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1 Introduction

Throughout this paper, we denote by N and R the sets of positive integers and real num-
bers, respectively. Let D be a nonempty and closed subset of a real Banach space X.
Let N(D) and CB(D) denote the family of nonempty subsets and nonempty, closed, and
bounded subsets of D, respectively. The Hausdorff metric on CB(D) is defined by

H(A1,A) = max{ sup d(x,Ay), sup d(y, A1)
XEA] yEAY
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for all A;,A; € CB(D), where d(x,A;) = inf{||x — y|,y € A1}. The multi-valued mapping
T : D — CB(D) is called nonexpansive, if

H(Tx, Ty) < |lx—y|, Vx,yeD.

An element p € D is called a fixed point of the multi-valued mapping 7' : D — N(D) if
p € T(p). The set of fixed points of T is denoted by F(T).

Inrecent years, several types of iterative schemes have been constructed and proposed in
order to get strong convergence results for finding fixed points of nonexpansive mappings
in various settings. One classical and effective iteration process is defined by

K1 =@ + (1 —a,)Tx,, x1,u €D,

where «, € (0,1). This method was introduced in 1967 by Halpern [10] and is often called
Halpern’s iteration. In fact, he proved, in a real Hilbert space, the strong convergence of
{x,,} to a fixed point of the nonexpansive mapping T, where o, = n%, a € (0,1).

Because of the simple construction, Halpern’s iteration is widely used to approximate
fixed points of nonexpansive mappings and other classes of nonlinear mappings by math-
ematicians in different styles [3—42]. In particular, some strong convergence theorems for
resolvents of accretive operators in Banach spaces were proved by Reich [11], and he also
extended the result of Halpern from Hilbert spaces to uniformly smooth Banach spaces
in [12]. In 2012, Halpern’s iteration for Bregman strongly nonexpansive mappings in re-
flexive Banach spaces was introduced and a strong convergence theorem for Bregman
strongly nonexpansive mappings by Halpern’s iteration in the framework of reflexive Ba-
nach spaces was proved. Recently, a strong convergence theorem for Bregman strongly
multi-valued nonexpansive mappings as regards Halpern’s iteration in the framework of
reflexive Banach spaces was proved by Chang [1, 2], Suthep [3] and Li [4].

The purpose of our work is to introduce a modified Halpern iteration for a countable
family of Bregman totally quasi-asymptotically nonexpansive multi-valued mappings in
the framework of reflexive Banach spaces, and to prove strong convergence theorems for
these iterations under suitable limit conditions by using the shrinking projection method.
We use our results to solve equilibrium problems in the framework of reflexive Banach
spaces. The main results presented in the paper improve and extend the corresponding
results in the work by Chang [1, 2], Suthep [3], Li [4], and others.

2 Preliminaries
In this section, we recall some basic definitions and results which will be used in the fol-
lowing.

Let X be a real reflexive Banach space with a norm || - ||, and let X* be the dual space of
X. Let f: X — (—00,+00] be a proper, lower semi-continuous, and convex function. We
denote by domf = {x € X : f(x) < +00} the domain of f.

Let x € intdomf. The subdifferential of f at x is the convex set defined by

I (x) = {x* € X* 1 f(x) + (x*,y —x) < f(9), ¥y € X}. (2.1)
The Fenchel conjugate of f is the function f* : X* — (—00, +00] defined by

f*(x*) = Sup{<x*,x) —fx):x eX}.
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We know that the Young-Fenchel inequality holds, that is,
(x* %) <f@x) +f*(x"), VxeXx* X

Furthermore, equality holds if x* € 3f (x) (see [13]). The set lev’;(r) :={x e X:f(x) <r}for
some r € R is called a sublevel of f.
A function f on X is called coercive [14], if the sublevel sets of f are bounded, or equiv-

alently,

f(x) = +o0.

[|x]|— +00

A function f on X is said to be strongly coercive [15], if

fx)

el —+00 ||

For any x € intdomf and y € X, the right-hand derivative of f at x in the direction y is
defined by

foxy) = 1imw'

t—0t t

The function f is said to be Gdteaux differentiable at x, if lim,_, o+ M

y. In this case, f°(x,y) coincides with Vf(x), the value of the gradient Vf(x) of f at x. The
function f is said to be Gdteaux differentiable, if it is Gateaux differentiable for any x €
intdomf. The function f is said to be Fréchet differentiable at x, if this limit is attained
uniformly in ||y|| = 1. Finally, f is said to be uniformly Fréchet differentiable on a subset D

exists for any

of X, if the limit is attained uniformly, for x € D and ||y|| = 1. It is well known that if f is
Gateaux differentiable (resp. Fréchet differentiable) on intdomf, then f is continuous and
its Gateaux derivative Vf is norm-to-weak*, continuous (resp. continuous) on intdom f
(see [16,17]).

Definition 2.1 (cf. [18]) The function f is said to be
(i) essentially smooth, if 9f is both locally bounded and single-valued on its domain;
(ii) essentially strictly convex, if (9f)~! is locally bounded on its domain and f is strictly
convex on every convex subset of dom df;
(iii) Legendre, if it is both essentially smooth and essentially strictly convex.

Remark 2.1 (cf. [19]) Let X be a reflexive Banach space. Then we have
(a) f is essentially smooth if and only if f* is essentially strictly convex;
(b) ()" =af
(c) f is Legendre if and only if f* is Legendre;

(d) Iff is Legendre, then 9f is a bijection which satisfies Vf = (Vf*)7,
ran Vf = dom Vf* = intdomf* and ran Vf* = dom Vf = intdomf.

Examples of Legendre functions can be found in [30]. One important and interesting
Legendre function is }7 [l - II” (0 < p < +00) when X is a smooth and strictly convex Banach
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space. In this case the gradient Vf of f is coincident with the generalized duality mapping
of X, i.e, Vf =J,. In particular, Vf = I, the identity mapping in Hilbert spaces. In this
paper, we always assume that f is Legendre.

The following crucial lemma was proved by Reich and Sabach [20].

Lemma 2.1 (c¢f. [20]) If f : X — R is uniformly Fréchet differentiable and bounded on
bounded subsets of X, then Vf is uniformly continuous on bounded subsets of X from the
strong topology of X to the strong topology of X*.

Let f: X — (—00,+00] be a convex and Géteaux differentiable function. The function
Dy :domf x intdomf — [0, +00) defined by

Dr(y,x) :=f(y) —f(x) - <Vf(x),y —x)

is called the Bregman distance with respect to f.

Recall that the Bregman projection [21] of x € intdomf onto a nonempty, closed, and
convex set D C domf is the necessarily unique vector proj’,;(x) € D (for convenience, here
we use PfD(x) for projg(x)) satisfying

Df(proij(x),x) = inf{Dy(y,%) : y € D}.

The modulus of the total convexity of f at x € intdomf is the function v/(x, ) : [0, +00) —
[0, +00) defined by

vr(x, £) := inf{ Dy(y, %) : y € domf, ||y — x| = ¢}.

The function f is called totally convex at «, if v¢(x,£) > 0 whenever ¢ > 0. The function
f is called totally convex, if it is totally convex at any point x € intdomf, and it is said to
be totally convex on bounded sets, if v¢(B, ) > 0, for any nonempty bounded subset B of
and ¢ > 0, where the modulus of the total convexity of the function f on the set B is the
function vy : intdomf x [0, +00) — [0, +00) defined by

vr(B,t) = inf{vf(x, t):xeBN domf}.

We know that f is totally convex on bounded sets if and only if f is uniformly convex on
bounded sets (cf. [22]).

Recall that the function f is said to be sequentially consistent [22], if for any two se-
quences {x,} and {y,} in X such that the first sequence is bounded, the following implica-
tion holds:

lim Ds(x,,9,)=0 = lim [x,—y,]=0.
n—>+00 n—>+00

Recall that the function f is called sequentially consistent, if for any two sequences {x,,}
and {y,} inintdomf and domf, respectively, and {x,} is bounded, Df(y,,x) — 0, then ||y, —
x|| — 0.

The following crucial lemma was proved by Butnariu and Iusem [23].
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Lemma 2.2 (cf. [23]) Ifx € intdomf, then the following statements are equivalent:
(i) The function f is totally convex at x.
(ii) For any sequence {y,} C domf, D¢(y,,x) — 0, then ||y, — x| — 0.

Definition 2.2 (cf. [24]) Let D be a convex subset of intdomf and let T’ be a multi-valued
mapping of D. A point p € D is called an asymptotic fixed point of T if D contains a se-
quence {x,} which converges weakly to p such that d(x,, Tx,) — 0 (as n — o).

We denote by F(T) the set of asymptotic fixed points of T.

Definition 2.3 A multi-valued mapping T : D — N(D) with a nonempty fixed point set
is said to be:

(i) Bregman strongly nonexpansive with respect to a nonempty F(T), if
Ds(p,2) < Ds(p,x), VxeD,peF(T)zeT(x)

and if, whenever {x,,} C D is bounded, p € F(T), and
lim,,, oo [Dy (p, %4) — Dy (p, z4)] = 0, then lim,,_, oo Dy (%1, 24) = 0, where z,, € Tx,,.
(ii) Bregman firmly nonexpansive if

(Vf () =V (7)x" =)
<(Vf®) - Vf().x* -y*), Vx,yeD,x"€Txy €Ty

(iii) Bregman quasi-asymptotically nonexpansive mapping with sequence
{k,} C [1,+00), k, — 1 (as n — 00), if E(T) = E(T) # ¥ and

Ds(p,2) < k.Dy(p,x), peF(T),Vze T "x,xeD.

(iv) Bregman totally quasi-asymptotically nonexpansive mapping with nonnegative real
sequence {v,,}, {tn}, Vi, by — 0 (as m — 00) and a strictly increasing continuous
function ¢ : R* — R* with £(0) =0, if F(T) = F(T) ## and

Dy (p,2) < Dy(p,x) + vl (Dp(p,%)) + i, p € F(T),Yz € T"x,x € D.

(v) Closed, if for any sequence {x,} C D with x, — x € N(D) and d(Tx,,,y) — 0
(y e D), theny € Tx.

Remark 2.2 (¢f. [1]) From these definitions, it is obvious that if EF(T) = F(T) # {, then
a Bregman strongly nonexpansive multi-valued mapping is a Bregman relatively nonex-
pansive mapping; a Bregman relatively nonexpansive multi-valued mapping is a Bregman
quasi-nonexpansive multi-valued mapping; a Bregman quasi-nonexpansive multi-valued
mapping is a Bregman quasi-asymptotically nonexpansive multi-valued mapping; a Breg-
man quasi-asymptotically nonexpansive multi-valued mapping must be a Bregman totally
quasi-asymptotically nonexpansive multi-valued mapping. However, converses of these

statements are not true.
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In particular, the existence and approximation of Bregman firmly nonexpansive single
value mappings was studied in [24]. It is also known that if T"is Bregman firmly nonexpan-
sive and f is Legendre function which is bounded, uniformly Fréchet differentiable, and
totally convex on bounded subsets of X, then F(T) = F(T) and F(T) is closed and con-
vex (cf. [24]). It also follows that every Bregman firmly nonexpansive mapping is Bregman
strongly nonexpansive with respect to F(T) = F(T). The class of single-valued Bregman to-
tally quasi-asymptotically nonexpansive mappings was introduced first in [1]. For a wealth
of results concerning this class of mappings (for example, see [1], Examples 2.11-2.15 and
the references therein).

Remark 2.3 Let X be a uniformly smooth and uniformly convex Banach space, and D
is nonempty, closed, and convex subset. An operator T : C — N(D) is called a strongly

relatively nonexpansive multi-valued mapping on X, if F(T) # ® and

o(p,2) < d(p,x), peF(T),ze Tx,

and, if whenever {x,} C D is bounded, p € F(T), and lim,— o [@(p, x,) — & (p, 2,)] = 0, then
1im,,_, oo ¢ (%, 24) = 0, where z,, € Tx,, and ¢(x,y) = ||x]|1> = 2(x, Jy) + |y]2.

Now, we give an example of Bregman totally quasi-asymptotically nonexpansive multi-

valued mapping.

Example 2.1 (see [1], Example 2.11) Let D be a unit ball in a real Hilbert space /2, f(x) =
[lx||%. Since V£ (y) = 2y, the Bregman distance with respect to f

Dy(9) = lIx]* = Iyl* =202 ~y) = & =yI*, Va,yeD. (2:2)
Let T': D — N(D) be a multi-valued mapping defined by

T:(w,%,...) > (0,4],asx2,a3%3,...) € P, ¥(x1,%,...) €D

where any {a;} is a sequence in (0,1) such that [, a; = %

It is proved in Goebal and Kirk [25] that

(@) I1Tx - Tyl <2|lx-yl, Y,y € D;

(i) IT"%— Tyl < 2[1"s @l -yl ¥,y € D, n = 2.
Let vk =2, vk, = 2]_[7:2 aj, n> 2, thenlim,_, o k, = 1. Letting v, =k, -1 (n>2), £ (t) = ¢
(t > 0), and {p,,} be a nonnegative real sequence with ©, — 0, then from (i) and (ii) we
have

| 7%~ T"|)* < Il = y1? + vug (le = 912) + s Y,y € D.

Since D is a unit ball in a real Hilbert space /2, it follows from (2.2) that Dy(x,) = [lx - y||?,

Vx,y € D. Above inequality can be written as

Dy (T"x, T"y) < Dp(%,9) + val (Dy(%,9)) + tbns V%, € D.

Page 6 of 16
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Again since 0 € D and 0 € F(T), this implies that F(T) # ®. From the above inequality we
get

Df(p, T"x) < Ds(p,x) + v,,;(Df(p,x)) + WUy, VpeF(T),xeD.

This shows that the mapping T defined as above is a Bregman total quasi-asymptotically

nonexpansive multi-valued mapping.

Let D be a nonempty, closed, and convex subset of X. Let f : X — R be a Gateaux differ-
entiable and totally convex function and x € X. It is well known from [22] that z = P,g(x) if

and only if

(Vf(x) - Vf(2),y-2) <0, VyeD. (2.3)
We also know the following characterization:

Dy (y,Pg(x)) +Dy (Pg(x),x) <Ds(y,x), Vx,y€D. (2.4)

Letf : X — R be a convex, Legendre and Gateaux differentiable function. Following [31]
and [32], we make use of the function Vy : X x X* — [0, +00) associated with f, which is
defined by

Vi x®) =f(x) +f*(x") - (x,2%), VxeX,ax* X

Then V} is nonnegative and Vj(x,x*) = Dy (x, Vf*(x*)) for all x € X and x* € X*. Moreover,
by the subdifferential inequality (see [26], Proposition 1(iii), p.1047),

Vi(mx®) + (', VI (6%) =) < Vi (xx™ +5%),  VxeX,x",y" e X*.

In addition, if f : X — (—00, +00] is a proper and lower semi-continuous function, then
f*: X* - (—o00,+00] is a proper, weak* lower semi-continuous and convex function
(see [33]). Hence V is convex in the second variable (see [26], Proposition 1(i), p.1047).
Thus,

Dy (z, Vf*(tVf(x) + A - OVf ()
<tDs(z,x) + 1-t)Ds(z,y), VYte(0,1),Vx,yeX. (2.5)

The properties of the Bregman projection and the relative projection operators were
studied in [22] and [27].

In 2013, Yi Li and Jin-hua Zhu proved the following result, respectively.

Let X be a real reflexive Banach space and let f : X — (—00, +00] be a strongly coercive
Legendre function which is bounded, uniformly Fréchet differentiable, and totally convex
on bounded subsets of X. Let D be a nonempty, closed, and convex subset of intdomf.

a, €(0,1), lim,— 00 oty = 0, and O < liminf,_, o B, <limsup,_, B, <1.


http://www.fixedpointtheoryandapplications.com/content/2014/1/186

Li and Liu Fixed Point Theory and Applications 2014, 2014:186 Page 8 of 16
http://www.fixedpointtheoryandapplications.com/content/2014/1/186

(1) (see [28]) Let T': D — N(D) be a Bregman strongly nonexpansive mapping on X such
that F(T) = F(T) # (). Suppose that u € X and define the sequence {x,} by

x1 €D, xp = Vf (0, Vf () + (1 - an)(BuVf(xa) + A= B)Vf(Tx,))), n=1

Then {x,} strongly converges to P;(T)(u).

(2) (see [4]) Let T : D — N(D) be a Bregman strongly nonexpansive multi-valued map-
ping on X such that F(T) = IA-"(T) # (. Suppose that u € X and define the sequence {x,}
by

x €D, x,1=Vf* (oz,,Vf(u) +(1- (x,,)Vf(z,,)), 2, € Txy,n > 1.

Then {x,} strongly converges to P;(T)(u).
In 2014, Chang SS proved the following result.

Theorem 2.1 ([1]) Let X be a real uniformly smooth, uniformly convex, and reflexive Ba-
nach space, D be a nonempty, closed, and convex subset of X. Let f : D — (—00, +00] be a
Legendre function which is bounded, uniformly Fréchet differentiable, and totally convex
on bounded subsets of D and let {T;} : D — D be a family of closed and uniformly Bregman
total quasi-asymptotically nonexpansive mappings with sequence {v,}, {itn}, Vu, ity — 0
(as n — 00) and let there be a strictly increasing continuous function ¢ : R* — R* with
£(0) = 0 such that, for each i > 1, {T;} is uniformly L;-Lipschitz continuous. Let {o,} be a
sequence in [0,1] such that lim,_, o, o, = 0. Let x,, be a sequence generated by

x1 € X isarbitrary; D, =D,

It = VLV @) + (- ) (Thx)], i1,

D1 ={z € Dy :sup;o Df(2, ¥) < cnDf(z,%1) + (1 — ) Dp(z, %) + &4},
Kyl = Pgmxl n=1,2,...),

where £, = v, SUp,c 5 £ (Dp(p, %)) + i, F = N E(T), Pgm is the Bregman projection of
X onto Dy If ¥ is nonempty and bounded, then {x,} converges strongly to Pétxl.

Definition 2.4
(1) A countable family of multi-valued mappings {T; : D — N(D)}, is said to be
uniformly Bregman totally quasi-asymptotically nonexpansive, if = (5 F(T;) # §
and there exist nonnegative real sequences {v,}, {itn}, Vi,  — 0 (as n — 00) and a
strictly increasing continuous function ¢ : R* — R* with ¢(0) = 0, such that

Df(p; Zn,i) = Df(P,x) + Vné_ (Df(Pyx)) + MU, PE F(T): Vzn,i € Tinx,x eD. (26)
(2) A countable family of multi-valued mappings {7; : D — N(D)}{?, is said to be

uniformly Bregman quasi-asymptotically nonexpansive, if £ = (-, F(T;) # ¥ and
there exist nonnegative real sequences {k,} € [1,+00), k, — 1 (as n — 00), such that

Dr(p,z4i) < Dr(p,x) + v,,;’(Df(p,x)) + Wy pEF(T),Vz,;€T'x,xeD. (2.7)


http://www.fixedpointtheoryandapplications.com/content/2014/1/186

Li and Liu Fixed Point Theory and Applications 2014, 2014:186 Page9of 16
http://www.fixedpointtheoryandapplications.com/content/2014/1/186

(3) A multi-valued mapping T : D — N(D) is said to be uniformly L-Lipschitz

continuous, if there exists a constant L > 0 such that
H(T"x,T"y) <Lllx-yll, Vx,y€D. (2.8)
Now, we improve the above results, and the following main results are obtained.

3 Main results
To prove our main result, we first give the following propositions.

The proof of the following result in the case of single-valued Bregman totally quasi-
asymptotically nonexpansive mappings was done in ([1], Lemma 2.6, and [24], Lemma
15.5). In the multi-valued case the proof is identical and therefore we will omit the exact

details. The interesting reader will consult [1, 24].

Proposition 3.1 Let f : X — (—00,+00] be a Legendre function and let D be a nonempty,
closed, and convex subset of intdomf. Let T : D — N(D) be a Bregman totally quasi-
asymptotically nonexpansive multi-valued mapping with respect to f. Then F(T) is closed
and convex.

Theorem 3.1 Let X be a real uniformly smooth, uniformly convex, and reflexive Ba-
nach space, D be a nonempty, closed, and convex subset of X. Let f : D — (—00, +00] be
a Legendre function which is bounded, uniformly Fréchet differentiable, and totally con-
vex on bounded subsets of D and let {T;} : D — N(D) be a family of closed and uniformly
Bregman totally quasi-asymptotically nonexpansive multi-valued mappings with sequence
{vud {ttn}, Vi by = 0 (as n — 00), and let there be a strictly increasing continuous function
¢ :R* — R* with £(0) = 0 such that, for each i > 1, {T;} are uniformly L;-Lipschitz continu-
ous. Let {o,,} be a sequence in [0,1] and {B,} be a sequence in (0,1) satisfying the following
conditions:

(i) lim,_ o0, = 0;

(i) 0 <lim,_ « inf B, <lim,_ o sup B, <1.

Let x,, be a sequence generated by

x1 € X s arbitrary; D; =D,
Ini = Vf e V(1) + (1= ) (B VS (%)
+ A= B)VfWni)l, Wi € T2y, i> 1, (3.1)
D1 ={z € Dy :supis; Dp(2, yni) < anDy(z,%1) + (1 - @)Dy (z, %) + £},
Xpsl = Pgmxl n=12,..),

where &, = v, SUp,c & {(Df(p, %)) + fhn, F = N E(T)), PI’DM is the Bregman projection of
X onto Dyyy. If F is nonempty and bounded, then {x,} converges strongly to P;xl.

Proof (1) First, we prove that ¥ and D, are closed and convex subsets in D.

In fact, by Proposition 3.1 for each i > 1, F(T;) is closed and convex in D. Therefore ¥ is
a closed and convex subset in D. We use the assumption that D; = D is closed and convex.
Suppose that D,, is closed and convex for some # > 1. In view of the definition of Ds(., -),
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we have
Dy = {z € D, : sup Ds(z, yp,i) < 0uDy(z,%1) + (1 — 00,) D (2, %) + En}

i>1

= m{z € D:supDy(z,yni) < auDy(z,%1) + (1 — 00,) Dy (2, %) + 5,,} NnD,

i>1 izl

=z e D:an(VF@), 2 x1) + (1= a)(Vf (), 2 = %) = (V Oi) 2 = )

i>1

< _anf(xl) - (1 - an)f(xn) +f(yn,i)} N Dn'

This shows that D,,,; is closed and convex. The conclusions are proved.
(I) Next, we prove that ¥ C Dy, for all n > 1.
In fact, it is obvious that  C D;. Suppose that ¥ C D,, for some n > 1.

Letting w,,; = Vf*(8,Vf(x,) + 1 - B,)Vf(w,,)). Hence for any u € ¥ C D, by (3.1), we
have

Dy, yn,) = Dy (u, Vf* [ Vf (1) + (1 = ) VS (@) ])

< &, Dy(u,x1) + (1 — ) D (1, wy) (3.2)

and

Dy (u, wy) = Df(u, Vf* (ﬂan(xn) +(1- ﬁn)vf(wn,i)))
= ,Ban(u¢ xn) + (1 - /Sn)Df(u: Wn,i)
= ﬁan(% Xn) + (1 - ﬂn){Df(u’xn) +Vnd [Df(u)xn)] + ,U«n}

= Df(u>xn) +(1- ,Bn)Vné‘[Df(u’xn)] + (L= Bu)in. 3.3)

Therefore, we have
Supr(u;yn,i) = Olnl)f(u:xl) + (1 - a,,)[Df(u,x,,) + (1 - lgn)vng[Df(u:xn)] + (1 - ,Bn),Uvn]
i>1

< 0u Dyt %1) + (1 = 0t) Dy (s, %) + vy sup £ [ Dy (p, %) |
peF

= a,Df(z,%1) + (1 — 00,) Dy (2, %) + &y (3.4)
where &, = v, sup,. ¢ (Dr(p, %)) + [bn. This shows that u € ¥ C Dy, andso F C D,,. The
conclusion is proved.

(III) Now we prove that {x,} converges strongly to some point p*.
Since x,, = Pgnxl, from (2.3), we have

(s =9, Vf (1) = Vf(xa)) = 0, Vy €D,
Again since ¥ C D,;, we have

(%0 — 1, Vf(%1) = Vf(x,)) =0, VuefF.

Page 10 of 16
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It follows from (2.4) that, for each # € & and for each n > 1,
Df(xmxl) = Df(ijgnxlle) = Df(u;xl) - Df(u,xn) = Df(u, x1). (3.5)

Therefore {Dy(x,,1)} is bounded, and so is {x,}. Since x, = P,g”xl and x,,,; = Pgmxl €
D,.1 C Dy, we have Dy(x,,%1) < Df(Xy1,%1). This implies that {Dg(x,,x;)} is nondecreas-
ing. Hence lim,,_, o D (x,,,%1) exists.

By the construction of {D,}, for any m > n, we have D,, C D, and x,,, = P,’;mxl € D,,. This
shows that

Dy (%, xu) = Df(xm,Panl) < Ds(%,x1) — Dy(xp, 1) > 0 (as m — 00).

It follows from Lemma 2.2 that lim,_, « [|%; — %]l = 0. Hence {x,}is a Cauchy sequence

in D. Since D is complete, without loss of generality, we can assume that lim,_, o, x,, = p*

(some point in D).
By the assumption, it is easy to see that

n—00

lim &, = nlir&[vnsgg ¢ (Dr(p,xn)) + /Ln] =0. (3.6)

(IV) Now we prove that p* € .
Since x,,41 € D,.41, from (3.1), (3.5), and (3.6), we have

Supr(an:yn,i) = aan(erl:xl) + (1 - an)Df(erl:xn) + sn — 0. (37)

i>1
Since x,, — p*, it follows from (2.6) and Lemma 2.2 that for all i > 1
Yni— p* (asn— 00). (3.8)

Since {x,} isbounded and {7}} is a family of uniformly Bregman totally quasi-asymptotical-
ly nonexpansive multi-valued mappings, we have

Df(p, Wn,i) < Df(p’xn) + Vni[Df(P: xn)] + Uy, Ymi=1lpe F(Ty), Wy, € Tl‘nxm

This implies that {w,,;} is uniformly bounded.
We have

lwnill = | VF*(Ba V@) + 1= BV (Wn) |
f ,Bn”xn” + (1 - ,Bn)”Wn,i”

= [nll + [Iwn,ill,

and this implies that {w,} is also uniformly bounded.
In view of «,, — 0, from (3.1), we have

Tim || Vf (i) = Vf @) = Tim e, | V(1) = Vf (@3] = 0 (3.9)

foreachi>1.
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Since Vf* is uniformly continuous on each bounded subset of X*, it follows from (3.8)
and (3.9) that

Wy —> P (3.10)
for each i > 1. Since Vf is uniformly continuous on each bounded subset of X, we have

0= lim | Vf(wn) - Vf (") |
= lim || B,V (@) + (L= B)Vf (i) = VI (o) |
= Jim [ By (Vf (o) = VF (2*)) + (A= B (Vf () = VI (7))
= 1im (1= 8,) | Vf wai) - V£ (") . B.1D

By condition (ii), we have
lim || Vf(wy,) - Vf(p*)| = 0.
n—00
Since J is uniformly continuous, this shows that
lim w,; = p* (3.12)

for each i > 1. Again by the assumptions that {T;} : D — D be uniformly L;-Lipschitz con-
tinuous for each i > 1, thus we have

H(Tinﬂx”’ Tinx")
= H(Ti’”lxn, Tl‘nﬂxnﬂ) + d(Tl‘onnJrl: xn+1)
+ d(anrlx xn) + d(xm Tlnxn)

=< (Lt + 1)d(xn+17xn) + d(T;l+1xn+17xn+1) + d(xm Tl'nxn)¢ (313)

for each i > 1.

We get limy,, o | H(T?* x,) — H(T?x,,)|| = 0. Since lim,,_, oo Wy, = p* and lim,,—, oo %, = p*,
we have lim,,_, oo d(H(T; T}'x,),p*) = 0.

In view of the closedness of T}, it yields d(T;p*, p*) = 0. Since p* € C, p* € T;p*, i.e., for
each i > 1, p* € F(T;). By the arbitrariness of i > 1, we have p* € ¥.

(V) Finally we prove that p* = P';xl and so x,, — P’;xl =p*.

Let u = P;xl. Since u € ¥ C D, and x,, = Pjgnxl, we have Dy(x,,%1) < Dr(w,x,). This
implies that

Ds(p*, %) = Jim Dy(xy,21) < Dy(1,1), (3.14)

which yields p* = u = P;xl. Therefore, x,, — P;acl. The proof of Theorem 3.1 is com-
pleted. O

By Remark 2.2, the following corollary is obtained.
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Theorem 3.2 Let D, X, {a,}, {B4}, and f be the same as in Theorem 3.1, Let {T;} : D —
N(D) be a family of closed and uniformly Bregman quasi-asymptotically nonexpansive
multi-valued mappings with sequence {k,} C [1,+00), k, — 1 (as n — 00) such that, for
each i > 1, {T;} be uniformly L;-Lipschitz continuous. Let {«,} be a sequence in [0,1] and
{B.} be a sequence in (0,1) satisfying the following conditions:

(1) lim,— e @y = 0;

(i) 0 <lim,_ o inf B, <lim,_, . sup B, < 1.

Let x,, be a sequence generated by

x1 € X s arbitrary; D; =D,
Ini = Vf e V(1) + (1= ) (B VS (%)
+ A= B)VfWni)l, Wi € T2, i > 1, (3.15)
D1 ={z € Dy i sup;s; Dp(2, yni) < anDy(z,%1) + (1 - @)Dy (2, x,) + £},
Xpsl = Pgmxl n=12,..),

where &, = (ky — 1) sup,cz £ (Dr(p, %)), F = N E(Ty), P{)M is the Bregman projection of
X onto Dyyy. If ¥ is nonempty, then {x,} converges strongly to P;xl.

As a direct consequence of Theorem 3.1 and Remark 2.3, we obtain the convergence
result concerning Bregman totally quasi-asymptotically nonexpansive multi-valued map-

pings in a uniformly smooth and uniformly convex Banach space.

Theorem 3.3 Let X be a uniformly smooth and uniformly convex Banach space and
J: X — 25" is the normalized duality mapping. Let D be a nonempty, closed, and con-
vex subset on X and let T : D — N(D) be a family of closed and uniformly Bregman to-
tally quasi-asymptotically nonexpansive multi-valued mappings with sequence {v,}, {1t,},
Vs Uy — 0 (as n — 00) and a strictly increasing continuous function ¢ : R* — R* with
£(0) = 0 such that, for each i > 1, {T;} be uniformly L;-Lipschitz continuous. Let {«,} be a
sequence in [0,1] and {B,} be a sequence in (0,1) satisfying the following conditions:

(C1) limyooay=0andy o o, =00,

(C2) 0<liminf,_ o By <limsup,_, ., Bn<1.

Let x,, be a sequence generated by

x1 € X s arbitrary; D, =D,
Yn,i =]_1(O{,,,]x1 + (1 —a,)(Bufr, + (1 - ,Bn)]Wn,i)» Wi € T,‘nxmi >1,
Dn+1 = {Z € Dn : Supizl ¢(z,yn,i) < Oln(,b(Z,?ﬁ) + (1 - an)¢(z’xn) + En}y

Xn+l = 1_ID,,,,IQ'CI n=1,2,...),

(3.16)

where &, = v, Sup e 5 £(P(p %)) + fh, F = N E(Ty), p,,, is a projection of X onto Dy,.,.
If ¥ is nonempty and bounded, then {x,} converges strongly to Tz x;.

Now, we provide examples of multi-valued mappings to which the results of the paper
can be applied.
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Example 3.1 Let D be a unit ball in a real Hilbert space 12, f(x) = ||x||2. Since V£ (y) = 2y,
the Bregman distance with respect to f

Dy(x,9) = x> = llylI> =22 =) = lx=ylI*>, Vx,yeD. (3.17)
Let {T;}°, : D — N(D) be a family multi-valued mapping defined by

(T2 (xgi),xg),...) — (O, (x§i))2,ﬂ2x(2i),6l3xg),...) el V(xgi),x(;),...) €D,
where any {a/};’fl is a sequence in (0, 1) such that ]_[10:02 aj = %

From Example 2.1, we know that {7}, is a family of closed and uniformly Bregman to-
tally quasi-asymptotically nonexpansive multi-valued mappings with sequence {v,}, {¢,},
Vi, by — 0 (as m — 00) and a strictly increasing continuous function ¢ : R* — R* with
¢(0) = 0 such that, for each i > 1, {T;}{5, is uniformly L;-Lipschitz continuous. {a,}, {8}
and f are the same as in Theorem 3.1. Let {x,} be a sequence generated by (3.1), then

{x,} converges strongly to P’;xl, where ¥ = (N, F(T;) is nonempty, P’;, is the Bregman
projection of X onto ¥.

4 Application

In order to emphasize the importance of Theorem 3.1, we illustrate an application with
the following important example, which entails equilibrium problems in the framework
of reflexive Banach spaces.

Let X be a smooth, strictly convex, and reflexive Banach space, let D be a nonempty,
closed, and convex subset of X and let G : D x D — R be a bifunction satisfying the con-
ditions: (A1) G(x,x) = 0, for all x € D; (A2) G(x,y) + G(y,x) <0, for any x,y € D; (A3) for
each x,7,z € D, lim;_, g G(tz + (1 - £)x,y) < G(x,y); (A4) for each given x € D, the function
y > f(x,y) is convex and lower semicontinuous. The ‘so-called’ equilibrium problem for
Gistofind ax* € Dsuch that G(x*, y) > 0, for each y € D. The set of its solutions is denoted
by EP(G).

The resolvent of a bifunction G [5] is the operator Rest : X — 2P defined by

Rest(x) = {z € D,G(z,y) + (Vf(z) - Vf(x),y - z) >0,Vye D}, Vx € X. (4.1)

If f: X — (—o00,+00] is a strongly coercive and Géateaux differentiable function, and G
satisfies conditions (Al)-(A4), then dom(Rest) =X (see [5]). We also know:

(1) Rest is single-valued;

(2) Rest is a Bregman firmly nonexpansive mapping, so it is a closed Bregman total

quasi-asymptotically nonexpansive mapping;

(3) F(Resg) = EP(G);

(4) EP(QG) is a closed and convex subset of D;

(5) forallx € X and forall p € F(Rest), we have

Dy (p, Resg(x)) + Df(Resg(x),x) < Ds(p, x). (4.2)
In addition, by Reich and Sabach [24], if f is uniformly Fréchet differentiable and bounded

on bounded subsets of X, then we see that F (Res/G) =F (Resg) = EP(G) is closed and convex.
Hence, by replacing T = Res/G in Theorem 3.1, we obtain the following result.
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Theorem 4.1 Let D, X, {«,}, {Bu}, and f be the same as in Theorem 3.1. Let {G; : D x D —
R} be a countable families of bifunction which satisfies the conditions (Al)-(A4) such that
EP(G;) #9. Let Resti (x):D— 2P, i=1,2,..., be the family of mappings defined by

Resti(x) = {z € D:Gi(z,y) + <Vf(z) - Vf(x),y—z) >0,Vye D}, xeX. (4.3)

Let the sequence {x,} be defined by

x1 € X isarbitrary; D, =D,

GiWnisy) + (Vf(Wni) = Vf(%0),y — W) =0, VyeD,i>1,

Vi = Vo V(1) + (1= ) (B, Vf (%) (4.4)
+ (L= BV Wn)], W, € Res (6,),i > 1,

D1 ={z € Dy :sup;s; Dp(2, yni) < anDy(z,%1) + (1 - @)Dy (z, %) + £},

Xn+l = P,fgmxl (71 =12,.. .),

where &, = (k, — 1) sup,c 5 ¢ (Dr(p, %)), F = N F (Restl,), P,gn+1 is the Bregman projection
of X onto Dy,,1. If F is nonempty, then {x,} converges strongly to Pyx,, which is a common

solution of the system of equilibrium problems for G,,, m=1,2,....
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