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Abstract
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1 Introduction and preliminaries

Recently, Huang and Zhang [1] generalized the concept of a metric space, replacing the
set of real numbers by ordered Banach space and obtained some fixed point theorems
for mappings satisfying different contractive conditions. Subsequently, the study of fixed
point theorems in such spaces is followed by some other mathematicians; see [2-24]. The
study of fixed point theorems for non-self-mappings in metrically convex metric spaces
was initiated by Assad and Kirk [25]. Utilizing the induction method of Assad and Kirk
[25], many authors like Assad [26], Ciri¢ [27-36], Ciri¢ et al. [37-42], Kumam et al. [43],
Hadzi¢ [44], Hadzi¢ and Gaji¢ [45], Imdad and Kumar [46], Rhoades [47, 48] have ob-
tained common fixed point in metrically convex spaces. Recently, Ciri¢ and Ume [49]
defined a wide class of multi-valued non-self-mappings which satisfy a generalized con-
traction condition and proved a fixed point theorem which generalizes the results of Itoh
[50] and Khan [51].

Very recently, Radenovi¢ and Rhoades [15] extended the fixed point theorem of Imdad
and Kumar [4:6] for a pair of non-self-mappings to non-normal cone metric spaces. Huang
et al. [6] proved a fixed point theorem for four non-self-mappings in cone metric spaces
which generalizes the result of Radenovi¢ and Rhoades [15]. Jankovi¢ et al. [9] proved
new common fixed point results for a pair of non-self-mappings defined on a closed sub-
set of metrically convex cone metric space which is not necessarily normal by adapting
Assad-Kirk’s method. Sumitra et al. [20] generalized the fixed point theorems of Ciri¢ and
Ume [49] for a pair of non-self-mappings to non-normal cone metric spaces. In the same
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time, Sumitra et al.’s [20] results extended the results of Radenovié¢ and Rhoades [15] and
Jankovic et al. [9]. The aim of this paper is to prove a common fixed point theorem for two
pairs of non-self-mappings on cone metric spaces in which the cone need not be normal
and the condition is weaker. This result generalizes the result of Sumitra et al. [20] and
Huang et al. [6].

Consistent with Huang and Zhang [1], the following definitions and results will be
needed in the sequel.

Let E be a real Banach space. A subset P of E is called a cone if and only if:

(a) Pis closed, nonempty and P # {6};

(b) a,beR,a,b>0,x,y€Pimplies ax + by € P;

(c) PN (-P)={6}.

Given a cone P C E, we define a partial ordering < with respect to P by x < y if and only
if y—x € P. A cone P is called normal if there is a number K > 0 such that for all x,y € E,

6 <x=y implies x| <Kllyl.

The least positive number satisfying the above inequality is called the normal constant of
P, while x < y stands for y — x € int P (interior of P).

Definition 1.1 [1] Let X be a nonempty set. Suppose that the mapping d : X x X — E
satisfies:

(d1) 6 <d(x,y) forall x,y € X and d(x,y) = 0 if and only if x = y;

(d2) d(x,y) =d(y,x) for all x,y € X;

(d3) d(x,y) xd(x,2) +d(z,y) for all x,y,z € X.

Then d is called a cone metric on X and (X, d) is called a cone metric space.

The concept of a cone metric space is more general than that of a metric space.

Example 1.1 [1] Let E=R?%, P={(x,y) € E|x,y >0}, X =R,and d: X x X — E be such
that d(x, y) = (Jx—y|,x|x—y|), where & > 0 is a constant. Then (X, d) is a cone metric space.

Definition 1.2 [1] Let (X, d) be a cone metric space. We say that {x,} is:
(e) a Cauchy sequence if for every ¢ € E with 6 < ¢, there is an N such that for all
mm >N, d(x,,x,) K¢
(f) a convergent sequence if for every ¢ € E with 6 <« ¢, there is an N such that for all
n>N, d(x,,x) < ¢ for some fixed x € X.
A cone metric space X is said to be complete if for every Cauchy sequence in X is con-
vergent in X. It is well known that {x,} converges to x € X if and only if d(x,,x) — 6 as
n — oo. It is a Cauchy sequence if and only if d(x,,, x,,) — 6 (n,m — 00).

Remark 1.1 [52] Let E be an ordered Banach (normed) space. Then c is an interior point
of P, if and only if [—c, ¢] is a neighborhood of 6.

Corollary 1.1 [16] (1) Ifa <X b and b < c, then a < c.
Indeed, c —a = (c - b) + (b - a) > ¢ — b implies [-(c — a),c—a] 2 [-(c - b),c - D].
(2)Ifa<<band b <K c, then a < c.
Indeed, c —a = (c-b) + (b —a) = c— b implies [-(c — a),c — a] 2 [-(c - b),c - b].
(3)If0 = u <K cforeachceintP then u =0.
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Remark 1.2 [10, 15] If ¢ € intP, 6 < a,, and a,, — 0, then there exists an 7, such that for
all n > ny we have g, < c.

Remark 1.3 [16, 17] If E is a real Banach space with cone P and if a < ka where a € P and
O0<k<1,thena=20.

Definition 1.3 [2] Let f and g be self-maps on a set X (i.e., f,g: X = X). f w=fx =gx
for some x in X, then x is called a coincidence point of f and g, and w is called a point of
coincidence of f and g. Self-maps f and g are said to be weakly compatible if they commute
at their coincidence point; i.e., if fx = gx for some x € X, then fgx = gfx.

2 Main results
The following theorem is Sumitra et al.’s [20] generalization of Ciri¢ and Ume’s [49] result

in cone metric spaces.

Theorem 2.1 Let (X,d) be a complete cone metric space, C a nonempty closed subset of
X such that for each x € C and y ¢ C there exists a point z € dC (the boundary of C) such
that

d(x,2) + d(z,y) = d(x,y).
Suppose that f,g : C — X are two non-self-mappings satisfying, for all x,y € C with x # y,
d(gx,gy) < ad(fx,fy) + Bu + yv, (2.1)

where u € {d(fx,gx), d(fy,gn)}, v € {d(fx,gx) + d(fy, gy), d(fx,gy) + d(fy,gx)}, and a, B, y are
nonnegative real numbers such that

a+28+3y +ay <1l (2.2)

Also assume that
(i) aC CfC,gCNCCSC,
(ii) fx € 0C implies that gx € C,
(iii) fC is closed in X.
Then the pair (f,g) has a coincidence point in C. Moreover, if the pair (f,g) is weakly
compatible, then f and g have a unique common fixed point in C.

Remark 2.1 From the proof of this theorem, it is easy to see that condition (2.2) can be
weakened to o + 8 +2y < 1.

The purpose of this paper is to extend the above theorem for two pairs of non-self-
mappings in cone metric spaces with a weaker condition.
We state and prove our main result as follows.

Theorem 2.2 Let (X, d) be a complete cone metric space, C a nonempty closed subset of X
such that for each x € C and y ¢ C there exists a point z € dC such that

d(x,z) +d(z,y) = d(x,y).
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Supposethat F,G,S, T : C — X are two pairs of non-self-mappings satisfying, forall x,y € C
withx %y,

d(Fx, Gy) < ad(Tx,Sy) + Bu + yv, (2.3)

where u € {d(Tx, Fx),d(Sy, Gy)}, v € {d(Tx, Fx) + d(Sy, Gy), d(Tx, Gy) + d(Sy, Fx)}, and «, B,
y are nonnegative real numbers such that

a+pB+2y <1 (2.4)

Also assume that
() 9C<SCNTC,FCNCCSC,GCNCCTC,
(I) Tx € 9C implies that Fx € C, Sx € dC implies that Gx € C,
(IIT) SC and TC (or FC and GC) are closed in X.
Then
(IV) (F, T) has a point of coincidence,
(V) (G,S) has a point of coincidence.
Moreover, if (F,T) and (G,S) are weakly compatible pairs, then F, G, S, and T have a
unique common fixed point.

Proof Firstly, we proceed to construct two sequences {x,} and {y,} in the following way.

Let x € dC be arbitrary. Then (due to dC C TC) there exists a point x, € C such that
x = Txg. Since Tx C 3C implies that Fx € C, one concludes that Fx, € FCN C C SC. Thus,
there exists x; € C such that y; = Sx; = Fx, € C. Since y; = Fxy there exists a point y, = Gx;
such that

d(eryz) = d(Fxo, Gx1).

Suppose y, € C. Then y, € GCN C € TC, which implies that there exists a point x; € C
such that y, = Tx,. otherwise, if y, ¢ C, then there exists a point p € 9C such that

d(Sx1,p) +d(p, y2) = d(Sx1,y2).
Since p € 0C C TC there exists a point x, € C with p = Tx; so that
d(Sx1, Txy) + d(Txy, y2) = d(Sx1,y2).

Let y3 = Fx, be such that d(y,,y3) = d(Gxy, Fx;). Thus, repeating the foregoing argu-
ments, one obtains two sequences {x,} and {y,} such that
(@) yan = GXop_1, Yone1 = Fxop,
(b) y2, € C implies that yo, = Txy, or ¥, ¢ C implies that Tx,, € 9C and
d(SxZn—lr Tx2n) + d(Tx2nry2n) = d(Sx2n—lry2n)’

(c) yaus1 € C implies that yo,41 = SX2,41 OF Y2ue1 ¢ C implies that Sx;,41 € 9C and

d(Txap, Sxops1) + d(5x2n+1,y2n+1) = d(TmeyZnJrl)'

Page 4 of 19
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We denote

Py = { Ty € { Tz} : Thni = yai}s
Py = {Tap € {Ton} : Toioi # y2i )
Qo = {Sx2i1 € {Sxopa1} : Sxai1 = Yaisa },
Q1 = {Sxnin1 € {Sxopi1} : Skninr # i }-
Note that (Txy,, Sxo441) € P1 X Qu, as if Txy, € P, then y,, # Tx,, and one infers that
Ty, € 0C, which implies that y;,.1 = Fxa, € C. Hence ¥3,41 = Sx2,41 € Qo. Similarly, one
can argue that (Sxy,_1, Txs,) ¢ Q1 X Py.

Now, we distinguish the following three cases.
Case 1. If (Txy,,, Sx2,41) € Py X Qo, then from (2.3)

A(Txo, Sx2n41) = A(Fxon, GXop1) < ad(Txoy, SXon-1) + Blion + ¥ Vaus

where

tan € {d(Ton, Fn), d(Sxon-1, Gxau1) } = {d(Txons yani1), A(Skon1,y2n) ),
Vou € {d(Txan, Fan) + A(Sxan-1, Gxou1), d(Thon, GXapo) + A(Sx2n-1, Fon) }
= {d(Txom, Y1) + A(Sx2u-1, Vo), A(Sx2-1, Y2n41) }.

Clearly, there are infinitely many # such that at least one of the following four cases
holds:

(1) If ugy, = d(szn,yzml) and vy, = d(TxZn,yZnH) + d(SxZn—l:yZn); then

A(Tx2, Sx2p41) = @d(TX2y, Sx2p-1) + BA(TX25 Yon+1)
+y (d( Tx2nxy2n+1) + d(SxZn—lyyZn))
= ad(Txy, Sxan-1) + BA(Txou, SX241)

+ Vd(Tx2m Sx2n+1) + Vd(SxZn—l; Tx2n)'

It implies that d(Tx2,,, Sx2,41) =< 1:;:/ d(Sx2,-1, Txon).

(2) If uay, = d(Txop, Yan+1) and vo, = d(Sx2n-1, Y2u+1), then
A(Txyn, Sxops1) = 00d(Txop, Sx20-1) + BA(Tx20, Yons1) + ¥ A(Sx2u-1, Y2ns1)
f Old(szn, Sx2n—1) + IBd(TxanyZnJrl)
+ ¥ (d(Sx2n-1,¥20) + AdYams Yons1))
= Old(Tme SxZn—l) + IBd(TxZMr Sx2n+1)

+ yd(Sxau-1, Txan) + y A(Tx2, Sxpi1)-

It implies that d(Txy,,, Sxp,41) <

1:;:, d(SxZ}’l—lv Tx2n)'


http://www.fixedpointtheoryandapplications.com/content/2014/1/157

Huang et al. Fixed Point Theory and Applications 2014, 2014:157
http://www.fixedpointtheoryandapplications.com/content/2014/1/157

(3) If uy, = d(st;q—l»yZH) and vy, = d(TmeyZ;Hl) + d(SxZn—lryZM): then

d(Tx2, Sx2n1) < ad(Txoy, Sxop-1) + BA(SX20-1, Vo)
+ ¥ (d(Txo yans1) + A(Sx24-1, Y2n))
= ad(Txa,, Sx2n-1) + BA(SX2-1, Tx2y)
+ Y d(Tx2n, S¥one1) + y d(Sx2-1, Tion).

It implies that d(Txay, Sxp1) < L d(Sxy 1, o).
(4) If uy, = d(SxZM—I:y2n) and vy, = d(Sx2n—lry2n+l); then

d(TxZn: Sx2n+1) = O{d(szn, Sx2n—1) + ﬂd(stn—l’ybl) + yd(stn—l’yle)

=< ad(Txo, Sxon-1) + BA(Sx21-1,Y21)

Ty (d(SxZn—lryZn) + d()’zmyzn+1))
= Old(szn, SxZn—l) + ﬂd(st;’l—l: TxZn)

+yd(Sxau-1, Txan) + y A(Tx2, Sxpi1)-

It implies that d(Tx2,, Sx2,41) =< “1’{5;7’ d(Sxon_1, Txo,,).

From (1), (2), (3), (4) it follows that
A(Txy, Sxop41) = Ad(Sx2p-1, T4),

where A = max{%, %} <1by (2.4).

Similarly, if (Sx2,+1, T¥24+2) € Qo X Py, we have
d(Sxans1, Txons2) = d(Fxon, Gxons1) = Ad(Txop, Sxops1)-
If (Sx9,-1, Txa,) € Qo X Py, we have
d(Sxan-1, Txan) = d(Fxon-2, Gxon-1) < Ad(Tx2p-2, Sx2u-1)-
Case 2. If (Txy,, Sx2,41) € Py X Qq, then Sx»,.,; € Q; and
d(Txzn, Sxon41) + A(Sx2141, Y2ns1) = A(Txon, Yans1),
which in turns yields
d(Txzn, Sxan41) <X d(Tx2p, Yons1) = AYan, Yans1)
and hence
d(Txan, Sx2n41) X dYan, Yans1) = A(Fxp, GXopo1).-

Now, proceeding as in Case 1, we see that (2.5) holds.

(2.8)

(2.9)

(2.10)
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If (Sx2,41, Txop42) € Q1 X Py, then Tx,, € Py. We show that
A(Sx2n415 Tx2ps2) < Ad(Tx2y, SX2-1).
Using (2.8), we get

A(Sxops1, Thops2) < d(sx2n+1ry2n+1) + d(y2n+1» Txon+2)

= d(Txn, yans1) — A(Tx2n, Sxans1) + A(Yans1, Thons2)-
By noting that Txy,,», Tx, € Py, one can conclude that
Ad(yans1, T2ns2) = dYans1, Yans2) = A(Fxop, Gxoni1) < Ad(Txon, Sxoni1)
and
d(Txon, Yans1) = AW2n, Yans1) = d(Fxop, Gxop-1) < Ad(Sxan-1, Txon),

in view of Case 1.
Thus,

A(Sxons1, Txons2) = Ad(Sx2p-1, o) — (L= M)A(Tx2, SXo2p41) = Ad(SX2-1, Th21),

and we proved (2.11).
Case 3. If (Txy,, Sx241) € P1 X Qo, then Sxy,;1 € Q. We show that

d(Txn, Sxans1) < Ad(Sxan-1, Tx2n2).
Since Tx,, € P;, then

d(Sxan-1, Txan) + d(Txou, yan) = d(Sxan-1,Y2n)-
From this, we get

d(TxZn; Sx2n+1) = d(Tx2nry2n) + d(an, Sx2n+l)

= d(Sx2n-1,Yan) — A(Sx2n-1, Tx2s) + A(Y2, Sk21141)-
By noting that Sxy,,,1, Sx2,-1 € Qo, one can conclude that
d(yan Sxans1) = AYan, Yan1) = A(Fxon, Gxou-1) < Ad(Sx2n-1, Txon)
and
d(Sx2n-1,Y2n) = AYan-1,Y20) = A(Fx2p-2, Gxop1) = Ad(Sxap-1, Ton-2),

in view of Case 1.

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)
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Thus,

A(Tx2, SX2041) =X Ad(SX2p-1, Th2n-2) — (1 = M)d(SX24-1, Th2) = Ad(SX24-1, TH20-2),

and we proved (2.15).

Similarly, if (Sx2n+1, Tx2n+2) (S} Q() X Pl, then Tx2n+2 (S] Pl, and

d(SxZVH—l; Tx2n+2) + d(Tx2n+21y2n+2) = d(sx2n+lry2n+2)'

From this, we have

d(Sx2Vl+1’ Tx2n+2) = d(Sx2n+1’y2n+2) + d(y2n+2: Tx2n+2)

= d(sx2n+11y2n+2) + d(5x2n+1;y2n+2) — d(Sxon+1, Th2n42)
= 2d(SX2n415 Y2ns2) — A(SX2n415 TX2142)

= d(Sx2n+lr Tx2n+2) = d(Sx2n+1)y2n+2)-

By noting that Sx,..1 € Qo, one can conclude that

A(Sxops1, Thops2) < d(Sx2n+1,y2n+2) = d(FXon, GXope1) =X Ad(TX2, SX2141), (2.20)

in view of Case 1.

Thus, in all cases (1)-(3), there exists wa, € {d(Sx2,-1, T%2,), d(TX2,—2, Sx2,1)} such that

d(TxZn: Sx2n+1) = )\WZM

and there exists wy,.1 € {d(Sx2,-1, T%2,), d(TX2,, Sx2,41)} such that

A(Sxons1, Thons2) < AWt

Following the procedure of Assad and Kirk [25], it can easily be shown by induction that,
for n > 1, there exists wy € {d(Txo, Sx1), d(Sx1, Tx,)} such that

d(Tx2, Sxan41) =< kni%Wz and  d(Sxoui1, Tous2) < A ws. (2.21)

From (2.21) and by the triangle inequality, for # > m we have

A(Tx2, SXoma1) = A(Txou, Sxou1) + A(Sxan1, Thou—a) + - - + A(TX2m42, SX2ms1)

m
1 -
< (ATEATTT 4 A l)wzj

Wy — 60, asm — o0.
1-va

From Remark 1.2 and Corollary 1.1(1), it follows that d(Txy,, Sxpms1) <K c.

Thus, the sequence {Tx, Sx1, Txa, Sx3, . .., Sx2,-1, Tx0y, Sx24-1, ...} is a Cauchy sequence.
Then, as noted in [45], there exists at least one subsequence, {TX,, } or {Sxy,, .1}, which
is contained in Py or Qy, respectively, and one finds its limit z € C. Furthermore, sub-
sequences {Txy,, } and {Sxy,, 1} both converge to z € C as C is a closed subset of com-
plete cone metric space (X,d). We assume that there exists a subsequence {Tx,,} C Py
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for each k € N, then Txy,, = yan, = GXop-1 € CN GC S TC Since TC as well as SC are
closed in X and {Tx,, } is Cauchy in TC, it converges to a point z € TC. Let w € T g,
then Tw = z. Similarly, {Tx,,, } and {Sxy, .1} being a subsequence of a Cauchy sequence,
{Txo,Sx1, Ty, Sx3, ..., Sx2y-1, T2y, SX211-1, . . .} also converges to z as SC is closed. Let 6 < c,

then d(z, Sxo,;,-1) K #, where o, B, y are nonnegative real numbers witha + 8 +2y < 1.
1--y

Using (2.3), one can write

d(Fw,z) < d(Fw, Gxp, 1) + A(GX2p1,2)
< ad(Tw, Sxap1) + Bty + y Vi + d(Gxayy1,2)

= ad(z, Sxyu-1) + Bty + Y Vi + A(GX2py 1, 2),
where

wy € {d(Tw, Fw), d(Sxym—1, Gxon 1)} = {d(z, Fw), d(Sxom,—1, Gxome—1) }»
vy € {d(Tw, Fw) + d(Sxon,—1, Gxang—1)> A(TW, oy 1) + d(Fw, Sxap 1) }
= {d(z, Fw) + d(Sx2,-1, GXopy 1), d(2, Gxoy—1) + d(Fw, sz,,k_l)}.
Let 0 < c. Clearly at least one of the following four cases holds for infinitely many #:
(1) If u,, = d(z, Fw) and v,, = d(z, Fw) + d(Sx2, -1, GX24, 1), then
d(Fw,z) < ad(z, Sxoy,—1) + Bd(z, Fw)
+y (d(z, Fw) + d(Sxa -1, Gxapy 1)) + d(GXgy1,2)
=< ad(z, Sxop 1) + Bd(z, Fw) + yd(z, Fw)
+y (d(Sxan_l,z) +d(z, ze,qk_l)) +d(Gxyp1,2)
= (a +y)d(z, Sxam-1) + (B + y)d(z, Fw) + (v + 1)d(Gxon-1,2)

o+y y+1
d(Fw,z) < —————d(z, Sxop, 1) + ————d(Gxop 1,2
= d( )_1—,3—)/ (2, Sx2,-1) -5, (Gxopy-1,2)
oa+y c y+1 c
< ay T =¢C.
1-p-y2i55 1-B-rv2i

(2) If uy, = d(z, Fw) and v,, = d(z, Gxoyy—1) + d(Fw, Sx2,; 1), then

d(Fw,z) < ad(z, Sxoy,-1) + Bd(z, Fw)
+y(d(z, Gxony—1) + d(Fw, S, 1)) + d(Gxoy—1,2)
=< ad(z, Sxop 1) + Bd(z, Fw) + yd(z, Gxyy—1)
+y (d(Fw,2) + d(z, Sx2n,-1)) + d(Gxoy-1,2)
= (o +y)d(z, Sxam 1) + (B + y)d(z, Fw) + (v + 1)d(Gx2py-1,2)

y+1
I-p-vy
oa+y c y+1 c
1-B-y 215,

= d(Fw,zu%d(z,sm_m A(Gay1,2)
b=V

+ =
_AR_ y+1
A v =

<
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(3) If uy, = d(Sxony—1, Gxoup—1) and vy, = d(z, Fw) + d(Sxo 1, GX2yp-1), then

A(Fw, z) < ad(z, Sxoy,-1) + BA(SXon -1, GXopy1)
+y (d(z, Fw) + d(Sx2,-1, Gx2nk_1)) +d(Gxop—1,2)
=< ad(z, Sxop 1) + /S(d(ngy,k_l,z) +d(z, Gxan—l)) +yd(z, Fw)
+y (d(Sxam-1,2) + d(z, Gxom1)) + d(Gxoy—1,2)

=(a + B+ y)d(z,Sxpp 1) + yd(z, Fw) + (B + vy + 1)d(Gxzp—1,2)

+ B+ +y+1
= d(Fw,z) < Ol"ﬁd(z,&cznk_l) + &d(zenk_l,z)
1-y 1-y
1
<<a+,3+y c +,3+y+ c .

_ B _ Bty+l
1-y 2 % 1-y 2 %}:’
(4) If u,, = d(Sx24p—1, GXopy 1) and vy, = d(z, Gxoyy—1) + A(FW, Sx2 1), then

d(Fw, z) < ad(z, Sxap—1) + BA(Sxan-1, GXopy—1)
+y (d(z, Gxoyp-1) + d(Fw, Sxan—l)) +d(Gxopy1,2)
= ad(z, Sxyn-1) + B(d(Sx2np-1,2) + d(z, Gropy1)) + v (2, GXog 1)
+y (d(Fw, z) +d(z, Sxan—l)) +d(Gxopy1,2)

= (o + B +y)d(z, Sxyp 1) + yd(z, Fw) + (B + y + 1)d(Gxap 1, 2)

+1
= d(Fw,z) < oH"ﬂd(z, Sxom-1) + ﬁLd(Gxan—l;z)
1-y 1-y
1
<<a+ﬁ+y c +ﬁ+y+ c .

_ B _ Bty+l
-y 2z 1oy 2Bz
In all cases we obtain d(Fw, z) < c for each ¢ € int P. Using Corollary 1.1(3) it follows that
d(Fw,z) =0 or Fw = z. Thus, Fw = z = Tw, that is, z is a coincidence point of F, T.
Further, since Cauchy sequence {Txo, Sx1, Tx2, SXs3, ..., SX24-1, %24, SX24-1, . . .} converges

toze Cand z=Fw, z€ FCN C C SC, there exists b € C such that Sb = z. Again using
(2.3), we get

d(Sb, Gb) = d(z, Gb) = d(Fw, Gb) < ad(Tw,Sb) + Buy, + YV, = Bty + Y Vi,
where

Uy € {d(Tw,Fw),d(Sb, Gb)} = {G,d(Sb, Gb)},
Vy € {d(Tw, Fw) + d(Sb, Gb),d(Tw, Gb) + d(Sb, Fw)}
= {d(Sb, Gb),d(z, Gb)} = {d(Sb, Gb)}.

Hence, we get the following cases:

d(Sh, Gb) < B0 + yd(Sh,Gb) = yd(Sb,Gb) and  d(Sh,Gb) < (B + y)d(Sh, Gb).

Page 10 of 19
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Since0 <y <B+y<l-a-y <1, using Remark 1.3 and Corollary 1.1(3), it follows
that Sb = Gb, therefore, Sb = z = Gb, that is, z is a coincidence point of (G, S).

In case FC and GC are closed in X, thenz€e FCNC CSCorze GCNC C TC. The
analogous arguments establish (IV) and (V). If we assume that there exists a subsequence
{Sx2, 41} € Qo with TC as well SC are closed in X, then noting that {Sx,, .1} is a Cauchy
sequence in SC, the foregoing arguments establish (IV) and (V).

Suppose now that (F, T) and (G, S) are weakly compatible pairs, then

z=Fw=Tw = Fz=FTw=TFw=Tz and

z=Gb=Sb = Gz=GSb=SGb=Sz
Then, from (2.3),
d(Fz,z) = d(Fz,Gb) < ad(Tz,Sb) + Bu +yv=ad(Fz,z) + Bu + yv,
where

ue {d(Tz,Fz),d(Sb, Gb)} = {d(Fz,Fz),d(z,z)} ={6},
Ve {d(Tz,Fz) +d(Sh, Gb),d(Tz, Gb) + d(Sb,Fz)}
={0,d(Fz,2) + d(z,Fz)} = {0,2d(Fz,2)}.

Hence, we get the following cases:
d(Fz,z) < ad(Fz,z) and d(Fz,z) < ad(Fz,z)+2yd(Fz,z) = (a + 2y)d(z, Fz).

Since 0 <& <« + 2y <1- B <1, using Remark 1.3 and Corollary 1.1(3), it follows that
Fz=z Thus, Fz=z=Tz.

Similarly, we can prove Gz = z = Sz. Therefore z = Fz = Gz = Sz = TZ, that is, z is a com-
mon fixed point of F, G, S, and T.

Uniqueness of the common fixed point follows easily from (2.3). O

The following example shows that in general F, G, S, and T satisfying the hypotheses of
Theorem 2.2 need not have a common coincidence justifying the two separate conclusions
(IV) and (V).

Example 2.1 Let E = C([0,1],R), P={p € E: ¢(t) > 0,t € [0,1]}, X = [0, +00), C = [0,2],
andd : X x X — E defined by d(x, y) = |x—y|p, where ¢ € Pisa fixed function, e.g., ¢(¢) = €.
Then (X, d) is a complete cone metric space with a non-normal cone having a nonempty
interior. Define F, G, S,and T: C — X as

4 ) 4 2
Fx=x+g, Gx=x +§, Tx=5x and Sx=5x°, xeC.

Since aC = {0, 2}. Clearly, for each x € C and y ¢ C there exists a point z =2 € dC such
that d(x,2) + d(z,y) = d(x,y). Further, SC N TC = [0,20] N [0,10] = [0,10] D {0,2} = 9C,
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FCNC=[%,2]n[0,2]=[%,2] CSC,GCNC=[%,2]1Nn[0,2] = [£,2] C TC,and, SC, TC,
FC, and GC are closed in X.
Also,

4
T0=0€90C = FO:EEC,

4
S0=0€dC = GO=§€C,

T2 =2ei0C = F2 —6eC
5/ 5/ 57
S 2 =2edC = G 2 —6eC
V5]~ 5/ 5

Moreover, for each x,y € C,
9 1
d(Fx, Gy) = ‘x—y ‘(p = gd(Tx,Sy),

that is, (2.3) is satisfied with o = %, B=v=0.

Obviously, 1 = T(é) = F(é) # é and 1= S(%) = G(%) # % Notice that two separate
coincidence points are not common fixed points as FT(%) # TF(%) and SG(%) + GS(%),
which shows the necessity of the weakly compatibility property in Theorem 2.2.

Next, we furnish an illustrate example in support of our result. In doing so, we are es-

sentially inspired by Imdad and Kumar [46].

Example 2.2 Let E = C}([0,1],R), P={p € E: ¢(t) > 0,£ € [0,1]}, X = [1,+00), C = [1, 3],
andd : X x X — E defined by d(x, y) = |x—y|p, where ¢ € Pisa fixed function, e.g., ¢(¢) = €.
Then (X, d) is a complete cone metric space with a non-normal cone having the nonempty
interior. Define F, G, S,and T: C — X as

P o x ifl<x<2, T 4x* -3 ifl<x<2,
T2 if2<x<3, 113 if2<x<3,

4x° -3 ifl<x<2,

and Sx=
13 if2<x<3.

x» ifl<x<2,
Gx =
2 if2<x<3

Since dC = {1, 3}. Clearly, for each x € C and y ¢ C there exists a point z =3 € dC such
that d(x,2) + d(z,y) = d(x,). Further, SC N TC = [1,253] N [1,61] = [1,61] D {1,3} = 3C,
FCNC=[1,4]Nn[1,3]=[1,3]Cc SC,and GCNC=[1,8]N[1,3]=[1,3] c TC.

Also,

Tl=1€dC = Fl=1€C,

S1=1€e0C = Gl=1€C,

/3 3 3
T(J=)=3€0 FlJ=)=,/=€cC,
(2) €dC = <2> 2eC

563 =3¢€dC = 663— ?’ec
2/ 2/ V2
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Moreover, if x € [1,2] and y € [2, 3], then

lx*—4]  4fxt-4|

d(Fx,Gy) = [x* - 2| = = = d
(Ex, Gy) |x |¢ |x2+2|¢ 4|x2+2|¢ 4(x% +2)

(Tx, Sy).

Next, if x,y € (2,3], then
d(Fx,Gy) =0 =« - d(Tx, Sy).

Finally, if x,y € [1,2], then

lx* =91 4lxt =50 1
d(Fx,Gy) = |«* —=9*|¢ = = = d(Tx, Sy).
(Fx, Gy) = [«* - »°|p Y a2 Y " a1y i)
Therefore, condition (2.3) is satisfied if we choose o = max{m, 4(x++y3)} € (0, i), B =

y = 0. Moreover, 1 is a point of coincidence as 71 = F1 as well as S1 = G1, whereas both
pairs (F,T) and (G, S) are weakly compatible as TF1 =1 = FT1 and SG1 =1 = GS1. Also,
SC, TC, FC, and GC are closed in X. Thus, all the conditions of Theorem 2.2 are satisfied
and 1 is the unique common fixed point of F, G, S, and T. One may note that 1 is also a
point of coincidence for both pairs (F, T) and (G, S).

Remark 2.2 1. Setting G=F =gand T = S =f in Theorem 2.2, one deduces Theorem 2.1
due to Sumitra et al. [20] with weaker condition.
2. Setting G = F =g and T = § = Iy in Theorem 2.2, we obtain the following result.

Corollary 2.1 Let (X, d) be a complete cone metric space, and C a nonempty closed subset
of X such that for each x € C and y & C there exists a point z € dC such that

dx,z) +d(z,y) = d(x,y).
Suppose that g : C — X satisfies, for all x,y € C with x # y,
d(gr,gy) X ad(x,y) + Pu+y,
where
ue {dxgx),dy.g)},  veldxgr)+dy,g) dxgy) +dyex)}

and o, B, y are nonnegative real numbers such that a + B +2y <1 and g has the additional
property that if, for each x € 9C, gx € C, then g has a unique fixed point in C.

Corollary 2.2 Let (X, d) be a complete cone metric space, C a nonempty closed subset of
X such that for each x € C and y ¢ C there exists a point z € dC such that

dx,z) +d(z,y) = d(x,).
LetF,G,S,T:C — X be such that
d(Fx, Gy) < ad(Tx, Sy) (2.22)

for some o € (0,1) and for all x,y € C withx #y.
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Suppose, further, that F, G, S, T, and C satisfy the following conditions:
(I) 0CSSCNTC,FCNC<CSC,GCNCCTC,
() TxCIC=FxeC,SxCIC= Gxe C,
(IIT) SC and TC (or FC and GC) are closed in X.
Then
(IV) (F, T) has a point of coincidence,
(V) (G,S) has a point of coincidence.
Moreover, if (F,T) and (G,S) are weakly compatible pairs, then F, G, S, and T have a

unique common fixed point.

Corollary 2.3 Let (X, d) be a complete cone metric space, C a nonempty closed subset of
X such that for each x € C and y ¢ C there exists a point z € dC such that

dx,z) + d(z,y) = d(x,y).
Let F,G,S, T : C — X be such that
d(Fx, Gy) = y (d(Tx, Fx) + d(Sy, Gy)) (2.23)

for some y €(0,1/2) and for all x,y € C with x # y.
Suppose, further, that F, G, S, T, and C satisfy the following conditions:
() 0CCSSCNTC,FCNCCSC,GCNCCTC,
() xCC=FxeC,SxCaC= GxeC,
(IIT) SC and TC (or FC and GC) are closed in X.
Then
(IV) (F, T) has a point of coincidence,
(V) (G,S) has a point of coincidence.
Moreover, if (F,T) and (G, S) are weakly compatible pairs, then F, G, S, and T have a

unique common fixed point.

Corollary 2.4 Let (X,d) be a complete cone metric space, C a nonempty closed subset of
X such that for each x € C and y ¢ C there exists a point z € dC such that

dx,2) +d(z,y) = d(x,y).
Let F,G,S, T :C — X be such that
d(Fx, Gy) < y (d(Tx, Fy) + d(Fx, Sy)) (2.24)

forsome y €(0,1/2) and for all x,y € C with x #y.
Suppose, further, that F, G, S, T, and C satisfy the following conditions:
() 90CCSSCNTC,FCNCCSC,GCNCCTC,
() xCdC=>FxeC,SxCaC=GxeC,
(IIT) SC and TC (or FC and GC) are closed in X.
Then
(IV) (F, T) has a point of coincidence,
(V) (G,S) has a point of coincidence.
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Moreover, if (F,T) and (G, S) are weakly compatible pairs, then F, G, S, and T have a

unique common fixed point.

Remark2.3 Setting G=F =f and T = S = g in Corollaries 2.2-2.4, we obtain the following

results.

Corollary 2.5 Let (X,d) be a complete cone metric space, C a nonempty closed subset of X
such that for each x € C and y ¢ C there exists a point z € 0C such that

dx,z) + d(z,y) = d(x,y).
Letf,g: C— X be such that

d(fx, fy) < ad(gx,gy) (2.25)

forsome o € (0,1) and for all x,y € C. Suppose, further, that f, g, and C satisfy the following
conditions:
() 9C<cgC,fCNCcgC,
(II) grcaC=>fxeC,
(III) gC is closed in X.
Then the pair (f,g) has a coincidence point in C. Moreover, if the pair (f,g) is weakly
compatible, then f and g have a unique common fixed point in C.

Corollary 2.6 Let (X,d) be a complete cone metric space, C a nonempty closed subset of
X such that for each x € C and y ¢ C there exists a point z € dC (the boundary of C) such
that

dx,z) + d(z,y) = d(x,y).
Letf,g: C— X be such that

d(fx,fy) < v (d(fx, gx) + d(fy, gy)) (2.26)

for some y € (0,1/2) and for all x,y € C. Suppose, further, that f, g, and C satisfy the fol-
lowing conditions:
(I) 9C < gC,fCNCCgC,
(II) grcdC=>fxeC,
(III) gC is closed in X.
Then the pair (f,g) has a coincidence point in C. Moreover, if the pair (f,g) is weakly
compatible, then f and g have a unique common fixed point in C.

Corollary 2.7 Let (X,d) be a complete cone metric space, C a nonempty closed subset of
X such that for each x € C and y ¢ C there exists a point z € dC (the boundary of C) such
that

d(x,z) +d(z,y) = d(x,y).
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Letf,g:C— X be such that

d(fx.fy) < y (d(fx, gy) + d(fy, gx)) (2.27)

for some y € (0,1/2) and for all x,y € C. Suppose, further, that f, g, and C satisfy the fol-
lowing conditions:
(I) aC cgC,fCNCCcgC,
() ggcdC=freC,
(III) gC is closed in X.
Then the pair (f,g) has a coincidence point in C. Moreover, if the pair (f,g) is weakly
compatible, then f and g have a unique common fixed point in C.

Remark 2.4 Corollaries 2.5-2.7 are the corresponding theorems of Abbas and Jungck
from [2] in the case that f, g are non-self-mappings.

There have been a number of papers written about fixed points for non-self-maps. One
of the most general papers involving two maps is that in [30]. For cone metric spaces, the
four-function analog of this result would have the contractive condition.

Suppose that F,G,S, T : C — X are two pairs of non-self-mappings satisfying, for all
x,y € Cwithx #y,

d(Fx, Gy) < hw, (2.28)

where w € { @,d(ﬁc, Fx),d(Sy, Gy), W}, a is a positive real number satisfy-
ingazl+% andO<h<1.
Note that if F, G, S, and T satisfy condition (2.28), then F, G, S, and T satisfy condition
(2.3), but the implication is not reversible.
Indeed, there are four cases to consider:
Q) fw= @ in (2.28), then d(Fx, Gy) < Zd(Tx, Sy). So setting
o= g =< 1+}2',172 = 2;’22::” = % - 2(2;{&“) < %, B =y =0in (2.3), it follows that
d(Ex, Gy) < ad(Tx, Sy).
(2) If w=d(Tx,Fx) in (2.28), then d(Fx, Gy) < hd(Tx, Fx). So setting B =h <1,
a =y =0, u=d(Tx, Fx) in (2.3), it follows that d(Fx, Gy) < Bu, where u = d(Tx, Fx).
(3) If w=d(Sy,Gy) in (2.28), then d(Fx, Gy) < hd(Sy, Gy). So setting B =h <1,
a =y =0,u=d(Sy Gy) in (2.3), it follows that d(Fx, Gy) < Bu, where u = d(Sy, Gy).

(4) Ifw= W in (2.28), then d(Fx, Gy) < ﬁ [d(Tx, Gy) + d(Sy, Fx)]. So setting

h h h2+h 1 1-h 1
= < = =1_ L v=8=
V= = 122 T B T 3 T 3EI2he) <z a=p=0,

v =d(Tx, Gy) + d(Sy, Fx) in (2.3), it follows that d(Fx, Gy) < yv, where
v =d(Tx, Gy) + d(Sy, Fx).
Therefore, in all cases we find that F, G, S, and T satisfy condition (2.28), then F, G, S,
and T satisfy condition (2.3).
Now, we give an example to show that condition (2.3) is more general than condition
(2.28) above.

Example 2.3 Let E = C'([0,1],R), P={p € E: ¢(t) > 0,t € [0,1]}, X = [0, +00), C = [%,1],
and let d : X x X — E be defined by d(x,y) = |x — y|¢, where ¢ € P is a fixed function, e.g,,
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¢(t) = €. Then (X,d) is a complete cone metric space with a non-normal cone having a
nonempty interior. Define F, G, S,and T: C — X as

2 2x2
F)= =,  Gw)=——, Tx=x  Sx=x xcC. (2.29)
1+x 1+ x2

Note that for all x,y € C with x # y,

2 [2x — 292 | d(Tx,Sy)

- 1+x)(1+y%) - 1+x)@1 +y2)' 230

2 2
d(Fx, Gy) = | —— - 2
1+x 1+y?

1
2

1

1 125 _ _
1(1+x)(1+y G[i,m],ﬂ—y—o.

Next, we shall see that the inequality (2.28) is not satisfied forall 0 < 7 < 1and a > 1+ 2 o h
by takingx=1landy =2
Indeed, d(F ( ) (5)) =|1- l|<,0 = l(p and w € {%
d(T(l),G( ))+d(5(
avh }—{;25‘9’ ’50¢’a+l-hg(7)¢}'
Since k < = and Mh < 3, d(F(1), G( )) = hw for all possible cases of w, 0 < & < 1, and

a>1+ ﬁ, that is, (2.3) is more general than (2.28).

Therefore, condition (2.3) is satisfied if we choose o =

So, we can obtain the following corollary.

Corollary 2.8 Let (X,d) be a complete cone metric space, C a nonempty closed subset of X
such that for each x € C and y ¢ C there exists a point z € 0C such that

dx,z) + d(z,y) = d(x,7).

Supposethat F,G,S, T : C — X are two pairs of non-self-mappings satisfying, for all x,y € C
withx %y,

d(Fx, Gy) < hw, (2.31)

where w e (4UIxS) Sy ,d(Tx, Fx), d(Sy, Gy), %M} a is a positive real number satisfying
a>1+2 h and 0 < h < 1. Also assume that
(D BCQSCHTC,FCDCQSC,GCHCQ TC,
() Tx COC=FxeC,SxCaC= GxeC,
(IIT) SC and TC (or FC and GC) are closed in X.
Then
(IV) (F, T) has a point of coincidence,
(V) (G,S) has a point of coincidence.
Moreover, if (F,T) and (G,S) are weakly compatible pairs, then F, G, S, and T have a
unique common fixed point.
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