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Abstract

Inspired by the notion of Mustafa and Sims' G-metric space and the attention that this
kind of metric has received in recent times, we introduce the concept of a G-metric
space in any number of variables, and we study some of the basic properties. Then
we prove that the family of this kind of metric is closed under finite products. Finally,
we show some fixed-point theorems that improve and extend some well-known
results in this field.
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1 Introduction

In the 1960s, Géhler [1, 2] tried to generalize the notion of metric and introduced the
concept of 2-metric spaces inspired by the mapping that associated the area of a triangle
to its three vertices. Later, Dhage [3] changed the axioms and presented the concept of a
D-metric. Unfortunately, both kinds of metrics appear not to have as good properties as
their authors announced (see [4-10]). To overcome these drawbacks, Mustafa and Sims
[11] presented the notion of a G-metric space, which have received much attention since
then. The literature on this topic, especially in related fixed point theory, has grown a lot
in recent times (see, for instance, [12—26] and references therein).

The main aim of the present paper is to introduce the notion of a G-metric space in any
number of variables. To do that, we have been inspired by the perimeter of a triangle, as
well as Dhage, which in the multidimensional case can be seen as the sum of all distances
between any pair of points. In this sense, the axioms we present and the properties we
deduce are very natural. We also prove two relevant facts: the product of metrics of this
kind is also a metric in this sense, and there is no a trivially way to reduce the number
of variables (which, for instance, permits us to reduce a G};-metric to the Mustafa and
Sims’ spaces). Later, we demonstrate some fixed-point theorems distinguishing between
the axioms that the metric verifies (G;-metrics and G,-metrics). As a consequence, our
main results are, obviously, valid in the context of G-metric spaces.

2 Preliminaries

Let n be a positive integer such that n > 2. Henceforth, X will denote a non-empty set and
X" will denote the product space X x X x Jox X, Throughout this manuscript, m and
k will denote non-negative integers. Unless otherwise stated, ‘for all 7" will mean ‘for all
m > 0. Let R} =[0,00) and let N ={0,1,2,...}.
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Proposition 1 If {a,},=0, (@2} =0, ..., {a) }m=0 C Ry are N sequences of non-negative
real numbers and we define b,, = max(al,,a>,,...,a\) for all m > 0, then {b,}u>0 — 0

if, and only if, {a’}n}mzo — O forallje{1,2,...,N}.

Definition 2 (Khan et al. [27]) An altering distance function is a continuous, non-
decreasing mapping ¢ : R — R} such that ¢~1({0}) = {0}. Let ¥ denote the family of
all altering distance functions.

Lemma 3 Ify € V and {a,,} C [0, 00) verifies {y(a,,)} — O, then {a,,} — 0.

Corollary 4 If Y, € V and {a,,} C [0,00) verifies Y (am1) < (¥ — @)(am) for all m, then

{a,,} — 0.

The following kind of mapping was introduced by Popescu in [28] and Moradi and
Farajzadeh in [29].

Definition 5 We will denote by ® the family of all mappings ¢ : Rj — R{ verifying:
if {tm}men C R and {@(t)} — 0, then {t,,} — 0. 1)
Remark 6 Obviously, ¥ C ®.

Definition 7 We will say that < is a partial preorder on X (or (X, <) is a preordered set
or (X, <) is a partially preordered space) if the following properties hold.

+ Reflexivity: x < x forallx € X.

« Transitivity: If x,y,z € X verifyx < yand y < z, then x 5 z.

Definition 8 (Mustafa and Sims [11]) A generalized metric (or a G-metric) on X is a map-

ping G: X3 — R} verifying, for all x,y,z € X:

(G1) G(x,x,x) =0.

(Ga) G(x,x,9) >0ifx #y.

(G3) G(x,x,9) < Glx,y,2) ify #z

(Gs) G,9,2) = G(x,2,9) = G(¥,2,x) = - - - (symmetry in all three variables).
(Gs) G(x,9,2) < G(x,a,a) + G(a,y,z) (rectangle inequality).

In [11], the authors proved that, in general, the product space of G-metric spaces is not
a G-metric space (unless the factors are symmetric, that is, that they can be reduced to
metric spaces). To overcome this drawback, Roldéan and Karapinar introduced the concept

of G*-metric spaces, in which the axiom (G3) is omitted.

Definition 9 (Rolddn and Karapinar [20]) A G*-metric on X is a mapping G : X3 — R}
verifying (G1), (G2), (G4) and (Gs).

Using this class of spaces, these authors proved that the product of G*-metric spaces is
also a G*-metric space, and they also showed some related fixed point results. This is the

case of the generalized metrics that we are going to introduce in the following section.
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3 Multidimensional G*-metric spaces
The following definition is a natural extension of the concept of a G-metric space. Note
that, for convenience, we change the order in which we present the axioms with respect

to the order Mustafa and Sims chose.
Definition 10 A G}-metric on X is a mapping G : X" — R{ verifying, for all x1,%5,...,%,,
x,9,a € X:

(A1) G(x,x,...,x)=0.

(Ay) Ifxy #xo then G(xq,%9,%3,...,%,) > 0.

(A3) If o : Ay — A, is a permutation, then G(X, 1), Xo(2)s - - - » X0 () = G (X1, %2, ..., %) (Sym-
metry in all its variables).

(Ag) G(x1,%9,%3,...,%,) < Gx1,a,a,a,...,a) + Gla,x2,Xx3,%4,...,%,) (multidimensional in-
equality).

We will say that G is a G,,-metric (or a G-metric on # variables) if it also verifies®:

(As) fx#yFxs Fxa 7+ Fxp1 Z %y, then G, 2, %, ..., %,9) < G(X, 9, %3, %4, . . ., Xpy).

Remark 11 Following the previous definition, it is not difficult to prove that a G;-metric
space is a classical metric space, a Gs-metric space if a G-metric space in the sense of
Mustafa and Sims [11], and a Gj}-metric space if a G*-metric space in the sense of Roldén
and Karapinar [20].
However, a G};-metric does not generate a G;_;-metric in a trivial way since, if G is a
G -metric on X and we define G;, G, : X" — R¢, for all (x1, %2, ...,%,-1) € X", by
gl(xlle! o :xn—l) = g(xllxl’lexS! o :xn—l) and
Go(x1, %2, ... %n1) = G(20, %1, %2, %3, . .., Xp1)

(where zy € X is fixed), then G; and G, are not G_;-metrics (G; does not have to verify
(As3) and G, need not verify (A;)).

Example 12 Each metric space (X,d) can be provided with a G,-metric defining G, :
X" — R§ by

1 n n
Galwr, 2y, o) = = Y dsp) = Y dlsp)  forall (x1,%y,...,3,) € X"

ij=1 ij=Li<j

Lemma 13 If (X, Q) is a G};-metric space and we define dg : X x X — R} by
dg(x,y) = max(g(x,y,y, 9, G X, %, ..,x)) forallx,ye X,

then dg is a metric on X. Furthermore, if d is a metric on X, then dg, = (n - 1)d.

For brevity, when the last arguments are repeated, we will denote

G(x,2,9-..y) byG(x["") and
Gw.y,2,22...,2) by g(x,y, [Z]n_z) or g(x, [Z]n_z’y)'
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Corollary 14 If (X,0) is a G,-metric space and we define d;; : X x X — R§ by

dyx%,y) =G(x ") + GO ") forallx,yeX,

then dg; is also a metric on X. Moreover, dg < dg; < 2dg.

The metric dg generates a unique Hausdorft topology g on each G};-metric space (X, G)
such that 8 = {Bg(x,r) : r > 0} is a neighborhood system at each x € X, where Bg(x, r) de-
notes the ball {y € X : max(G(x, [y]"1), G(3, [¥]"™1)) < r}. This topology yields the following
notions of convergence, Cauchy sequence, completeness, and continuity.

Definition 15 Let (X, G) be a G} -metric space, let {x,,} € X be a sequence and let x € X
be a point. We will say that:

o {x,} G-converges to x (we will denote this by {x,} —g> x) if
lim G Xy s Xy oo s Xy 5 %) = 0,

that is, for all & > 0 there is m( € N such that if w1, m,, ..., m,_1 > mg, then

Gy s Xys 1 X1 %) < &5

for all & > 0 there is mg € N such that if w1y, m,, ..., m,_1, m, > my, then

G Xy s Xy« -3 Xy 1 %my) < E);
+ asubset A C X is G-complete is every G-Cauchy sequence in A is G-convergent in A;
« amapping F : XN — X is G-continuous if for all N sequences {x},{x2},..., (s} C X

such that {x!,} 9 deXforalie {1,2,...,N}, we have

(F(xl,x2,...,xN)} L G2, 2.

Notice that, by the symmetry condition (As), we could reduce the previous definitions
to the case in which m,, > m,_; > --- > my > m; > my. When the G}-metric space is
preordered, we can also consider the following class of spaces.

Definition 16 Let (X, G) be a G};-metric space and let < be a preorder on X. We will say
that (X, G, x) is regular-non-decreasing if it verifies the following property:

> If {x,} € X is a x-non-decreasing sequence (x,, < x,,,1 for all m) that G-converges to
x € X, then x,, < « for all m.

We will say that (X, G, <) is regular-non-increasing when:

> If {y,n} € X is a <-non-increasing sequence (¥, = ym41 for all m) that G-converges to
y € X, then y,, »= y for all m.

The space (X,G, <) is regular if it is both regular-non-decreasing and regular-non-

increasing.
Some properties of a G;-metric space are listed in the following result.

Lemmal7 Let(X,G) bea G}-metric space, let {x,,} € X be a sequence and let x,y,%1,%2,%3,
ceoxp e X
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(1) Ifthere exist i,j € {1,2,...,n} such that x; # x;, then G(x1,%,%3,...,%,) > 0.

(2) If G(x1,%2,%3,...,%,) =0, then xy =xy =x3 = -+ = xy.

3) G ") < (n-1DG W, [x]" ).

(4) G, %0,%3,...,%,) <> 1y Gy, [a]"™) forall a € X.

(5) {x,n} G-converges to x if, and only if, lim,,_, oo G (X, [x]"71) = 0, which is equivalent to
{4} dg-converges to x.

(6) {xm} is G-Cauchy if, and only if, it is dg-Cauchy.

Proof (1) Suppose that x; # x; (i #j) and let o : A, — A, be any permutation such that
0(1) =iand 0(2) =j. Then, by axiom (A;)

G0, %2, %3, ..o %) = G (Ko (1)s X (2)s X 3)r -+ -1 ¥ (n) = G Kir Xjs X (3)5 -+ + 1K () > 0.

(2) The first item establishes that if two points are different, then the G-metric is strictly
positive. Then, if the G-metric takes the value zero, then all points must be equal.

(3) Taking into account that G is symmetric in all its variables, we can apply n — 1 times
the axiom (A4) using a = x to deduce

G, 9,999 =G0 Y - 13, %) S GO%,%,%, .., %,8) + G(%,9,9, 95«5 Y5 V5 X)
P9 YN =GO Y0y O D)o Yrer Do

n-1 n-1 n-2

=G0, %%,%...,%%) + GOV Y5, 9,9, %, %)
n-2

SGOAX % %K) + (G0, %%, %, .., %,8) + G, 9,95 05 ., 9575 %,%))
n-3
=260, %,%,%,...,%,%) + GO, 0,9, .., I, , %, X, X)
—_—
n-3

<(m-1)GW,x%%,%,...,%%).

IA

(4) By (A4) and (A3),

g(xlforxS’ rxn) = g(xlr [6{ n 1) ﬂ X2, %35 .. rxn)
=G (w1, [al™™") + G(x2, X3, %45 ..., X, @)
<G(x, [al"™) + Gxr, aa,...,a,a) + G(a, X3, %4, ..., Xy @)

=G(x1, [al )+g(x2, [a]™ )+g(x3,x4,...,x,,,a,a)§
<Y G la™™).
i=1

(5) Suppose that {x,,} G-converges to x, and let ¢ > 0 be arbitrary. Using &' = ¢/(n —
1) > 0, by hypothesis, there exists my € N such that if iy, m,,...,m,; > mg, then
G(XmysXimys -+ o3 %m,»%) < €. In particular, if m = my = my = --- = m,_; > my, then, by
item (3),

G (% [¥]"7) < (n=DG (%, [x]") < (n-1)e’ = &.

Therefore, lim,,_, oo G (%, [#]"1) = 0.
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Conversely, suppose that 1im,,, o G(%,,, [x]" ) = 0 and fix & > 0 arbitrary. Using &/(n —
1) > 0, let mo € N be such that if m > my, then G (x,,, [x]"!) < &/(n — 1). Therefore, by item

(4) with a = x, if my, m», ..., m,_1 > my, we have

&

G oms Xmys s Xy %) < D Gy [%]"7) <

i=1 i=

n-1 n-1
=E€.
1

n-1

(6) Suppose that {x,,} is G-Cauchy and let ¢ > 0. There is my € N such that if m;, m;,
oMy, My > mg, then Gy, Xigs oo o Xy, 1> %m,) < €. Let m,m’ > my. Hence G(x,,,
X ]" ™) < £ and G (%0, [%,,]"1) < & and we deduce that dg(x,,, %) = max(G (X, [%,0 1",
G, [xm]" 1)) < &. Therefore, {x,,} is dg-Cauchy.

Conversely, suppose that {x,,} is dg-Cauchy and let ¢ > 0. Given ¢/n > 0, there is my € N
such that if m, m’ > my, then dg(x,,,%,,) < €/n. Therefore, if my, my,...,m,_1,m, > my,

item (4) ensures us that

n n n

g(xmlxxmzvu:xm,,_pxmn) =< Zg(xmir [xmo]n_l) < ng(xmi,xmo) < Z ; =€&.

i-1 i=1 i=1
Hence, {x,,} is G-Cauchy. O
Corollary 18 A sequence {x,,} on a G};-metric space (X,G) is not G-Cauchy if, and only
if, there exist a positive gy > 0 and two subsequences {X,()} k=1 and {Xm) k=1 of {Xm} such
that k < n(k) < m(k) < n(k + 1),

g(xm(k), [xn(k)]"’l) >go and g(xm(k),l, [xn(k)]n—l) <¢&p fOI" all k e N.

To prove our main results, the following refinement of Corollary 18 plays a key role.

Lemma 19 Suppose that a sequence {x,,}men in a G)-metric space (X, G) is not G-Cauchy
and verifies {G%mi1, [Xm]" }men — 0. Then there exist g9 > 0 and two subsequences
{Xm(i) heen and (X Yken such that, for all k € N,

k <n(k) <m(k) < n(k +1), g(xm(k), [x,,(k)]”’l) >89 and Q(xm(k)_l, [x,,(k)]”’l) < &o.
Furthermore, for all py,p,,...,py = 0, we have

kll)ngo G Xk pyr Kn(K)+p2r Kn(K)+p3 - + +» Kn(K)+ppy» Xm(K)+p) = €0- (2)
Moreover,

LM G (%00)-15 Xn(k)s X)) +1> Xn(k)+25 - « - » Xa(k)+1-3» Xm(l)—1) = €0-

k—00

In particular,

lim G (), [n0]" ™) = €0
k—00
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Proof First part is Corollary 18. Now suppose that {x,,} <N Verifies

{g(xmﬂ» [xm]n_l)} — 0. (3)

meN

By item (4) of Lemma 17, we have 0 < G(x,,;, [%:1]" 1Y) < (n = 1)G (%41, [%,,]" 1) for all m,

SO

{g(xm: [xm+1]nil) }mEN — 0. (4)
Notice that, using (A4),

£0 < G (®m(r [Xn0)]"™) < G (Fomik)s Fomo-11"") + G (Kme-1, L] ™)

< G(Xmw)» Dmpy-11"") + &0.

Using equation (3) and taking the limit as k — oo we deduce that
li m(k)r ln " = . 5
Jim G (%m(iy> [ni]"™) = €0 (5)

Next we show, by induction, that for all p; > 0,

]n—2

im G (%u(pr Bn)]” > %m@e) = €o- (6)
k—00

If p; = 0, the claim holds by equation (5). Suppose that equation (6) holds for some p; > 0;
we will prove it for p; + 1. On the one hand,

g(xn(k)+p1+17 [xn(k)];%z’ xm(k)) < g(xn(k)+p1+l: [xn(k)+p1]n71) + g(xn(/<)+p1r [xn(k)]n72; xm(k))r

and, on the other hand,

2

G (®nspnr o) %mi)) < G (Enrspr Bonorpr 1)) + G (Bny 41 o]

:xm(k))~

Joining the two inequalities, for all k € N,

G (%nyp0 Pon)) 2 %mt) = G (Rnysprs Ponyspraa]™™)

< G(Fnrprst Bon)]" 2 %mn))

= g(xn(k)+p1+1: [xn(k)+p1]n71) + g(xn(k)+p1) [xn(k)]rkz; xm(k))y
taking the limit as k — 0o, and applying equations (3) and (4), we deduce that
&0 — 0=< klifgog(xn(k)-*—pﬁl’ [xn(k)]nizrxm(k)) <0+ €0,

that is, equation (6) holds for p; + 1. This completes the induction and equation (6) is valid
for any p; > 0. Next we prove that, for all p;,p2 > 0,

lim g (xn(k)+p1 »Xn(k)+po s [xn(k) ] nig; xm(k)) =&p. (7)
k—00
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Fix p; > 0 arbitrarily. If p, = 0, equation (7) is true by equation (6). Suppose that equation
(7) is true for some p, > 0 and we will prove it for p, + 1. Indeed, on the one hand,

G (%n+prs Xn(k)+po+15 [Bn)" > X))
= G (X spa+ 1 Xn)spy o) Xty

= g(xn(k)+p2+1’ [xn(k)+p2]n71) + g(xn(k)+p2:xn(k)+plr [xn(k)]nis: xm(k))x
and, on the other hand,

G (%nk)sp2 Xnyeprs Pon)]" ™, %m(t)

< G(Xnypnr Enpas1]™™) + G(Xnys a1 By 1 )]s X))

Combining the two inequalities, for all k € N,

g (xn(k)+p2 ’ xn(k)+p1 ) [xn(k)]rFB’ xm(k)) - g (xn(k)+p2 » [xn(k)+p2 +1]n71)

< g (xn(k)+p2+1’ Xn(k)+py» [xn(k) ] "3 ’ xm(k))

3

< G(Xnpr 1 En s ") + G(Fn0) 120 Bty En) )"~ i) ) -

Taking the limit as k — oo and applying equations (3) and (4), we deduce that
g—-0< klir& G (%n(ty+p2+15 B> K]~ %)) < 0 + €0,

that is, equation (7) also holds for p; + 1. This completes the second induction. Repeating
this reasoning in all arguments, we conclude that equation (2) holds. Exactly the same

argument lets us prove that
klgglo G (X (k)=15 Fn(k)s Xn(k) +15 (k)42 - + - s Xn(k) 4135 Xm(k)-1) = £0- O

4 Product of G}-metric spaces

In [11], the authors proved that, in general, the product space of G-metric spaces isnota G-
metric space (unless the factors are symmetric, that is, that they can be reduced to metric
spaces). Later, Rolddn and Karapinar [20] introduced the concept of G*-metric spaces,
in which the axiom (Gs) is omitted. Then they succeeded in proving that the product of
G*-metric spaces is also a G*-metric space. This is the case of G};-metric spaces.

Theorem 20 Let {(X;, G)}Y, be a family of G*-metric spaces, consider the product space
X=X x Xy X -+ x Xy and define G and G;*™ on X" by

G (20,20, Zy) = max Gi(2),25,-.,2,)  and

1<i< "

N
G;um(Zl,Zz,...,Z,,) = Zgi(z},ziz,...,zf)
i-1
forallZy = (z},22,...,2Y),Zy = (24, 23,...,2), ..., 2, = (2}, 22,...,2)) € X. Then the follow-

ing statements hold.

Page 8 of 18
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(1) 7™ and G*™ are G-metrics on X. Also they are equivalent since
g:qnax S gzum S Ng:lnax‘

Q) If2,,=(z,22,....2\) e X for all m and W = (W', w?,...,.wN) € X, then {Z,,}
G _converges (respectively, G™-converges) to W if, and only if, each {Z! }
Gi-converges to na

(3) {Z}m=o0 is G*-Cauchy if, and only if, each {z., },u>0 is Gi-Cauchy for all
ie{l,2,...,n).
(4) (X,G7™) (respectively, (X, G3"™)) is complete if, and only if, every (X;, G;) is complete.

Proof We only reason with G" since the other case is similar. Note that if Z; =
(zh,27,...,2Y) e X = X1 x X3 x -+ x Xy, then z{ € X; for all i € {1,2,...,n} and all
je{l,2,...,N}.

(1) We prove four axioms.

(A1) If Z = (z,2%,...,2Y) € X, then G™X(Z,Z,...,Z) = maxi<i<y Gi(Z’,Z},...,Z) =
max;<j<y 0=0.

(Ap) Suppose that Z; # Z,, that is, there is j € {1,2,...,N} such that z’1 7!22. Then
gj(z]i,zé, . ,z],,) > 0 and we deduce that

g;lnax(zl,22, ey ZVI) = llllii)l(vgi(zi,Zé, A ,qu) Z gl(Zjl,ZJZ, e ,Zli;) > 0.
(Az)Ifo : A, — A, is a permutation, then

max _ ) i i
gn (Za(l): Za(z),« . -720(;«1)) = 112?1(\[ G (Za(l)yzg@); .. ')Za(n))

= 12851)1(\[gi(2l1’212"”’zl”) = g;ﬂax(zl,zzyn.’zn)'

(Ag) Let W = (W', w?,...,wN). Then

G (21, 2y, Zn) = lrfrliglgi(zi,z;,...,z;)

< 122;)}(\[[gi(zi,wi,wi,...,wi) +Gi(W25,25,...,2,)]

< max Gi(z},w',w,...,w') + max G;(W',2,,25,...,2,)

T 1<i=N 1<i<N "

= g;nax(zl,w’ W, ey W) + g;iaX(W, ZZ) 23) veey Zn)'
(2) It follows from Proposition 1, item (5) of Lemma 17, and the fact that

GM(Zy, W, W, ..., W) = max gi(zﬁ”,wi,wi,...,wi).

1<i<N

(3) It is the same reasoning as taking into account that

g:’nax(zml’ Zmzrzrn3: .. ~;Zm,,) = 1r<nii)](vgi(Z;11,Zi,”2yZin3; .. "Zi’nn)'

(4) Assume that (X;,G;) is complete for all i € {1,2,...,n} and let {Z,,},,>0 be a G**-

Cauchy sequence in X. By item (3), each sequence {2, },,>0 is G;-Cauchy for all i €
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{1,2,...,n}. Since (X;,G;) is complete, there is w' € X such that {z/,} 4 wi, for all i €
g}rqnax
{1,2,...,n}. W= (wh,w?,...,w") € X, item (2) guarantees that {Z,,} => W. Therefore,

(X, G is complete. The converse is similar. O

5 Some fixed point results on G};-metric spaces

The following result is a natural extension of Theorem 26 in [20] and of Theorem 3.1 in
[22]. We highlight two facts: on the one hand, if # > 3, the following result cannot be re-
duced to metric spaces since the role of x and y is not symmetric; on the other hand, it
cannot be reduced to G-metric spaces (three arguments) because repeating some argu-

ments does not yield G-metric spaces (see Remark 11 and also Remark 2 in [22]).

Theorem 21 Let (X, <) be a preordered set endowed with a G),-metric G andlet T : X — X
be a given mapping. Suppose that the following conditions hold:
(@) (X,G) is complete.
(b) T is non-decreasing (w.r.t. X).
(c) Either T is G-continuous or (X, G, X) is regular-non-decreasing.
(d)
(e) There exist two mappings W, € V such that, for all x,y € X with x X y,

There exists xo € X such that xo < Txo.

v (G(Tx, Ty, T?%, T?x,..., T?x)) < (¥ — ) (G, 3, T, T, ..., Tx)). (8)

Then T has a fixed point. Furthermore, if for all z1,z, € X fixed points of T there exists
z € X such that z; X z and z; < z, we obtain uniqueness of the fixed point.

Proof Define x,, = T™"x, for all m > 1. Since T is <-non-decreasing, then x,, < x,,,1 for
all m > 0. Then

Y (G (%t oma2)"™)) = V(G Tms Tomsts Ty T%s ., T%) )
< (W = 0)(G G Xmst, Ty T Tty
= (Y = @G Xis 1 s 1 s -« > X))
= (¥ = 0)(G (% [tma]"™)).

Applying Lemma 4, {G(xy, [%1]" 1)} — 0. By item (4) of Lemma 17, 0 < G(x41,

[xm]n_l) = (I’l - l)g(xmr [xm”]n—l)’ SO
{G(®m mal"™)} >0 and  {G(xmu, [xm]")} — 0. )
Let us show that {x,,} is G-Cauchy. Reasoning by contradiction, if {x,,} is not G-Cauchy,
by Lemma 19, there exist gy > 0 and two subsequences {x,)} and {x,,x} verifying k <

n(k) < m(k),

G (%m)» Fn)» 411" %) > €0 and

G (%m@)1» Fns [Xny 11" %) < &0 forall k> 1.
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Therefore, by (8),

0 < ¥(£0) < ¥ (G (X Xty [Xn111" %))
= Y (G (%nwyr Xty Fniy1]"2))
= (G (T 1, o1, [ T2 1]" 7))
< (¥ — (G (Xn-1 %m@-1, [ THnio-1]" %))
= Y (G (-1 %m0, n)]"™2) ) = (G (%15 Fontao-1> Do 1" %) ) (10)

Consider the sequence of non-negative real numbers {G (%61, Xm(k)-1, [%n()]" )} If this
sequence has a subsequence converging to zero, then we can take the limit in equation (10)
using this subsequence and we would deduce 0 < ¥(g9) < 0, which is impossible. Then
{G (Xn()-1> Xim(i)-15 [x,,(k)]”’z)} cannot have a subsequence converging to zero. This means
that there exist § > 0 and ky € N such that

G (%n()-1» m(o-1s X" 2) = 8 for all k > ko. (11)

Since ¢ is non-decreasing, —¢(G (Xuw)-1, Xmkx)-1» [*n]" %) < —(8) < 0. We also notice
that, using (A4),

]n2

< G (®nw-1 %m-1 Pon]" ) = G (®me-15 [FBnn)" 2 Xn(i-1)

IA

(-1 o411 + G (ny15 o))" Xnry-1)

g
g

(Fn41 Pon 1) Xmi-1) + G (X415 K] Xnih-1)

IA

(G (nos1> [n]" ™) + G (%nih)s Pons1]” 2 Xmr-1) )
+ (G (Fns1, Pono] ™) + G (Fn) Koo Fonr-1))
< G (%t o)) + €0 + G (Fuo1s [Hn0]" ™) + G (Rniry-15 o] )- (12)

By equations (10), (11), and (12), and taking into account that v is non-decreasing, it fol-
lows that, for all k > ko,

0 < ¥ (0) < ¥ (G (%1 %m-1> n]" %)) = (G (%1 Xm@-1 L] %) )
< V(G (%1, Fmi)-1, ] 2)) = 9(8)
=< I/f(g(xn(k)ﬂr [xn(k)]n_l) t&+ g(xn(k)ﬂy [xn(k)]n_l)

+ G (%1, [n)]")) = 0(8). 13)

Using equation (9), the fact that ¥ is continuous and taking the limit when k — oo in
equation (13), we deduce that 0 < ¥(gg) < ¥ (g0) — ¢(8), which is impossible since § > 0
and ¢(8) > 0. This contradiction shows us that {x,,} is a G-Cauchy sequence. Since (X, G)
is complete, there exists zy € X such that {x,,} _g) Z0.

Now suppose that T is G-continuous. Then {x,,,,1} = {Tx,,} 4 Tz. By the unicity of the
limit, Tz = zp, and z is a fixed point of 7.
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On the other case, suppose that (X, G, X) is regular. Since {x,,} g zo and {x,,} is mono-
tone non-decreasing (w.r.t. ), it follows that x,, < zo for all m. Hence

w(g(xmﬂ, TZO) [xm+2]n_2)) = \b (g(Txm, TZO; [szm]n—Z))
< (¥ - ) (G (%m 20, [Txm]"?))
= (Iﬁ - (p)(g(xm7 [xm+l]n72’20))'

Since {x,,} 9 2o, then {G (%, [%11]""% 20)} — 0. Taking the limit when k — oo we deduce
that

{w(g(‘xﬂulr TZO’ [xm+2]”_2))} — 0.

By Lemma 3, {G (%11, T20, [%ms2]""2)} — 0, 50 {%,,} 4 Tzo and we also conclude that z is
a fixed point of T'.
To prove the uniqueness, let z;,z; € X two fixed points of T. By hypothesis, there exists

z € X such that z; < z and z, < z. Let us show that {T"z} _g) z1. Indeed,

v (G(T 2 [a)")) = ¥ (G(Ta, TT"2, [ T2 ]"))
< (‘W - (p)(g(zli Tmzr [Tzl]n_z))
= (¥ - 9)(G(T"z [a]")).

By Lemma 4, we deduce {G(T"z, [z;]" 1)} — 0, that is, {T"z} g z1. The same reasoning

proves that {77z} —g> 25, 80 21 = Zo. O

If we particularize the previous result to the case in which # = 3, we obtain the following

consequence.

Corollary 22 (Rolddn and Karapinar [20], Theorem 26) Let (X, <) be a preordered set
endowed with a G*-metric Gand T : X — X be a given mapping. Suppose that the following
conditions hold.:

(@) (X, G) is complete.

(b) T is non-decreasing (w.r.t. %).
(c) Either T is G-continuous or (X, G, X) is regular-non-decreasing.
(d)
(e) There exist two mappings W, € V such that, for all x,y € X with x X y,

There exists xy € X such that xo < Txo.

v (G(Tx, Ty, T?x)) < ¥ (G(x,y, Tx)) — ¢(Gx, y, Tx)).

Then T has a fixed point. Furthermore, if for all z1,z, € X fixed points of T there exists
z € X such that z; X z and z < z, we obtain uniqueness of the fixed point.

Taking ¥ (¢) = t for all £ > 0 in the previous theorem, we deduce the following result.

Corollary 23 Let (X,G) be a complete G},-metric space endowed with a preorder < and
let T : X — X be a <-non-decreasing mapping such that there exists ¢ € V verifying, for
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all x,y e X withx < y,
Q(Tx, Ty, Tx, T%x, ..., sz) <Gy Ix, Ix, ..., Tx) — (p(g(x,y, Tx, Tx,..., Tx)).

Assume that T is G-continuous or (X, G, X) is regular. Then T has a fixed point provided
that there is xy € X such that xo < Txy.

In addition to this, taking ¢(¢) = (1 — k)t for all £ > 0 in the previous corollary, we deduce
the following result.

Corollary 24 Let (X,G) be a complete G};-metric space endowed with a preorder < and
let T : X — X be a <-non-decreasing mapping such that there exists k € [0,1) verifying

G(Tx, Ty, T%x, T%x, ..., sz) <kG(x,y,Ix, Tx,..., Tx) forallx,y € X withx < y.

Assume that T is G-continuous or (X, G, X) is regular. Then T has a fixed point provided
that there is xy € X such that xy < Txy.

6 Some fixed point results on G,-metric spaces
The following result is a variation of Theorem 21 in the setting of G,-metric spaces.

Theorem 25 Let (X, <) be a preordered set endowed with a G,-metricG andlet T : X — X
be a given mapping. Suppose that the following conditions hold:
(a) (X, Q) is complete.

(b) T is non-decreasing (w.r.t. %).
(c) Either T is G-continuous.
)

)

(d
(e) There exist two mappings ¥ € V and ¢ € ® such that, for all x,y € X withx X y,

There exists xy € X such that xo < Txo.

Y (Q(Tx, Ty, T%x, T%x, ..., T”_lx)) <y - go)(g(x,y, Tx, Tx,. .., T"_Zx)). (14)

Then T has a fixed point. Furthermore, if for all z,z, € X fixed points of T there exists
w € X such that z; X w and z, <X w, we obtain uniqueness of the fixed point.

Proof Define x,, = T"x, for all m > 1. If there exists some m, € N such that x,,,;, = %41,
then x,,, is a fixed point of 7. On the contrary, suppose that

X Xmy1  forallm e N, (15)

Since T is <-non-decreasing and x¢ < Txo = x1, then x,,, < %1 for all m > 0. Therefore,
taking x = x,,, and y = x,,,,_1 in equation (14), we have
U (G Kmats Binszs Xma3s - s Xments Xman))
= V(G (Tom> T*%m> T T %o, Thipin1 )
=V (G(Tom> Tomen-ts T*%ms T %m0 T %))
< (¥ = )G (%m> Xmnt> T T*%s.. ., T"_zxm))

= (1// - w)(g(xm’xmﬂyxmﬂ; ces rxmwz—l))o
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Applying Lemma 4, {G (X1, X141, X425 - - +» Xmsn-1) }m=0 — 0. Taking into account equation
(15) and (As),

g(xmﬂr[xm]n 1) G Xy Xos X+ + s Xy K1)

< G(Xps Xiis 1y Xma2s « - o s Xman—1) forall m > 0.

Therefore,

{g(xrml: [xm]n_l)}mzo -0

Let us show that {x,,} is G-Cauchy. Reasoning by contradiction, if {x,,} is not G-Cauchy, by
Lemma 19, there exist €9 > 0 and two subsequences {x,)} and {x,,)} verifying k < n(k) <

m(k) < n(k +1),

G (%m@)» n@)]" %) >80 and G (%m@py-1, [¥u]” ") < &0 forallk > 1;

kll)ngo G Xk pyr Kn(K)+pr Kn(K)+p3s -+« »Kn(K)+ppy» XmK)+py) = €0 forall py, pa,...,p, = 0;

lim g(xn —1Xn(k)s Xn(k)+1> Xn(k)+2s + + + s Xn(k)+n-3» xm(k)—l) =£&9. (16)
k— 00
In particular, taking appropriate values for py,ps,...,p, > 0, we have
1M G (ks Xn(k)+1r Xn(k)+25 + - -5 Xn()+n=2s Xm(k)) = €0- 17)
k—o00

From %,y < %m0 and by equation (14),

V(G Fns Xn(h)+1 k) 125 - - » Xl -2 Xm(k)))

= Y (G X Xt Xn(k)41» k)42 - - » Xn()1n—2) )

= Y (G(Ton-1> Tom@o-1 T %ny-1> T> %1 - » T Xnii-1))
< (W = )G (Fn-1, Fmo-1> Ton1> T*%nt=1r - +» T Fn(io-1))

= (Y = @)(GEn)-1 Xm(-1 Xn(k)» Xn(l+15 - - - » ¥n(k)4n-3))

= (Y = @)(GEn -1 %n(k)s (k)11 - - -» ¥l +1-3» Xm(k)-1))

= V(G Fn)-1 %K) Fn ()1 - - - » Xn(k)+1-3> Xm()-1))
= @(G X1 %) Xn(l)+15 - - -» k) 11-3 Krm()-1))

< V(G En)-15 Fnk)» k)15 - - > Xn(k)+1-3» Fn(i)-1) )

for all k > 0. Using that v is a continuous mapping, and equations (16) and (17), we deduce

that the sequence
{@(G nth)-15 Xk Xk +15 - - > o413 Xim(i)-1)) } ey
has a finite limit and, more precisely,

Y(eo) < ¥(eo) — klggo(p(g(xn(k)—lixn(k)’xn(k)ﬂy Rl +n=3Em()-1)) < ¥ (€0)-
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Hence
1im @ (G (Fn(-1 %n(k)» Fn(k)+1 - - -» Xn(k)+n-3» Xm()-1)) = 0.
k—o0
It follows from equation (1) that
€0 = 1im G(Xu(k)-1, Xn(k)s Xn(k)+15 - - - » Xn(k) +11-3» Xm(i)-1) = 0,
k—o00

which contradicts that &y > 0. This contradiction shows us that {x,,} is a G-Cauchy se-
quence. Since (X, G) is complete, there exists zy € X such that {x,,} 4 zo. Furthermore,
since T is G-continuous, then {x,,.1} = {Tx,,} _g) Tz. By the unicity of the limit, Tz = zo,
and z is a fixed point of T.

To prove the uniqueness, let z;,z; € X two fixed points of T'. By hypothesis, there exists
wo € X such that z; < wy and z; < wy. Let us show that {w,, = T"wq} g z1. On the one
hand, since T is non-decreasing, z; = 7"z; < T"wo = w,,. On the other hand, forall m > 0,

V(G (wms [a]")) = ¥ (G(T21, Top T2, Tz, ..., T ')
f (1/f - w)(g(zl’ Wiy TZI’ TZZI; ceey T”"Zzl))

= (¥ = 9)(G(@m [21]")).

By Lemma 4, we deduce {G(w,, [z1]" 1)} — 0, that is, by item (5) of Lemma 17, {w,, =

T"wg} _g) z1. The same reasoning proves that {7"” g} —g> 23, 80 2] = Z3. O

In the following result, we suppose that ¢ € W, and we analyze the case in which T is
not necessarily continuous.

Theorem 26 Let (X, <X) be a preordered set endowed with a G,,-metricG andlet T : X — X
be a given mapping. Suppose that the following conditions hold:

(a) (X,G) is complete.

(b) T is non-decreasing (w.rt. <).

(d
(e) There exist two mappings W, ¢ € V such that, for all x,y € X withx < y,

)
)
(c) Either T is G-continuous or (X, G, X) is regular.
) There exists xq € X such that xy < Txg.

)

v (G(Tx, Ty, T?%, T, ..., T" %)) < (¥ — )(G (%3, Tv, Tx,..., T" ).

Then T has a fixed point. Furthermore, if for all z;,z; € X fixed points of T there exists
z € X such that z; < z and z; < z, we obtain uniqueness of the fixed point.

Proof By Remark 6, ¢ € ¥ C O, so this result holds when 7' is continuous. Now suppose
that (X, G, x) is regular. Repeating the previous proof, we know that {x,, = T"x(} L 2.
Since {x,,} is <-non-decreasing and (X, G, %) is regular, it follows that x,, < z¢ for all m.
Hence

¥ (g(xmﬂx KXm+2s Xm+3s + « + s Xm+n—1> TZO))

= I/J(Q(Txm, Tz, T %0, T2 %y - . . T”’lxm))

Page 150f 18
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S (w - (p)(g(x;%) 20, Txm; szmy ceey Tn_me))

=y - ¢)(g(xm,xm+1,xm+2, ce s Xmin-2s ZO))-

As {x,,} g 2o, we know that {G (%, X415 X425 - - » Ximen—2,20) }m=0 — 0. Since ¥ and ¢ are

continuous, then {(1/[ - (p)(g(xm:xm+l:xm+2¢--nxm+n—2;zo))}m20 — 0, so {w(g(merl)merZ;
KXm+3s -+« s Xm+n-1» TZO))}sz — 0. BY Lemma 37

{g(xm+l’xm+2!xm+3’ ce s Xmin-1s TZO)}mZO —0

and this means that {x,,,} L Tzo. The unicity of the limit leads us to conclude that
TZO =2Z0. O

Theorems 25 and 26 can be particularized to the case in which () = ¢ for all £ > 0 as
follows.

Corollary 27 Let (X,G) be a complete G,-metric space endowed with a preorder < and
let T : X — X be a X-non-decreasing, G-continuous mapping such that there exists ¢ € ®
verifying, for all x,y € X with x X y,

v (G(Tx, Ty, T?%, T,..., T" %))

<G(xy, Tr, Tx, ..., T" %) — (G (x,, Tx, T, ..., T" ).
Then T has a fixed point provided that there is xy € X such that xy < Tx,.

Corollary 28 Let (X,G) be a complete G,-metric space endowed with a preorder < and
let T : X — X be a <-non-decreasing mapping such that there exists ¢ € V verifying, for
all x,y e X withx < y,
Q(Tx, Ty, T?x, T%x,..., T"‘lx)
<G(xy Tr, T%x,..., T"_Zx) -9(G(xp, Tx, T%x,..., T"_zx)).

Assume that T is G-continuous or (X, G, X) is regular. Then T has a fixed point provided
that there is xo € X such that xo < Txy.

The following result is a particularization to the case in which ¢(t) = (1- k)t forall£ > 0,
where k € [0,1).

Corollary 29 Let (X, G) be a complete G,-metric space endowed with a preorder < and
let T : X — X be a <-non-decreasing mapping such that there exists k € [0,1) verifying, for
all x,y e X withx < y,

Q(Tx, Ty, Tx, T°x, ..., T"ilx) < kG (x,y, Tx, T2, ..., T”’zx),

Assume that T is G-continuous or (X, G, X) is regular. Then T has a fixed point provided
that there is xg € X such that xy < Txo.
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7 Consequences

Similar (but easier) techniques permit us to prove the following result.

Theorem 30 Let (X, <) be a preordered set endowed with a G};-metricG andlet T : X — X
be a given mapping. Suppose that the following conditions hold:
(a) (X,Q) is complete.

(b) T is non-decreasing (w.rt. <).

(d
(e) There exist two mappings W, ¢ € WV such that, for all x1,%,...,x, € X with

)
)
(c) Either T is G-continuous or (X, G, <) is regular-non-decreasing.
) There exists xq € X such that xy < Txg.

)

XX X3 X Xy,
¥ (G(Txy, Ty, T, ..., Txy)) < (W — @) (Glo1, %0, %35 .. X))

Then T has a fixed point. Furthermore, if for all zi,z, € X fixed points of T there exists
z € X such that z; X z and z; < z, we obtain uniqueness of the fixed point.

In particular, taking ¥ = X x X, we can conclude the following result.

Corollary 31 (Choudhury and Maity [22], Theorem 3.1) Let (X, <) be a partially ordered
set and G be a G-metric on X such that (X, G) is a complete G-metric space. Let F : X x X —
X be a continuous mapping having the mixed monotone property on X. Assume that there
exists a k € [0,1) such that for x,y,z,u,v,w € X, the following holds:

G(F(x,y),F(u, v), F(w, z)) < g[G(x, u,w) + G(y,v, z)]

forallx = u»>wandy=<v=<zwhereeitheru#worv+z.
If there exist xg,yo € X such that xo < F(xo,Y0) and yo = F(yo,%0), then F has a coupled
fixed point in X, that is, there exist x,y € X such that x = F(x,y) and y = F(y, x).
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