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Abstract

Variational inequality, fixed point and generalized equilibrium problems are
investigated via a regularization algorithm. It is proved that the sequence generated
in the regularization algorithm converges strongly to a common solution of the three
problems in the framework of Hilbert spaces. The results presented in this paper
improve and extend the corresponding ones announced by many authors.
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1 Introduction and preliminaries
In this paper, we always assume that H is a real Hilbert space with inner product (x,y) and
induced norm ||x|| = 4/{x,x) for x,y € H. Let C be a nonempty, closed, and convex subset
of H.

Let A : C — H be a mapping. Recall that A is said to be monotone iff

(Ax—Ay,x—y) >0, Vx,yeC.
Recall that A is said to be strongly monotone iff there exists a constant « > 0 such that
(Ax —Ay,x—y) > alx—y|?>, Vx,yeC.

For such a case, A is also said to be a-strongly monotone. Recall that A is said to be inverse-
strongly monotone iff there exists a constant « > 0 such that

(Ax — Ay,x —y) > a||Ax — Ay||*>, Vx,yeC.

For such a case, A is also said to be a-inverse-strongly monotone.
Recall that the classical variational inequality is to find an x € C such that

(Ax,y—x) >0, VyeC. (11)
In this paper, we always use VI(C,A) to denote the solution set of (1.1) and use P¢ denote

the metric projection from H onto C. It is well known that x € C is a solution of (1.1)
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iff x is a fixed point of the mapping Pc(I — rA), where r > 0 is a constant, I stands for
the identity mapping. If A is strongly monotone and Lipschitz continuous, the existence
and uniqueness of solutions of equilibrium (1.1) is guaranteed by the Banach contraction
principle.

Recall that a set-valued mapping M : H = H is said to be monotone iff, for all x,y € H,
f € Mx,and g € My imply (x—y,f —g) > 0. M is maximal iff the graph Graph(M) of R is not
properly contained in the graph of any other monotone mapping. It is well known that a
monotone mapping M is maximal if and only if, for any (x,f) e H x H, (x —y,f —g) > 0,
for all (y,g) € Graph(M) implies f € Rx.

Let S: C — C be a mapping. F(S) stands for the fixed point set of S; that is, F(S) := {x €
C:x=S8x}.

Recall that S is said to be contractive iff there exists a constant @ € (0,1) such that

[ISx—Syll <allx—yll, Vx,yeC.

For such a case, S is also said to be «-contractive. We know that the mapping enjoys a
unique fixed point and Picard’s algorithm can be employed to approximate its unique fixed
point.

Recall that S is said to be nonexpansive iff

5% =Syl < llx=yll, Vx,yeC.

If C is a closed, bounded and convex subset of H, then F(S) is not empty; see [1].

Let {S;: C — C} be a family of infinitely nonexpansive mappings and {y;} be a nonneg-
ative real sequence with 0 < y; <1, Vi > 1. For n > 1, define a mapping W,,: C — C as
follows:

un,n+1 = 1,
Un,n = J/nSn un,m—l + (1 - Vn)l,

Un,n—l = yn—lsn—l un,n + (1 - yn—l)ly

Uy = VSl + 1= i1, (1.2)

Uy -1 = VicrSka Ui + (1 = ye-)1,

Uyp = ySolyz + (1 - )i,

Wy = Uy =iSilyy + (1 -yl

Such a mapping W, is nonexpansive from C to C and it is called a W-mapping generated
by Si, Su-1,..., 81 and Yy, Y1, ..., Y15 see [2] and the references therein.
Let T : C — H be a monotone mapping and let F be a bifunction of C x C into R, where

R denotes the set of real numbers. We consider the following generalized equilibrium
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problem:

Find x € C such that F(x,y) + (Tx,y —x) >0, VyeC. (1.3)
In this paper, the set of such x € C is denoted by EP(F, T), i.e.,

GEP(F,A) = {x € C:F(x,y) + (Tx,y—x) >0, Vy € C}.

If T = 0, the zero mapping, then the problem (1.3) is reduced to the following equilib-
rium problem [3]:

Find x € C such that F(x,y) >0, VyeC. (1.4)

In this paper, the set of such an x € C is denoted by EP(F).
If F =0, then the problem (1.3) is reduced to the classical variational inequality (1.1).
To study equilibrium problems (1.3) and (1.4), we may assume that F satisfies the fol-
lowing conditions:
(A1) F(x,x)=0forallx e C;
(A2) Fis monotone, i.e., F(x,y) + F(y,x) <0 forall x,y € C;
(A3) foreachx,y,z€C,

lim sup F(tz +(1- t)x,y) < F(x,9);
£10

(A4) foreachx e C,y+> F(x,y) is convex and weakly lower semi-continuous.

Many important problems have reformulations which require finding solutions of equi-
libriums (1.3) and (1.4), for instance, image recovery, inverse problems, network alloca-
tion, transportation problems and optimization problems; see [3—11] and the references
therein. For solving solutions of equilibriums (1.3) and (1.4), regularization methods re-
cently have been extensively studied; see [11-28] and the references therein.

In this paper, motivated and inspired by the research going on in this direction, we study
the variational inequality (1.1), and the fixed point and equilibrium problem (1.3) based
on a regularization algorithm. It is proved that the sequence generated in the regulariza-
tion algorithm converges strongly to a common solutions of the three problems in the
framework of Hilbert spaces. The results presented in this paper improve and extend the
corresponding results in Chang et al. [11], Takahashi and Takahashi [13] and Hao [29].

The following lemmas play an important role in our paper.

Lemmal.l [3] Let F: C x C — R be a bifunction satisfying (Al)-(A4). Then, for any r > 0
and x € H, there exists z € C such that

1
F(z,y) + -(y-zz-x)>0, VyeC.
r

Define a mapping T, : H — C as follows:
1
Tyx = {ze C:Flz,y)+-(y—2z2z-x)>0,Vye C}, x€H,
r

then the following conclusions hold:
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(1) T, is single-valued,
(2) T, is firmly nonexpansive, i.e., for any x,y € H,

I T = Toyll? < (Tox = Tpy, % — y);

(3) F(T,) = EP(F);
(4) EP(F) is closed and convex.

Lemma 1.2 [30] Assume that {a,} is a sequence of nonnegative real numbers such that
ap <(1- Vn)an + 8,

where {y,} is a sequence in (0,1) and {3,} is a sequence such that
) Z;il Vn = O0;
(2) limsup,_, o 8u/yn <0 o0r Y oo, 18, < 00.

Then lim,,_, o, o, = 0.

Lemma 1.3 [2] Let {S;: C — C} be a family of infinitely nonexpansive mappings with a
nonempty common fixed point set and let {y;} be a real sequence such that 0 < y; <[l<1,
where | is some real number, Vi > 1. Then

(1) W, is nonexpansive and F(W,) = (-, F(S), for each n > 1;

(2) foreach x € C and for each positive integer k, the limit lim,_, oo U, s exists.

(3) the mapping W : C — C defined by

Wx:= lim Wyx= lim U,;x, x€C, 1.5)

n—0o0 n— 00

is a nonexpansive mapping satisfying F(W) = (i, F(S;) and it is called the
W -mapping generated by S1,S,, ... and 1,2, .. ..

Lemma 1.4 [31] Let {x,} and {y,} be bounded sequences in H and let {B,} be a sequence
in (0,1) with 0 < liminf,_, » B, <limsup,_, ., Bx < 1. Suppose that x,,1 = (1 — Bu)yn + Buu
foralln> 0 and

lim SUP(||J/n+1 _yn” - ||xn+l _xn”) = 0.
n—00

Then lim,_, o [|¥4 — %4l = 0.
Lemma 1.5 [11] Let {S;: C — C} be a family of infinitely nonexpansive mappings with a

nonempty common fixed point set and let {y;} be a real sequence such that 0 < y; <[l<1,
Vi>1.IfK is any bounded subset of C, then

lim sup | Wx — W,x| = 0.

n—>00 yc K

Throughout this paper, we always assume that 0 < y; <I<1,Vi>1.

Page 4 of 17
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Lemma 1.6 [10] Let A : C — H a Lipschitz monotone mapping and let Ncx be the normal
coneto Catxe C;thatis, Ncx={y € H: {(x—u,y),Yu € C}. Define

Ax+Ncx, x€C,
] x ¢ C.

X =

Then D is maximal monotone and 0 € Dx if and only ifx € VI(C, A).

2 Main results

Theorem 2.1 Let C be a nonempty closed convex subset of H. Let F be a bifunction from
C x C to R which satisfies (A1)-(A4) and let f : C — C be a «-contraction. Let A: C — H
be an a-inverse-strongly monotone mapping and let B: C — H be a B-inverse-strongly
monotone mapping. Let T : C — H be a t-inverse-strongly monotone mapping. Let {S; :
C — C} be a family of infinitely nonexpansive mappings. Assume that ¥ = (\;5; F(S;) N
GEP(F, T)N VI(C,A) N VI(C, B) is not empty. Let {«,,}, { B}, and {y,} be sequences in (0,1)
such that a, + B, + vy, = 1. Let {ry,}, {sy}, and {A,)} be positive number sequences. Let x; € C
and let {x,} be a sequence generated by

Yn = PC(un - SnBun);
Xptl = Olnf()/n) + By Wnpc(y;q - rnAyn) + VuXn, Y 2>1,

2.1)

where {u,} is such that F(u,,y) + (Tx,,y — u,) + i(y— Uy, Uy — Xxy) > 0,Vy € C, and {W,}
is the sequence generated in (1.5). Assume that the following restrictions hold:

(@) O<a<i,<b<2tandlim,_, . |Ay1— A =0,

(b) O0<d <r, <V <2« andlim,_, o |y — 1y =0,

(© 0<a”’" <s,<b"<2B andlim,_.s |Sy41 — S| =0,

(d) limyoo0t, =0, > 02 oy = 00,

(e) 0<liminf,, ¥, <limsup,_, . v» <1,
wherea,a’,a’, b, b, and b" are real constants. Then {x,} converges strongly to x € ¥, which

solves uniquely the following variational inequality:
(x-fx),x-x)<0, Vxex.
Proof Since A is inverse-strongly monotone, we see from restriction (b) that

|| I-r,A)x—-(I- rnA)y”2
= |l — y||* = 27, (x — y, Ax — Ay) + r2||Ax — Ay|)?
< |l = ylI* - 2rua | Ax — Ay|)* + | Ax - Ay|)?
= [l = y1I* + ru(ry — 2a) || Ax — Ay|*
<lx-yI> VxyeC.

This shows that / — r,A is nonexpansive. In the same way, we find that I —s,Band I — 1, T
are nonexpansive. Note that u, can be re-written as u,, = T, ,(I — A, T)x,. Let x* € . It
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follows that
lean — || < || = 2u T = (I = A T)x*|| < [0 — 5.

Putting z, = Pc(y, — 1) Ay,, we see that ||z, —x*|| < [ly, —x*|| < [lx, —x*||.
[ =2 < ol f ) =6 + B Wz = 27| + 0 — 7

= e[y =27+ e[ () =27 + Ballz =27 4 v n =27

)Ilf(x*)—x*ll'

5(1—0{,,(1—/())Hx,,—x*H+an(1—/< -

This implies that

”x,, —x* ” < max{ Hxl —x*

IIf (") =27l } e

1-«

This yields the result that the sequence {x,} is bounded, and so are {y,}, {z,}, and {u,}.
Without loss of generality, we can assume that there exists a bounded set K C C such that
K> Vs Zns Un € K. Since u, = T;, (I — X,,)%,, we find that

1
Flunn,9) + 7 (= w1, this = U =101 T)xw1) 2 0, VyeC, (22)
n+l
and
1
F(un,y) + A—(y —tpythy — (I =1, T)x,) = 0, VyeC. (2.3)

Lety = u, in (2.2) and y = u,,,1 in (2.3). By adding up these two inequalities, we obtain
An
Upil — Uy Uy — Uyl + Uyl — (1 - )"nAS)xn - T(un+l - (1 - )\n+1A3)xn+l) 2 0.
n+l

This implies that

”urﬁ—l — Uy ”2 = <un+1 — Up, (1 - )"n+l T)xn+1 - (1 - )"n T)xn

+ (1 - )\)‘-n )(un+1 - (1 - )\rﬁ-l T)xn+1)>

n+l
< lutns1 — uall (“ (I =21 T)xp1 — I = 1y T)xy ”

n
+

A
1-—
A

n+l

|| Upsl — (1 - )\n+1 T)xn+1 ”)

It follows that

”un+1 — Uy ” = || (1 = Ans1 T)xn+1 - (1 = An T)xn ||
|)¥n+1 - )\n|
+ —_—

|| Un+1 (1 An+l ’1 )"/CVH-I ||
)\. 1
n+

< ne1 = Xull + 1A — Al My, (2.4)
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where Mj is an appropriate constant such that

||un+1 - (1 - )\n+1 T)xn+1 ” }
a

M = Sup{llTxnll +

n>1

It follows from (2.4) that

||yn+1 _yn” =< ||PC(un+1 _sn+lBun+1) _PC(Mn _Sn+lBun)||
+ ||PC(un - Sn+lBun) - PC(un _SnBun) ||
= ||un+1 - Mn” + |5n+1 - Sn| ”BM}'I”

< a1 = Xull + 1A = AnlMi + (8441 — Syl | Bugl.
Hence, we have

||Zn+1 - Zn” < ”PC(yrHl - rn+1Ayn+l) - PC(yn - rn+1Ayn) ”
+ ”PC(yn - Vn+1Ayn) - PC(yn - VnAyn) ”
S Mynsr = Iull + 11 = rul | Ayl

< %ns1 — xull + M2(|}\n+1 =Xl + [Sps1 = Spl + [Tne1 — rn|)’ (2.5)
where M, = max{Mj, sup,.;{Ayx,}, sup,-; {Bu,}}. This implies from (2.5) that

| Wii12n1 — Wazall
< I Wrazne1 = Wzt |l + | Wzii1 = Wz || + | Wz, — Wiz, ||

< sup{ | Wiax — Wal| + || Wa = W]l } + %01 — %
xeK

+M2(|)\n+1 = Anl + [Sps1 = Sul + |[Tui1 — rn|)» (2.6)

where K is the bounded subset of C defined above. Let x,,,1 = (1 — ¥,,)gy; + Vu%,,. It follows
that

an+]f(yn+1) + /3n+1 Wn+lzn+1 _ anf(y;q) + ,Bn ann
1- Y+l 1- VYn

qn+1 —qn =

Ol 1-tu1 = Vun
= = f()’nH) + ot = Wii1Zni
1- Vn+l 1- Vn+l

o 1-o, -
‘( " f () + V"ann)
1_Vn l_Vn

Ay
1_Vn

o
= n—ﬂ(f(ynﬂ) - Wn+lzn+1) -
1- Vn+1

(f(yn) - ann)

+ Winizu — Wizp.


http://www.fixedpointtheoryandapplications.com/content/2014/1/180

Yuan and Zhang Fixed Point Theory and Applications 2014, 2014:180 Page 8 of 17
http://www.fixedpointtheoryandapplications.com/content/2014/1/180

By use of (2.6), we find that

oy oy

I_Vn

gni1 — gull < - ) Hf(ynﬂ) - Wazun ” + Hf(yn) - Wz, ”

1- Vn
+ ” Wn+lzn+l - ann”

< [ 7S]

T 1- Vn+1

“f(ym—l) - Wn+lzn+1 “ + ?n)/n “f(yn) - ann ||

1

+ sup{ [ W2 — Wl + | Wa — W[ } + [0 — x|
xeK

+M2(|)\n+1 _)\n| + |sn+1 _Sn| + |rn+1 _rn|)-

This implies that
gns1 = qnll = N1%ns1 — x4l
o o
< e “f(yrﬁl) - Wn+lzn+l H + - ”f(yn) - ann ”
1-vun 1-y,
+ sup{ | Wiax = Wil + || W — W] }

xeK

+M2(|)¥n+1 = Aul + 8041 = Sul + |71 _rn|)~
It follows from restrictions (a)-(e) that

limSUP(HQnu = qnll = 1%nn _xn”) <0.
n—00

This implies from Lemma 1.4 that lim,, . ||g, — %, || = 0. It follows that
lim ||%,41 =%, = 0. (2.7)
n—0oQ
Since A is inverse-strongly monotone, we find that
| 2n — x* ||2 < || = Ay - I - ruA)x* ”2
< ||yn —-x* H2 - 21, ||Ay,, —Ax* ||2 72 ||Ayn — Ax* ||2
< ||xn —x* ||2 +1,(ry, — 2a)||Ay,, — Ax* ||2
It follows that
o =2 < cullf ) = + Bl Wz =5 4 a0 =27
<anlfn) =" |" + Bullzn =" | + yu s - 2|
< e[ On) =" |+ ralr = 2008, | Ay = A%+ s ="
Hence, we have
ru(200 = 14) By ||Ayn - Ax” ||2

=y Hf(y;fz) —x ”2 + (”xn - ” + ||xn+1 -x* ”)”xn = X1l
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By use of the restrictions (a), (d), and (e), we obtain from (2.7)

lim || Ay, — Ax*| =0. (2.8)
n—0o00
Since the metric projection is firmly nonexpansive, we find that
||z,, -x* ||2 < <(I - 1Ay, — ([ = r,A)x*, 2, —x*)
1
= E{H I -rA)y, — I -r,A)x* ||2 + | zn - &* ||2
~ U=y, = U =1, A)" = (2 =) |}
1 k k k
< =1+ w =2 = |y =20 = (A - 427) |}
1
< sl =17 + =2 =y~ 2l
+ 28419 — 2ull [ Ay = Ax* [ }.
Hence, we have
20 =2 < 200 =2 * = 1y = 2al® + 27019 — 24l | Ay — Ax*.
This further implies that
=" < a0 ' # Bul o =5+ o =
< alfon) =2+ Bl [ il -
=y “f(yn) - x" ”2 = Bullyn — Zn”2 +2ryllyn = zull ”Ayn - Ax* ”
+ || — &* 2
which yields
Bullyn =zl < @[ ) = 2% | + 21l — 2all | Ay, — Ax*|
+ oo =2 = e =]
< a[f ) = |” + 27 llyn — 2al | Ay — A% |
+ (ln =2 + [ = 2| ) %1 = il
By use of restrictions (b), (d), and (e), we find from (2.7) that
(2.9)

lim |y, — 2|l = 0.
n— 00
Since B is inverse-strongly monotone, we find that

Iy =2*|* < | = Byt — (I = s,B)" |

< ”u,, —x* ||2 - 25,8 HBu,, — Bx* ||2 +sfl HBu,, — Bx* ||2

< ||xn —x* ||2 + 5,(s, — 2,3)||Bun — Bx* H2
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It follows that
e =2 < cnllf ) = " |* + Bl Wz = 2% |+ v 00 — 7
<@, o) =2+ Bullyw =" + yullw - 2]

<a, ‘Lf(y,,) —x* H2 +8,(8, —2B) B HBM,, — Bx* ”2 + Hx,, —x* ”2
Hence, we have

Sn (216 - Sn)ﬁn ”Bun - Bx* H 2

=ay Hf(y;fz) —-x" ”2 + (”xn - x* ” + ||xn+1 —x* ”)”xn = Xpaall-

By use of the restrictions (c), (d), and (e), we obtain from (2.7)

lim || Bu, - Bx*|| = 0. (2.10)

n—00

Since the metric projection is firmly nonexpansive, we find that

lyn = *|* < (U = 5Bt — (I = 5,B)", 3y, — x*)
== 5B = =807+ -
U= s,BYyn = (= s,B)2" = (3, ") |}
(= o= = s =30 =Bt~ B) )

=

R R R e T

N = N =

+ 28, || ety — Yl ||Bun — Bx* || }
Hence, we have
lym = |* < 20 =2 * = Nt = yul® + 25100 = yull | Bt — Bx*|.

This further implies that

s =" < ennllf ) = [* 4 Bl Wz =" [* 4 3w [
<ol 0m) =2 "+ Bulyn =" + v =2

< & |[F ) =% || = Bulltt = yull® + 2816, =yl | Bty — B |

+ [|xn — &* >

’
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which yields
ﬂn”un _yn”Z <oy Hf(yn) —x* ”2 + 25n||un —yn” “Bun — Bx* H
+ ||x,, —x* ||2 - ||x,,+1 —x* ||2
< 0| O) = 2*|* + 25yt = yull | Bty — Bc*|

+ (J|oen = &% + [|%ne1 = %] ) a1 — 2.

By use of restrictions (c), (d), and (e), we find from (2.7) that

lim ||y, —u,|| =0. (2.11)
Hn— 00
Since T is inverse-strongly monotone, we find that
lnss =" < 0l F0) =2 I + Bl =" [* 4 3l ="
< a0 5"+ Bl =" = (T T5°) | 3o = |
<oty |f () — " ”2 + [n — 2" ”2 = nBn(2T = A) | T — T ”2
This implies that
AonBa2T = 1) || Tt - Tw* |
< |[fOn) = 2| + (20 = 2| + [er = 2] 160 = %1
In view of the restrictions (a), (d), and (e), we see from (2.7) that
(2.12)

lim | Tx, - Tx*| = 0.
n— 00
Since T3, is firmly nonexpansive, we find that
ot =& |* = | T, (I = 2 Ty = T, (1 = 2, TN
< (T =ruT)xw = I = 2 T)x", 1y — x*)
1
o P L P
+ 2| T = Toc* || 1260 — 24
This in turn implies that

=2 ||” < 20 =% = 120 — 4 ® + 2 | T = T* | 12 — 241

It follows that
[omer =% |* < o[ O) =) + Bt = |* + |00 = 27
< |[f ) =% |* = Bullz — 1l

4 2| Tty — T s — sl + [0 — ]
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By use of restrictions (a), (d), and (e), we see from (2.7) and (2.12) that
lim ||x, — u,|| = 0. (2.13)
Next, we prove that

lim sup(f(a_c) —X, %, — .9_C> <0,
n—00

where x = P5f(x). To see this, we choose a subsequence {x,,} of {x,} such that

lim sup((f - Dx,x, —56) = lim ((f = DX, %, — 5c>
1—>00

n—00

Since {x,,} is bounded, there exists a subsequence {xni,} of {x,,} which converges weakly
to w. Without loss of generality, we may assume that x,, — w. Since

BullWzu — xull < %0 — Xpaa |l + oty Hf(yn) —Xn ” .

In view of the restrictions (d) and (e), we obtain from (2.7)
lim || Wz, — x| = O. (2.14)
n— 00

Note that
I1Wizn = zall < Wiz =l + 1260 — || + ety = Y|l + 1yn — 2zl

In view of (2.8), (2.11), (2.13), and (2.14), we find that
lim |W,z, -zl = 0. (2.15)
n—oQ

Suppose the contrary, w ¢ (-, F(S;), i.e., Ww # w. Since y,, — w, we find from Opial’s
condition [32] that

liminf | z,, — w| <liminf|z,, — Ww||
11— 00 11— 00
< liminf{ lzn, — Wz, |l + || Wz,,, — lel}
11— 00

<timinf{|z,, - We, | + 1z, - wll}.
11— 00

On the other hand, we have

Wz, — z,|l < Wz, = Wzl + | Wz — yull

<sup || Wx - Wyx|| + | W,z -z,
xeK
In view of Lemma 1.5, we obtain from (2.15) lim,_, || Wz, — z,|| = 0. It follows that

liminfi_, ||z,; — w|| < liminf;_, ||z,; — wl|. Thus one derives a contradiction. Thus, we
have w e (N5, F(S).
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Next, we show that x € VI(C,A). Let T be the maximal monotone mapping defined by

Bx+ Ncx, x€C,
X =

@, x ¢ C.

For any given (x, y) € Graph(D), we have y— Bx € Ncx. Since y,, € C, by the definition of N¢,
we have (x—y,,y—Bx) > 0. Since y,, = Pc(u, —s,Bu,), we see that (x—y,, J% +Bu,) > 0.
It follows that

(x _yﬂi’y> > (x _yni;Bx>

Yni — Un;
—_— 4+ Bu,,i

nj

> (X = Yn;» Bx) —<x—yni,
V: — U,
= (X = Ynjp BX = Byn;) + (X = Yy BYn; = Bikp;) = (X = Yy ———
Sn,
V: — Un,
> (x_ynixByni_Bun,'>_ x_ynir : - ).
Sn,

Since B is Lipschitz continuous, we see that (x — w,y) > 0. Notice that D is maximal
monotone and hence 0 € Tw. This shows that w € VI(C, A). In the same way, we find that
w e VI(C,B).

Next, we show that w € GEP(F, T). Since u, = T5,(I — A, T)x,, for any y € C, we find
from (A2) that

(Txy;,y — th;) + <y — Uy, un")\_ o > > F(y,u,), VyeC. (2.16)

ni

Putting y, = ty + (1 — £)w for any ¢ € (0,1] and y € C, we see that y, € C. It follows from
(2.16) that

(e — Up;s Ty;)

Uy

=Xy,
- Y+ F(yg, uy,,
)\n' > (yt un,)

i

> (Ve = Ungy Te) — (T Yo — thy;) — <yt — Uy,

Uy

i — Xy
= (Ve — Uy Tye — Ti) + (Ve — thyy, Tk, — T,) — (Y2 — U . + F(ye, th,).

nj

In view of the monotonicity of T, and the restriction (a), we obtain from (A4)

e =w, Tye) = F(y1, q)- (2.17)
From (A1) and (A4), we see that

0=Fuy:) <tF(ysy) + (1= t)F(y,w)
S tFyny) + A=)y —w, Tyy)

= tF(y,y) + 1= Ot{y —w, Tyy).

It follows from (A3) that w € GEP(F, T). This proves that limsup,,_, .. (f(®) — %,%, —x) <O0.
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Finally, we show that x,, — x, as n — 00. Note that

%1 — ZI|>
= an(f(yn) =%, Xp41 _9_C> + Bu{WnZn — %, %41 — %) + Vu{®n — X, %11 — X)
< @k |yn = &l %01 = E)| + @nlf (%) = X K1 = &) + Bullzn — %) 1 — X
+ Vull%n — X1 %041 — 2|l

= (1 —a,(1- K)) %0 — %[ 241 — ]| + an(f(ﬁ_c) = X, %41 _9_C>~
This implies that

%1 = ZII* < (1= (L = 1)) 10 = E[|* + 200 {f (%) — X 2041 — X).

From the restriction (d), we obtain from Lemma 1.2 lim,,_, o, ||x,, — X|| = 0. This completes

the proof.

Corollary 2.2 Let C be a nonempty closed convex subset of H. Let F be a bifunction from
C x C to R which satisfies (A1)-(A4) and let f : C — C be a «-contraction. Let T : C —
H be a t-inverse-strongly monotone mapping. Let {S; : C — C} be a family of infinitely
nonexpansive mappings. Assume that ¥ = (1,5 F(S;) N GEP(F, T) is not empty. Let {a,},
{B.}, and {y,} be sequences in (0,1) such that a,, + B, + y, = 1. Let {),,} be a positive number

sequence. Let x; € C and let {x,} be a sequence generated by

Xn+l = ar(f(yn) + ﬂn Wnun + Vu¥n Vn > 1,

where {u,} is such that F(u,,y) + (Tx,,y — u,) + i(y— Uy, Uy —Xy) > 0,Vy € C, and {W,}

is the sequence generated in (1.5). Assume that the following restrictions hold:
(@) O0<a<A,<b<2tandlim,_ o |A1—Ars =0,
(b) lim,_ o, =0, Z:Z] oy =00,

(c) 0<liminf,_ s y, <limsup,_, . ¥» <1,

where a and b are real constants. Then {x,} converges strongly to x € X, which solves

uniquely the following variational inequality:

(x-f(),x-x)<0, VxeX.

Corollary 2.3 Let C be a nonempty closed convex subset of H. Let F be a bifunction from
C x C to R which satisfies (A1)-(A4) and letf : C — C be a k-contraction. Let B: C — H be
a B-inverse-strongly monotone mapping. Let T : C — H be a t-inverse-strongly monotone
mapping. Let {S; : C — C} be a family of infinitely nonexpansive mappings. Assume that
¥ == F(S:) NGEP(F, T) N VI(C, B) is not empty. Let {a,}, { B}, and {y,} be sequences in
(0,1) such that o, + B, + v, = 1. Let {s,} and {L,;} be positive number sequences. Let x; € C

and let {x,} be a sequence generated by

Yn = Pc(u, — s,Buy),
Xn+l = ar(f(yn) + ,Bn Wnyn + Yn¥n, Vn = 1;
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where {u,} is such that F(u,,y) + (Tx,,y — u,) + i(y — Uy, Uy — %y) > 0,Vy € C, and {W,,}
is the sequence generated in (1.5). Assume that the following restrictions hold:

(@) O<a<i,<b<2tandlim,_, . |Ay1—Au =0,

(b) 0<a’" <s,<b"<2B andlim,_, o |41 — S| = 0,

(©) limy—oo0t, =0, Y o7 &ty =00,

(d) 0<liminf,_, Y, <limsup,_, . v» <1,
where a, a', b, and b'" are real constants. Then {x,} converges strongly to x € X, which solves
uniquely the following variational inequality:

(%—f(a'c),a'c—x) <0, VxeZX.

Corollary 2.4 Let C be a nonempty closed convex subset of H. Let F be a bifunction from
C x C to R which satisfies (Al)-(A4) and letf : C — C be a k-contraction. Let A : C — H be
an a-inverse-strongly monotone mapping and let B: C — H be a B-inverse-strongly mono-
tone mapping. Let {S; : C — C} be a family of infinitely nonexpansive mappings. Assume
that T = (5, F(S;) NEP(F) N VI(C,A) N VI(C, B) is not empty. Let {a,}, { B}, and {y,} be
sequences in (0,1) such that a, + B, + v, = 1. Let {r,}, {s,}, and {)\,} be positive number
sequences. Let x; € C and let {x,} be a sequence generated by

Yn = Pc(uy — s,Buy),
Xn+l = anf(yn) + ,Bn WnPC(yn - rnAyn) + VnXns Vn > 1;

where {u,} is such that F(u,,y) + ﬁ (y — tty, by — %) > 0,Vy € C, and {W,,} is the sequence
generated in (1.5). Assume that the following restrictions hold:

(@) O<a<i,<b<2tandlim,_, o |Apa — A =0,

(b) O<d <r, <V <2a andlim,_, o |y —1y| =0,

() 0<a’" <s,<b"<2B andlim,_, o |$,.1 — S| =0,

() limyseo0, =0, > 00 @y = 00,

(e) 0<liminf,, ¥, <limsup,_, . v» <1,
wherea,a’,a”, b, b, and b" are real constants. Then {x,} converges strongly to x € X, which
solves uniquely the following variational inequality:

(%—f(a’c),a‘c—x) <0, VxeZX.
Proof In Theorem 2.1, put T = 0. Then, for all T € (0, 00), we have
(9, Tx = Ty) > || Tx — Ty||>, Vx,yeC.

Taking a, b € (0,00) with 0 < a < b < 0o and choosing a sequence {A,} of real numbers with
a < A, < b, we obtain the desired result by Theorem 2.1. 0

Corollary 2.5 Let C be a nonempty closed convex subset of H. Let f : C — C be a k-
contraction and let T : C — H be a t-inverse-strongly monotone mapping. Let A: C — H
be an a-inverse-strongly monotone mapping and let B: C — H be a B-inverse-strongly
monotone mapping. Let {S; : C — C} be a family of infinitely nonexpansive mappings. As-
sume that T = (5, F(S;) N VI(C, T) N VI(C,A) N VI(C, B) is not empty. Let {a,}, {Bu}, and
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{vu} be sequences in (0,1) such that a, + B, + v, = 1. Let {r,}, {s,}, and {A,} be positive
number sequences. Let x, € C and let {x,} be a sequence generated by

Uy = PC(xn - )"nTxn),
Yn = PC(un - SnBun);
KXn+l = anf()’n) + By WnPC(yn - rnAyn) + VuXn, Y 2>1,

where {W,} is the sequence generated in (1.5). Assume that the following restrictions hold:
(@) O0<a<A,<b<2tandlim,_ o A1 —Ary| =0,
(b) O0<d <r,<b <2a andlim,_, o |y -1y =0,
(©) 0<a’" <s,<b"<2Bandlim, s |Sy41 — S| =0,
() limyoo0t, =0, > 02 @y = 00,
(e) 0<liminf,_, oo ¥ <limsup,_, o, ¥ <1,
wherea,a’,a”, b, b, and b are real constants. Then {x,} converges strongly to x € X, which
solves uniquely the following variational inequality:

(x—f(x),x-x) <0, VxeX.
Proof Putting F = 0, we find that
(Txn,y — tn) + %(y— Up, Uy — %) 20, VyeC,
n
is equivalent to
Y —tpy Xy — Ay Ixy —uy) <0, VyeC,

that is, u,, = Pc(x,, — A,,Tx,,). This completes the proof. O
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