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Abstract

In this paper, let C be a nonempty closed convex subset of a strictly convex Banach
space. Then we prove strong convergence of the modified Ishikawa iteration process
when T is an ANI self-mapping such that T(C) is contained in a compact subset of C,
which generalizes the result due to Takahashi and Kim (Math. Jpn. 48:1-9, 1998).
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1 Introduction

Let C be a nonempty closed convex subset of a Banach space E, and let T be a mapping of
Cinto itself. Then T is said to be asymptotically nonexpansive [1] if there exists a sequence
{kn}, k, > 1, with lim,,_, o, k,, = 1, such that

|77~ T"y| < kullx —yI

for all x,y € C and n > 1. In particular, if k, =1 for all » > 1, T is said to be nonexpansive.
T is said to be uniformly L-Lipschitzian if there exists a constant L > 0 such that

|T"% - T"y| < Lilx -yl

for all x,y € C and n > 1. T is said to be asymptotically nonexpansive in the intermediate
sense (in brief, ANI) [2] provided T is uniformly continuous and

limsup sup (|| 7"x - T"y|| - lx - yIl) < 0.

n—»oo xyeC
We denote by F(T') the set of all fixed points of T, i.e., F(T) = {x € C: Tx = x}. We define
the modulus of convexity for a convex subset of a Banach space; see also [3]. Let C be a

nonempty bounded convex subset of a Banach space E with d(C) > 0, where d(C) is the
diameter of C. Then we define §(C, €) with 0 < € <1 as follows:

1
8(C,e)=—inf{maX(Hx—le,||y—Z||)— z—’% :x,y,zeC,IIx—yIIZre},
r
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where r = d(C). When {x,} is a sequence in E, then x,, — x will denote strong convergence
of the sequence {x,} to x. For a mappings T of C into itself, Rhoades [4] considered the
following modified Ishikawa iteration process (cf. Ishikawa [5]) in C defined by x; € C:

KXnl = Oy Tnyn + (1 - Oln)xm Yn = ,Bn Tnxn + (1 - ,Bn)xm (11)

where {o,,} and {8, } are two real sequences in [0, 1]. If 8, = 0 for all » > 1, then the iteration
process (1.1) reduces to the modified Mann iteration process [6] (¢f Mann [7]).

Takahashi and Kim [8] proved the following result: Let E be a strictly convex Banach
space and C be a nonempty closed convex subset of E and T : C — C be a nonexpansive
mapping such that T'(C) is contained in a compact subset of C. Suppose x; € C, and the
sequence {x,} is defined by x,,1 = o, T[B,Tx,, + (1 — B,)x,] + (1 — )%, where {@,} and
{B,} are chosen so that «,, € [a, b] and B,, € [0, b] or «,, € [a,1] and B, € [a, b] for some a, b
with 0 <a < b < 1. Then {x,} converges strongly to a fixed point of T'. In 2000, Tsukiyama
and Takahashi [9] generalized the result due to Takahashi and Kim [8] to a nonexpansive
mapping under much less restrictions on the iterative parameters {«,} and {8,}.

In this paper, let C be a nonempty closed convex subset of a strictly convex Banach space.
We prove that if 7 : C — C is an ANI mapping such that T(C) is contained in a compact
subset of C, then the iteration {x,} defined by (1.1) converges strongly to a fixed point of T,
which generalizes the result due to Takahashi and Kim [8].

2 Strong convergence theorem
We first begin with the following lemma.

Lemma 2.1 [9] Let C be a nonempty compact convex subset of a Banach space E with
r=d(C) > 0. Let x,y,z € C and suppose ||x — y|| > er for some € with 0 <€ <1. Then, for
all »with0 <A <1,

[A(x = 2) + 1= M)y - 2)|| <max(llx - zl|, [y - zll) = 241 = M)r8(C, €).

Lemma 2.2 [9] Let C be a nonempty compact convex subset of a strictly convex Banach
space E with r =d(C) > 0. Iflim,,_, » 8(C, €,) = 0, then lim,_, » €, = 0.

Lemma 2.3 [10] Let {a,} and {b,} be two sequences of nonnegative real numbers such that
Y o by <00 and

A < an+ by
foralln>1. Then lim,_, « a, exists.

Lemma 2.4 Let C be a nonempty compact convex subset of a Banach space E, and let
T :C — C be an ANI mapping. Put

¢n=sup (| T"x = T"y| - llx = yll) v O,
x,yeC

sothaty >, ¢, < 00. Suppose that the sequence {x,} is defined by (1.1). Then lim,_, « ||, —
z|| exists for any z € F(T).
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Proof The existence of a fixed point of T follows from Schauder’s fixed theorem [11]. For
a fixed z € F(T), since

|77y = 2| < llyu =2l +cs
= | BaT"%n + (L= Bu)u — z|| + cx
< Bu|| T"xn = 2|| + (1= Bu) 1% — 2l| + ca
< Bullxn =zl + cu + (L= Bu)llxy — 2l + ¢y

=< llxn =zl + 2¢,,

we obtain
141 — 2| = ”anTnyn + (L= a)x, — Z”
=a, || "y, _Z“ + (1 —a)llxy — 2|l
< ([0 — 2zl +2¢,) + (1= )% — 2|
< % —zll + 2¢,.
By Lemma 2.3, we readily see that lim,,_,  [|x, — z|| exists. O

Theorem 2.5 Let C be a nonempty compact convex subset of a strictly convex Banach
space E withr =d(C) > 0. Let T : C — C be an ANI mapping. Put

cn = sup (| T~ T"y| — I~ yIl) v 0,
x,yeC

so that Z:ﬁl ¢y < 00. Suppose x1 € C, and the sequence {x,} defined by (1.1) satisfies o, €
la,b] and limsup,,_, . B, = b <1 or liminf,_. @, > 0 and B, € [a,b] for some a, b with

O0<a<b<]l. Thenlim,_,  ||x, — Tx,| = 0.

Proof The existence of a fixed point of T follows from Schauder’s fixed theorem [11]. For
any fixed z € F(T), we first show that if «, € [4,b] and limsup,,_, ., B, = b < 1 for some
a,b € (0,1), then we obtain lim,_, || T%, — %,|| = 0. In fact, let €, = w Then we

have 0 < ¢, <1since ||T"y, — x,|| <r. As in the proof of Lemma 2.4, we obtain
| 7%y = 2|| < I = 21l + 2¢,. (21)
Since
1Ty = % | = rens

and by (2.1) and Lemma 2.1, we have

%41 — 2| = ||an(Tnyn - Z) + (1 —a,)(x, —2) ”

< 1%y — 2l + 2¢, — 20, (1 — ))r8(C, €).
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20, (1 — 00,)r8(C, €,) < |y — 2| = %41 — 2l + 2c.

Since

o0
”Tnyn_xn”
2 E 1-b)8( C,———— )
rY a( ) ( " <00

n=1

we obtain
Ty, —
lim S(C, M) =0.
n—00 r

By using Lemma 2.2, we obtain
lim || 7"y, — x| = 0. (2.2)
n—00

Since

|77 = 22| < [ 70 = T + | 779 = 5
< % = yull + ¢n + ” T"yn — %y H

’

= Bull 7% = 2| + o + | Ty = %
we obtain
A= B T = x| < €+ | 779 = 2] (2.3)
Since limsup,,_, o B = b < 1, we have
liminf(1 - B,) =1-b >0, (2.4)

From (2.2), (2.3) and (2.4), we obtain

lim || "%, —x,| = 0. (2.5)
n— o0

Since
”xn+1 —Xn ” = || (1 - an)xn t+ oy T"J’n —Xn ||

- o773, -]

’

S b” Tnyn —Xn

and by (2.2), we obtain

lim %41 — %4 = 0. (2.6)
n—00
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Since

[l — T, |
= ”xn —Xn+l ” + ||xn+1 - Tn+1xn+1 || + H Tn+lxn+1 - Tn+1xn H + || TVHlxn - Txn ||

<209 = K|l + Cuat + [[Her = T x| + || T — T |
and by the uniform continuity of 7', (2.5) and (2.6), we have
lim ||x, — Tx,| = 0. (2.7)
n—0o0

Next, we show that if liminf, . o, @, > 0 and B,, € [a, b], then we also obtain (2.7). In fact, let

= IT"%n—xnll
r

integer ny and a positive number a such that o, > a > 0 for all n > ny. Since

€, . Then we have 0 < ¢, < 1. From liminf,, @, > 0, there are some positive

1041 — 2l = ”an(Tnyn - Z) + (1= )%, — 2) ”
< || T"yu— 2| + A= ) lx, — 2]l

< aullyn —zll + apey + (L —a)llx, —zll,

and hence
”xn+l - Z” - ”xn - Z”
<lyn—zll = lIx: — 2|l + cp
Oy
So, we obtain
%, = zll = l%ne1 = 2|l
I, = zll = llyn — 2ll < +Cy
an
Xy —2Z|| = ||%ns1 — 2
- = zll = ll%ne1 = 2|l ve (2.8)

a

Since
|| Tnxn - Z” = ”xn - Z” + Cp»

from Lemma 2.1, we obtain

“:Bn Tnxn + (1 - ,Bn)xn - Z”
| Ba(T"%s = 2) + (1 = Bu) (s = 2) |
< lwn — 2zl + ¢ — 28,1 = B)ré(C, €,). (2.9)

v —zll

By using (2.8) and (2.9), we obtain

28,1 - B)ré(C,e,) < %y — 2zl - lyn —zll +cn

len = 2l = |41 — 2|l

+2¢y,.
a
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Hence

. 177 % —
2 1-b)S C,# .
rE a( )( " ><oo

n=1
We also obtain
lim ”xn - T"x, H =0
Hn—0Q
similarly to the argument above. Since

lyn = %ull = H,Bn T % + (1 = Bu)xn — %y ”
= B[ T =0

’

< b|| T %, — %,

and by using (2.10), we obtain
lim [, -yl = 0.
n— o0

Since

177y =20l < 1779 = T + || 7" = |

)

E ”yn _xn” +Cy + H Tnxn —Xn

by using (2.10) and (2.11), we obtain

lim || 7"y, — x| = 0.

n— o0
Since

” T"y, = Yn ” = ” T"yy = %n “ + 1% = Yull,
by using (2.11) and (2.12), we obtain

lim || T"Yy — Yu H =0.

Hn—0Q
Since

I = xpall = ” (1= p1)xn1 + @p1 Tn_lyn—l — Xn-1 H
= 0y || Tn_lyn—l — Xn-1 ||

< || Tnilyn—l = Yn-1 || + ||yn—1 - xn—1”¢
by (2.11) and (2.13), we get

lim |[%, — %1 = 0.
n—00

Page 6 of 9

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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From

|75, ]
< | 7" = T | + | T %0t — % |+ 1201 —

< 2”xn _xn—l” +Cp1 + ” Tn_lxn—l — Xn-1 ”
and by (2.10) and (2.14), we obtain

lim || 7"""%, — x| = 0. (2.15)

n—00

Since

r——
<t =301+ 3= T2l + [0 = T, ] + | 772, = T

< |yn = T + 20%0 =yl + € + || T — T
and by the uniform continuity of 7', (2.11), (2.13) and (2.15), we have
lim ||x, — Tx,|| = 0. g
n—00
Our Theorem 2.6 carries over Theorem 3 of Takahashi and Kim [8] to an ANI mapping.

Theorem 2.6 Let C be a nonempty closed convex subset of a strictly convex Banach
space E, and let T : C — C be an ANI mapping, and let T(C) be contained in a compact
subset of C. Put

cn=sup (| T"x = T"y| - llx = yll) v 0,
x,yeC

so that ZZZI ¢, < 00. Suppose x1 € C, and the sequence {x,} defined by (1.1) satisfies o, €
[a,b] and limsup,,_, . B, = b <1 or liminf, &, > 0 and B, € [a,b] for some a, b with
0 <a <b<1. Then {x,} converges strongly to a fixed point of T.

Proof By Mazur’s theorem [12], A := co({x1} U T(C)) is a compact subset of C contain-
ing {x,} which is invariant under 7. So, without loss of generality, we may assume that
C is compact and {x,} is well defined. The existence of a fixed point of T follows from
Schauder’s fixed theorem [11]. If d(C) = 0, then the conclusion is obvious. So, we assume
d(C) > 0. From Theorem 2.5, we obtain

lim ||x, — Tx,|| = 0. (2.16)
n—0o0
Since C is compact, there exist a subsequence {x,, } of the sequence {x,} and a point p € C

such that x,, — p. Thus we obtain p € F(T) by the continuity of T and (2.16). Hence we
obtain lim,_, « [|%, — p|| = 0 by Lemma 2.4. O
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Corollary 2.7 Let C be a nonempty closed convex subset of a strictly convex Banach
space E, and let T : C — C be an asymptotically nonexpansive mapping with {k,} satisfy-
ingk, >1, Y 72 (k, —1) < 00, and let T(C) be contained in a compact subset of C. Suppose
x1 € C, and the sequence {x,} defined by (1.1) satisfies «, € [a,b] and limsup,,_, ., B, =b<1
or liminf,_, o o0y, > 0 and B, € [a,b] for some a, b with 0 < a < b < 1. Then {x,} converges
strongly to a fixed point of T

Proof Note that

o0 [o¢]
ch, = Z(k” —1)diam(C) < oo,
n=1 n=1

where diam(C) = sup, ¢ Ilx = yll < oo. The conclusion now follows easily from Theo-
rem 2.6. O

We give an example which satisfies all assumptions of 7' in Theorem 2.6, i.e., T:C — C

is an ANI mapping which is not Lipschitzian and hence not asymptotically nonexpansive.

Example 2.8 Let £:= R and C:=[0,2]. Define T: C — C by

1, € [0,1];
Ty < x€0,1]

V2 -x, x€[,2].

Note that 7"x = 1 forallx € Cand n > 2 and F(T) = {1}. Clearly, T is uniformly continuous,
ANI on C, but T is not Lipschitzian. Indeed, suppose not, i.e., there exists L > 0 such that

|Tx - Ty| < Llx -yl

forallw,y € C.If wetake y:=2 and x:=2 — m >1, then

1
V2-x<L2-%x) & —<2-x & L+1<L.

2 T @1y
This is a contradiction.
We also give an example of an ANI mapping which is not a Lipschitz function.

Example 2.9 Let E=R and C =[-37,37] and let |/1| <1. Let T: C — C be defined by
Tx = hxsin nx

for each x € C and for all # € N, where N denotes the set of all positive integers. Clearly
F(T) = {0}. Since

T(x) = hxsin nx,

T?x = h?x sin nx sin nhxsinn(sinnx) - - -,
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we obtain {7”x} — 0 uniformly on C as n — co. Thus
limsup{ | T"x - T"y| - |« -yl v 0} =0
n—0o0

for all x,y € C. Hence T is an ANI mapping, but it is not a Lipschitz function. In fact,
suppose that there exists / > 0 such that |Tx — Ty| < h|x — y| for all x,y € C. If we take

X = g—’; and y = %,then
5m 5m 3 3 4hr
|Tx — Ty| = |h—sinn— —h—sinn—| = —,
2n 2n 2n 2n n
whereas
5 3 h
hix -y =h|— - 22 - 2
2n  2nm n
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