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Abstract

Using Cesaro means of a mapping, we modify the progress of Mann'’s iteration in
hybrid method for asymptotically nonexpansive mappings in Hilbert spaces. Under
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points of asymptotically nonexpansive mappings and the set of solutions of an
equilibrium problem in Hilbert spaces.
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1 Introduction

Let H be a real Hilbert space with the inner product (-,-) and the norm || - ||. Let C be
a nonempty closed convex subset of H. A mapping T : C — C is said to be asymptoti-
cally nonexpansive if for each n > 1, there exists a nonnegative real number k, satisfying
lim,,_, o k;; = 1 such that

|T7% = T"y|| < kullx = yll, Vx,y € C;

when k, =1, T is called nonexpansive.

The concept of asymptotically nonexpansive mapping was introduced by Goebel and
Kirk [1] in 1972. We denote by F(T) := {x € C: Tx = x} the set of fixed points of T It is well
known that if T: H — H is asymptotically nonexpansive, then F(T') is nonempty convex.

In 1953, Mann [2] introduced the iteration as follows: a sequence {x,} defined by

Xns1 = Xy + (1= ay) Ty (L.1)

In an infinite-dimensional Hilbert space, Mann iteration could conclude only weak con-
vergence [3]. Attempts to modify the Mann iteration method (1.1) so that strong conver-
gence is guaranteed have recently been made. Nakajo and Takahashi [4] proposed the fol-
lowing modification of Mann iteration method for a nonexpansive mapping T in a Hilbert
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space:

x0 € C is arbitrary,
Vn = QuXy + (1 - an)Txm
Co={zeCtllyn—2z| < llxn -2z}, (1.2)

Qu={zeC: (%, —z,x0 —x,) = 0},

%nn1 = Pc,nq,*%0), n=0,1,2...,

where Px denotes the metric projection from H onto a closed convex subset K of H. The
above method is also called CQ method or hybrid method.

In 2006, Kim and Xu [5] adapted the iteration (1.2) in a Hilbert space. More precisely,
they introduced the following iteration process for asymptotically nonexpansive map-

pings:

x9 € C is arbitrary,
Vn = QuXy + (1 - Oln)Tnxnr
Co={z€C:|ly,—zl> < llxn — z|1? + 6.}, (1.3)

Qn:{ZGC:(xn—z,xo—xn) ZO};

Xn+l =Pcann(x0), n= O, 1,2...,
where
0, = (1 - a,)(k} —1)(diamC)* > 0 as n — oo.

They proved that {x,} converges in norm to Pr( %o under some conditions. Several au-
thors (see [6, 7]) have studied the convergence of hybrid method.

Baillon [8] first proved that the following Cesaro mean iterative sequence weakly con-
verges to a fixed point of a nonexpansive mapping in Hilbert spaces:

1
T,x = T'x.
n n+1§ x

Shimizu and Takahashi [9] proved a strong convergence theorem of the above iteration
for an asymptotically nonexpansive mapping in Hilbert spaces.

Let C be a nonempty closed convex subset of a real Hilbert space H,letf:C x C — R
be a functional, where R is the set of real numbers. The equilibrium problem is to find
& € C such that

f(x,y) >0, VyeC. (1.4)

The set of solutions of (1.4) is denoted by EP(f). Given a mapping 7: C — X, let f(x,y) =
(Tx,y—x),Vx,y € C,then z € EP(f) ifand only if (1z,y—z) > 0, Vy € C, i.e,, z is the solution
of the variational inequality.

There are several other problems, for example, the complementarity problem, fixed
point problem and optimization problem, which can also be written in the form of an
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equilibrium problem. So, equilibrium problems provide us with a systematic framework
to study a wide class of problems arising in financial economics, optimization and oper-
ation research efc., which motivates the extensive concern. See, for example, [10-14]. In
recent years, equilibrium problems have been deeply and thoroughly researched. See, for
example, [15-20]. Some methods have been proposed to solve the equilibrium problem
in a Hilbert space; see, for instance, [21-23]. In 2011, Jitpeera, Katchang, and Kumam [24]
found a common element of the set of solutions for mixed equilibrium problem, the set
of solutions of the variational inequality for a 8-inverse strongly monotone mapping, and
the set of fixed points of a family of finitely nonexpansive mappings in a real Hilbert space
by using the viscosity and Cesaro mean approximation method.

Motivated by the above-mentioned results, in this paper we introduce the following
iteration process for asymptotically nonexpansive mappings 7" with C a closed convex
bounded subset of a real Hilbert space:

x9 € C s arbitrary,
Y =y + (1 an)ﬁ Z;I:O Tx,,
Cu={z€C:llyn—2l* < lxn — 2II* + 64}, (15)

Qn = {ZE C: (xn_z’xo_xn) 20}1

X1 = Pcyng, (o), n=0,1,2...,
where
0, =(1-a,) (L, -1)(diamC)* - 0 asn— oo.

We shall prove that the above iterative sequence {x,} converges strongly to a fixed point
of T under some proper conditions. In addition, we also introduce a new hybrid iterative
scheme for finding a common element of the set of common fixed points of asymptoti-
cally nonexpansive mappings and the set of solutions of an equilibrium problem in Hilbert
spaces.

We will use the notation — for weak convergence and — for strong convergence.

2 Preliminaries
Let H be a real Hilbert space. Then

llx = y1I* = x> = IylI* - 2(x - y,9) (2.1)
and
2 _ 2 2 2
|2+ @=1)y|”" = Allxll® + @ =) [Iyl* = A1 = 2)llx -yl (2.2)

forall v,y € H and A € [0,1]. It is also known that H satisfies
(1) Opial’s condition, that is, for any sequence {x,,} with x,, — x, the inequality

liminf ||x, — x| < liminf ||x, — y||
n—00 n—00

holds for every y € H with y #x.
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(2) The Kadec-Klee property, that is, for any sequence {x,} with x, — x and
Iz, |l = x| together implies ||x, — x|| — O.
Let C be a nonempty closed convex subset of H. Then, for any x € H, there exists a
unique nearest point in C, denoted by P¢(x), such that

|x=Pc@)| <llx-yll, VyeC.

Such a mapping Pc is called the metric projection of H onto C. We know that P¢ is non-
expansive. Furthermore, for x € H and z € C,

z=Pc(x) ifandonlyif (x-z2z-y)>0, VyeC.
We also need the following lemmas.

Lemma 2.1 (See [25]) Let T be an asymptotically nonexpansive mapping defined on a
bounded closed convex subset C of a Hilbert space H. Assume that {x,} is a sequence in C
with the properties: (i) x, — z; (ii) Tx,, —x,, — 0. Then z € F(T).

Lemma 2.2 (See [9]) Let C be a nonempty bounded subset of a Hilbert space. Let T be
an asymptotically nonexpansive mapping from C into itself such that F(T) is nonempty.
Then, for any ¢ > 0, there exists a positive integer I, such that for any integer | > I, there is
a positive integer n; satisfying

1 < 1 <
— N Tx-TH{ —S T
Sy rer( )

<eg, VYxe(C,Vn=>n.

The equilibrium problem is to find & € C such that
f@&,y) >0, VyeC.

The set of solutions of the above inequality is denoted by EP(f). For solving the equilibrium
problem, let us assume that a bifunction f satisfies the following conditions:

(Al) f(x,x)=0forallx € C;

(A2) fis monotone, i.e., f(x,y) +f(y,x) <0, forallx,y € C;

(A3) for eachwx,y,z€C,

limsupf(tz + (1 - )x,y) <f(x,y)

t—0%

(A4) for each x € C, f(x,-) is convex and lower semi-continuous.
The following lemma appears implicitly in [21].

Lemma 2.3 ([21]) Let C be a nonempty closed convex subset of H, let f be a bifunction of
C x C into R satisfying (A1)-(A4), and let r > 0 and x € H. Then there exists z € C such
that

flzy) + 1(y—z,IZ—/x) >0, VyeC.

r

The following lemma was also given in [26].
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Lemma 2.4 ([26]) Assume that f : C x C — R satisfies (A1)-(A4). For r >0 and x € H,
define a mapping T, : X — C as follows:

T,(x) = {zeC:f(z,y)+ %(y—z,]z—]x) zO,VyeC}

forall ze H. Then the following hold:
(1) T, is single-valued,;

(2) T, is firmly nonexpansive, i.e.,
ITox - Tyl < (Trx = Try,x—y), Va,y € H;

(3) E(T,) = EP();
(4) EP(f) is closed and convex.

Lemma 2.5 ([26]) Let C be a nonempty closed convex subset of H, let f : C x C — R be a
functional, satisfying (A1)-(A4), and let r > 0. Then, for x € H and q € F(T,),

lig - Tl + | T — x> < llq — x|

3 Strong convergence theorem of modified Mann iteration based on hybrid
method
Inspired by Kim and Xu'’s results (see [5]), Mann-type iteration (1.3) is modified to obtain

the strong convergence theorem as follows.

Theorem 3.1 Let C be a nonempty bounded closed convex subset of a real Hilbert space

H and let T : C — C be an asymptotically nonexpansive mapping with k,, denote L, =

1
n+l

some 0 < a < 1. Define a sequence {x,}.-, in C by the following algorithm:

7:0 ki. Assume that {a, )52 is a sequence in (0,1) such that o, < a for all n and for

xo € C s arbitrary,
Vi =y + (1= ) -5 > o Tx,,
Cu={z€C:llyn—2l* < lxn —2II* + 64}, (3.1)

Qu={ze C: (%, —z,x0 —x,) > 0},

X1 = Pcyng, (o), n=0,1,2...,
where
0,=0- a,,)(Lft - 1)(diam C)? =0 asn— oo.
Then {x,} converges strongly to Prr(xo).
Proof First note that T has a fixed point in C (see [1]); that is, F(T') is nonempty. We divide

the proof of this theorem into four steps as below.
Step 1. We show that C,, and Q,, are closed and convex for each n € N U {0}.
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From the definition of C, and Q,, it is obvious that C,, is closed and Q,, is closed and
convex for each # € N U {0}. We prove that C, is convex. Since ||y, — z||> < ||, — z[*> + 6,
is equivalent to

2(%n = Yo 2) < N%ull* = 11yll* + 6,

it follows that C,, is convex.
Step 2. We show that F(T) c C,, Vn e NU {0}.
Let p € F(T) and n € NU {0}. Then from

2

lyn —pI* =

1 <4
anxn+(1_an)mj=ZOT]xn_p
1 & 2
sanuxn—p||2+<1—an>(ijOIIT’xn—pll>

2
1 n
< aullan =l + (A=) [ —= > Killan — pll
n+1 0

< aullxs = pII* + (1= ) Lyllx, - pII?
= o = plI* + (1= ) (L = 1) 1% - pII?

< 1% = pII* + 0,
we have p € C,. Next, we show that F(T) C Q,, Vn € NU {0}. We prove this by induction.
For n =0, we have F(T) C C = Q. Suppose that F(T) C Q,, then ¥ # F(T) c C, N Q,, and
there exists a unique element x,,,.; € C, N Q,, such that x,,,; = Pc,nq,(*o). Then
(xn+1 —Z,%0 _xn+1> > O: Vz e Cn N Qn-
In particular,
(Xne1 — Pr%o — Xn1) = 0,  Vp e F(T).
It follows that F(T) C Q,,1 and hence F(T) C Q,, for each n. Thus we obtain F(T) C C,, N
Qu, Yn € NU {0}. This means that {x,} is well defined.
Step 3. We show that {x,} is bounded and lim,,_, « ||x,, — Tx,|| = 0.
It follows from the definition of Q, that x,, = Pg, (o). Therefore
%y —x0ll < llz—%0ll forallze Q, and all n € NU {0}.
Letz € F(T) C Q, for all n € NU {0}. Then
|2, — x0ll < lz—x0| forallm e NU{0}.

On the other hand, from x,,,1 = Pc,nq, (*0) € Qy, we have

”xn _xOH = ||xn+1 _xOH fOI‘ all ne NU {O}
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Therefore, the sequence {||x, — x|} is nondecreasing. Since C is bounded, we obtain
that lim,_, ||, — xo|l exists. This implies that {x,} is bounded. Noticing again that
X1 = Pc,ng, (%0) € Q and &, = Pg, (xo), we have (x,,1 — %, %, — x0) > 0. It follows from
(2.1) that

2
I

”xn+1 —Xn H (xn+l - xO) - (xn - xO) ”2

2 2
11 = %0 |17 = [lo6n — %0 17 = 241 — Xy X1 — X0)

< [|%na1 = Xol|* = [l — %o 1>
for all » € NU {0}. This implies that
lim %41 — x4 = 0.
n—00

Since x,.1 = Pc,nq, € Cu, we have ||y, — x,41]1* < Il%y — %,11/* + 6,. Noticing that
lim,—o ky =1, then L, = -L- Z;l:o k; — 1 as n — oo. Hence

Iyn = X1 ll < 1% = X1 ll + /6, — 0.

LetA, = ﬁ Z;l:o T/. Also since a,, < a < 1 for all », then

1%, = A || = ”yn — %yl

1-0o,

1
< ——(Ilyn = Fnar | + 1% = Xusal) — 0.
l-a
From Lemma 2.2, we have

lim sup lim sup||A,,xn - Tl(Anx,,)” < limsup lim sup sup||A,,x - Tl(A,,x) || =0.
l—o00 n—00 l—o00 n—oo xeC

Therefore,

lim sup lim sup|| A,x, — T (A,%,) | = 0.
l>00 n—>00

Put ko, = sup{k, : n > 1} < 00, then
”xn - Tlxn ” < [ln = Apxall + ”Anxn - Tl(Anxn) ” + ” Tl(Anxn) - Tlxn ”

< [l = Al + || Andn — T An) || + Kill2 — Aot

< (1 + koo) 190 = Al + | Autn — T (Aun) | — O
as n,l — 00. Thus, we have

” Txn —Xn ” =< ” Txn - Tl+lxn H + ” Tl+1xn - Tl+1xn+1 ||
+ H Tl+1xn+1 — Xn+l || + ”anrl — X ”

= Keo “xn - Tlxn || + Hxn+l + Tlxn+1 || + (koo + 1)||xn+1 _xn” — 0.
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Step 4. We show that {x,} converges strongly to Pr¢r)(xo).

Put w = Pp(1)(%0). Since {x,} is bounded, let {x,, } be a subsequence of {x,} such that
%s, — W.By Lemma 2.1, we get w' € F(T). Since x,, = Pg, (xo) and w € F(T) C Q,, we have
I, — 0|l < [lw —xo]|. It follows from w = Pr(r)(xo) and the weak lower semicontinuity of
the norm that

lw=2xoll < |w =0 <liminfIlx,, —xoll <limsup |6, —xoll < l[w—2xo].
k— o0 k— 00

Thus, we obtain that limg_ o [[%,, — %oll = [W — %o|| = [w — xo]|. Using the Kadec-Klee
property of H, we get limy_, o x,,, = W' = w. Since {x,, } is an arbitrary subsequence of {x,,},
we can conclude that {x,} converges strongly to Prr)(xo). O

Remark 3.2 It is not difficult to see from the proof above that the boundedness of C can

be discarded if T is a nonexpansive mapping.

4 Strong convergence theorem for equilibrium problems

In this section, we prove a strong convergence theorem for finding a common element of
the set of zero points of an asymptotically nonexpansive mapping T and the set of solutions
of an equilibrium problem in a Hilbert space.

Theorem 4.1 Let H be a real Hilbert space, and let C be a nonempty bounded closed
convex subset of H, let f : C x C — R be a functional, satisfying (A1)-(A4). Let T : C —
C be an asymptotically nonexpansive mapping with k,, denote L, = ﬁ Z;l:o ki such that
F(T)NEP(f) # . Let {x,,} be a sequence generated by

xo € C s arbitrary,

Y =y + (1= ) g D7 Tl

u, € C, suchthatf(u,y)+ i(y— UpUn—9yn) >0, VyeC, @)
Co={z€C:luy—zl” < llx, — 21> +6,},

Qn = {ZG C: (xn_Z;xO_xn) ZO};

Xn+1 =PC,an(x0), n= O, 1,2,...,
where
0,=0- oz,,)(Lft - 1)(diam C)?—0, n— oo

Suppose that {a,} C [0,1] and there exists a € (0,1) such that a,, < a,Vu € N, and {r,} C
(0, 00) such that liminf,_, o r, > 0. Then {x,} converges strongly to Prr)nep()(%0)-.

Proof We divide the proof of this theorem into four steps as below.

Step 1. Similar to the proof of Step 1 in Theorem 3.1, it is easy to see that C, and Q, are
closed convex sets for each n € N U {0}.

Step 2. We show that F(T) NEP(f) c C, N Q,, Vn e NU{0}.

Let p € F(T)NEP(f). Putting u, = T, y,, Vi € NU{0}, by (2) of Lemma 2.4, we have T}, is
relatively nonexpansive. Noticing that relatively nonexpansive mappings are nonexpansive
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in Hilbert spaces, then for any n € NU {0},

lun = pI* = 1 T5 90 =PI = 1 T5 90 = T2 )* <l — pII>-
From the proof of Step 2 in Theorem 3.1, we have ||u, — p||*> < ||x, —p||> +6,. Thus p € C,,,
hence F(T) N EP(f) C C,. Similar to the proof of Step 2 in Theorem 3.1, it is easy to see
that F(T) N EP(f) C Q,. Therefore we have F(T) N EP(f) ¢ C, N Q,, Vn € N U {0}. This
means that {x,} is well defined.

Step 3. We show that {x,} is bounded and lim,,_, « ||x,, — T, || = 0.
Similar to the proof of Step 3 in Theorem 3.1, we may obtain that {x,} is bounded and

lim %41 — %4 = 0. (4.2)
n—00

Since x,41 = Pc,nq, € Cu, then |lu, — x,,1]1% < ||%4 — %441]|> + 0,. Noticing that 6, — 0, we
have

”Mn _xn+1|| = ”xn _xn+1|| + \/@% 0.
Hence
lim [, — ]l < lim {2, = X | + 1im {1241 — 2,]| — 0. (4.3)
n—00 n—00 n—o0
For p € F(T) NEP(f) C C,, we have
it = p1I? < 1 = pII* + 6, (4.4)
Since uy, = Ty, ¥, by (4.4) and Lemma 2.5, we get that

7 _yn||2 = ”Trnyn _yn”2
< lyn—pI* = 1 T34 — P17
< [lxn = plI* + 6, — ||, — p|I> — 0. (4.5)

LetA, = ﬁ Z;l:o T/. Since a,, < a < 1, Vu € N, then by (4.3) and (4.5), we have

”xn _Anxn” = ”yn - xn”

l-o,

1

< (=0l + s = 5,1)) > 0. (4.6)
From Lemma 2.2, it follows that

limsup lim sup||4,.x, — T*(4,%,) | < limsup limsup sup||4,x — T'(A,x)| = 0.
n—00 l—o00 oo xeC

l—o00 n—

Therefore

lim sup lim sup||A,,xn - Tl(Anx,,)” =0. (4.7)
n—0o0

l—00
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Put ko = sup{k, : n > 1} < 00, then

||y,, - Tlx,, || = Hoc,,xn + (1 —a,)Ax, — Tlxn ||
= an”xn _Anxn” + ”Anxn - Tl(Anxn) || + H Tl(Anxn) - Tlxn H
= an”xn _Anxn” + ”Anxn - TZ(Anxn) || + kl”xn _Anxn”

< (1 + koo) [l = Apxull + ”Anxn - Tl(Anxn) ”
Let n,l — 0o, we get that |y, — T'x,|| — 0. Thus, by (4.3) and (4.5), we have
[0 = T | < 116 = w0l + N = gll + |90 = T | = 0.

Therefore, by (4.8) and (4.2), we obtain that

[T — 2l < || T = T || + | T 00 — T s | + | T %01 = 20 |
+ %1 — Xl
< koo [0 = T, || + (Koo + Dlltsr = 2all + | T %000 = 201
- 0.

Step 4. We show that {x,} converges strongly to Prr)nep()(%0).

Since {x,} is bounded, there exists a subsequence {x,,} of {x,} such that x,, — w'. By

Lemma 2.1, we have w' € F(T). Next we show w' € EP(f).
From (4.3) and (4.5), we get that u,, — w', y,, — w'. Since u, = T, y,, then

1
f(MmJ’)+r—(J’—MmMn—yn)20: vy e C.

n

Replacing # by ny, we have from Condition (A2) that

1
—O’— Uper Uny, _ynk> e _f(unk)y) Ef()’y unk)) Vy eC.

Ty

Let k — o0, since liminf,_, 1, > 0, by (4.5) and Condition (A4), we get that

fw) =<0, vyecC.

Fort€(0,1),y e C,lety, =ty+ (1 - t)w, then y; € C, thus f(y;, w') < 0. By Condition (Al),

we get that

0=f0uy) <tf 5oy) + L =t)f (e, W) < tf (1, ).

Dividing by ¢, we have

fOuy) =0, VyeC.

Let ¢t — 0. From Condition (A3), we obtain that f(w/,y) > 0, Vy € C. Therefore, w' € EP(f).

(4.8)
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Denote w = Pr()nepy)(*0). Since x,..1 = Pc,nq, (%0), w € F(T) N EP(f) C C, N Q,, then
|41 — %0 || < |lw — x0]|. Since the norm is weakly lower semicontinuous, we have

lw—2xoll < |w = <liminfllx,, —xoll <limsup [lx,, —xoll < W -0l
k—o00 k— 00

Hence limy_, oo [[%, — 0|l = [ —xo|| = [lw — xo]|. Using the Kadec-Klee property of H, we
get limy_, oo x,,, = W' = w. Since {x,, } is an arbitrary subsequence of {x,}, we can conclude
that {x,} converges strongly to Pr(r)nep()(%0)- O
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