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Abstract

The existence, uniqueness, and iterative approximations of fixed points for four
classes of contractive mappings of integral type in complete metric spaces are
established. The results presented in this paper generalize indeed several results of
Branciari (J. Math. Math. Sci. 29(9):531-536, 2002), Rhoades (Int. J. Math. Math. Sci.
2003(63):4007-4013, 2003) and Liu et al. (Fixed Point Theory Appl. 2011:64, 2011). Four
illustrative examples with uncountably many points are also included.
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1 Introduction

Over the past decade the researchers [1-18] introduced a lot of contractive mappings of
integral type and discussed the existence of fixed points and common fixed points for these
mappings in metric spaces and modular spaces, respectively. Branciari [5] was the first to
study the existence of fixed points for the contractive mapping of integral type and proved
the following result, which extends the Banach fixed point theorem.

Theorem 1.1 ([5]) Let f be a mapping from a complete metric space (X, d) into itself sat-
isfying

Aa(fx,fy) d(x,y)
/ p(t)dt < c/ p(t)dt, Vx,yeX,
0 0

where ¢ € (0,1) is a constant and ¢ € ® = {¢ : ¢ : R* — R* is Lebesgue integrable,
summable on each compact subset of R* and foe @(t)dt > 0 for each ¢ > 0}.
Then f has a unique fixed point a € X such that lim,_, f"x = a for each x € X.

Rhoades [16] and Liu et al. [10] extended the result of Branciari and proved the following
fixed point theorems.

Theorem 1.2 ([16]) Let f be a mapping from a complete metric space (X,d) into itself
satisfying

d(fie,fy) max{d(,y),d(xf),d(y ), 5 [ fy)+d(y,fx)])
/ o(t)dt < c/ () dt, Vx,yeX,
0

0
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where c € (0,1) is a constant and ¢ € ®. Then f has a unique fixed point a € X such that
limy,_, o f"x = a for each x € X.

Theorem 1.3 ([16]) Let f be a mapping from a complete metric space (X,d) into itself
satisfying

da(fx,fy) max{d(x,y),d(x,fx),d(y,£),d(x,fy),d(7,fx)}
/ (p(t)dtfc/ p()dt, VxyeX,
0

0

where c € (0,1) is a constant and ¢ € . Assume that f has a bounded orbit at some point
x € X. Then f has a unique fixed point a € X such that lim,,_, . f"x = a.

Theorem 1.4 ([10]) Let f be a mapping from a complete metric space (X,d) into itself
satisfying

da(fx,fy) d(x.y)
/ o(t)dt < a(d(x,y)) / p(t)dt, Vx,yeX,
0 0

where ¢ € ® and o : R* — [0,1) is a function with

limsupa(s) <1, Vi>O0.

s—>t

Then f has a unique fixed point a € X such that lim,_, o f"x = a for each x € X.

Theorem 1.5 ([10]) Let f be a mapping from a complete metric space (X,d) into itself
satisfying

da(fxfy) d(x,fx) ad@y.fy)
[ etaesatamy) [ ewdrs plde) [ o0dn vayex
0 0 0

where ¢ € ® and «, B : R* — [0,1) are two functions with

a(t) + B(t) <1, VteRY, limsup B(s) <1, lim sup «(s) <
s—>0* s—>tt 1- ,B(S)

1, Vt>0.

Then f has a unique fixed point a € X such that lim,_, » f"x = a for each x € X.

The purposes of this paper are both to study the existence, uniqueness, and iterative
approximations of fixed points for four new classes of contractive mappings of integral
type, which include the contractive mappings of integral type in [5, 10, 16] as special cases,
and to construct four examples with uncountably many points to illustrate that the results
obtained properly generalize Theorems 1.1-1.5 or are different from these theorems.

2 Preliminaries
Throughout this paper, we assume that R = (—o0, +00), R* = [0, +00), Ny = {0} UN, where
N denotes the set of all positive integers. Let (X, d) be a metric space. Forf : X — X, A C X
and (x,y,1) € X2 x Ny, put

Or(x,m) = {f'x:0 <i<n}, Oplx) = {f'x: Vi e No},

d, = d(f"x,f"'x), 8(A) = sup{d(u,v) : Yu,v € A},
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i (x, ) = max{d(x,9), d(x, /), A, f3), L [dx, f) + @, )]},
my(x,y) = max{d(x, y), d(x, fx), d(y.fy), d(x, fy), d(y. fx)}.
The Oy(x) and O¢(x, n) are called the orbit and nth orbit of f at x, respectively.
Let
U = {a o : R* — [0,1) is a function with limsup,_,, a(s) <1,V¢ € R*},
W, = {a:a:R* — [0,1) is a function with limsup,_,, a(s) <1,Vt > 0},
W3 = {a:a:R* — [0,1) is a function such that sup{a(s) : Vs € B} <1 for each
nonempty bounded subset B in R*}.
The following lemma plays an important role in this paper.

Lemma 2.1 ([10]) Let ¢ € ® and {r,},en be a nonnegative sequence with lim,_, 1, = a.
Then

lim [ o(t)dt= / o(t) dt.
0 0

n—00

3 Four fixed point theorems
In this section we show the existence, uniqueness and iterative approximations of fixed
points for four classes of contractive mappings of integral type.

Theorem 3.1 Let f be a mapping from a complete metric space (X, d) into itself satisfying

d(fxfy) m1 (%)
[ ewarzadm) [ ewdn vnyex, (3.)
0 0

where (¢, ) € ® x V. Then f has a unique fixed point a € X such that lim,,_, o, f"x = a for
each x € X.

Proof Let x be an arbitrary point in X. Note that
m (f”_lx,f”x) = max{d(f”’lx,f”x), d(f"‘lx,f”x), d(f”x,f’”lx),

%[d(fn—lx,fnﬂx) . d(fnx’fnx)]}

= max{d(f" "%, f"x), d(f"x,f" %) }
=max{d,_1,d,}, VneN. (3.2)

It follows from (3.1) and (3.2) that
dy d(f"xf”*lx)
[ oo - [ p(0)dt
0 0
my (F L )
< a(d(f"x,f")) / o) dt
0
max{dy_1,dn}
< o:(d,,,l)f o(t)dt, VmeN. (3.3)
0

Now we prove that

d,<d,,, VneN. (3.4)
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Suppose that (3.4) does not hold. That is, there exists some ng € N satisfying
Ay > Auy-1. (3.5)

Since ¢ € ® and «(R*) C [0,1), it follows from (3.3) and (3.5) that

dng max{dno—l;dno} dno
0< / () dt < a(dyy 1) / o(t)dt < f o(t)dt,
0 0 0

which is a contradiction and hence (3.4) holds. Clearly, (3.4) implies that there exists a
constant ¢ with lim,,_, o d, = ¢ > 0.

Next we prove that ¢ = 0. Otherwise ¢ > 0. Taking the upper limit in (3.3) and using
Lemma 2.1 and ¢ € ®, we conclude that

c dy
0 < / go(t)dtzlimsup/ o(t) dt
0 0

n—00

max{dy_1,dn}
< limsup (a(d,,_l) / o(t) dt)
0

n— 00

n—00 n—00

dy1
< limsupa(d,_;) - lim sup/ o(t)de
0

< (]im supa(s)) /OC o(t)dt < /ch(t) dt,

S—>C

which is absurd. Therefore, ¢ = 0, that is,

lim d, =0. (3.6)

n—00

Now we claim that {f"x},cy is a Cauchy sequence. Suppose that {f”x},cy is not a Cauchy
sequence, which means that there is a constant ¢ > 0 such that for each positive integer &,
there are positive integers m(k) and n(k) with m(k) > n(k) > k such that

d(f’”(k)x,f"(k)x) > €.

For each positive integer k, let m(k) denote the least integer exceeding n(k) and satisfying
the above inequality. It follows that

d(f"Px,f"Ox) >e and d(f"™x,f"Mx) <e, VkeN. (3.7)
Note that

d(fm(k) x,f"®) x) < d(fn(ldx, fm(ka) +dmpy-1, VkEN;
A5, 95) (7O, f05)| <y, VKN

A0, 10) — (O )| < iy, V€T 8)
|d (P01, vy _ (s 02 < g ke N

|d (" ®, 1 02) — (P, fON%) | < dyyr, Yk €N,
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Making use of (3.6)-(3.8), we obtain

e = lim d(r
= klggo d(fm(k)x, fn(k)+1 x)
= klgrolo d(le(k)u x, fn(k)+1 x)
= klingo d(fm(k)+1 x, fn(k)+2 x)

= lim d(f" O, f10+2). (3.9)

k— 00

It follows from (3.6) and (3.9) that
ml (fm(k)x,fn(k)ﬂx)
— max{d(fm(k)x’fn(k)ﬂx), d(fm(k)x,fm(k)HX), d(fn(k)Jrlx’fn(k)Jer)’
1
E [d(f”’(k)x,f”(k)*zx) + d(f”(k)”x,fm(k)*lx)] }
— max{e,0,0,e} =¢ ask— oo,

which together with (3.1), Lemma 2.1, and (¢, «) € & x ¥, gives

A d(fm(k)+1xf"(k)+2x)
0 < / (p(t)dt:limsup/ o(t)de
0 k—o00 0
ml(f”’(k)x,f"(k)*lx)
< lim sup(a(d(fm(k)x,f"(kmx))/ 9103) dt)
k— 00 0
m (fm(k)xf”(k)+1x)
< lim supa(d(f”‘(k)x,f”(k)*lx)) -lim sup/ o(t)dt
k— 00 k—oo JO
& &
< (]im sup a(s))/ o(t)dt < / o(t) dt,
s—e 0 0

which is a contradiction. Thus {f"x},cy is a Cauchy sequence. Since (X, d) is a complete
metric space, it follows that there exists a point a € X such that lim,_, » f"x = a. Suppose
that fa # a. It is clear that (3.6) implies that

m(f"x,a) = max{d(f”x,a),d(f”x,f”“x),d(a,fa),%[d(f”x,fa) +d(a,f”+1x)]}
— d(a,fa) asn— oo,

which together with (3.1), Lemma 2.1, and (¢, «) € ® x ¥ yields

d(ajfa) A" x fa)
0 < / w(t)dt:limsup/ o(t)dt
0 0

n—00

n—0o0

my (f"x,a)
< limssup (a (d(f"x,a)) / o(t) dt)
0
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my (f"x,a)
<limsupa(d(f"x,a)) - lim sup/ o(t)dt
0

n—00 n—00

s—0

d(a,fa) d(afa)
< (lim sup oc(s))/ o(t)dt < / p(t)dt asn— oo,
0 0

which is a contradiction. That is, a = fa.
Finally, we prove that a is a unique fixed point of f in X. Suppose that f has another fixed
point b € X \ {a}. Note that

m(a,b) = max{d(a, b),d(a, fa),d(b,fb), %[d(a,ﬂ?) + d(b,fa)] } =d(a,b).

It follows from (3.1), «(R*) € [0,1) and ¢ € ® that

d(a,b) d(fa,fb) mj(a,b) d(a,b)
0 <f go(t)dt:/ p(t)dt < a(d(a, b))/ (p(t)dt</ @(t) dt,
0 0 0 0

which is a contradiction. This completes the proof. d

Theorem 3.2 Let f be a mapping from a complete metric space (X,d) into itself satisfying

da(fx,fy) ma (x,y)
[ ewdrzatden) [ ewdn vnyex, (3.10)
0 0

where (¢, o) € ® x V3. Assume that f has a bounded orbit at some point u € X. Then f has
a unique fixed point a € X such that lim,,_, o f"u = a.

Proof Without loss of generality we assume that u # fu. Now we prove that
for each 1 € N there exists k € N such that k < and §(O¢(u, n)) = d(u,f*u). (3.1)
Let n € N. It is clear that there exist i,j € Ny such that 0 < i <j < n and 6(Of(u,n)) =

d(f'u,f'u). Suppose that §(O(u, n)) = d(f'u, f'u) for some i,j € Nwith 0 < i <j < n. Inlight
of (3.10) and (¢, «) € ® x W3, we infer that

8(Of(um) A(fiuflu)
0< f go(t)dt:/ @(t) dt
0 0
) ) my(FiLufiLu)
< a(d(f‘_lu,f’_lu))/ o(t)dt
0
) ) 3(Op (u,m)) 8(Op (u,m))
< ot(d(f”lu,f/’lu)) / o(t)dt < / o(t) dt,
0 0
which is a contradiction. Thus (3.11) holds.
Next we prove that Of(u) is a Cauchy sequence. Suppose that Or(u) is not a Cauchy se-
quence. It follows that there exist an & > 0 and two strictly increasing sequences {m(p)} e

and {n(p)}yen with m(p) > n(p) > p for each p € N satisfying

d(f™Pu,f"Pu) >, VpeN. (3.12)
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Put 7 = §(Or(u)) and B = [0, 7]. Clearly 0 < r < +00. Observe that (¢,a) € ® x W3 ensures
that

. ) ) [ _
plin;o(sup{a(s).seB}) /ogo(t)dt—o,

which implies that there exists some p € N with

(sup{a(s) : s € B})"? /Orgo(t) dt < /0 o(t) dt. (3.13)

Using (3.10)-(3.13) and (¢, @) € ® x W3, we know that there exist 0 < k; < m(p) — n(p) + 1,
0<ky <m(p)—n(p)+2,...,and 0 < ky()-1 < m(p) —1 satisfying

& d(f”(p)u,fm(p)u)
/ o()dt < / o(O)dt
0 0

/WIZ (fn(p)fl ufm(p)—l u)

< a(d(f" Oy, 0 y)) i (t)dt

8Or (" P m(p)-n(p)+1))

a(d(F0 1, 0 /0 o(O)dt

d(fn(p)—l ufk1+n(p)—1 u)
o ) |

o (d(fn(p)—lu’fm(p)—lu))a (d(fn(p)—Zu,fkﬁn(p)—Z M))

/E(Of(f”(l’)‘zu,k1+l))

IA

o(t)dt

IA

X o(t) dt

0
o (d(fn(p)—lujfm(p)—lu))a (d(fn(p)—Zu,fkl +n(p)-2 M))
/d(f”(p)_zuka +n(p)—2u)

X o(t) dt

0

<« (d(fn(!’)—l M,fm(li)—lu))a (d(fn(p)—2u’fk1+n(17)—2 M)) R (d(u,fk”@)-l Lt))
8(Of (u,m(p)))
X / (t)dt
0

(swpfato):s € B [ otorde
0

< [0 8 o(t)dt,

which is impossible. Thus {f"u},cy is a Cauchy sequence. Since (X, d) is complete, it fol-

IA

IA

lows that there exists a € X satisfying lim,,_, o f"u = a. Suppose that d(a, fa) > 0. Note that

lim m1, (f”u, a)

n—00

= lim max{d(f"u,a),d(f"u,f""u),d(a,fa),d(f"u.fa),d(a,f"* u))

n—00

= d(a, fa). (3.14)
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Taking the upper limit in (3.10) and using (3.14), Lemma 2.1, and (¢,«) € & x W3, we
conclude that

d(a,fa) A(f"™ u fa)
0< / (p(t)dt:limsup/ o(t)dt
0 0

n— 00

ma (f" u,a)
< limsup<a(d(f”u,a))/ o(t) dt)
0

n— 00

ma(f"u,a)
< limsupa(a’(f”u,a)) ~1imsup/ o(t)dt
0

n—00 n—-oo
d(a fa) d(afa)
< sup{a(s) :s € [0,1]}/ o(t)dt < / o(t) dt,
0 0

which is absurd. Therefore, d(a, fa) = 0, that is, a = fa.
Suppose that f has another fixed point w € X \ {a}. Since

my(a,w) = max{d(a, w),d(a,fa), d(w,fw),d(a,fw), d(w,fa)} =d(a,w),

it follows from (3.10) that
d(a,w) my(a,w)
0< / p(t)dt < a(d(a, W))/ o(t)dt
0 0

d(a,w) d(a,w)
= a(d(a, w)) /0 () dt < /0 o(t) dt,

which is a contradiction. That is, f has a unique fixed point in X. This completes the
proof. d

Asin the arguments of Theorems 3.1 and 3.2, we conclude similarly the following results
and omit their proofs.

Theorem 3.3 Let f be a mapping from a complete metric space (X, d) into itself satisfying

da(fx,fy) my(x,y)
| ewarzapme) [ o0dn wmyex, (3.15)
0 0

where (p,a) € ® x W,. Then f has a unique fixed point a € X such that lim,_, «, f"x = a for
eachx € X.

Theorem 3.4 Let f be a mapping from a complete metric space (X, d) into itself satisfying

da(fx,fy) ma (%)
f o) dt < oc(mz(x,y)) / () dt, Vx,yeX, (3.16)
0 0

where (¢, ) € ® x V3. Assume that f has a bounded orbit at some point u € X. Then f has
a unique fixed point a € X such that lim,,_, o f"u = a.

4 Remarks and illustrative examples

Now we construct four examples with uncountably many points to show the fixed point
theorems obtained in Section 3 generalize properly or are different from the known results
in Section 1.
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Remark 4.1 Theorem 3.1 generalizes Theorem 1.2, which, in turns, extends Theorem 1.1.
The following example proves that Theorem 3.1 both extends substantially Theorem 1.1
and is different from Theorem 1.4.

Example 4.2 Let X = [0, %] C R be endowed with the Euclidean metricd = |- |, f : X — X,
¢ :R* - R* and o : R* — [0, 1) be defined by

3 Vx €[0,1],
Jf(x) =
x-1, Vxe(1,3],
3 t=0
ot)=2t, VieR' and «ft)=
5=, VEe(0,+00).

Obviously, (¢p,«) € ® x ;. Let x,y € X with y < x. In order to verify (3.1), we have to
consider six possible cases as follows:

Casel.l<y<x < % It is clear that

() = x| ds), s ), 9, 5 [ )+ .59 |
=max{x-y,1,1,1}
=1=d(x,fx)

and

d(fx,fy) 1 2 1 1
2 < 2 —
[ e -9 < < F = o —ald) [ o
my (%)
=a(d(x,y))/0 o(t)dt.

Case2.0<y< g—c and x < 1. Note that

my(x,y) = max{d(x,y), d(x,fx),d(y,fy), %[d(x,fy) + d(y,fx)] }

2 2 2( )
=max|x -y, 5%, ¥ 5 x -
V3% 3Y y

:x_y:d(x’y)

and

da(fx,fy) 2 N2 o
/ go(t)dt:(’_c_l) _ -y - (x—y)
0 3 3 9 2+x—y

d(xy)
= a(d(x,y)) /0 o(t)dt

my (%,y)
= ot(d(x,y))/o o(t) dt.

Page 9 of 20
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Case 3. % <y<x <1.It follows that

my(x,y) = maX{d(x,y), d(x, fx), d(y. /), %[d(x,fy) + d(%fx)]}

ma 2 21 y+ x

=max{x—y, -x% -y - (x-S +y— =
V3%l (P33
2

=§x=d(x,fx)

and

d(fx,fy) 2 a2
[ owar (5-2) =52
0

1 4,
S =X
2+x-y 9

d(x,fx)
= a(d(x,y))/(; o(t)dt

=<

my (%,y)
= a(d(x,y))/o o(t) dt.

Case 4. % <y<l<x< % Notice that

my(x,y) = max{d(x,y), d(x,fx),d(, fy), %[d(x,fy) + d(y,fx)] }

2 1 2
= max x—y,l,gy,i 1+§y

=1=d(x,fx)
and

d(fx.fy) y2

/ p@)dt = |x-1-=

0 3
1 1 1
< -—< =<
9 37 2+x-y

Case5.x—-1<y< % and1<x < %.Itiseasytoseethat

) = x| ds), s ), ), 5 [ )+ .59 |

21 2
= max x—y,l,gy,i 1+§y

=1=d(x,fx)

Page 10 of 20
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and

2

J

a(fxfy)
/ ot)dt = |x-1-=
0 3

=

1
2+x-y

2
< =<
7 =

N

d(x,fx)

- a(d(xy) /o olt)dt
(%)

= oz(d(x,y))/(; @(t) dt.

Case6.0<y<x-landl<x< % It is easy to verify that

() = x| ds), s ), 9, 5 [ )+ .59 |

2 1 4
= max x—y,l,gy,i 2x—§y—1

=x-y=dxy)
and

d(fxfy) y2

/ ot)dt = |x-1-=

0 3
2
L1zt Gy
T4 7T 24x-y " 2+x-Yy

d(x,y)
~a(desy) [ oo

m (x,y)
~afdsy) [ o0

That is, (3.1) holds. It follows from Theorem 3.1 that f has a unique fixed point 0 € X and
lim,, o f"x = 0 for each x € X. But we invoke neither Theorem 1.1 nor Theorem 1.4 to
show that f possesses a fixed point in X.

Suppose that f satisfies the conditions of Theorem 1.1, that is, there exists c € (0,1) sat-
istying

49 |11 12
1

d(f 1§ 1) a3
- / o)t <c / o(O)dt
0 0

900 |10 = 3
m > ¢
:C _— — —_—,
10 100

which means that
49
1<—<c«l,
9

which is a contradiction.

Page 11 of 20
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Suppose that f satisfies the conditions of Theorem 1.4, that is, there exists o € W, satis-
fying

1 |13 12

100 [10 10

2 pdfRST) 13 12 410 10)
:/ e dt <ald| =,= / p(t)dt
o 10’ 10 0
1\[13 12> 1 1
=l —|l=-=| ==l = )
10//10 10| 100 \10

which implies that

1
1<a|l — ) <],
10

which is a contradiction.

Remark 4.3 Theorem 3.2 is a generalization of Theorem 1.3. The below example demon-
strates that Theorem 3.2 is different from Theorem 1.4.

Example 4.4 Let X =1, %] U[2,2] U3, +00) C R be endowed with the Euclidean metric
d=|-1,f:X— X, ¢:R* - R* and @ : R* — [0, 1) be defined by

1’ Vxe[]-r%]y
f@=1x-1, vxel[2,3],
%, Vx € [3, +00),
+ %; tZO,
p(t)=2t, VteR' and «a(t)=

2
ui—t)Z’ vt € (0, +00).

It is easy to see that (¢, ) € & x ®3 and Oy (u) is bounded for each 1 € X. Let x,y € X with

y <. In order to verify (3.10), we have to consider six possible cases as follows:
Casel.1<y<x< % It is clear that

d(fx.fy) ma(x,y)
/ @) dt =0 < a(d(x,y)) / o(t)dt.
0 0

Case2.2<y<x< % Note that

my(x,y) = max{d(x,y),d(x,fx),d(y,fy),d(x,fy),d()/,fx)}
=max{x—y,1,Lx—-y+1y—x+1}
=x—y+1=dxfy)

and

A(fify)
/ pt)dt = lx—1-y+1]?
0

(x—9)*(x -y + 1)

_ )2
=(x-y) < s 1)

Page 12 of 20
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d(x,fy)
~aldsy) [ ottar
0
my (x,y)
~alde) [ s
0
Case3.1<y< % and 2 <x < % It follows that

mz(xd’) = maX{d(x,y), d(x,fx),d(y,fy),d(x,fy),d(y,fx)}
= max{x—y,l,y—l,x—l, !y—(x—1)|}

=x-1=d(x,fy)

and

da(fxfy)
/ pt)dt=|x-1-1
0

~ ) _ =y -1)
SRS

d(xfy)
- a(d(x,)) /0 o(t) dt

my (x,y)
= a(d(x,y)) /0 o(t) dt.

Case 4.3 <y <x < +00. It is easy to see that

d(fx.fy) ma(x,y)
[ -0 <ataey) [ pwae
0 0
Case5.2<y< % and x > 3. It follows that

my(x,y) = max{d(x,y),d(x,fx),d(y,fy),d(x,fy),d()/,fx)}
B 3 1 1 3
= max{x—y,x— X x=y+1,y— 5}

=x-y+1=dx,fy)

and

(e ) 3
/ w(t)dt='5—(y—1)
0

<5 )2 (=) (x—y +1)*
= —_y S
(x—y+1)2

2

2

d(xfy)
=a (d(x, y)) /0 o(t)dt

ma (%)
= ot(d(x,y)) /0 o(t) dt.
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Case6.1<y< % and x > 3. It is clear that

my(x,y) = max{d(x,y),d(x,fx),d(y,fy),d(x,fy),d(y,fx)}

3 1 13
=max{x—-y,x——,y—-lLx-1,— —
Y 23’ 5 y

=x-1=d(xfy)
and
afx.fy) 2 N2 2
/ @(t)dt='§—1 :lf(x D x-y)
0 2 4 (1+x_y)2

That is, the conditions of Theorem 3.2 are fulfilled. It follows from Theorem 3.2 that f has
a unique fixed point 1 € X and lim,_, . f"u = 1 for each u € X. However, Theorem 1.4 is
useless in guaranteeing the existence of a fixed point of f in X. Suppose that f satisfies the
conditions of Theorem 1.4, that is, there exists « € W, satisfying

1 (21 P [ WE 21 d(5:2)
— _|Z=_9 :/ p)dt <a|d| —,2 / p(t)dt
100 |10 0 10 0

1\|21 |* 1 1
=a|l—)|—-2| =—a| — ),
10/]10 100\ 10
which yields

1
1<a|l — ) <],
10

which is impossible.

Remark 4.5 Theorem 3.3 extends Theorems 1.1 and 1.2. The example below is an appli-
cation of Theorem 3.3.

Example 4.6 Let X = R* be endowed with the Euclidean metricd = |- |, f: X - X, ¢ :
R* — R* and o : R* — [0,1) be defined by

5 Wxelo,),

X
1+x’

Sfx) =

Vx € [1,+00),

1 1
7 Vit e [O, 5),

L
1+t

p(t)=2t, VteR" and aft)=
Vt €[5, +00).

Obviously, (¢, o) € ® x W,. Let x,y € X with y < x. In order to verify (3.15), we have to
consider five possible cases as follows:
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Casel.1 <y<x< +o0. It follows that

= 1— —d(xfx)
and
d(fx,fy) 2
f () dt = (L _ L)
0 1+x 1+y
(x—9)?

2
(1 +x)2(1+y)2 — 16( *=)

1/ &2 \? x? 2\’
< — <o -
_16<1+x) - <1+x><1+x)

m(x,y)
~almsy) [ e

Case 2. % <y<x<]1.It follows that

my(x,y) = max{d(x,y), d(x, fx), d, fy), %[d(x,fy) + d(y,fx)] }

1 y x
(=53]

and

difefy) o\ 1 ,
| e - (5—5> -
() =()6)
< —| — =l — —
T 4\2 2 2
my(x,y)
= oe(ml(x,y))/o o(t) dt.

Case3.0<y< ’2—“ and x < 1. It is clear that

() = max{ (5.9 e 9,0, ), 5[5 ) +d(yfx]}

y 1 y %
[ x——+——_)/
22 2 2

N R

= max{x ¥,

=x-y=dx))
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and

) N
Hdt=(=-%2) =-(x-y?
[T vwar=(5-7) - 36-»

<a(x-y)(x-y)>

my (x,y)
“almsy) [ o0

Case 4. ﬁ <y<1landx > 1. Notice that

my(x,y) = max{d(x,y), d(x,fx),d(y,fy), %[d(x,fy) + d(y,fx)] }

2 1
Cmaxnoy 2 L MLy 2
1+x 272 2 1+x

x2

= —— =d(x,fx)

l+x

and

a(fxfy) 2 1 2
[ o () = (-
0 1+x 2 1+x 2 1+x
1/ x \2 x> 2 \?2
= —| —— <ol — -
4\1+x/) — 1+x 1+x
my (%,y)
= a(m (%)) / o(t)dt.
0

Case5.0<yc< lfr‘—x and x > 1. It is clear that

) = x| ds), s ), ), 5 [ )+ .19 |
_ K oy 1 Yy ox
‘ma"{"‘y’m’i’i(’“rm‘y)}
=x—-y=d(x7y)
and
d(fxfy) x 7\ x y\2
/ ‘”“”’”Z(m‘i) f(rg)
=i“—”25aw—wu—w2

my (%,y)
~a(men) [ o)

That is, the conditions of Theorem 3.3 are fulfilled. It follows from Theorem 3.3 that f has

a unique fixed point 0 € X and lim,_, o f"x = 0 for each x € X.

Remark 4.7 Theorem 3.4 extends Theorem 1.3. The following example shows that The-
orem 3.4 both generalizes substantially Theorem 1.3 and differs from Theorem 1.5.
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Example 4.8 Let X = R* be endowed with the Euclidean metricd = ||, f: X - X, ¢ :

R* - R* and « : R* — [0,1) be defined by

3 Vx € [0,1],
(@) =12
flx .

1, Vxe(l,+00),

1

a4’ Vte 0,1,

p(t)=2t, VteR* and a(t)=1% , [0,1]
(t;21) , Vie(,+00).

It is clear that (¢, @) € ® x ®3 and O () is bounded for each € X. Let x,y € X with y <x.

In order to verify (3.16), we have to consider four possible cases as follows:
Case 1.0 <y <x <1.Note that

mz(xd’) = maX{d(x,y), d(xxfx)’ d(y’fy)v d(x,fy),d(y,fx)}

_ DV A A I
—max{x y,2,2,x 2,’31 2}
—x-2 = dwfy)
and
dfsfy)
/ o(t)dt = 2
o 272
(x—y)? _ - 2)?
T4 T 4

d(xfy)
= ot(d(x,fy)) /0 o(t)dt
ma(xy)
= a(my(%,7)) /0 o(t)dt.

Case2.0<y<1l<x <1+ 3. Clearly

my(x,y) = max{d(x,y),d(x,fx),d(y,fy),d(x,fy),d(y,fx)}

:max{x—y,l,%,x—%,|y—x+1|}

=1=d(x,[x)

and

2

J

d(fx,fy)
/ et)dt=|x-1-=
0 2

2
< _Z <l
- 2) T4

d(x,fx)
= (x(d(x,fx)) /o o(t)dt

ma (x,y)
~a(miey) [ o0
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Case3.0 <y <land1+ } <x<+00. Obviously

maX{d(x,y), d(x>fx)1 d()’»f)’), d(x’fy)¢ d(y’fx) }

ms(x,y)

y
X — —X 1

1]
=
jov)
bl
e,
X
|
=
=

and

2 _1_22 2

da(fx,fy)
/ ot)dt =|x-1-%
0

d(x,fy)
—oldwfy) [ oot

ma(%,y)
= a(my(x,)) / o(t) dt.
0
Case 4.1 <y <x < +00. It follows that

my(x,y) = max{d(x,y),d(x,fx),d(y,fy),d(x,fy),d(y,fx)}

=max{x—y,1,1,x—y+1, |y—x+1|}

=x-y+1=d(xfy)

and

ma(x,y)
—a(msy) [ e

That is, the conditions of Theorem 3.4 are fulfilled. It follows from Theorem 3.4 that f
has a unique fixed point 0 € X and lim,,_, o f"u = 0 for each u € X. But we do not invoke
Theorems 1.3 and 1.5 to show the existence of a fixed point of f in X.

Suppose that f satisfies the conditions of Theorem 1.3, that is, there exists some ¢ € (0,1)
satisfying

a(f,fy) ma(x,9)
-yt = [ etdese [T toar
0 0
=clx—y+1)% Vx,ye(l,+00) withy <,

which yields

_ a2
1= im F7Y g
x—y—>+00 (x —y + 1)2

which is impossible.
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Suppose that f satisfies the conditions of Theorem 1.5, that is, there exist o,  : R* —
[0,1) satisfying

a(t) + B() <1, VieRY, limsup B(s) < 1, lim sup «(s)

—— <1, V>0
s—0+ s—>tt 1- IB(S)

and

—_
Il

d(f3,2)
(3-2) - / o(¢)dt
0
d(2,f2)

d(3,f3)
a(d(3,2)) /0 p(t)dt+ B(d(3,2)) / () dt

0

IA

a(@)-1+p1)-1=a)+BQ),

which means that

I=a@)+p1)<1,

which is absurd.
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