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1 Introduction

Many important real world problems have reformulations which require finding zero
points of some nonlinear operators, for instance, evolution equations, complementarity
problems, mini-max problems, variational inequalities and optimization problems; see [1—
11] and the references therein. It is well known that minimizing a convex function f can
be reduced to finding zero points of the subdifferential mapping df. Forward-backward
splitting algorithms were proposed by Lions and Mercier [12], by Passty [13], and, in a
dual form for convex programming, by Han and Lou [14]. The algorithms, which pro-
vide a range of approaches to solving large-scale optimization problems and variational
inequalities, have recently received much attention due to the fact that many nonlinear
problems arising in applied areas such as image recovery, signal processing, and machine
learning are mathematically modeled as a nonlinear operator equation, and this operator
is decomposed as the sum of two nonlinear operators. This paper concerns a forward-
backward splitting algorithm with computational errors designed to find zeros of the sum
of two accretive operators A and B.

The paper is organized in the following way. In Section 2, we present the preliminaries
that are needed in our work. In Section 3, we present a splitting algorithm for finding zeros
of the sum of two accretive operators A and B. Convergence analysis of the algorithms is
investigated. In Section 4, applications of our main results are provided.

2 Preliminaries

Let E be a real Banach space with the dual E*. Given a continuous strictly increasing
function ¢ : R* — R*, where R* denotes the set of nonnegative real numbers, such that
©(0) = 0 and lim,_, o, ¢(r) = 00, we associate with it a (possibly multivalued) generalized
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duality map J,, : E — 2F", defined as J,(x) = {x* € E* : x*(%) = [[xllo(llx[), [%* ]| = @([lx[])},
Vx € E. In this paper, we use the generalized duality map associated with the gauge func-
tion ¢(t) = t97! for g > 1. Let pg : [0,00) — [0,00) be the modulus of smoothness of E
by pe(t) = sup{M;”x_y” —1,x € Ug, |ly|| <t}. A Banach space E is said to be uniformly
smooth if pET(t) — 0 ast— 0.Let g > 1. E is said to be g-uniformly smooth if there exists
a fixed constant ¢ > 0 such that pg(¢) < cz9. The modulus of convexity of E is the function
8e(€) : (0,2] — [0,1] defined by 8¢(e) = inf{l - @ dlxll = Iyl =1, e = y|| > €}. Recall that
E is said to be uniformly convex if §g(€) > 0 for any € € (0,2]. Let E be a smooth Banach
space, and let C be a nonempty subset of E. Let Proj. : E — C be a retraction and J be
the normalized duality mapping on E. Then the following are equivalent [15]: (1) Proj is
sunny and nonexpansive; (2) (x — Proj- %, J(y — Proj-x)) <0,Vx € E,y € C.

Let I denote the identity operator on E. An operator A C E x E with domain D(4) =
{z € E: Az # ¥} and range R(A) = | J{Az: z € D(A)} is said to be accretive iff, for ¢ > 0 and
%,y € D(A), |lx —y|| < llx—y + t{u —v)|, Vu € Ax, v € Ay. It follows from Kato [16] that A
is accretive iff, for x,y € D(A), there exists j,(x; — x2) such that (z — v,j;(x —y)) = 0. An
accretive operator A is said to be m-accretive iff R(I + rA) = E for all > 0. In this paper,
we use A™1(0) to denote the set of zeros of A. For an accretive operator A, we can define a
nonexpansive single-valued mapping J, : R(I + rA) — D(A) by J, = (I + rA)™! for each r > 0,
which is called the resolvent of A. Recall that a single-valued operator A : C — E is said to
be c-inverse strongly accretive if there exists a constant & > 0 and some j,(x —y) € J4(x—y)
such that (Ax — Ay, j,(x —y)) > a||Ax — Ay||?, Vx,y € C.

Let T : C — C be a mapping. Recall that T is said to be k-contractive iff there exists a
constant « € (0,1) such that || 7x — Ty|| < «||x, ¥, Vx,y € C. T is said to be nonexpansive iff
k =1. T is said to be «-strictly pseudocontractive iff there exists a constant « € (0,1) such
that

(T - Ty, jg(x - 9)) < llx =yl 7 =k | (x = Tx) - (y - TY) | %,

Vx,ye C

for some j,;(x — y) € J4(x — ). T is said to be pseudocontractive iff (Tx — T,j,(x — y)) <
llx -y, Vx,y € C for some j,(x —y) € J(x — ).
In order to obtain our main results, we also need the following lemmas.

Lemma 2.1 [17] Let E be a real g-uniformly smooth Banach space. Then the following
inequality holds: |lx+y||? < ||x]|1 +q(y, Jq(x +)) and |x +y|7 < %7 +q(y, 3¢(x)) + Kq |y,
Vx,y € E, where K is some fixed positive constant.

Lemma 2.2 [18] Let E be a real Banach space, and let C be a nonempty closed and convex
subset of E. Let A : C — E be a single-valued operator, and let B : E — 2 be an m-accretive
operator. Then F(J,(I — aA)) = (A + B)™1(0), where ],(I — aA) is the resolvent of B for a > 0.

Lemma 2.3 [19] Let E be a real Banach space, and A be an m-accretive operator. For 1. > 0,
u>0,andx € E,wehave J,x = J,(5x+ (1- %)],x), where J, = (I + XA) " and J, = (I + nA)™.

Lemma 2.4 [20] Let {a,} be a sequence of nonnegative real numbers such that a,,; < (1 -
ty)ay + b, + ¢, where {c,,} is a sequence of nonnegative real numbers, {t,} C (0,1) and {b,}
is a number sequence. Assume that Y .-, t, = 00, limsup,,_, . f—: <0,and Y 7 cy < 0.
Then lim,—, o a,, = 0.
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Lemma 2.5 [21] Let g > 1. Then the following inequality holds: ab < % + ‘%lb'i*l , for ar-

bitrary positive real numbers a and b.

Lemma 2.6 [22] Let C be a nonempty closed convex subset of a real uniformly smooth
Banach space E. Let f : C — C be a contractive mapping, and let T : C — C be a non-
expansive mapping. For each t € (0,1), let x; be the unique solution of the equation x =
tf (x) + (L — £)Tx. Then {x.} converges strongly to a fixed point X = Qr(r\)f (X).

3 Main results
Theorem 3.1 Let E be a real q-uniformly smooth Banach space with the constant K. Let

B: E — 2F be an m-accretive operator such that D(B) is convex. Let A : D(B) — E be an

a-inverse strongly accretive operator. Assume that (A + B)™1(0) # 9. Let f : D(B) — D(B)
be a fixed k-contraction. Let {r,}, {a,}, {Bn}, and {y,} be positive real number sequences,
where {a,}, {Bn}, and {y,} are in (0,1). Let {x,} be a sequence generated in the following

iterative process:
x0€C, Xy = Olr(f(xn) + ,Bn]rﬂ (n — 1 A%y + €,) + ]/nfn; Yn >0,

where J,, = (I + r,B)™, {e,} is a sequence in E, and {f,} is a bounded sequence in D(B).
Assume that the sequences {a,}, {Bn}, {vn}, {en}, and {r,} satisfy the following restrictions:
@) an+Butyn=1
(2) limyo0 0, =0, > 000 0ty = 00;
(3) 221 1Bn— Bt < 005
(4) liminf,, o7, >0, 7, < (%)ﬁ, Yoo | = ru] < 00

B) Yoo llenll <00, Yoo ¥ < 0.
Then the sequence {x,} converges strongly to x = Proj 4, p-1(0)f (x), where Proj 4, p)-1(q) is the
unique sunny nonexpansive retraction of C onto (A + B)™(0).

Proof First, we show that {x,} is bounded. In view of Lemma 2.1, we find that

|| I-r,Ax—-U- r,,A)y“q
< llx = Y17 = gra(Ax — Ay, 3 (x - y)) + K r || Ax — Ay||?
< llx=yl? - gracllAx — Ay||7 + Kyril| Ax - Ay||
= lx = yll? = (g = Kyrd ™) ryll Ax — Ay||9.

From restriction (4), we find that  — r,A is nonexpansive. Fixing p € (4 + B)~1(0), we find
from Lemma 2.2 that p = /., (x,, — r,Ax,)p. It follows from restriction (5) that

”xn+1 —P”
<oy Hf(xn) —PH + ,Bn‘
< aukllxn — pll + | f(0) - p||

JiwGon = 14A%y + €4) = p|| + vullfy = Pl

+,3nH(xn_rnAxn+en)_(1_rnA)p|| +Vn”fn_p”

< (L= an(l =) 1% = pll + au|[f @) = p|| + lenll + vullfi = plI
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I/ @) Ve -l } +lleall + alfy -

If () - pli
1-«

< maX{len -pl

} + [len-1ll + llexll

< maX{ ln-1 = plI,

+ Vu-tllfuer — Il + vullfu — Pl

SmaX{on —pl, R ”f(p) ”” } Zneln +Zyl
Smax{llxo -, 2 ”} Znel||+ZyIM<oo,

where M = sup,.o{||fu — pll}. This shows that {x,} is bounded. Set y, = (I — r,A)x, + e,. It
follows that

151 = Yull < %0 = Xpall + 170 = rua || AK 1 || + llenll + ll€n-1ll-

Using Lemma 2.3, we find that

”]r,,_lyn—l - ]r,,yn ”

Yy—
]Vn 1( Int (1 - r—1>]rnyn) _]rn,lyn—l

V- Vy—
’ ! (yn _yn—l) + (1 - : I)Ur,,yn _yn—l)

n

|rn _rn—1|
< “yn _yn—ln + rinjry,yn _yn”

n

=<

”]rnyn _yn”
'n

< % = X |l + 17 = P <||Axn—1 Il +
+ llenll + llenll. (3.1)
On the other hand, we have
%01 = % | < Qtntc 1960 = Xt | + et — s | f (1) |

+ Vullfu = ot ll + 17 = YV Hlfira
+ ﬂn”]rn,lyn—l _]rnyn” + |/3n - ﬂn—ll ”]rn,lyn—l”' (32)

Using (3.1) and (3.2), we find

16041 = %u [l < (1 — o, (1 - K)) %6 = %11l + loty — i |V(xn—1)||

+ Yl = foetll + 1¥n = Varl V|

oy = 7
- (nAxnln ¥ %
n

+llenll + llenll + 18n = Buallry Yna -
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Using restrictions (3), (4), and (5), we obtain from Lemma 2.4 that
lim ||%,41 =%, = 0. (3.3)
n—00

On the other hand, we have

141 = Xl Vn
———— + e = f )l + = % =Sl

]rn n— %n S
Vridn =l = == =+, B

Using restrictions (2) and (5), we obtain from (3.3) that
lim ||/, 9 — %l = 0. (3.4)
n—00

Since

]rn (xn - rnAxn) —Xn || S |]rn (xn - rnAxn) _]rnyn || + ”]r,,yn _xn”

< lleall + ”]rnyn —%Xulls
we find from (3.4) and restriction (5) that
lim ||],n (2 — rpAxy,) — Xy || =0. (3.5)

Without loss of generality, let us assume that there exists a real number r such that r,, >

r > 0. Since B is accretive, we have

<xn —J.(I-1rA)x, _ %n —Jo, I = 1ryA)xy,

r r ’3q(]r([ —rA)x, —J, (I - r,,A)xn)> > 0.

It follows that

“]r(I - rA)xn _]r,, (1 - rnA)xn ”q
= fn” r(xn _]rn(l - rnA)xn¢3q(]r(1 - rA)xn _]r,,(I - rnA)xn))

n

= Hxn _]rn(l_ rnA)X, ” ”]r(I_ rA)x, _]ry,(l_ rpA)Xy, ”q—l‘
This implies from (3.5) that
lim ”],(x,, —rAx,) — %, ” =0. (3.6)

Since J,(I — rA) is nonexpansive and f is contractive, we find that the mapping #f + (1 -
1)],(I — rA) is contractive. Let x; be the unique fixed point of the mapping ¢ + (1 — £)/,(/ -
rA), that is, x; = tf(x,) + (1 — £)].(I — rA)x;, Vt € (0,1). Setting x = lim;_, ¢ x;, we have x =
Proj 4, g)-1(0).f (*), where Proj,, 1) is the unique sunny nonexpansive retraction from C
onto (A + B)~10).

Next, we show that

lim sup(f(x) — %, Jq(®n —x)) <0.

n—0o0
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Since

llo6 = 2617 < £{f (%) = o Jq (62 — %))
+ (L= O = rA)x, — 0, Jg (¢ — %))
< t{f () = %0, Jg (o0 — 260)) + Hxe — 260, Jg 60 — %))
+ (L= O = rA)x, — ], (I = rA)%u, Jq(e — %))
+ (L= )], = rA)x, — %, Jg (e — %))
< Hf (%) — e, Jg (¢ — %)) + [l — 2|7

+ ||]r(1 - rA)xn —Xn H [l _xn”q_lr
we have
1
(F () = 0, Jg (00 — 22)) < 2 17 = rA)x — 2| 126 — 26177

Fix t and let # — oc. It follows from (3.6) that

lim sup(f(xt) — X0 Jq (X — xt)> <0. (3.7)

n—0o0

Since the duality map J, is single-valued and strong-weak* uniformly continuous on
bounded sets of a Banach space E with a uniformly Géateaux differentiable norm, one has
| (Ge) = %0, Jg (0 — %2)) = (%) — %, Jg (%0 — %))
= |{f (%) = 2, Jg (6 — ) = Jg (o0 — %))
+{f (%) —x = (o) — %0), Jg (0 — )|
< () =2, Jg o0 — %) = T (00 — x0))|
+ | fx) =%~ (f(xt) =) || 1% — 2177

Hence, Ve > 0, 38 > 0 such that ¢ € (0,8), one has

(f(x ) Jq x)) = (f(xt) — Xt Jq(xn - xt)) + €.

Using (3.7), we see that

lim sup(f (x) — %, 34 (%, — X)) < 0. (3.8)

n—00

Using Lemma 2.5, one has

[%e1 = %17 < ctulf () = f (%), Jg (X1 — X)) + ulf (%) — %, g (K1 — %))
+ ,Bn ||]ry, (xn - rnAxn + en) _x” ||xn+l _xHLF1
+ Vn”fn — x| [|%n41 _x”q—l

< (1= au(@ = 1)) 126 — &l 12601 — 217

Page 6 of 12
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~ -1
+ an(f(x) _xn)q(xnﬂ —x)> + llenll I — %[

+ Vn”fn _x” ||xn+1 _xHq_l
1 qg-1
< (I-a,(1-x)) (ZI lloc, — |7 + T”xml —xllq)

+ an{f(x) — %, Jq(xwrl _x)> + ”en” ”xt’Hl _x”q—l

+ Vullfo = | %1 — 2177
It follows that

%1 = 2117 < (1= ey (1= 1)) 126, — 27
+ qan<f(x) - X Gq(xnﬂ - x)) + q”en ” ||xn+1 - x”q_1

-1
+ an”fn _x” ”xn+1 _x”q .

Using restrictions (2) and (5), we see from (3.8) that {x,} converges strongly to x. This
completes the proof. d

Remark 3.2 The framework of the space in Theorem 3.1 can be applicable to L,, where

p>1l

Corollary 3.3 Let E be a real q-uniformly smooth Banach space with the constant K. Let
B: E — 2F be an m-accretive operator such that D(B) is convex. Assume that B™(0) # .
Let f : D(B) — D(B) be a fixed k-contraction. Let {r,} and {«,} be positive real number
sequences, where {a,,} is in (0,1). Let {x,} be a sequence generated in the following iterative

process:.
x0€C, Xy = anf(xn) + (1 - Oln)]rnxm Vn=>0,

where J,, = (I + r,B)™\. Assume that the sequences {a,} and {r,} satisfy the following restric-
tions:

(1) lim,— o0, =0, Y 02y 0ty = 00;

(2) Zi; oty — oty—1] < 00;

(3) liminfy, o7y >0, Yooy |7y — Fpa| < 00.
Then the sequence {x,} converges strongly to x = Projp-1(o) f (x), where Projp-1 o, is the unique
sunny nonexpansive retraction of C onto B™(0).

Corollary 3.4 Let E be a real g-uniformly smooth Banach space with the constant K, and
let C be a nonempty closed and convex subset of E. Let f : C — C be a fixed k-contraction.
Let T : C — C be an a-strictly pseudocontractive mapping with a nonempty fixed point set.
Let {r,}, {an}, {Bn}, and {y,} be positive number sequences, where {a,}, {B,}, and {y,} in
(0,1). Let {x,} be a sequence generated in the following process:

x0 € C,  xpy1 = uf (%) + B(1 = 1)y + 1y BuTxy + Yufy, Y1 >0,

where {f,} is a bounded sequence in C. Assume that the sequences {a,}, {Bu}, {vu}, and {r,}
satisfy the following restrictions:
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@) an+Butyn=1

2) lim,oae @y = 0, Y2 @ty = 003

(3) Lo 1Bn = Bual < 00

(8) Timinf, o7y > 0,7y < (E)TT, 5024 I = ] < 00

(5) Z;ﬁo Vn < OQ.
Then the sequence {x,} converges strongly to x = Projpr, f (x), where Projgr is the unique
sunny nonexpansive retraction of C onto F(T).

Proof Putting A = — T, we find that A is a-inverse strongly accretive and F(T) = A71(0).
Notice that

Xns1 = Of (00) + B = 1) + 1B T + Yl
= 0t () + Bu((L = 1) + 1 Tn) + Vuf
= f () + Bu(n = 1u = T)%n) + Vo
= tuf (00) + Bu(n — 1pA%n) + Yl

Using Theorem 3.1, we find the desired conclusion immediately. O

4 Applications
In this section, we give some applications of our main results in the framework of Hilbert
spaces.

From now on, we always assume that C is a nonempty closed and convex subset of a real
Hilbert space H and P¢ stands for the metric projection from H onto C.Let A : C — H be
a monotone operator. Recall that the classical variational inequality is to find x € C such
that

(Ax,y—x) >0, VyeC. (4.1)

The solution set of the variational inequality is denoted by VI(C, A).
Let ic be a function defined by

0, «xeC,
oo, x¢C.

ic(x) =

It is easy to see that ic is a proper lower and semicontinuous convex function on H, and
the subdifferential dic of ic is maximal monotone. Define the resolvent J, := (I + rdic)™!
of the subdifferential operator dic. Letting x = ]y, we find that

yEX+riicx <= yex+rNcx
— (y-xv-x)<0, VweC
— x=Pcy,
where Nex:={ec H: (e,v—x),Vv e C}.

Putting B = dic in Theorem 3.1, we find that /,, = Pc. Hence, the following result can be
obtained immediately.
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Theorem 4.1 Let f: C — C be a fixed k-contraction. Let A : C — E be an a-inverse
strongly monotone operator with VI(C,A) # (. Let {r,} be a positive number sequence. Let
{an}, (B}, and {y,} be real number sequences in (0,1). Let {x,} be a sequence generated in
the following iterative process:

x0 € C,  xpi1 = ayf (%) + BPc(xy — rAx, + €,) + Vufy Y >0,

where {e,} is a sequence in H and {f,} is a bounded sequence in C. Assume that the se-
quences {0}, {Bu}, {vu}> {en}), and {r,} satisfy the following restrictions:

D) an+Bu+yn=1

(2) limyoo 0, =0, > 000 0ty = 00;

(3) ot 1Bn = Bual < 005

(4) liminf, oo 7y >0, 7 <20, Y oo |1y = Fye1| < 00

(5) Yon2o lleall <00, Y020 ¥ < 00.
Then the sequence {x,} converges strongly to x = Pyyc,a\f(x), where Pyyc,a) is the unique
metric projection from C onto VI(C, A).

Next, we consider the problem of finding a solution of a Ky Fan inequality [23], which is
known as an equilibrium problem in the terminology of Blum and Oettli; see [24] and the
references therein.

Let F be a bifunction of C x C into R, where R denotes the set of real numbers. Recall
the following equilibrium problem:

Find x € C such that F(x,y) >0, VyeC. (4.2)

The solution set of the problem is denoted by EP(F) in this section.

To study the equilibrium problem (4.2), we may assume that F satisfies the following
restrictions:

(A1) F(x,x)=0forallx e C;

(A2) F is monotone, i.e., F(x,y) + F(y,x) <0 forallx,y € C;

(A3) for each x,y,z € C, limsup, o F(tz + (1 - £)x,y) < F(x,);

(A4) for eachx € C, y— F(x,y) is convex and lower semicontinuous.

The following lemma can be found in [24].

Lemma 4.2 Let F: C x C — R be a bifunction satisfying (A1)-(A4). Then, for any r > 0
and x € H, there exists z € C such that F(z,y) + %(y —2z,z—x) > 0,Vy € C. Further, define

1
T,x:{zeC:F(z,y)+—(y—z,z—x)EO,VyEC} (4.3)
r

forallr >0 and x € H. Then (1) T, is single-valued and firmly nonexpansive; (2) F(T,) =
EP(F) is closed and convex.

Lemma 4.3 Let F be a bifunction from C x C to R which satisfies (A1)-(A4), and let A be
a multivalued mapping of H into itself defined by

zeH:Flx,y)>{y-x2),VyeC}, xe€C,
Ao = { (x9) >y ),Vy e C} (4.4)
@) xéC.
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Then Ar is a maximal monotone operator with the domain D(Ar) C C, EP(F) = A;l(O),
and Tyx = (I + rAp) ™, Vx € H, r > 0, where T, is defined as in (4.3).

Based on Lemmas 4.2 and 4.3, we find from Theorem 3.1 the following immediately.

Theorem 4.4 Let F: C x C — R be a bifunction satisfying (A1)-(A4) such that EP(F) is
not empty. Let f : C — C be a fixed k-contraction. Let {r,} be a positive number sequence.
Let {a,}, {Bn}, and {y,} be real number sequences in (0,1). Let {x,} be a sequence generated
in the following iterative process:

x0 € C,  Xpy1 = uf (%n) + Bu Ty, (X0 — 14A%y + €4) + Vifu, Yn >0,

where J,, = (I +r,Ar)7%, {e,} is a sequence in H and {f,} is a bounded sequence in C. Assume
that the sequences {c,}, {Bn}, {vu}, {en}, and {r,} satisfy the following restrictions:

D) op+Bu+tvn=1

(2) lim,— o0, =0, 2;1“;0 oy, = 0Q0;

(3) Z;ﬁl |Isn - ,Bn—l| < 00;

(4) liminf, oo 7y >0, 7 <20, Y oo |1y = Fye1| < 00

(5) Z:io lleqll < oo, Znoio VYn < 00.
Then the sequence {x,} converges strongly to some point in EP(F).

For any matrix D € 23"*", we denote its transpose by DT and its operator norm by ||D|| =
MaXyeor x| =1 | Dx]|.

Consider the inclusion problem [10] 0 € A(xy,%5,y) + B(x1,%2,y), where A(x1,%3,7) =
(DT ,ETy, —Dxy — Exy), B(x1,%2,) = T1x1 X Toxy x {b} and T; and T, are maximal mono-
tone mappings on R and R"2, respectively, and D € R"*", E € R""2, b € R™. Then, A

and B are maximal monotone and A is Lipschitz continuous on JR”*"1*"2 with the constant

2 2
n=y/ DT[] + || + iDI2 + 1EI
The special case where T = df;, T» = 9f; yields the following convex program:

minimize f;(x;) + f2 (o)

subject to Dx; + Ex, = b,

where f; and f, are closed proper convex functions on, respectively, 58" and 23"2. The
special case where n; = ny, D= —E =1 and b = 0 yields the inclusion 0 € T1x + Tx;.
Finally, we consider finding minimizers of proper lower semicontinuous convex func-
tions.
For a proper lower semicontinuous convex function / : H — (—00, o0}, the subdifferen-
tial mapping 9/ of & is defined by

dh(x) = {x* € H:h(x) +(y—x,x*) <h(y),Vye H}, Vx€H.

Rockafellar [25] proved that 9/ is a maximal monotone operator. It is easy to verify that
0 € 9h(v) if and only if A(v) = minyey h(x).
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Theorem 4.5 Let f: C — C be a fixed k-contraction. Let h : H — (—00, +0o0] be a proper
convex lower semicontinuous function such that (3h)™(0) is not empty. Let {r,,} be a positive
number sequence. Let {a,}, {8y}, and {y,} be real number sequences in (0,1). Let {x,} be a

sequence generated in the following iterative process:

lz—x, - en”2

} + Vufwy Yn =0,
2r,

x0 € C, Xy =af(x,) + By argmin{h(z) +
zeH
where {e,} is a sequence in H and {f,} is a bounded sequence in C. Assume that the se-
quences {a,}, {Bn}, {vn} len}, and {r,} satisfy the following restrictions:
@) an+Bntyn=1
(2) limy—oo0t, =0, Y oo 0ty = 00;
(3) 2021 1Bu = Bual < 005

(4) liminf, oo 7y >0, 7 <20, Y oo |1y = Fye1| < 00

(5) Z;ﬁo lleqll < oo, ZZZO Vn < O0.
Then the sequence {x,} converges strongly to some minimizer of h.

Proof Since h: H— (—00,00] is a proper convex and lower semicontinuous function, we
see that the subdifferential 9/ of /1 is maximal monotone. Putting A = 0 and y,, = J,, (%, +

e,), we see that

”Z_xn _en”2}

T'n

Yu = arg min{h(z) +
zeH
is equivalent to
1
0 € dh(y,) + —(n — Xy — €n).
Ty
It follows that
Xy + €y € Yy + 1, 0h(yy).

By using Theorem 3.1, we draw the desired conclusion immediately. O
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