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Abstract

In this paper, using the concept of a w-distance on a metric space, we first prove the
existence of a fixed point theorem for generalized w,-contraction multivalued
mappings without completeness in metric spaces. Our presented results generalize,
extend, and improve the result of Kutbi and Sintunavarat (Abstr. Appl. Anal.
2013:165434, 2013) and various well-known results on the topic in the literature. Also,
we give some examples to which the results of Kutbi and Sintunavarat (Abstr. Appl.
Anal. 2013:165434, 2013) are not applied, but our results are.
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1 Introduction

In 1996, Kada et al. [1] introduced the concept of w-distance on a metric space, which
is a real generalization of a metric. By using this concept, they extended and improved
Caristi’s fixed point theorem, Ekland’s variational principle, and Takahashi’s existence the-
orem from the metric version to a w-distance version. Later, Suzuki and Takahashi [2]
using the concept of w-distance to established the fixed point result for multivalued map-
ping. This result is an improvement of the famous Nadler fixed point theorem.

In 2013, Kutbi [3] improved a useful lemma given in [4] for the w-distance version and
established the fixed point results via this lemma. Recently, Kutbi and Sintunavarat [5]
introduced the notion of generalized w,-contraction mapping and proved a fixed point
theorem for such a mapping in complete metric spaces via the concept of o-admissible
mapping due to Mohammadi et al. [6]. On the other hand, Hussain et al. [7] introduced
the concepts of -complete metric spaces and also established fixed point results in such
spaces.

The purpose of this work is to weaken the condition of completeness of the metric space
in the result of Kutbi and Sintunavarat [5] by using the concept of «-completeness of the
metric space. We also give the example of a nonlinear contraction mapping which is not
applied by the results of Kutbi and Sintunavarat [5], but can be applied to our results. The
presented results extend and complement recent results of Kutbi and Sintunavarat [5] and
many known existence results from the literature.
©2014 Kutbi and Sintunavarat; licensee Springer. This is an Open Access article distributed under the terms of the Creative Com-
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2 Preliminaries
Throughout this paper, we denote by N and R the sets of positive integers and real num-
bers, respectively.

For a metric space (X, d), we denote by 2%, CI(X), and CB(X) the collection of nonempty
subsets of X, nonempty closed subsets of X and nonempty closed bounded subsets of X,
respectively.

For A, B € CB(X), we define the Hausdorff distance with respect to d by

H(A,B) = max{sup d(x, B),sup d(y,A)},

xeA yeB

where d(x,B) := inf)cpd(x,). It is well known that (CB(X),H) is a metric space and
(CB(X), H) is complete if (X, d) is complete.

Definition 2.1 Let (X, d) be a metric space and T : X — 2X be a multivalued mapping.
A point x € X is called a fixed point of T if x € T'(x) and the set of fixed points of T is
denoted by F(T).

Definition 2.2 ([8]) Let (X, d) be a metric space and let T': X — CB(X) be a multivalued
mapping. T is said to be a contraction if there exists a constant A € (0,1) such that for each
x,y€X,

H(T(), T()) < rd(x,).

Definition 2.3 ([1]) Let (X,d) be a metric space. A function @ : X x X — [0, 00) is called
a w-distance on X if it satisfies the following conditions for each x,y,z € X:

(w1) o, 2) <owx,y) + oy, 2);
(wy) a mapping w(x,-) : X — [0, 00) is lower semicontinuous;
(ws) for any € > 0, there exists § > 0 such that w(z,x) <8 and w(z,y) <& imply d(x,y) <e.

For a metric space (X, d), it is easy to see that the metric d is a w-distance on X. But
the converse is not true in the general case (see Examples 2.4 and 2.5). Therefore, the
w-distance is a real generalization of the metric.

Example 2.4 Let (X,d) be a metric space. For a fixed positive real number ¢, define a
function w: X x X — [0,00) by w(x,y) = ¢ for all x,y € X. Then w is a w-distance on X.

Example 2.5 Let (X, || - ||) be a normed linear space.
1. Afunction w: X x X — [0,00) defined by w(x,y) = ||x|| + ||yl forallx,y € X is a
w-distance on X.
2. A function w: X x X — [0,00) defined by w(x,y) = ||y|| forallx,y € X is a
w-distance on X.

Remark 2.6 From Example 2.5, we obtain in general for x,y € X, w(x,y) # o(y,x) and
neither of the implications w(x, y) = 0 < x = y necessarily holds.

Definition 2.7 ([9]) Let (X, d) be a metric space. The w-distance w : X x X — [0,00) on
X is said to be a wy-distance if w(x,x) = 0 for all x € X.
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For more details of other examples and properties of the w-distance, one can refer to [1,

2, 9]. The following lemmas are useful for the main results in this paper.

Lemma 2.8 ([1]) Let (X, d) be a metric space and @ : X x X — [0, 00) be a w-distance on X.
Suppose that {x,} and {y,} are sequences in X and {a,} and {B,} are sequences in [0, c0)
converging to 0. Then the following hold for x,y,z € X:
1. ifolx,y) <o, and o(x,,z) < Bu for any n € N, then y = z; in particular, if
o(x,y) =0 and w(x,z) = 0, then y = z;
2. if oy, yn) < oy and w(xy,z) < B, for any n € N, then {y,} converges to z;
if (X, Xm) < &ty for any n,m € N with m > n, then {x,} is a Cauchy sequence;

ifo(y,%,) <oy, for any n € N, then {x,} is a Cauchy sequence.

Next, we give the definition of some type of mapping. Before giving the next definition,
we give the following notation. Let (X, d) be a metric space and w : X x X — [0,00) be a

w-distance on X. For x € X and A € 2%, we denote w(x, A) := infyc4 w(x,7).

Definition 2.9 ([2]) Let (X, d) be a metric space. The multivalued mapping 7' : X — CI(X)
is said to be a w-contraction if there exist a w-distance w : X x X — [0,00) on X and
A € (0,1) such that for any x,y € X and u € T (x) there is v € T(y) with

o(u,v) < ox,y).

Definition 2.10 ([5]) Let (X, d) be a metric space and & : X x X — [0, 00) be a given map-
ping. The multivalued mapping T : X — CI(X) is said to be a w,-contraction if there exist
aw-distance w : X x X — [0,00) on X and X € (0,1) such that for any x,y € X and u € T (x)
there is v € T'(y) with

a(u, v)o(u,v) < Ao(x,y).

Definition 2.11 ([5]) Let (X, d) be a metric space and & : X x X — [0, 00) be a given map-
ping. The multivalued mapping T : X — CI(X) is said to be a generalized w,-contraction
if there exist a wy-distance w on X and X € (0,1) such that for any x,y € X and u € T (x)
there is v € T'(y) with

o(u, V)o(u,v) < A max{w(x,y), a)(x, T(x)), w(y, T(y)), %[a)(x, T(y)) + a)(y, T(x))] }

Next, we give the concepts of an «-admissible multivalued mapping and «-completeness

of metric spaces.

Definition 2.12 ([6]) Let X be a nonempty set, T: X — 2¥ and o : X x X — [0,00) be a
given mapping. We say that T' is an a-admissible whenever, for each x € X and y € T'(x)
with «(x,y) > 1, we have a(y,z) > 1 for all z € T(y).

Remark 2.13 The concept of ¢-admissible multivalued mapping is extension of concept
of a,-admissible multivalued mapping due to Asl ez al. [10].
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Many fixed point results via the concepts of «-admissible mappings occupy a prominent

place in many aspects (see [5, 11-17] and references therein).

Definition 2.14 ([7]) Let (X, d) be a metric space and « : X x X — [0, 00) be a given map-
ping. The metric space X is said to be o-complete if and only if every Cauchy sequence

{x,} in X with a(x,,x,,1) > 1 for all n € N, converges in X.

Example 2.15 Let X = (0, 00) and define metric d: X x X — [0, 00) by d(x,y) = |x — y| for
all x,7 € X. Let A be a closed subset of X. Define o : X x X — [0, 00) by

x3 +4x2y+5xy2 +y3
3
) =1
x+y ’

, X%y EA,

otherwise.

Clearly, (X,d) is not a complete metric space, but (X,d) is an a-complete metric space.
Indeed, if {x,} is a Cauchy sequence in X such that o(x,,x,,1) > 1foralln € N, thenx, € A
for all » € N. Now, since (A,d) is a complete metric space, there exists x* € A such that

X, — X asn— o0,

3 Main results
In this section, we prove a fixed point theorem for generalized w, -contraction multivalued
mappings in «-complete metric space.
Theorem 3.1 Let (X,d) be a metric space, « : X X X — [0,00) and T : X — CI(X) be
a generalized w,,-contraction multivalued mapping. Suppose that (X,d) is an o-complete
metric space and the following conditions hold:

(@) T is an a-admissible mapping;

(b) there exist xg € X and x1 € T (xo) such that o(xg,x1) > 1;

(c) ifforeveryy e X withy ¢ T(y), we have

inf{ow(x,y) + o(x, T(x)) :x € X} > 0.
Then F(T) #0.

Proof We start from x¢ € X and x; € T'(xo) in (b). From the definition of a generalized

weg-contraction of T, we can find x, € T'(x;) such that
a(x1, %)@ (x1, %) < A maX{w(xo,xl), w (%0, T(x0)), (%1, T(%1)),
1
2 [a)(xo, T(xl)) + a)(xl, T(xo))] } (3.1)
Since T is an a-admissible mapping and x; € T'(xo) such that (x,x;) > 1, we have

a(xl,xz) >1. (32)
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From (3.1) and (3.2), we obtain
w(x1,%2) < ooy, %) (%1, %2) < A maX{w(xo,xl), (%0, T(x0)), (%1, T(x1)),
%[a)(xo, T(x1)) + w(x1, T(x0))] }

Again, using the definition of a generalized w,-contraction of T, there exists x3 € T (x,)
such that

(%2, 23) (%2, %3) < A maX{w(xl,xz), w(x1, T(x1)), (%2, T(x2)),
1
3 [o(%1, T (x2)) + (2, T(x1)) ] } (3.3)
Since «(x1,%2) > 1 and T is an «-admissible mapping, we get
a(xg,x3) > 1. (3.4)
From (3.3) and (3.4), we have
w(x2,%3) < (0, %3)@ (%2, %3) < A max{w(xl,xz), w (%1, T(x1)), (%2, T(x2)),
1
ol T) + o, T)] }
Continuing this process, we can construct the sequence {x,} in X such that x,, € T(x,_;),
(X, X01) > 1 (3.5)
and
(X, Xpi1) < Amax { X1, %n-2), w(xn—l; T(xn—l)); a)(xn—z, T(xn—Z)),
1
E [w(xn—b T(xn—Z)) + w(xn—21 T(xn—l))] } (36)
for all # € N. Now, for each n € N, we have
(X, Xya1) < A maX{w(xn_l,xn), @ (%n-1, T(%4-1)), 0 (%0, T (%)),
1
E [a)(xn—h T(xn)) + a)(xrn T(xnl))]}
< Amax { w(xn—ly xn): w(xn—l; xn); w(xm xn+1); E [w(xn—h xn+1) + w(xn: xn)] }

1
=A max{w(xn—h Xn)s (X X)) E [w(xn—ly xn+1)] }
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1
<A max{w(xnh Xn)s @K K1) E [w(an,xn) + (¥, xn+1)] }
= )‘«max{w(xn—lrxn): w(xnxxn+1)}~ (37)

If max{w(x,_1, %), 0Ky, %7 11)} = 0%y, %, 41) for some 1’ € N, then we have w(x,/,%,/,1) =
0 and hence w(x,_1,%,7) = 0. By the property of the w-distance, we get

w(xn’—l’xn’H) = w(xn’—lyxn’) + w(xn’:xn’-d) =0.

We find from Lemma 2.8, w(x,/_1,%,/) = 0, and w(x,/_1,%,7,1) = O that x,/ = x,/,1. This im-
plies that x,, € T'(x,/) and so «x, is a fixed point of T'.

Next, we assume that max{w(x,_1,%,), ©(X,, X,+1)} = ©(x,,_1,%,) for all n € N. We obtain
from (3.7)

w(xnrxn+1) = )Vw(xn—lrxn) (38)

forallm e N.
By repeating (3.8), we get

w(xm xn+1) =< )»nw(xo; xl)

forall n e N.
For m, n € N with m > n, we obtain

w(xn;xm) =< w(xnrxn+1) + a)(xn+17xn+2) L w(xm—l;xm)

< M aw(xg,%1) + A" w(xg,x1) + - - - + A" (g, x1)

n

<
T 1-A

w(xo, x1).

Since 0 < A <1, we get - a)(xo,xl) — 0 as n — 00. By Lemma 2.8, we find that {x,} is
a Cauchy sequence in X. From (3.5) we know that «(x,,x,,1) > 1 for all n € N. Using a-
completeness of X, we obtain x, — z as n — oo for some z € X. Since w(x,,-) is lower
semicontinuous, we have

w(xy,,2) < liminf w(x,,x,,)
m— 00

n

=< w(xOrx1)~

1-A
Finally, we will assume that z ¢ T'(z). By hypothesis, we get
0 < inf a)x,z)+a) x, (x)) :xeX}

<in fa)x,,,z)+a)(x,,,T(x,,)) neN}

A"
1-A

I/\

{

{

< inf{o(x4,2) + W(x, xp41) : 1 € N}

{ (xg,%1) + M w(xg,%1) :n € N}

Page 6 of 9
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= ({%}w(xo,xl)) inf{)»” A= N}
=0,

which is a contradiction. Consequently, z € T'(z), that is, z is a fixed point of T as required.
This completes the proof. O

Corollary 3.2 (Theorem 3.1 in [5]) Let (X,d) be a complete metric space, o : X x X —
[0,00) and T : X — CI(X) be a generalized w,-contraction mapping. Suppose that the fol-
lowing conditions hold:

(@) T is an a-admissible mapping;

(b) there exist xg € X and x1 € T(xg) such that o(xg,x1) > 1;

(c) ifforeveryy e X withy ¢ T(y), we have

inf{w(x,y) + w(x, T(x)) tx € X} > 0.
Then F(T) # 0.

Proof We find that the completeness of the metric space (X, d) implies «-completeness.
Therefore, by using Theorem 3.1, we obtain the desired result. O

Theorem 3.3 Let (X, d) be a complete metric space, o : X x X — [0,00) and T : X — CI(X)
be a wy-contraction mapping. Suppose that (X, d) is an o-complete metric space and the
following conditions hold:

(@) T is a-admissible mapping;

(b) there exist xy € X and x1 € T (xo) such that o(xg,x1) > 1;

(c) foreveryye X withy ¢ T(y), we have

inf{a)(x,y) + a)(x, T(x)) (x € X} > 0.
Then F(T) # 9.

Proof We see that this result can be proven by using a similar method to Theorem 3.1. In
order to avoid repetition, the details are omitted. 0

Example 3.4 Let X = (-1, 00) and define metric d : X x X — [0, 00) by d(x,y) = |x —y| for
all x,y € X. Define o : X x X — [0, 00) by

x2+y2+1, xye[0,1],
0, otherwise.

amw=i

Let a multivalued mapping T : X — CI(X) be defined by

{x,5|x]}, otherwise.

) - [{%}, x€(0,1],

Now we show that T is a w,,-contraction multivalued mapping with A = % and w-distance
w: X x X — [0,00) defined by w(x,y) = y forallx,y € X. Forx,y € [0,1], let u € T'(x) = {Z},
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that is, u = £, we can find v = ¢ € T(y) such that

Xy Xy
al == ol =, =
6 6 6 6
2 2
LAY
36 36 6

<(1+1+1)

x
6

o(u, v)o(u,v)

A=

1
2)’

rw(x,y).

Otherwise, it is easy to see that the w,-contractive condition holds. Therefore, T is a
W, -contraction multivalued mapping.

Clearly, (X, d) is not a complete metric space and then the main results of Kutbi and
Sintunavarat [5] cannot be applied to this case.

Next, we show that our results in this paper can be used for this case. First, we claim
that (X, d) is an «-complete metric space. Let {x,} be a Cauchy sequence in X such that
a(%y,x,41) > 1 forall n € N. So x,, € [0,1] for all # € N. Now, since ([0,1],d) is a complete
metric space, there exists x* € A such that x, — x* as n — oo. Consequently, (X, d) is an
a-complete metric space. Also, it is easy to see that T is «-admissible and there exists
x0 =1 such that x; =1/6 € T(1) and «(x9,%1) = «(1,1/6) > 1. Finally, we see that for y € X
with y ¢ T'(y), we obtain y € (0,1] and hence inf{w(x,y) + w(x, T(x)) : x € X} > 0.

Therefore, all the conditions of Theorem 3.3 are satisfied and so T has a fixed point.
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