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1 Introduction

Intuitionistic fuzzy normed spaces were investigated by Saadati and Park [1]. They intro-
duced and studied intuitionistic fuzzy normed spaces based both on the idea of intuition-
istic fuzzy sets due to Atanassov [2] and the concept of fuzzy normed spaces given by
Saadati and Vaezpour in [3]. In [4] Saadati and Park proved that the topology 7, gener-
ated by an intuitionistic fuzzy normed space (X, u, v, %, ¢) coincides with the topology 7,
generated by the generalized fuzzy normed space (X, u, ), and thus the results obtained in
intuitionistic fuzzy normed spaces are immediate consequences of the corresponding re-
sults for fuzzy normed spaces. For improving this problem, Deschrijver et al. [5] modified
the concept of intuitionistic fuzzy normed spaces and introduced the notation of £L-fuzzy
normed space.

Fixed point theorems have been studied in many contexts, one of which is the fuzzy set-
ting. The concept of fuzzy sets was initially introduced by Zadeh [6] in 1965. To use this
concept in topology and analysis, many authors have extensively developed the theory of
fuzzy sets and its applications. One of the most interesting research topics in fuzzy topol-
ogy is to find an appropriate definition of fuzzy metric space for its possible applications
in several areas. It is well known that a fuzzy metric space is an important generalization
of the metric space. Many authors have considered this problem and have introduced it
in different ways. For instance, George and Veeramani [7] modified the concept of a fuzzy
metric space introduced by Kramosil and Michalek [8] and defined the Hausdorff topology
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of a fuzzy metric space. There exists considerable literature about fixed point properties
for mappings defined on fuzzy metric spaces, which have been studied by many authors
(see [9-13]). Zhu and Xiao [14] and Hu [15] gave a coupled fixed point theorem for con-
tractions in fuzzy metric spaces (see also [16]). Recently, Abbas et al. [17] proved tripled
fixed point and tripled coincidence point theorems in intuitionistic fuzzy normed spaces.
In this paper we present some shorter proofs for Abbas et al.’s results in £-fuzzy normed
space, which is not a trivial generalization of fuzzy normed space.

2 Fuzzy normed spaces
A binary operation *: [0,1] x [0,1] — [0,1] is a continuous ¢-norm if it satisfies the fol-
lowing conditions:

(a) * is associative and commutative;

(b) * is continuous;

(c) axl=aforallac0,1];

(d) a*b <c*dwhenevera < cand b <d, for each a,b,c,d € [0,1].

Two typical examples of continuous t-norm are a * b = ab and a * b = min(a, b).

A binary operation ¢ : [0,1] x [0,1] — [0,1] is a continuous ¢-conorm if it satisfies the
following conditions:

(a) ¢ is associative and commutative;

(b) ¢ is continuous;

(c) ao0=aforallacel0,1];

(d) ao b <codwhenevera <candb <d, foreach a,b,c,d € [0,1].

Two typical examples of continuous ¢-conorm are ¢ ¢ b = min(a + b,1) and a ¢ b =
max(a, b).

In 2005, Saadati and Vaezpour [3] introduced the concept of fuzzy normed spaces.

Definition 2.1 Let X be a real vector space. A function 1 : X x R — [0,1] is called a fuzzy
normon X if for all x,y € X and all s, € R:

u1) ulx,t)=0fort <0;

w2) x=0ifand only if u(x,¢) =1 forall £ > 0;

13) pmlex,t) = ulx, 1q) if ¢ 7 0;

Ha) plx+y,5+1) > pulx,s) * n(y,t);

ws) p(x,-) is a non-decreasing function of R and lim;—, oo pt(x,£) = 1;

~ o~ o~ o~ o~ o~

we) forx #0, u(x,-) is continuous on R.

For example, if a x b = ab for a,b € [0,1], (X, || - ||) is a normed space and

1=
for all x,9,z € X and ¢ > 0. Then p is a (standard) fuzzy normed and (X, i, -) is a fuzzy
normed space.

Saadati and Vaezpour showed in [3] that every fuzzy norm (u,*) on X generates a
first countable topology 7, on X which has as a base the family of open sets of the form
{Bu(x,1,t) :x € X,r € (0,1),t >0} where B, (x,1,t) = {y € X : u(x —3,t) >1—r} forall x € X,
re(0,1)and ¢ > 0.
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3 Intuitionistic fuzzy normed spaces
Saadati and Park [1] defined the notion of intuitionistic fuzzy normed spaces with the help
of continuous ¢-norms and continuous ¢-conorms as a generalization of fuzzy normed

space due to Saadati and Vaezpour [3].

Definition 3.1 The 5-tuple (X, i, v, *, ) is said to be an intuitionistic fuzzy normed space
if X is a vector space, * is a continuous t-norm, ¢ is a continuous ¢-conorm, and pu, v are
fuzzy sets on X x (0, co) satisfying the following conditions for every x,y € X and ¢,5 > 0:
@ uxt)+vxt) <1;
(b) wlx,t)>0;
() p(x,t)=1ifand onlyifx = 0;
(d) plox,t) = ul(x, ﬁ) for each a # 0;
() m(x,t) * u(y,s) < pu(x +y,t+s);
(f) wm(x,-):(0,00) — [0,1] is continuous;
(g) limy oo p(x,£) =1 and lim,_, o (x,£) = 0;
(h) v(x, 1) <1;
(i) v(x,t)=0ifand only if x = 0;
() v(ax, t) = vix, th) for each a # 0;
(k) vix,t)ov(y,s) = v(x +y,t +5);
0 v(x,-):(0,00) — [0,1] is continuous;
(m) limy_, o v(x,2) =0 and lim,_, ¢ v(x, ) = 1.
In this case (i, v) is called an intuitionistic fuzzy norm.

Example 3.2 Let (X, || - ||) be a normed space. Denote a x b = ab and a ¢ b = min(a + b, 1)
forall a,b € [0,1] and let u and v be fuzzy sets on X x (0, 00) defined as follows:

[l

wix, £) v(x, t)

t+ | £+ |

for all £ € R*. Then (X, p, v, *,9) is an intuitionistic fuzzy normed space.

Saadati and Park proved in [1] that every intuitionistic fuzzy norm (u, v) on X generates a
first countable topology 7(,,,) on X which has as a base the family of open sets of the form
{B(uyx,rt) :x € X,r € (0,1),t > 0} where B(,,,)(x,r,t) ={ye X: ux—y,6) >1-r,v(x -
y,t)<r}forallx e X, re(0,1) and £ > 0.

Lemma 3.3 ([4]) Let (X, i, v,%,©) be an intuitionistic fuzzy normed space. Then, for each
x€X,re(0,1) and t >0 we have B(,,(x,r,t) = B, (x,1,1).

From Lemma 3.3, we deduce the following.

Theorem 3.4 Let (X, jt, v, %, ©) be an intuitionistic fuzzy normed space. Then the topologies

T(uv) and T, coincide on X.

4 [-Fuzzy normed spaces

Definition 4.1 ([18]) Let £ = (L, <;) be a complete lattice and U a non-empty set called
universe. An L£-fuzzy set A on U is defined as a mapping A : I — L. For each u in U, A(u)
represents the degree (in L) to which u satisfies A.
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Lemma 4.2 ([19]) Counsider the set L* and operation <+ defined by
L= {(xhxz) : (x1,%2) € [0,1]% and x; +x; < 1},

(x1,%2) <px (Y1,92) <= x1 < y1 and xy > ys, for every (x1,%2), (y1,¥2) € L*. Then (L*, <;x) is
a complete lattice.

Definition 4.3 ([2]) An intuitionistic fuzzy set A, , on a universe U is an object A, , =
{(ca(m),na(u)) : u € U}, where, for all u € U, {4(u) € [0,1] and n_4(u) € [0,1] are called
the membership degree and the non-membership degree, respectively, of « in A, ,, and
they furthermore satisfy ¢ 4(u) + na(u) <1.

Classically, a triangular norm T on ([0,1], <) is defined as an increasing, commutative,
associative mapping T : [0,1]> — [0,1] satisfying T(1,x) = «, for all x € [0,1]. These defi-
nitions can be straightforwardly extended to any lattice £ = (L, <p). Define first 0. = inf L
and 1. =suplL.

Definition 4.4 A triangular norm (¢-norm) on £ is a mapping 7 : L> — L satisfying the
following conditions:
(i) (VxeL) (T (x1z)=x) (boundary condition);
(i) (Y(xy) € L?) (T(x,9) = T (9,%)) (commutativity);
(iit) (Y(x,9,2) € L?) (T (x, T(3,2)) = T(T (x,9),2)) (associativity);
(iv) (Y, 9,y) € LY) (x <p &' and y <1 ¥ = T (x,9) <¢ T (*',y')) (monotonicity).

A t-norm can also be defined recursively as an (n + 1)-ary operation (n € N \ {0}) by

T1'=T and
T @@ %a1) = T (T @@y - %0m)s X ra))

forn>2and x; € L.
The ¢t-norm M defined by

ifx <1 7,
S
y ify<px

is a continuous f-norm.

Definition 4.5 ([20]) A ¢t-norm 7T on L* is called ¢-representable if and only if there exist
at-norm T and a ¢£-conorm S on [0,1] such that, for all x = (x1,%5),y = (y1,2) € L*,

T (%,9) = (T (x1, 1), S(%2,52)).

Definition 4.6 A negation on L is any strictly decreasing mapping NV : L — L satisfying
N(@Og) =1y and N(12) = 0,. If N (N (x)) = «, for all x € L, then N is called an involutive
negation.

In this paper, ' : L — L is fixed. The negation N on ([0,1], <) defined, for all x € [0,1],
by N;(x) =1 — x, is called the standard negation on ([0, 1], <).
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Definition 4.7 The 3-tuple (X, P, T) is said to be an L-fuzzy normed space if X is a vector
space, 7 is a continuous ¢-norm on £ and P is an £-fuzzy set on X x ]0, +oo] satisfying
the following conditions for every %, y in X and ¢, s in ]0, +oo[:

(@) 0z <1 Pl t);

(b) P(x,£) =1 if and only if x = 0;

(c) Plox,t) =P(x, ﬁ) for each a # 0;

(d) T(P(x,t),P(y,s) <L Px+y,t+5);

(e) P(x,-):]0,00[— L is continuous;

(f) limy_ o P(x,t) = 02 and lim,_, oo P(x, ) = 1..
In this case P is called an L-fuzzy norm. If P =P, is an intuitionistic fuzzy set and the
t-norm 7 is ¢-representable, then the 3-tuple (X, P, T) is said to be an intuitionistic
fuzzy normed space.

Definition 4.8 A sequence {x,},cn in an L-fuzzy normed space (X,P,7) is called a
Cauchy sequence if for each ¢ € L\ {0,} and ¢ > 0, there exists ny € N such that

N (e) <L Py — % t)

for each n,m > ny; here N is an involutive negation. The sequence {x,},cN is said to be
convergent to x € X in the £-fuzzy normed space (X, P, T) and denoted by x,, R xif P(x, —
x,t) — 1, whenever n — +oo for every t > 0. An L-fuzzy normed space is said to be
complete if and only if every Cauchy sequence is convergent.

Lemma 4.9 ([21]) Let P be an L-fuzzy norm on X. Then:
(i) P(x,2) is non-decreasing with respect to t, for all x in X;
(i) Px—y,t)=Ply—x,t), forall x,y in X and t €10, +00|.

Definition 4.10 Let (X,P,7T) be an £-fuzzy normed space. For ¢ €]0, +00[, we define the
open ball B(x,r,t) with center x € X and radius r € L\ {0,1.}, as

B(x,r,t) = {yeX:N(r) <L P(x—y,t)}.

A subset A C X is called open if for each x € A, there exist £ >0 and r € L\ {O.,1,} such
that B(x,r,t) C A. Let 7p denote the family of all open subsets of X. Then 7p is called the
topology induced by the L-fuzzy norm P.

A subset A C X is called compact if every open covering has a finite sub-covering. Also a

subset A C X is called closed if from x,, € A, for all » € N, and x,, B x it follows that x € A.

Theorem 4.11 Let (X,P,T) be an L-fuzzy normed space. A subset A C X is closed if and
only if X \ A is open.

Remark 4.12 ([7]) In an £-fuzzy normed space (X,P,7T) whenever N (r) <; P(x,¢) for
x€X,t>0andreL\{0g,1,}, wecanfinda 0 < £ < ¢ such that N'(r) <; P(x, o).

Corollary 4.13 Let B(x,r,t) be an open ball in an L-fuzzy normed space and let z be a
member of it. Then there exists 0 < ty < t such that z € B(x,r, ty).
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Definition 4.14 Let (X,P,7T) be an L-fuzzy normed space. A subset A of X is said to
be LF-bounded if there exist t >0 and r € L \ {O,1.} such that N'(r) <; P(x, ) for each
x€A.

Theorem 4.15 [n an L-fuzzy normed space every compact set is closed and LF-bounded.

Definition 4.16 Let X and Y be two L-fuzzy normed spaces. A function g: X — Y is
said to be continuous at a point x € X if for any sequence {x,} in X converging to a point
xo € X, the sequence {g(x,)} in Y converges to g(xy) € Y. If g is continuous at each x € X,
then g: X — Y is said to be continuous on X.

Example 4.17 ([17]) Let (X, | -||) be an ordinary normed space and ¢ be an increasing and
continuous function from R* into (0,1) such that lim;, o ¢(¢) = 1. Four typical examples
of these functions are as follows:

t . Tt
o= o= S‘“(zm)'
pH)=1-¢',  pt)=e7.
Let L = [0,1] and 7 = M = min. For any ¢ € (0, 00), we define
Pl 1) = o], vaeX,

then (X, P, min) is a fuzzy normed space.

Lemma 4.18 ([22, 23]) Let (X, P,M) be an L-fuzzy normed space. Let {x,} be a sequence
in X.If

Pns1 = %n, kt) =1 Py = X1, 1)
forsomek >1,neNandt >0, then the sequence {x,} is Cauchy.
Lemma 4.19 Let (X,P,M) be an L-fuzzy normed space. Define
O, y,2,t) = M(P(x, 1), Py t), Pz t))
forall x,y,z € X and t > 0. Then Q define an L-fuzzy norm on X3 x (0, 00).

Proof Let Q(x,9,z,t) =1, then M(P(x,t), P(y,t), P(z,t)) = 1, which implies that x = y =
z = 0, the converse is trivial,

Oax,ay,az,t) = M(P(ax, 1), Play,t), Plaz, t))
() ()
o o o
oere)
o
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forx,y,ze X, #0and ¢ >0,

Q(x+x/,y+y’,z+z’,t+s)
=M(P(x+x,t+5s),P(y+y,t+5),P(z+2,t+s))
> M(P(x,1), P(x,s), P, t), P(¥/,s), Pz, £), P(Z,5))
=M([P(x ), P»,1), P(z. )], [P(,5), P(¥.5), P(Z,5)])
=M(Qw,5,2,8), Q(x,y,7,5))

for x,y,2z,4',y,7 € X and t,s > 0. d
Lemma 4.20 Let Q be an L-fuzzy norm on X3 x (0,00). If

QX1 = X Y1 = Y Zn — Zns KE) 21 QX = %15 Y = Yn-152n = Zn-1,£)
forsomek>1,neNandt >0, then the sequences {x,}, {y,}, and {z,} are Cauchy.
Proof By Lemmas 4.18 and 4.19 the proof is easy. O

Definition 4.21 ([24]) Let X be a non-empty set. An element (x,7,z) € X x X x X is called
a tripled fixed point of F: X x X x X — X if

x=F(x,9,2), y=F(y,x,y) and z=F(zy,x).

Definition 4.22 Let X be a non-empty set. An element (x,y,z) € X x X x X is called a
tripled coincidence point of mappings F: X x X x X > X and g: X — X if

gx) = F(x,9,2), gu) =F(y,xy) and g(z) = F(z,y,x).

Definition 4.23 ([24]) Let (X, <) be a partially ordered set. A mapping F: X x X x X — X
is said to have the mixed monotone property if F is monotone non-decreasing in its first
and third argument and is monotone non-increasing in its second argument, that is, for

any x,y,z € X

x%€X, X1 =2% = Fx,52) < F(x,9,2),

w2 €X, n=y, = Fy,z) 2Fx)y,2)
and
a,z€X, n=zn = Fxyzn)<FxYy2).
Definition 4.24 Let (X, <) be a partially ordered set, and g : X — X. A mapping F :

X x X x X — X is said to have the mixed g-monotone property if F is monotone g-non-
decreasing in its first and third argument and is monotone g-non-increasing in its second
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argument, that is, for any x,y,z € X

x,w € X, gln) <glx) =  Fx,92) 2 Fx2,%,2),

2 €X, gl)=xgln) = Fy22) X Fxy,2)
and
21,23 € X; g(zl) 5g(z2) = F(x)y;zl) f F(x;y;ZZ)'

Lemma 4.25 ([25]) Let X be a non-empty set and g : X — X be a mapping. Then there
exists a subset E C X such that g(E) = g(X) and g : E — X is one-to-one.

5 Main results
Theorem 5.1 Let (X,P,M) be a complete L-fuzzy normed space, < be a partial order
on X. Suppose that F : X x X x X — X has mixed monotone property and

P(Ex,y,2) — F(u,v,w), kt) =, M(P(x — u, 1), P(y - v, 1), P(z — w, 1)) (5.1)

for all those x, y, z, u, v, w in X for which x <u, y > v, z < wwhere 0 < k < 1. If either
(a) F is continuous or
(b) X has the following properties:
(bi) if{x,} is a non-decreasing sequence and lim,,_, », x,, = x then x,, < x for all
neN,
(bii) if {yn} is a non-decreasing sequence and lim,,_, .y, = y then y, > y for all
nekN,
(biii) if {z,} is a non-decreasing sequence and lim,_, 5 z,, = y then z, < z foralln € N,
then F has a tripled fixed point provided that there exist xo,y0,z0 € X such that
X0 f F(xo»yoyzo)» )/0 i F(y01x0ry0): 20 5 F(ZO’yO»xO)'
Proof Let x9,%0,z0 € X be such that
%o = F(x0,0,20), ¥o = F(¥0,%0,%0) zo < F(20,50,%0)-
As F(X x X x X) C X, so we can construct sequences {x,}, {¥,} and {z,} in X such that
Xn+l = F(xnrym Zn): Yn+1 = F(yn;xn;yn); Zpt1 = F(Zn;ynrxn); Vn > 0. (52)
Now we show that
Xy X Xpsls Yn Z Ynsls Zyn X Zpy, Yn>0. (5.3)
Since
X0 ﬁ F(xO»yONZO)r )’0 EF()’O,?COIJ’O), 20 5F(20>y0rx0),

(5.3) holds for n = 0. Suppose that (5.3) holds for any # > 0. That is,

Xn = Xn+ls yn > yn+1¢ Zn = Zn+1. (54')

Page 8 of 16
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As F has the mixed monotone property, by (5.4) we obtain

F(x,9,2) < FXn1,9,2), (i)
F(x,y,,,z) = F(x’ym-l: Z); (11)
F(x,9,24) < F(%,9,2001), (i)

which on replacing y by y,, and z by z, in (i) implies that F(x,, ¥y 24) < F(Xy41, V> Z0), TE-
placing x by x,,; and z by z, in (ii), we obtain F(x,.1, V4, 24) =< F(%411,Yu+1,24), replacing
y bY Yn+l and x bY Xn+l in (111): we get F(xn+1;yn+lrzn) = F(xn+1ryn+1: Zn+1)' Thus we have

F(%, Y Zn) = F(Xp41, Yne1> Zus1), that is, %41 < %,,42. Similarly, we have

F(Y,x,ynu) = F(y’x’yn): (IV)
F(Ynmx,y) = F()’mx»)’), (V)
F(y,xwrlry) = F(%xn)y)’ (Vl)

which on replacing y by y,,1 and x by x,,; in (iv) implies that F(¥,.1, %141, Vis1) =<
F(Yns1,%n41,¥n), replacing x by x,,; and y by y,,1 in (v), we obtain F(yu41, %441, V) <
F(Yn, %441, Yn), replacing y by y, in (vi), we get F(y,, X441, V) = F(¥p» %, ¥n). Thus we have
F(Ys1, %141, Yns1) = F Y% Yn), that is, Y42 < yue1. Similarly, we have

F(Z"’y’x) = F(Zn+1,y,x), (vii)
F(2,Y0,%) = F(2,Yps1,%), (viii)
F(Z,_)/, x") = F(Z,_)/, xn+1)7 (Xl)

which on replacing y by y, and x by x, in (vii) implies that F(z,, ¥y, %,) < F(Zy1+1, Y %n)s
replacing x by x,, and z by z,,, in (viii), we obtain F(z,.1, Yu, %1) =< F(Zy141, Yu+1,%n), replacing
y by ¥, and z by z,,1 in (xi), we get F(2u41, Yus1%1) < F(Zy+1, Yns1,%ne1)- Thus we have
F(2, Y %n) = F(Zy11> Yus1, Xus1), that is, 2,41 < z,,42. So by induction, we conclude that (5.4)
holds for all # > 0, that is

X0 XX XX X XX X X1 20, (55)

)’0Eyliyzi“'iyniynui”', (56)

202212202 X2y 21 X0 - (5.7)
Consider

P(xn - xn+1rkt) = P(F(xn—lryn—lr Zn—l) - F(xrnyn; Zn); kt)
ZL M(P(xn—l — X t)’ 77()’;171 - yn’ t), P(Zn—l = Zy t))

= Q(xn—l X Yn-1 —Yn>Zn-1 — Zn» t)' (58)
Also,

P(Zn — Zn+ls kt) = P(F(zn—l;yn—lrxn—l) - F(Zn:yn:xn),kt)
ZL M(P(zn—l = Zn t): P(yn—l = Yn» t)) P(xn—l —Xn t))
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M(P(xn—l — X, t), P(Yn—l — Yn> £), P(zy-1 — zp» t))

= Q(xn—l X Yn-1 —YnrZn-1 — Zn» t)’ (59)
Now,

POn = Yni1,kt) = P(FQnts%n-tsVn-1) = F Qs s yu), kt)
>1 W1 = o ) % LK1 = Xy 1) % L (Fn1 = Yo B)
= M(Pu-1 = Y1), PXn_1 = %y £), PGt = Yiur 1))
> M(PWn-1 = s 1), P&t = %1 ), P(u1 = Vs 1),
P(zn1 = Zur £), P2t — 2 1), P&y — X t))

zL Q(xn—l _xn:yn—l _ym Zp-1— Zp» t)' (510)
By (5.8)-(5.10), we obtain
Q(xn - xn+17yn _yn+1: Zn — Zn+ls kt) ZL Q(xn—l - xn:yn—l _yn: Zn-1—Zn» t)

for ¢ > 0. By Lemma 4.20 we conclude that {x,}, {y,}, and {z,} are Cauchy sequences in X.
Since X is complete, there exist %, y, and z such that lim,_, o %, =, lim,_, o ¥, = ¥, and
lim,,_, » 2, = z. If the assumption (a) does hold, then we have

x = lim x,,; = im F(x,, Yy, 2,)
n— 00 n— 00
- F( lim x,, lim 3., lim z,,) - F(x,7,2),
Hn— 00 n—00 n— 00

y= lim Yne1 = lim F(ymxnyyn)
n—00 n—>00

_F( lim ,, lim x,, lim y,,) = F(y,%,9)

n—00

and
z= lim 2, = lim F (2> V> %)
= F(fim 2 fim y fim 57) = Fle.39),
Suppose that assumption (b) holds then

P(erl - F(x,y: Z); kt)

= P(E s Yn» 2n) — F(%,,2), kt) =1 P — %,V — ¥, 20 — 2, 1),
which, on taking the limit as n — oo, gives P(x — F(x,,z),kt) = 1., x = F(x,y,z). Also,

P(yVHI —F()/;x»y); kt)
= P(Fn % yn) = F0,%,9), kt) =1 Py = ¥, %0 — % Y — 3> 1),
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which on taking the limit as n — oo, implies P(y — F(y,%,y),kt) =1, y = F(y,,y). Finally,
we have

P(zn+l - F(Z)_y) x)) kt)

= P(F(Zn»)/nrxn) - F(Z»J/»x):kt) zL P(Zn - Z;yn _y:xn - X, t);
which on taking the limit as n — oo, gives P(z — F(z,y,x),kt) = 1., z = F(z,y,x). O

Theorem 5.2 Let (X,P,M) be a complete L-fuzzy normed space, < be a partial order
onX.Let F: X x X x X — X, and g : X — X be mappings such that F has a mixed
g-monotone property and

P(F(x,y,2) — F(u,v,w), kt)
>, M(P(gx — gu, 1), P(gy — gv, 1), P(gz — gw, 1)) (5.11)
for all those x, y, z, and u, v, w for which gx < gu, gy > gv, gz < gw, where 0 < k < 1. Assume
that g(X) is complete, F(X x X x X) C g(X) and g is continuous. If either
(a) F is continuous or
(b) X has the following properties:
(bi) if {x4} is a non-decreasing sequence and lim,,_, oo %, = x then x, < x for all
neN,
(bii) if {y,} is a non-decreasing sequence and lim,_, « y, =y then y, > y for all

neN,and

(biii) if {z,} is a non-decreasing sequence and lim,_, » z,, = y then z, < z foralln € N,

then F has a tripled coincidence point provided that there exist xy, yo,zo € X such that

g(x0) = F(x0,%0,20), go) = F(y0,%0,%0), g(z0) =< F(20,¥0,%0)-

Proof By Lemma 4.25, there exists E C X such that g: E — X is one-to-one and g(E) =
g(X). Now define a mapping A : g(E) x g(E) x g(E) — X, by

Algr,gy,g2) = F(x,9,2), Vx,9,z€ X. (5.12)
Since g is one-to-one, so A is well defined. Now, (5.11) and (5.12) implies that

P(Algr, g9, g2) — Algu, gv,gw), kt)
> M(P(gx — gu, 1), P(gy — gv: 1), P(gz — gw, 1)) (5.13)
for all x,y,z,u,v,w € E for which gx < gu, gy > gv, gz < gw. Since F has a mixed
g-monotone property for all x,y,z € X, so we have
X1, %2 EXr g(xl) fg(xZ) - F(xlryrz) = F(eryrZ),

yuy2€X, ghn) Xglyn) = Fx,y2,2) XF(x5,2z) and (5.14)

21,23 € X; g(zl) 5g(z2) = F(x’yyzl) ﬁ F(x,y,ZZ)'

Page 11 of 16
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Now, from (5.12) and (5.14) we have

o €X, ga) =glw) = Algrn,gy.g2) = Algn, g0, 82),

ymwy2€X, ghn) 2g0n) = Algr.gy2 g2) < Algr, gy1,82), (5.15)

mneX, gla)=gz) = Algrngyga) < Algr, g9, 822).
Hence A has a mixed monotone property. Suppose that assumption (a) holds. Since F
is continuous, A is also continuous. By using Theorem 5.1, A has a tripled fixed point
(u,v,w) € g(E) x g(E) x g(E). If assumption (b) holds, then using the definition of A,
following similar arguments to those given in Theorem 5.1, A has a tripled fixed point

(u,v,w) € g(E) x g(E) x g(E). Finally, we show that F and g have tripled coincidence point.
Since A has a tripled fixed point (i, v, w) € g(E) x g(E) x g(E) we get

u=Au,v,w), v=A,u,v), w=A(w,u,v). (5.16)

Hence, there exist u;,v;, w1 € X x X x X such that gu; = u, gv; = v, and gw; = w. Now, it
follows from (5.16) that

guy = A(gubgvl, w) = F(uy, vi, w1),
gv1 = Algvi,gui,gv1) = F(vi,u1,v1) and

gwr = Algwi, gui,gv1) = F(wy, vi, uy).
Thus (#1,v1,w1) € X x X x X is a tripled coincidence point of F and g. O

Example 5.3 ([17]) Let X = R. Consider Example 4.17 and let ¢ : R* — (0,1) be defined
by ¢(£) = et for all £ € R*. Then

P, 1) = [¢(5)]"
forallx € X and ¢ > 0.
If X is endowed with the usual order as x < y <= x — y < 0, then (X, <) is a partially
ordered set. Define mappings F: X x X x X — X,and g: X — X by

F(x,y,2)=2x—-2y+2z+1 and g(x)=7x-1.

Obviously, F and g both are onto maps, so F(X x X x X) C g(X), also F and g are contin-
uous and F has the mixed g-monotone property. Indeed,

x,x2 €X, gX1Xgxo = 2% -2y+2z+1<2x%-2y+2z+1

- F(xl:y; Z) = F(xZ;y; Z).
Similarly, we can prove that

yy2€X, gn) 2gln) = Fx,y2,2) X Fx,y1,2)
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and
z,20€X, glz) 2glz) = Fy2z)=Fxy z).
If, x0 =0, yo = %, zp = 0, then

1
-1 = g(xo) < F(x0,%0,20) = ~3

11 11
- _g()’o) EF()’O,?CO,J’O) =5

3 3’
1
-1 = g(20) < F(20,¥0,%0) = ~3

So there exist x, ¥o,zo € X such that
g(x()) 5 F(xo»yoyzo), g()’o) i F(Yoﬂod’o)» g(ZO) ﬁ F(ZO:yO»x0)~
Now for all x,y,z,u, v, w € X, for which gx < gu, gy > gv, gz < gw, we have

min(P(gx — gu, t), P(gy — gv, 1), P(gz — gw, 1))
= min(P(7(x - u), t), 73(7()1 -), t), 77(7(2 —-w), t))

- min(P((x— W), ;),P@- W, ;),P((z— W), ;))
= min(P((x— u), ;),P((V—y), ;),P((Z— w), ;))

3t
5’P(x—u+v—y+z—w,7)

_ (67 31 ) |(x—u+v—y+z—w)|

-(e¥)

|2(x—u+v—y+z-w)|

Il
—_
ml
|E~°
o
SN—
B
®r
|
&
¥
N
1
=
¥
xR
N
|
g

=P(F(x,,2) — F(u,v,w), kt)
for k = % < 1. Hence there exists k = % <1 such that
P(F(x,y,2) — F(u,v,w), kt) = min(P(gx — gu, t), (gy — gv, t), (gz — gw, 1))

for all x,,z,u,v,w € X, for which gx < gu, gy > gv, gz < gw.

Therefore all the conditions of Theorem 5.2 are satisfied. So F and g have a tripled co-
incidence point and here (%, %, %) is a tripled coincidence point of F and g.
6 Application
In this section, we study the existence of a unique solution to an initial value problem, as

an application to the our tripled fixed point theorem.
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Consider the initial value problem
x'(0) =f(€,x(€),x(€),x(£)), Lel=]0,1], x(0) = xo, (6.1)

where f: I x R x R x R— Rand x; € R.
An element (a, 8, y) € C(I,R)? is called a tripled initial value problem (6.1) if

o' (0) <f(6a(0), BE), y (D)),
B'(0) = f(¢, B(e), (L), B(L)),
§'(0) <f (€, y(0), B),a(0))

for each ¢ € I together with the initial condition

Theorem 6.1 Let (C(I,R), P, M) be a complete L-fuzzy normed space with the following
order relation on C(I,R):

%y€CLR), x=<y <= «)=<y), VLe[0,1],
and fuzzy norm

P(x—y,t) = inf

t
—_— ,ye C(LR), > 0.
w0 Y ECORLE>

Consider the initial value problem (6.1) with f € C(I x R3,R) which is non-decreasing in
the second and fourth variables and non-increasing in the third variable. Suppose that for
x>u,y<v,and z>w, we have

0<flt,x,y,2)—fll,u,v,w) < k[(x—u) +(v-y)+ (z—w)],

where k € (0, %). Then the existence of a tripled solution for (6.1) provides the existence of
a unique solution of (6.1) in C(I,R).

Proof The initial value problem (6.1) is equivalent to the integral equation

¢
x(€) = xg + / f(s,x(s),x(s),x(s)) ds, tel. (6.2)
0

Suppose {x,} is a non-decreasing sequence in C(/,R) that converges to x € C(/,R). Then,
for every ¢ € I, the sequence of the real numbers

x1(0) <x()<---<x,(0)<---

converges to x(¢). Therefore, for all £ € I and n € N, we have x,(¢) < x(¢). Hence x, <«
for all n € N. Also, C(I,R) x C(I,R) x C(I,R) is a partially ordered set if we define the
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®y2) <(wv,w) <<= x(0)<ul),  v{)<y() and z(() <w((), Viel

Define F: C(I,R) x C(I,R) x C({,R) - C(I,R) by

¢
F(x,y,2)(€) = x9 + / f(s,x(s),y(s),z(s)) ds, tel.
0
Now, for u < x, y <vand w < z, we have

P(F(x!_y!z) _F(M, v, W),t)

t
=1inf
B+ [T (5 x(5),9(5), 25) — s (s), V) wis)] s
> inf t

_551t+f0£k[(x—u)+(v—y)+(z—w)]ds

t t t
> lnfM< 7 3 ) v 3 ) 13 3 )
tel Lt [y kx—wds L+ [ k(v—y)ds Jo k(z—w)ds

hence
’P(F(x,y, z) — F(u,v,w), Skt) > M(P(x -u,t),Ply—v,8),Plz—w, t)).

Then F satisfies the condition (5.1) of Theorem 5.1. Now, let («, 8,y) be a tripled solu-
tion of the initial value problem (6.1); then we have @ < F(«, 8,y), F(8,®,8) < B and
y < F(y, B,a). Then Theorem 5.1 shows that F has a unique tripled fixed point. |
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