65K10

Keywords: metric projection; adjoint operator; equilibrium problem (EP); split
equilibrium problem (SEP); bilevel split equilibrium problem (BSEP); bilevel convex
optimization problem (BCOP); the common solution of equilibrium problems (CEP);
feasible iterative algorithm; strong convergence theorem

1 Introduction and preliminaries
Let K be a closed convex subset of a real Hilbert space H. Let (-,-) and | - || denote the
inner product of H and the norm of H, respectively. For each point x € H, there exists a

unique nearest point in K, denoted by Pxx, such that
lx —Prx|| < |lx—y| forallyeK.

The mapping Px is called the metric projection from H onto K. It is well known that Py
has the following properties:
(i) {x -y, Pxx — Pxy) > | Pxx — Pxy|? for every x,y € H.
(i) Forre Handze K,z=Pg(x) & (x—z,z—y) >0 forally € K.
(iii) Forx € Handy € K,

|y = Pc@)|” + |2 = P < Il — yII*. (L1)

Let H; and H; be two Hilbert spaces. Let A : H; — H, and A* : H, — Hj be two bounded
linear operators. A* is called the adjoint operator (or adjoint) of A if

(Az,w) = (z,A*w) forall z € H; and w € H,.

Itis known that the adjoint operator of a bounded linear operator on a Hilbert space always
exists and is bounded linear and unique. Moreover, it is not hard to show that if A* is an
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adjoint operator of A, then ||A| = ||A*||. The symbols N and R are used to denote the sets
of positive integers and real numbers, respectively.

Example 1.1 ([1]) Let H, = R with the standard norm | - | and H; = R? with the norm
lall = (a2 + a%)% for some « = (a1,a;) € R2. (x,9) = xy denotes the inner product of H,
for some x,y € Hy, and («, ) = Ziz:l a;b; denotes the inner product of H; for some o =
(a1, a3), B = (b1, by) € Hy. Let Aa = ay — a for a = (a1,a;) € Hy and Bx = (—x, x) for x € Hy,
then B is an adjoint operator of A.

Example 1.2 ([1]) Let H; = R? with the norm |«|| = (a} + a%)% for some « = (a1,a,) € R?
and H; = R® with the norm ||y || = (¢} + ¢3 + cg)% for some y = (c1,¢2,¢3) € R3. Let (o, B) =
Zizzl a;b; and (y,n) = Z?:l c;d; denote the inner product of H; and H», respectively, where
a = (a1, a), B = (b1,by) € Hy, v = (c1,¢2,¢3), 1 = (d1,d, d3) € Hy. Let Aa = (as,a1,a1 — a3)
for a = (a1,a2) € Hy and By = (¢ + ¢3,¢1 — ¢3) for y = (c1, ¢2,¢3) € Hy. Obviously, B is an

adjoint operator of A.

Let f be a bi-function from C x C to R. The classical equilibrium problem (EP, for short)
is defined as follows.

(EP) Find p € C such that f(p,y) > 0,Vy € C.

The set of such solutions is denoted by EP(f), that is, EP(f) = {u € C: f(u,v) > 0,Vv €
C}. In fact, equilibrium problem has an important relationship with variational inequality
problem. For example, let T': C — H be a nonlinear mapping satisfying (Tx,y —x) > 0 for
all x,y € C. Then x € EP(f) if and only if x € C is a solution of the variational inequality
(Tx,y—x) > 0 forall y € C. It is known that the EP is an important mathematical model for
nonlinear analysis and applied sciences which is generalized to many new mathematical
models and includes many important problems arising in physics, engineering, science
optimization, economics, network, game theory, complementary problems, variational
inequalities problems, saddle point problems, fixed point problems and others; for details,
one can refer to [2—8] and references therein. Many authors have proposed some useful
methods to solve the EP; see, for instance, [2—5, 9-17] and references therein.

Recent investigations and developments in equilibrium theory as well as optimization
theory have been applied to connect fundamental sciences with the real world. According
to our experience, useful methods of real world problems often need to be used to solve
several problems arising in different spaces. In view of this, recent studies focus on split
problems which are more closed in the real world applications; see, for instance, [1, 18—
24] and the references therein. Recently, He [1] considered the following split equilibrium
problem. Let H; and H; be two real Hilbert spaces. Let C be a closed convex subset of H;
and K be a closed convex subset of H,. Let f: C x C — Rand g: K x K — R be two bi-
functions, and A : H; — H, be a bounded linear operator. The split equilibrium problem
(SEP, in short) is defined as follows:

(SEP) Find p € Csuch that f(p,y) > 0, Vy € C, and u := Ap satisfying g(u,v) > 0, Vv € K.

In [1], the author established weak convergence algorithms and strong convergence al-
gorithms for SEP (see [1] for more details).
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Motivated and inspired by the works mentioned above, in this paper we shall introduce
and investigate the following new problem. Let H;, H, and Hj be three real Hilbert spaces.
Let C be a closed convex subset of H, Q be a closed convex subset of H, and K be a closed
convex subset of H. Let f: Cx C > R, g: Q x Q—> R and #: K x K — R be three
bi-functions. Let A : H; — H3 and B : H, — Hj be two bounded linear operators with
theirs adjoint operators A* and B*, respectively. The mathematical model about bilevel
split equilibrium problem (BSEP, in short) is defined as follows:

(BSEP) Find p € C and g € Q such that
(i) f(p,x) > 0and g(g,y) >0 forallx e Cand y € Q;
(i) Ap=Bq:=u;
(iii) h(u,z) >0 forallze K.

In fact, BSEP can be regarded as a new development in the field of equilibrium prob-
lems and contains several important problems as special cases. It was profoundly believed
that BSEP will motivate and inspire further scientific activities in the fields of equilibrium
problems, optimization problems, game problems, complementary problems, variational

inequalities problems, fixed point problems and their applications.

Example A Let H;, H, and Hj be three real Hilbert spaces. Let C C H;, Q C H; and
K C Hj be three closed convex sets. Let f*: C — R, g*: Q — R and #* : K — R be three
convex functions. Let A : H; — Hj and B: Hy, — H3 be two bounded linear operators with

their adjoint operators A* and B*, respectively. Let

fwa)=f*x)-f*(a) forx,aeC,
g0, B)=g"(»)-g"(B) fory,BeQ,

and
h(z,n) =h*(z) —h*(n) forz,nek.
Then BSEP reduces the bilevel convex optimization problem (BCOP):

(BCOP) Findp € Cand g € Qsuch thatu:= Ap = Bq € K, f*(x) > f*(p), g*(y) > g*(g) and
h*(z) > h*(u) forallx e C,y e Qand z € K.

Example B Let H;, H, and Hj be three real Hilbert spaces. Let C C H;, Q C Hy and K C
Hj3 be three closed convex sets. Let T: C — Hi, S: Q — H, and G : K — Hj be three
nonlinear operators. Let A : H; — Hs and B: H, — H3 be two bounded linear operators
with their adjoint operators A* and B*, respectively. If f (p,x) = (Ip,x —p), g(q,¥) = (Sq,y —
q) and h(u,z) = (Tu,z — u), then BSEP reduces to the bilevel split variational inequality
problem (BSVI):

(BSVI) Find p € Cand g € Q such that u := Ap = Bq € K satisfying (Tp,x —p) > 0, (Sq,y —
q)>0and (Tu,z—u) >0 forallxe C,ye Qand z € K.
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Example C Let H; and H; be two real Hilbert spaces and B : H| — H, be abounded linear
operator with its adjoint operator B*. Let C C H;, Q C H; and K C H; be three closed
convex sets. If H; = H, and A = B, then BSEP reduces to the following split equilibrium
problem (1) (SEPW):

(SEPY) Find p € C and g € Q such that u := Bp = Bq € K satisfying f(p,x) > 0, g(¢,y) > 0
and h(u,z) > 0 forallx € C,y € Qand z € K.

Example D Let H; and H; be two real Hilbert spaces and A : H; — H, be a bounded
linear operator with its adjoint operator A*. Let C C H;, Q C H, and K C H, be three
closed convex sets with Q N K # (. If H, = H3 and B = I (identity operator), then BSEP
reduces to the following split equilibrium problem (2) (SEP®):

(SEP?) Find p € C such that u := Ap € Q N K satisfying f(p,x) > 0, g(u,y) > 0 and
h(u,z) > 0 foreachx € C,y € Qand z € K.

Especially, if g(p, y) = 0 for all p,y € Q, then (SEPY) reduces to finding p € C such that
u:=Ap € K satisfying f (p,x) > 0 and (1, z) > 0 for all x € C and z € K, which was studied
in [1].

Example E Let H; and H; be two real Hilbert spaces and B : H; — H; be a bounded
linear operator with its adjoint operator A*. Let C C H;, Q C H; and K C H; be three
closed convex sets with CN Q #@. If H; = H and A = I (identity operator), then BSEP
reduces to the following split equilibrium problems (3) (SEP®):

(SEP®)) Find p € C N Q such that u := Bp € K satisfying f(p,x) > 0, g(p,y) > 0 and
h(u,z) >0forallxe C,ye Qand z € K.

Example F In Example A, if H; = H, = H3:=H, C=Q =K C H and A = B = (identity
operator), then BSEP reduces to the common solution of equilibrium problems (CEP):

(CEP) Find p € C such that f(p,x) > 0, g(p,y) > 0 and h(p,z) > 0 for each x,y,z € C.

The paper is divided into four sections. In Sections 1 and 2, we first introduce and in-
vestigate a bilevel split equilibrium problem (BSEP) and then provide some new feasible
iterative algorithms for BSEP and establish strong convergence theorems for these iter-
ative algorithms in different spaces. In Section 3, we give the proof of the main result
Theorem 2.1 in detail. Finally, an example illustrating Theorem 2.1 is given in Section 4.

2 Feasible iterative algorithms for BSEP and their strong convergence
theorems

In 1994, Blum and Oettli [2] established the following important existence theorem which

plays a key role in solving equilibrium problems, variational inequality problems and op-

timization problems.

Lemma 2.1 (Blum and Oettli [2]) Let K be a nonempty closed convex subset of H and F
be a bi-function of K x K into R satisfying the following conditions.
(Al) F(x,x)=0 forallx € K;
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(A2) F is monotone, that is, F(x,y) + F(y,x) <0 forall x,y € K;
(A3) foreach x,y,z€ K,

limsup F(tz + (1 - t)x,y) < F(x,9);

t—0*

(A4) foreachx € K, y— F(x,y) is convex and lower semi-continuous.
Letr >0 and x € H. Then there exists z € K such that

1
Flz,y)+-{y—z,z-x)>0 forallyeK.
r

In this paper, we first introduce a new iterative algorithm for BSEP and establish a strong
convergence theorem for this iterative algorithm. Here, the space H; x H, denotes the
product space of two real Hilbert spaces H; and H,, which is endowed with the usual

linear operation and norm, namely, for (x,y), (*,¥) € H1 x Hy and a,b € R,
a(x,y) + b(x,y) = (ax + bx,ay + by)
and

1Ges )| = Il + Nyl

Theorem 2.1 Let Hy, Hy and Hj be three real Hilbert spaces. Let C be a closed convex
subset of H1, Q be a closed convex subset of Hy and K be a closed convex subset of Hs. Let
f:CxC—->R,g:QxQ—>Randh:K x K— R be three bi-functions. A : H — Hj
and B : Hy — Hj are two bounded linear operators with their adjoint operators A* and B*,
respectively. Suppose that all the bi-functions f, g and h satisfy conditions (Al)-(A4). Let
x€CneQ, C=C,Q=Q, {x}, {yu}, {utn}, {vn} and {w,} be sequences generated by

U, = T{nxn, Vi =T Y, w, = T" (LAu, + 1Bv,),

L, = Pc(u, — EA*(Au, — wy)), K = Po(vy — £B*(Bvy — wy),

Cort X Qua1 = {,9) € G X Qu 1l = I + 1k = 311 1)
< Mot =12 + v = 12 < Nl = 2112 + Iy = ¥112),

Xni1 = P, (x1),

Yn+1 = PQn+l (yl)’ Vn e N’

where & € (O,min(w, W)) and {r,} C (0,+00) with liminf,_, . 1, > 0, Pc and Pq are

two projection operators from Hi into C and from H, into Q, respectively. Suppose that
Q = {(».q) € EP(f) x EP(g) : Ap = Bg € EP(h)} # 0.

Then there exists (p,q) € Q2 such that
@) @nyn) = (p.q) as n— oo;
(b) (un,vn) = (p,q) as n— o0;
(c) w, = w*:=Ap =Bq € EP(h) as n — o0.

Page 5 of 17
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The following conclusion is immediate from Theorem 2.1 by putting A = B.

Corollary 2.1 Let Hy and H, be two real Hilbert spaces. Let C and Q be two closed convex
subsets of Hy and K be a closed convex subset of Hy. Letf : CxC — R,g:QxQ— Randh:
K x K — R be three bi-functions. B : Hy — H, is a bounded linear operator with its adjoint
operator B*. Suppose that all the bi-functions f, g and h satisfy conditions (Al)-(A4). Let
x€C,neQ, C=C,Q=Q, {x,}, {yu}, {utn}, {vn} and {w,} be sequences generated by

U, = T{nxn, Vi =T% Yy Wy = Trhn(%Bu,, + %BV,,),

ln=Pc(uy —EB*(Buy —wy)),  ky=Pq(vy —EB*(Bvy — wy)),

Crn1 X Qui = {(%,9) € Cu X Qu: Ly = xI” + 1k = Y11 < N1t = 21> + v = yII>
< lloew = %[> + llyn = 511},

X1 = P, (%1),

Yn+1 = PQ,H,] (3/1)» Vne N:

where & € (0, W) and {r,} C (0,+00) with liminf,_, ., 7, > 0, Pc and P are two projec-
tion operators from H, into C and from H into Q, respectively. Suppose that

Q = {(».q) € EP(f) x EP(g) : Bp = Bg € EP(h)} # 0.

Then there exists (p,q) € Q2 such that

(a) (xmyn) - (10,61) as n— oQ;
(b) (tn,vu) > (v, q) as n — o0;
(c) w, —> w*:=Bp=Bq€EP(h)asn— oo.

If Hy = H3 and B = I, then Theorem 2.1 reduces to the following corollary.

Corollary 2.2 Let H, and H, be two real Hilbert spaces. Let C C H; and Q,K C H, be
three closed convex sets. Let f :Cx C —>R,g:Q x Q— Rand h:K x K — R be three bi-
functions. A : Hi — H, is a bounded linear operator with its adjoint operator A*. Suppose
that all the bi-functions f, g and h satisfy conditions (Al)-(A4). Letx; € C,y1 € Q, C; = C,
Q1 = Q, {x,}, Wyn}, {un}, {vn} and {w,} be sequences generated by

Un=Thxwy  Va=TSym  wy=T" (S Au, +1v,),

Ly = Pc(uy — §A* (Auy — why)), ki = vy —&(Vi = wy),

Curt X Quir ={(%,9) € Cu X Qs 1y = II* + 1k = YII* < Nt — x> + v = yI1?
< % — %1% + lyn = ¥11},

X1 = Pc,,, (%1),

Yn+1 = PQ,,“ (3/1)» VneN,

where & € (0, min{1, W}) and {r,} C (0, +00) with liminf,_, ,oc 7, > 0, Pc and Pq are two

projection operators from Hy into C and from H, into Q, respectively. Suppose that

Q = {p € EP(f): Ap € EP(¢) NEP(h)} # 0.
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Then there exists p € Q2 such that
(a) x, > pasn— oo;
(b) u, —> pasn— oo;
(©) Vi YWy — W*:=Ap as n — oo.

If H; = H; and A = I, then Theorem 2.1 reduces to the following corollary.

Corollary 2.3 Let H; and H, be two real Hilbert spaces. Let C,Q C Hy and K C H, be
three closed convex sets. Let f : Cx C—>R,g:Qx Q— Rand h:K x K — R be three bi-
functions. B: Hy — H, is a bounded linear operator with its adjoint operator B*. Suppose
that all the bi-functions f, g and h satisfy conditions (Al)-(A4). Letx; € C,y1 € Q, C; = C,
Q1 = Q, {x,}, Wn}, {un}, {vu} and {w,} be sequences generated by

U, = T{nx,,, V=T Y, Wy, = Tf;(%un + %an),

b=ty =&y —wa), ki = Pg(vy — EB*(Bvy — wy)),

Cri1 X Qua = {(%,9) € Cu X Qu: Ly = x1” + 1k = yII* < N1ty = %II* + v = yII>
< lloew =01 + llyn = ¥11%},

xpn1 = Pc,,, (%1),

yn+1 = PQn+l (yl)’ Vn e N’

where & € (0, min{1, W}) and {r,} C (0,+00) with liminf,_, ., 1, > 0, Pc and P are two
projection operators from H; into C and from H, into Q, respectively. Suppose that

Q = {p € EP(f) NEP(g) : Ap € EP(h)} # 0.

Then there exists p € Q2 such that
(@) XUy —> p asn— o0;
(b) ¥, vy — p as n — oo;
(©) w,—>w":=Apasn— 0.

Putting A = B = I (identical operator), H; = H, = H3 = H and C = Q = K|, then we have

the following result.

Corollary 2.4 Let H be a real Hilbert space. Let C be a closed convex subset of H. Let
f.8,h: Cx C— R bethree bi-functions. Suppose that all the bi-functions f, g and h satisfy
conditions (Al)-(A4). Let x1,y, € C, Cy = C, {x,,}, {yu}> {un}, {vu} and {w,} be sequences

generated by
Uy = T{,,xm Vp = T;‘gnynr Wy = Tz(%un + %Vn),
ln = Uy _é(un _Wn)r kn =Vn_$(vn_wn)’

Cri1 X Cuo1 = {(%,9) € Cy X Cp 2 by = xII” + 1k = yII* < N1t = %II* + v = yII>
< lloen =1 + lyn = 1%},
Xn+l =PCn+1(xl);

Yur1 =Pc,,,(n), VneN,

Page 7 of 17
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where & € (0,1) and {r,,} C (0, +00) withliminf,_, .. r, > 0, Pc is a projection operator from
H into C. Suppose that

Q= {(p.q) €EP(f) x EP(¢) : p = g € EP(h)} # 0.

Then there exists (p,q) € Q2 such that

(@) X ¥0) = (p,q) as n — oo;
(®) (U, va) = (p,q) as n — oo;
(c) wy, > w*:=p=qeEP(h) as n — oco.

Remark 2.1 In Corollary 2.2, it is obvious that

Q= {(p.q) € EP(f) x EP(g) : p = g € EP(h)} #0
implies

Q = {p € EP(f) NEP(g) NEP(h)} # .

Hence, the problem studied in Corollary 2.4 is still the study of a common solution of

three equilibrium problems in essence.

If C, Q, K are linear subspaces of a real Hilbert space, then we have the following corol-

laries from Theorem 2.1 and Corollary 2.1.

Corollary 2.5 Let Hy, H, and Hs be three real Hilbert spaces. Let C C Hy, Q C H, and
K C Hs be three linear subspaces. Let f :C x C—> R, g:Qx Q—>Randh:K x K— R
be three bi-functions. A : Hi — Hs and B : Hy — Hj are two bounded linear operators with
their adjoint operators A* and B*, respectively. Suppose that all the bi-functions f, g and
h satisfy conditions (Al)-(A4). Let x, € C,y1 € Q, C1 = C, Q1 = Q, {xu}, (yu}> {ttn}> (v} and
{w,} be sequences generated by

U, = T{nx,,, Vy = T,gny,,, Wy = Tf;(%Au,, + %an),

by =uy, — EA™ (Auy — W), kn = vy —EB*(Bvy — wy),

Cri1 X Qua = {(%,9) € Cu X Qu: Ly = x1” + 1k = Y11 < N1ty = %II* + v = yII>
< lloew =1 + llyn = y11%},

X1 = Pc,,,, (1),

Yn+l = PQn+1 (3’1)» Vne N;

1__1_
IAI2 1|2

two projection operators from Hi into C and from H, into Q, respectively. Suppose that

where & € (0, min( )) and {r,} C (0, +00) with liminf,_, ... ¥, > 0, Pc and Pq are

Q = {(p,q) € EP(f) x EP(g) : Ap = Bg € EP(h)} # 0.

Then there exists (p,q) € Q2 such that

(@) (xp,9n) — (B, q) as n — oo;
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(®) (U, va) = (p,q) as n — oo;
(c) w, —> w*:=Ap = Bq € EP(h) as n — 0.

Corollary 2.6 Let H; and H be two real Hilbert spaces. Let C C Hy, Q C Hy and K C H,
be three linear subspaces. Letf : Cx C - R,g:Qx Q— Rand h: K x K — R be three bi-
functions. B: Hy — H, is a bounded linear operator with its adjoint operator B*. Suppose
that all the bi-functions f, g and h satisfy conditions (Al)-(A4). Let x, € C, y1 € Q, C; = C,
Q1 = Q, {x,}, yu}, {un}, {vn} and {w,} be sequences generated by

U, = T{nx,,, Vi =T4 Vs Wy, = Tr’;(%Bun + %an),

b=ty —EB*(Buy —Wn),  kn=vy—EB*(Bvy — wy),

Cri1 X Qui = {(%,9) € Cu X Qu: Ly = xI” + 1k = Y11 < N1t = %II* + v = yII?
< Nl = 1% + [l = 5117},

X1 = Pc,,, (%1),

Yn+1 = PQ,,“ (yl)’ Vn e N;

where & € (0, W) and {r,} C (0,+00) with liminf,_, .., 7, > 0, Pc and P are two projec-
tion operators from H, into C and from H; into Q, respectively. Suppose that

Q = {(p,q) € EP(f) x EP(g) : Bp = B € EP(h)} # 0.

Then there exists (p,q) € 2 such that

(@) (xn,9n) = (P, q) as n — oo;
(b) (tty, V) = (P; q) as n— oo;
(c) w, —> w*:=Bp=Bqe€EP(h)asn— oo.

Remark 2.2 In fact, the problem studied by Corollaries 2.1-2.3 and Corollary 2.6 is (SEP).
In order to prove Theorem 2.1, we need the following crucial known results.

Lemma 2.2 (see [10]) Let K be a nonempty closed convex subset of H, and let F be a bi-
Sfunction of K x K into R satisfying (A1)-(A4). For r > 0, define a mapping TF : H — K as
follows:

1
TH(x) = {zeK:F(z,y) + ;(y—z,z—x) > O,VyeK} (2.2)

for all x € H. Then the following hold:
(i) TF is single-valued and F(TF) = EP(F) for ¥r > 0 and EP(F) is closed and convex;
(i) TF is firmly nonexpansive, that is, for any x,y € H,
1T % — TEy|? < (TFx - TFy,x - y).

Lemma 2.3 ([20]) Let F¥ be the same as in Lemma 2.2. If F(TF) = EP(F) # ), then, for any
x € H and x* € F(TE), || TFx — x| < |l —x*||? = | TFx — x*|2.
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Lemma 2.4 ([1,19]) Let the mapping TF be defined as in Lemma 2.2. Then, for r,s > 0 and
x,y€H,

1 TE@) - TE@)|| < llx—yll + 'S;—"HTf(y)—yH.

In particular, | TE (x) = TE(y)|| < |lx—y|| for any r > 0 and x,y € H, that is, TF is nonexpan-
sive for any r > 0.

Lemma 2.5 (see, e.g., [25]) Let H be a real Hilbert space. Then the following hold.:
@ llx=yI* =%l + llyl* = 2(x,y) for all x,y € H;
(b) llax + (1 —a)yll* = allx)|* + (1 - Iyl =« = @) |lx = yI|* for all x,y € H and
o €[0,1].

3 Proof of Theorem 2.1
Applying Lemmas 2.1 and 2.2, we know that {u,}, {v,} and {w,} are all well defined. It is
also easy to verify that C,, Q,, C,, x Q,, are closed convex sets for n € N.

Now, we claim C, x Q, # ¥ for all n € N. Indeed, it suffices to prove that 2 C C, x Q,
for all n € N. Let (x*,y*) € Q. Then x* € EP(f), y* € EP(g) and

w* = Ax* = By* € EP(h).

Let n € N be given. By Lemma 2.3, we have

N e I
Au, + Bv,
2

Ji =] = -

’

_W*

-] <] , a1

Wy — w* ||2 = % | As — w ||2 + % |Bv, - w* ||2 (by Lemma 2.5).
From (2.1), (3.1) and Lemma 2.5, we obtain

|0 = a()* = | Pe (1t — EA™ A1ty — ) = & |* < [t — 2% = EA (At — wy) |
= ot — 2| + | EA" (At = w) | - 28 (14—, A* (At = w,))
= fan =% | + | EA* (Arty — i) |* — 26(Aus, — Ax*, A — )
= oo =" + 64" (At = wi) |* - 26 (At = ", Auty = )
= ot — |+ €A Aty — i) |* — & | Anty —w |
— El|Atty — wy|* + & | wy - w*|®
< ot — > = £ (1= & A7) I Aty — w1
S R e IR
< =" |” - £ (1= £ A7 ") 14wy = wal® & | Auty " |

o Aty -t + S Buy - wr |
2 2


http://www.fixedpointtheoryandapplications.com/content/2014/1/187

He and Du Fixed Point Theory and Applications 2014, 2014:187
http://www.fixedpointtheoryandapplications.com/content/2014/1/187

= o=~ 5 (- A" ) 1Ay = w1
R L 62)
and
[k =" [ = [Py~ £B* B, =) =" |* = v =" ~ BBy, =) |
= v =y | + |68 By = wi)||” - 26(v, - 5", B (Bv, = w,)
= o= |+ 8" B = wp) | = 26(Bu, - By" B, ~w,)
= v =" | + |&B (Brw = wi) | = 26 (Bviy — w", Bu, — w,)
o e R [ CS| G v
— E11Bvy — wall? + & | Wy —w*|®
< vn =y [* = (1= & B*[*) 1By = wall® =5 | B = w*[|* + & [, - w"
< [va=5"1" -5 (@ -5 ]B"|") 1By — wall® - £ [ Bva - w**
o e e I &
= [va =" -5 (=& [B* ") 1By — wal®
R R AR (3
By taking into account inequalities (3.1), (3.2) and (3.3), we obtain
It =7+ V=57 = it ="+ o =57 = 1= 4" )t = w2
—&(1-£]| B ) 1By — wall?
< Jn =" + Iy =y | - 5 (L= £ 47" N Ase, — w2
~ (1= &[B*[*) 1BV — wall®, (3.4)
which implies
I+ Vo= < o= ¢ D=y < o= b= . 59

Inequality (3.5) shows that (x*,y*) € C,, x Q,. Hence Q@ C C, x Q, and C,, x Q, # for all
n € N. For each n € N, since Q € C,, x Q,, C,;1 C C,,, we have

Xpi1 =P, (x1) C Gy
Similarly, since Q.1 C Q,, we have
Y1 = Pg,., (1) C Qy.
So, for any (x*,y*) € Q, we get

%1 — 1]l < []* =251

Page 11 of 17
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and

yni —nll < ||y* - ”

The last inequalities deduce that {x,} and {y,} are bounded and hence show that {k,},
{l.}, {u,} and {v,} are all bounded. For some n € N with n > 1, from %, = Pc,(x1) C C,,
¥u =Pg,(y1) C Q, and (1.1), we have

%1 = Zall? + 121 = 21 = %1 = P, @) |* + |21 = P, @) |* < 121 — 21112,

I

19ne1 = yull® + 131 = yull® = || nan —Pc,,()’l)”2 + |31 = Pe,0)|” < yner =31l

which yields that

ller =2l < 161 — 22l ly1 = Yull < Nyns1 =1l

Together with the boundedness of {x,} and {y,}, we know lim,_ [x, — x1]| and
lim,,_, o |y, — 31l exist. For some k,n € N with k > n > 1, due to x; = P, (x1) C C,,
¥k =P, (1) C Q, and (1.1), we have

|2

k= 2112 + o1 = 2012 = |2 = Pe, @) ||* + 1 = Pe, @) |* < e — 21112,

(3.6)
I?

yk = 3ull® + 31 = 3al® = | = Po, 00| + |31 = Po, 0| < e = I

By (3.6), we have lim,_,  [|%, — x|l = 0 and lim,,—, « ||y — ¥«|| = 0. Hence {x,} and {y,} are
all Cauchy sequences. Let x, — p and y,, — ¢ for some (p,q) € C x Q. We want to prove
that (p,q) € Q. For any n € N, since

(xn+lryr1+1) € Cn+1 X Qn+l C Cn X Qm
from (2.1), we have

2 2 2 2
Iy — % lI” + ks =Yt lI” = Mt = %1 I° + 1V = Y |l

< Nt =t I + 19 = Yman I (3.7)
By taking the limit from both sides of (3.7), we obtain

lim ||}, — %41l = lim ||k, —yYnall =0,
n—00 n—0o0

(3.8)
lim |lu, — x4l = lim |jv, _yn+1|| =0.
n—0o0 n—0o0
Moreover, by (3.8), we get
lim ||}, — u,ll = im [lu, —x,[l = lim ||£, -, =0,
n— 00 n—o0 n— 00
3.9)

lim [k, = vyl = lim [|v, = y,ll = lim ||k —y,[l = 0.
n—00 n—00 n—00

Since lim,_, o || 4y, — %y || = lim,— o0 ||V — 4|l = 0, we have u,, - p and v, - g as n — oo.

Moreover, we obtain Au, — Ap and Bv,, — Bq as n — o0.
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Now, we claim p € EP(f) and g € EP(g). In fact, for r > 0, by Lemma 2.4, we have

||T{p—pH = ||T{p— T{nxn+ Tfnxn—x,,+xn —p||

< Vo =+ P =]+ | T =+ =
n

|7 =7l

= [l%n —pIl + ltw = %ull + Nlttn = Xl + 1% — pIl = O

n

and

|T¢q-q| < | T5q— T yu + T yu = Y + yu — 4|

|rn_r|

T'n

” T;g,,yn —Vn ” + ” Tfnyn —Jn ” + . =4l

< lyn—qll +

|}",,, _r|
Vi = yull + 1V = yull + lyn — gll — 0.

= llyn—qll +

n

So, p € EP(f) and ¢q € EP(g).
Finally, we prove Ap = Bq € EP(h). Setting

0 =min{(1-¢]4%]").6(1-£[B*]")}.

Then, for any # € N, by (3.4) and (3.9), we have

O Aty — wll® + 01| Bv,, — wyl|®
e e R e R e T
= {floon =2 = 2w =" [ }{[o0n = 2] + [} 2 =27}
=91 = o= [H{lym =7 + & = 57|}
< M= 2l {00 = %] + [0 ="} + Whw = yull{ [}y = 7 || + 1K = 5 }

- 0. (3.10)
Hence (3.10) implies
lim ||Au, —wy|| = lim ||Bv,—w,|| =0, and lim ||Au, - Bv,| =0. (3.11)
n—00 n—00 n—00

Since Au, — Ap, Bv,, — Bq and (3.11), we obtain Ap = Bq and w,, — w*, where w* := Ap =
Bg. On the other hand, for r > 0, by Lemma 2.4 again, we have

| 77w —w|
_ Trhw* _ Trh Au, + By, N Trh Au, + Bv, B Au, + By, . Au, + By, o
" 2 " 2 2 2
- Au, + By, N \rw=rl| ., Aty + Bv, Au,+Bv,
- 2 Ty T 2 2
n Au, +Bv,  Au, + By, Au, + Bv, .
+|| 15, 5 - 5 5 -w
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:2HAun;an W

|, — 7| Au, + Bv,

2

Au, + By, So.

n

+|(wy —
T'n

Hence w* € EP(/), namely Ap = Bq € EP(h). Therefore, conclusions (a), (b) and (c) are all
proved. The proof is completed.

4 An example of Theorem 2.1
In this section, we give an example illustrating Theorem 2.1.

Example 4.1 Let H, = R?, H, = R® and H3 = R* be three real Hilbert spaces with the stan-

dard norm and inner product. For each & = (ay,05) € R? and v = (21,22, 23,24) € R?*, define
Aa = (a1,00,0q + 0,00 — 0ty)

and
A%V = (21 + 23 + 24,20 + 23 — 24).

Then A is a bounded linear operator from R? into R* with ||A|| = +/3, and A* is an adjoint
operator of A with ||A*|| = /3. For each B = (81, B2, B3) € R® and v = (z1,2,23,24) € R%, let

BIB = (ﬂl’ ﬂZ:ﬁB) ,Bl - ﬁZ)
and
B*v = (Z1 + 24,22 —24,23).

Then B is a bounded linear operator from R® into R* with ||B|| = +/3, and B* is an adjoint
operator of B with ||B*|| = /3. Put

={a=(a1,az)€R2:—1§a152,3505254},

C:
Q:

{B=(B1,B2B3) eR’: -1 < By <1,3< B, <4,3<p3<5|
and

K:= {z: (z1,22,23,24) ERY:0<21<1,3<2,<6,3<2z3<5,-5<z4 < —3}.
For each a = (a1, a0) € C, B = (B1, B2, B3) € Q and z = (21, 2, 23,24) € K, define

f )= ot12 + oz%,

gB)Y =B +B5+ B3
and

KN m o2 4 o2 o2 2
W (z) =27 + 25 + 75 + 2.
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For each a,x € C, let

Slo,x) =f*(x) = f*(e)

For each 8,y € Q, let

gB,y) =g"(y) -g"(B).

For each n,z € K, let

h(n,z) = h*(2) - i*(n).

It is not hard to verify that f, g and /% satisfy conditions (A1)-(A4) with EP(f) = {p = (0, 3)},
EP(g) = {g = (0,3,3)}, EP(h) = {(0,3,3,-3)} and

Q = {(p.q) € EP(f) x EP(g) : Ap = Bg € EP(h)} # 0.

Let C;=C, Q1 =Q, &= % and r, =1 for n € N. Thus, for each x = (4,b) € C and y =
(¢,d,e) € Q with ¢ > 0, we have the following:

cu=(43)= T{n;c,

¢V =( 3,3) = rnJ/,

o w=(%5,3,3,-3) = T! (A% + 3 B)),

o 1= Pe(u— LA*(Au—w) = (45,3),

o k=Po(v— —B*(Bv w)) = (9;”,3 +15,3).

For x1 = (a1,b1) € C and y; = (¢1,dy, €1) € Q with 15¢; > a3 > 0,17a; > ¢; and d; >3 + f—é,
we obtain the following:

e u=(%,3),

« v11=(%,33),

o wi=(459,3,3,23),

ol =(laa3),

e k= (gqsgal 3+5%:3)

e Co={a=(a,0)eC:-1<0 < 19“1”1 3<ay <

o X3 = Pcy(x1) = (1941+q ) b1+3) = (ﬂz»bz)
Q={B=(Buha ) €Q:-1<p<HLU 3+ 4 <, <W3,3<p; <9y

21, di+3 3
L) —PQZ(J/I _( Cl+ﬂ1, 12+ )81; ) = (C21d2;62)°

From x;, y,, we have u; = (§a2,3), Vg = (%cz, 3,3) and w, = (%(az +by),3,3,-3). Since

b1+3
2 )

.

d3—
2>+18

15¢5 > ay > 0,

and

17ay > ¢y,

we get the following:
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. C3 = {Ol = ((Xl,Olz) c C2 1< < 196172%,3 <ay < %(bz +3)},

o x5 = (222, 1(by +3)) := (a3, bs),

Qs ={B=(BLPouP)eQ:-1<p <UL 31 2 <p) <D 3 p, <23y
¢ Y3= (216%%’612+3 62+3) = (CS’dB)e?))

Similarly, for n € N with n > 1, we obtain

* Cn+1 = {C( = (061,062) € Cn -1<a; =< Han;% 3<ay < (bn—l + 3)},

¢ Xpsl = (M %(bn—l + 3))!

ey +an_ _ dy1+3
¢ Qui={B=(B1,B2Bs3) €Qy:-1<p <=Ll 34 el < gy < Bl¥2 3 < B <
72 36 2

.

© Va1 = (21€n 71;1,, 1, d,,_21+3’ en_21+3 )’
¢ Up = (%an—lx 3)’
¢ Vnsl = (%Cn 13, 3)

By mathematical induction, we know that {a,}, {b,}, {c.}, {d,} and {e,} all are decreasing
sequences. Moreover, a, — 0, b, — 3,¢, — 0,d, — 3 and e, — 3 as n — 00. So, we have
Uy —> (0: 3)1 Vi —> (0, 3, 3): Wy — (0» 3,3, _3); Xy —> (0; 3) and Yn —> (0, 3, 3) as 1 — OQ.

5 Conclusion

In this paper, we first introduce and investigate BSEP which can be regarded as a new
development in the field of equilibrium problems. We provide some new iterative algo-
rithms for BSEP and establish strong convergence theorems for these iterative algorithms
in different spaces. An example illustrating Theorem 2.1 is also given.
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